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TO  THE  RIOHT -HONOURABLE 


JOHN  JOSHUA  PROBY, 

EARL  OF  CARYSFORT ; 

KNIGHT  OF  THE-  MOST  ILLUSTRIOUS  OEDER  OF  STi  PATRICK, 

SfC.  S^C.  Src, 
MY  LORD, 

Although  the  promotion  of  the  arts  and  sciences  lias 
been  ever  deemed  the  proper  province  of  the  great  and 
noble,  yet  it  has  not  always  been  the  good  fortune  of 
^-  those  who  employ  their  time  and  exertions  in  the  dis- 

semination of  knowledge,  to  meet  with  a  patron  who 
is  at  once  distinguished  by  his  rank,  his  talents,  and 
his  zeal  in  the  encouragement  of  useful  performances. 
I  cannot,  therefore,  but  deem  it  a  high  honour,  and  a 
^  source  of  considerable  gratification,  that  I  am  permitted 

*J  to  present  a  Treatise  of  Mechanics  to  the  public,  under 

^  your  lordship's  protection  :   and  I  have  -been  doubly 

solicitous  that  the  work  which  you  have  thus  been 
pleased  to  encourage,  may  not  be  found  altogether  un^- 
worthy  the  approbation  of  such  a  patron. 

When  I  reflect  upon  your  lordship's  eminent  and 
accurate  acquaintance  with  many  of  the  subjects  dis- 
cussed in  the  following  sheets,  my  diffidence  might  be 
r  justly  alarmed ;  but  I  throw  myself  upon  the  candour 

'  and  kindness  I  have  so  oflq^ei^perienced :  and  though 
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IV  DEDICATION. 

I  am  not  vain  enough  to  imagine  that  my  undertaking 
will  be  found  free  from  faults  and  errors,  or  that  these 
can  escape  your  notice  j  yet  I  have  the  satisfaction  to 
know,  notwithstanding,  that  whatever  will  stand  the 
test  of  a  correct  and  solid*  judgment,  or  may  be  found 
calculated  to  enlarge  the  stock  of  humaji  knowledge, 
or  more. widely  to  diffuse  an  acquaintance  with  the 
principles  of  a  branch  of  science  of  acknowledged 
utility,  will  not  fail  to  .receive  your  lordship's  com- 
mendation and  support. 

Allow  me,  my  lord,  publicly  to  thank  you  for  the 
numerous  favours  you  have  conferred  upon  me  in  dif- 
ferent periods  of  my  life,  and  to  subscribe  myself,  with 
unfeigned  respect,  and  the  sincerest  gratitude, 

My  lord, 

Your  lordship's  most  obliged 

and  most  obedient  Servant, 

OLINTHUS  G.  GREGORY. 


PREFACE.  * 


It  has  of  late  been  a  too  prevailing  opinion  in  this  country^  that 
a  man  may  become  celebrated  as  a  natural  philosopher^  and  be  very 
successful  in  the  application  of  his  knowledge  to  practical  purposes^ 
particularly  in  the  construction  of  machinery^  while  he  is  com- 
pletely unacquainted  with  the  principles  of  nnthematics.    Among 
a  variety  of  unpleasant  consequences  which  have  resulted  from 
this  erroneous  opinion^  may  be  reckoned^  the  rapid  decline  of  the 
mathematical  sciences  in  Britain,  the  dissemination  of  superficial 
and  vague  notions  on  physical  topics,  and  the  absolute  necessity  of 
having  recourse  to  foreign  publications  for  profound  and  extensive 
information  on  those  subjects,  which  we  should  have  supposed,  had 
not  experience  convinced  us  to  the  contrary.  Englishmen  would 
have  been  proud  to  cultivate ;  since  they  were  first  placed  upon  an 
unshaken  basis  in  the  Principia  of  our  own  countryman,  the  illus- 
trious Newton.     It  has  been  asserted  by  a  competent  judge.  Dr. 
Robison,  and  it  is  mortifying  to  reflect  that  the  assertion  is  true, 
^'  that  while  the  Continent  has  supplied  us  with  most  elaborate  and 
useful  treatises  on  various  articles  in  physical  astrono^iy,  practical 
mechanics,  hydraulics,  and  optics^  there  has  not  appeared  in  Britain 
half  a  dozen  treatises  worth  consulting  for  the  last  forty  years." 
We  have,  it  is  readily  admitted,  many  popular  works  on  mechanics, 
hydrostatics,  &c.  in  which  the  principles  are  exhibited,  and  their 
application  to  the  useful  ptirposes  in  life,  illustrated  by  examples ; 
but  since  their  authors  have  scarcely  ever  aimed  at  demonstration, 
those  who  rest  satisfied  with  the  information  they  can  gather  from 
these  tret^ises  can  at  best  acquire  but  a  kind  of  second-hand  know- 
ledge of  unpnyved  principles,  loosely  floating  in  the  mind ;  and  must 
VOL.  I.  b 
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generally  hesitate  in  every  case  presenting  a  novel  aspect,  for  want 
of  that  confidence  in  principles  and  results  which  the  irresistible 
evidence  accompanying  the  deductions  of  pure  science  alone  can 
inspire.  I  would  not  be  understood  a&intending  to  cast  any  censure 
upon  the  authors  of  familiar  treatises  on  scientific  subjects :  I  only 
\jish  it  to  be  recollected  that -these  are  much  fitter  for  children  than 
for  men ;  that  they  may  be  useful  as  introductory  books  for  pupils, 
but  of  little  or  no  immediate  service  in  the  active  concerns  of  a 
more  advanced  state ;  and  that,  because  they  merely  excite  a  thirst 
for  knowledge  which  they  cannot  gratify.  Nor  would  I  wish  to 
insinuate  that  there  are  not  in  our  language  some  excellent  works 
on  the  theory  of  mechanics ;  but  I  cannot  help  being  apprehensive 
that  most  of  these  (chiefly  on  account  of  the  small  encouragement 
likely  to  be  given  them)  are  too  confined  in  their  object,  and  for 
that  reason  fail  in  being  so  beneficial  to  the  public,  as  the  talents  of 
their  authors  might  otherwise  lead  us  naturally  to  expect. 

For  some  years  I  have  seen  (or  thought  I  have  seen),  and  often 
regretted,  that  a  forbidding  distance  and  awkward  jealousy  seem 
to  subsist  between  the  theorists  and  the  practical  men  engaged  in 
the  cultivation  of  mechanics  in  this  country ;  and  it  is  a  desire  to 
shorten  this  distance,  and  to  eradicate  this  jealousy,  that  has  been  a 
principal  stimulant  in  the  execution  of  the  following  performance. 
I  have  by  long  habit,  combined  perhaps  with  early  acquired  pre- 
judices, been  much  delighted  with  the  investigations  of  theorists : 
but  while  I  prize  the  deductions  of  sound  theory  as  highly  as  any 
person,  and  rest  as  firmly  upon  them ;  yet  am  I  desirous  not  to 
forget,  that,  as  all  general  principles  imply  the  exercise  of  abstrac- 
tion, it  would  be  highly  injudicious  not  to  regard  them  in  their 
practical  applications  as  approximations,  the  defects  of  which  must 
be  supplied,  as  indeed  the  principles  themselves  are  deduced,  from 
experience.  Habits  of  abstraction  and  theorizing  may  be  carriedt 
to  excess;  and  crude  experience  without  reflection  will  never  be 
productive  of  essential  good.  But,  as  an  eminent  philosopher* 
(for  whose  talents  and  virtues  I  entertain  great  respect)  remarks, 
*'  Care  should  be  taken  to  guard  against  both  these  extremes,  and 
to  unite  habits  of  abstraction  with  habits  of  business,  in  such  a 

*  Professor  Dugald  Stewart;  Elements  of  the  Philosophy  of  the  Human  Mind, 
p.  231,  &c. 
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jBanaer  as  to  eaaUe  men  to  consider  things  eitlmr  in  general  or  in 
detail^  as  the  occasion  may  require.  Whichever  of  these  habits 
may  happen  to  gain  an  undue  ascendant  over  the  mind,  it  will 
necessarily  produce  a  charact»  limited  in  its  powers,  and  fitted 
only  for  particular  exertions.— When  theoretical  knowledge  and 
practical  skill  are  haj^ily  combined  in  the  same  person,  the  int€^ 
lectual  power  of  man  appears  in  its  full  perfection,  and  fits  hii^ 
equally  to  conduct  with  a  masterly  hand  the  details  of  ordinary 
business,  and  to  contend  successfully  with  the  untried  difiiculties 
cf  new  and  hazardous  situations.  In  conducting  the  former,  uere 
«3q)erience  may  frequently  be  a  sufficient  guide;  but  experience 
and  speculation  must  be  combined  together  to  prepare  us  for  the 
latter."  '  Expert  men,'  says  Lord  Bacon,  '  can  execute  and  judge 
oi  particulars,  one  hy  one ;  but  the  general  counsels,  and  the 
^ots,  and  the  marshalling  of  afifairs,  come  best  from  those  that  are 
l^Blined*' 

Admitting  the  truth  of  these  observations — and  their  truth  I  think 
oannot  well  be  denied — it  will  thence  follow,  that  theoretical  and 
practical  men  will  most  efifectually  promote  their  mutual  interests, 
not  by  afifecting  to  despise  each  other,  but  by  blending  their  efforts: 
and  further,  that  an  essential  service  will  be  done  to  mechanical 
adence,  by  endeavouring  to  make  all  the  scattered  rays  of  light 
ftey  have  separately  thrown  upon  this  r^on  of  human  knowledge 
.eonverge  to  one  point.  In  conformity  with  these  ideas,  I  have 
undertaken  a  task,  attended,  I  am  aware,  with  so  many  difficulties^ 
that  even  finilure  will  not  be  disgraceful ;  while,  on  the  other  hand, 
aoecess,  if  my  labours  should  fortunately  be  crowned  with  it,  wUl 
be  doubly  gratifying;  as  I  shall  then  flatter  myself  with  having 
ooptributed  in  some  measure  to  the  union  o£  secorate  theory  and 
judicious  practice,  and  thus,  ultimately,  to  the  promotion  of  arts 
4iid  manu&ctures. 

.  The  Treatise  of  Mechanics  I  now  presume  to  lay  before  the  pub- 
lic is  comprised  in  two  large  volumes,  besides  a  volume  of  plates. 
Of  these  tiie  first  volume  is  devoted  chiefly  to  the  theory:  the 
aecond  is  practical  and  descriptive.  The  theoretical  part  is  divided 
into  five  books,  anifatfiese  are  subdivided  into  chapters,  as  the  nature 
io£  the  several  subjects  seemed  to  require. 

Book  I.  is  ai]|)ropriated  to  the  subject  of  Stattcs,  and  is  subdi- 
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vided  into  six  chapters.  It  commeiices^  as  indeed  do  all  the  booki^ 
with  definitions  and  preliminary  remarks ;  which  are  succeeded  by 
a  statement  and  illustration  of  the  Newtonian  laws  of  motion  and 
rest,  which  are  assumed  as  fundamental  principles  to  guide  our 
subsequent  inquiries.  The  nature  of  statical  equilibrium,  with  the 
composition  and  resolution  of  forces,  are  then  discussed ;  forces 
being  considered,  1.  as  disposed  in  one  plane,  and  concurring  in 
the  same  point:  2.  as  directed  to  one  point,  but  not  confined  to 
one  plane:  3.  as  situated  in  one  plane,  but  applied  to  different 
poiflts  of  a  body :  4.  as  not  confined  to  one  plane,  and  directed  to 
various  points  of  a  body.  This  portion  of  the  work  occupies  rather 
more  space  than  has  been  commonly  assigned  to  it  in  treatises  of 
mechanics ;  but  this  circumstance  will,  I  hope,  be  found  to  facilitate 
the  application  of  the  parallelogram  of  forces  to  the  investigations 
which  follow.  The  remaining  chapters  in  this  book  treat  of  the 
centre  of  gravity,  and  the  centrobaryc  method ;  the  simple  machines, 
or,  as  they  are  usually  called,  the  mechanical  powers ;  the  strength 
and  stress  of  timber  and  other  materials;  and  the  equilibrium, 
tension,  and  pressure  of  cords,  arches,  and  domes.  The  minuter 
topics  connected  with  these  general  points  of  inquiry  cannot  well 
be  specified  here. 

The  second  book  relates  to  Dynamics.  It  comprehends  six 
chapters ;  treating  of, — Motion,  uniform  and  variable ;  the  descent 
and  ascent  of  heavy  bodies  in  vertical  lines ;  the  motion  of  projec- 
tiles, with  observations  on  ricochet-firing;  descents  along  inclined 
planes  and  curves;  the  vibrations  of  pendulums  and  the  curve  of 
swiftest  descent ;  central  forces ;  the  rotation  of  bodies  about  fixed 
axes,  and  in  free  space,  with  theorems  relative  to  the  centres  of 
oscillation,  gyration,  percussion,  spontaneous  rotation,  &c.^  the 
physico-mathematical  theory  of  percussion,  nearly  as  first  delivered 
in  Don  George  Juan's  Examen  Maritimo ;  and  the  motion  of  ma- 
chines, and  their  maximum  effects :  closing  with  some  remarks  that 
show  in  what  points  of  view  machines  ought  to  be  considered  by 
those  who  would  labour  beneficially  for  their  improvement. 

Book  III.  is  devoted  to  the  subject  of  ^HyDROSTATics.  It  is 
divided  into  four  chapters, — On  the  pressure  tf  non-elastic  fluids  ; 
the  determination  of  the  specific  gravities  orf  solid  and  fluid  bodies ; 
the  construction  of  hydrometers  or  areometers;  the  equilibrium. 
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stability^   and  oscillations   of  floating   bodies^   with    a  particular  .* 
ireference  to  ships  and  canal  boats ;   and^  on  the  phenomena  of 
attraction  in  capillary  tubes.     This  hook  contains  an   extensive^ 
and^  I  trust,  correct  table  of  specific  gravities. 

In  the  fourth  book  I  have  given  some  of  the  most  useful  pro- 
positions and  theorems  relative  to  Hydrodynamics.  But  as  this  is 
a  very  complex  and  intricate  Subject,  in  which  the  most  elaborate 
theory  can  do  but  little,  independent  of  numerous  experiments,  it 
seemed  prudent,  rather  than  to  delude  the  student  with  a  display 
of  mathematical  accuracy  where  it  is  so  far  from  being  attainea,  to 
curtail  the  theoretical  part  with  a  view  to  the  introduction  of  some 
valuable  experimental  results.  This  bo(^  comprises,  then,  only 
four  <;hapters.  1.  On  the  discharge  of  fluids  through  apertures  in 
the  bottom  and  sides  of  vessels,  and  on  spouting  fluj^ :  2.  an  ac- 
count of  experiments  made  by  diflferent  philosophers  (as  ^ossut, 
Venturi,  Eytelwein,  Young,  Vince,  .&c.)  on  the  discharge  of  water 
through  apertures  and  tubes;  and  the  practical  deductions  from 
those  experiments:  3.  on  the  eflTect  of  water  upon  the  motion  of 
water-wheels:  4.  an  account  of  Mr.  Smeaton's  experiments  on 
water-wheels,  and  some  of  those  of  M.  Bossut. 

The  fifth  book,  which  terminates  the  first  volume,  is  on  Pneu- 
matics, and  contains  six  chapters.  The  subjects  stated  and  dis- 
cussed in  this  book  are, — The  equilibrium  of  elastic  fluids;  the 
measurement  of  altitudes  with  the  barometer  and  thermometer; 
the  motion  of  air  when  the  equilibrium  of  pressure  is  removed; 
the  theory  of  air-pumps,  and  pumps  for  raising  water ;  the  resist- 
ance of  fluids  to  bodies  moving  in  them ;  and  results  of  experiments 
on  the  resistance  of  fluids. 

The  second  volume  of  this  work,  which,  as  before  mentioned, 
is  chiefly  practical,  commences  with  an  introduction  occupying 
-80  pages,  and  comprising  general  remarks,  rules,  and  directions, 
*-H>n  the  construction  and  simplification  of  machinery ;  on  rotatory, 
rectilinear,  and  reciprocating  motions;  on  bevel-geer,  and  proper^ 
tionii^  the  number  of  teeth ;  on  friction  and  the  rigidity  of  cords, 
with  the  experiments  of  Vince,  Coulomb,  &c.  and  an  example  of 
the  power  of  the  capstan,  ^allowing  for  friction  and  the  stifliiess  of 
cords ;  on  water  and  wind  as  movers  of  machinery,  with  Smeaton's 
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rules  relative  to  windmills;  on  the  strength  of  fired  gunpo^i^der; 
on  steam  as  a  mover  of  machinery^  with  the  theorems  and  restfks 
of  Dalton  Mid  others ;  and,  on  the  strength  of  meJn  and  horsed, 
according  to  the  best  and  most  accurate  observations.  The  re*, 
mdining  part  of  this  volume  is  appropriated  to  the  description  of 
a  variety  of  mechanical  contrivances,  in  number  exceeding  a  hun- 
dred and  fifty.  These  are  arranged  alphabetically,  that  they  ttiaf 
be  consulted  with  most  convenience;  and  several  of  them  rdate 
to  ^chines  and  instruments  which  have  never  before  been  pub^ 
licly  described ;  and  for  accounts  of  which  I  am  indebted  to  some 
of  our  most  celebrated  civil  engineers,  whose  names  will-  appear 
with  the  respective  articles.  A  general  enumeration  in  this  prefiJi^ 
would  be  tiresome,  especially  as  the  articles  are  separately  men* 
tioned  in  thfe  Table  of  Contents  to  the  second  volume.  It  ma!y, 
howevef,  be  proper  just  to  observe,  that  the  greater  part  of  the  C>OTi* 
trivances  there  described  are  'such  as  are  highly  useful  in  various 
arts  and  manufactures,  and  the  most  important  purposes  of  human 
life :  among  them  will  be  found  descriptions  of  air*pumps,  balances, 
bark-mills,  barometers,  bellows,  clocks,  cranes  in  great  vwricty, 
file-cutters,  fire-engines,  flax-mills,  flour-mills,  foot-mHb,  hand- 
mills,  hydraulic  engines  of  various  kinds,  hygrometers,  kneddkig- 
mills,  lathes,  and  the  most  curious  tumitig  apparatus,  ladet, 
oil-mills,  ordnance  boring  machiiies,  contrivances  for  what-til^ 
called  parallel  motions,  pendulums,  pile-eAgined,  planing  msuMtLery, 
presses,  and  pressure-engines,  several  pumps,  pyrometet^)  Ramftdeii's 
dividing  machines,  saw-mills,  scapements,  steam-^nginesj  ^liridlis 
and  accurate  steel-yards,  streani-meastirers,  telegraphs,  ^efttR^ 
meters,  thrashing-mills,  tide-mills,  watches,  wat6F«ndll8>  Weighing 
apparatus,  wind-mills,  yam-mills,  &c.  In  some  instafiees'Wkere 
the  subject  seemed  very  important,  and  not  admitting  of  suflidentiir 
copious  discussion,  among  so  many  other  partictdarSi  I  faftve  ^^ 
serted  catalogues,  arranged  chronol<^caIly,  of  th^  ohi^  iViitliigs 
on  that  respective  subject,  whether  smaller  dissertations,  ol^  Ml 
and  extensive  treatises:  these  catalogues  may  be  seen  under  the 
words  hydraulic  engines,  and  tnills.  In  a  few  cases  too,  whfere  the 
theory  of  a  machine  had  not  been  correctly  exhibited  in  any  Bjp- 
glish  work  with  which  I  am  acquainted,  I  have  given  such  theory 


PREFACE.  xi 

ia  the  second  vohinie;  hr  the  sake  of  more  readily  deducing  the 
auMsit  useful  practical  l-esults :  this  has  been  done  wkh  respect  to 
Barker's  invito  thie  'Persian  mkeei,  and  Archmsdes's  screw. 

In  dre  composition  of  the  first  volume  of  this  treatise^  I  have 
d^ved  material  assiistance  from  the  labours  of  several  «f  my  pr^ 
decessors  in  this  department  /  of  sdenee;  though  I  have  not,  per- 
haps^ BO  frequently 'cited  my  authorities  as  some  readers  may  be 
apt  to  expect :  but  this  will  not,  I  trusty  on  consideration,  be  thought 
a  culpable  omission ;  for  although  I  have  not,  for  example,  ascribed 
to  Prony  what  1  found  in  succession  in  the  writings  of  Varignoa^ 
Belidor,  Bezbut,  asoA  D'Alembeirt,  nor  to  Parkinson,  or  Atwuod, 
what  had  previously  appeared  in  the  writings  of  Ckdileo,  Wilking, 
Wallis,  Desaguliers,  or  Emerson,  esteeming  whatever  I  found,  in 
such  csrcurastanees,  as  common  property,  to  be  ad^ed  without 
hesitation ;  yet,  in  all  cases  where  1  could  spe^  confidently  of  the 
origmal  author^  and  particularly  where  the  matter  quoted  had  b^jcn 
but  seldom  pubiished,  I  have  not  failed  to  make  the  corresponding 
reference.  As  to  the  second  volume^  it  is  professedly  a  compilation ; 
and  I  have  no  other  merit  to  claim  respecting  it,  than  that  of  having 
employed  much  labour  and  pains  in  consulting  a  great  many  volumes 
of  journals^  transactions,  acts,  encyclopedias,  theatres  of  machines, 
&c.  published  in  England^  France,  and  Germany ;  and  having 
selected  from  these  numerous  and  often  voluminous  works  such 
particulars  as  were  most  likely  to  be  serviceable  to  my  countrymen, 
when  presented  to  them  (separate  from  every  thing  extraneous)  in  a 
convenient  though  bopioas  ^single  volume. 

In  the  descriptive  part  I  have  not  very  often  given  accounta  of 
machinery  for  which  the  inventors  have  takea  out  patents.  In  this 
measure  I  have  been  guided  solely  by  views  of  utility :  when  a 
patent  machine  appeared  to  exhibit  some  peculiar  ingenuity  in  its 
eonstrudxon,  or  when  the  specification  developed  some  general 
methods  which  are  not  merely  serviceable  with  respect  to  the  inven- 
tions  to  ^vhidi  they  are  now  applied,  but  may  after  the  expiration 
cf  the  patent  be  advantageously  appropriated  to  other  machinery, 
I  have  thought  it  righf  to  insert  a  description  of  such  contrivances ; 
talking  care  at  the  same  time  to  mention  the  exclusive  right  secured 
for  theierm  of  the  patent.     An  indiscriminate  account  of  what  are 
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called  iwoentioM,  in  thi&  fruitfbl  age  fiir  the  revival  of  old  con- 
trivances^  would  have  added  to  the  bulk  of  the  work ;  but  it  must . 
necessarily  have  operated  as  a  dead  weight  to  sink  its  respectability 

It  may,  probably,  be  imagined  by  some,  that  considering  the 
advantages  for  that  purpose,  with  which  my  situation  at  Woolwich 
furnishes  me,  I  should  insert  descriptions  of  the  various  kinds  of 
machinery  used  in  the  artillery  service.  This,  however,  I  have 
not  done :  chiefly  because  such  descriptions,  by  Muller  and  other  re- 
spectable authors,  are  already  easily  procured  in  works  appropriated 
exclusively  to  that  important  object,  and  where  the  accounts  are 
given  with  far  greater  copiousness  than  they  could  be  in  a  perform- 
ance where  so  many  other  objects  are  handled. 

In  the  exposition  of  the  theory  I  have  generally  proceeded  by  a 
series  of  connected  propositions  and  dependent  corollaries ;  those  in 
each  chapter  having  a  manifest  relation  to  eeu^  other,  and  flowing 
naturally  from  the  same  source :  and  I  have  at  the  same  time  endea- 
voured to  attain  a  just  medium  between  that  fatiguing  prolixity  of 
detail  which  leaves  nothing  to  be  struck  out  by  the  ingenuity  of  the 
pupil,  and  that  obscurity  which  commonly  results  Arom  the  suppres- 
sion of  intermediate  ideas.  I  have,  therefore,  oeeasionally  introduced 
such  general  scholia  and  more  limited  remarks,  asnseemed  calculated 
to  dear  up  a  point  in  the  history,  or  a  doubt  in  the  principle,  or  to 
suggest  an  application :  and  it  was  my  first  intention  to  have  these 
printed  in  a  diflPerent  type  from  the  propositions  and  corollaries ;  but 
I  relinquished  that  design,  on  finding  that  it  would  much  enhance 
the  price  of  these  volumes, — ^a  circumstance  which  I  have  been  all 
along  solicitous  to  prevent. 

I  fear  many  persons  who  may  take  up  this  work  wiU  be  dissatis- 
fied with  it  on  account  of  the  frequent  introduction  of  the  fluxional 
analysis  into  the  theoretical  part :  this  dissatisfaction  is  engendered 
in  some  by  a  prejudice,  to  which  I  have  already  adverted  in  the 
banning  of  my  preface;  and  in  others,  by  an  undue  attachment 
.  to  the  geometry  of  the  ancients.  I  would  b^  the  attention  of  the 
latter  da^  of  objectors  to  a  few  observations.  I  am  very  ready  to 
allow  that  in  the  study  of  geometry,  the  diagrams  to  which  ovx 
attention  is  directed  serve  as  a  continual  check  upon  our  reasoning 
powers ;  they,  besides,  exhibit  to  the  senses  a  variety  of  reladons 
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kill 


vAnch  the  language  of  algebra  by  no  means  suggests,  and  which  it 
is  perhaps  too  general  to  express :  still,  as  every  geometrical  inves- 
tigation may  be  expressed  algebraically,  and  as,  moreover,  there 
have  been  excellent  geometricians  who  were  blind  and  never  saw 
a  geometrical  figure ;  the  circumstance  of  the  diagrams  does  not 
constitute  so  essential  a  difference  between  geometry  and  algebra 
as  some  may  be  apt  to  suppose.     In  many  physical  investigations, 
it  is  tme,~~  where  a  geometrical  process  can  be  applied,  it  carries 
with  it  a  d^ee  of  luminousness  certainly  not  to  be  exceeded  by  a 
process  conducted  according  to  the  modem  analysis ;  and  it  must 
further  be  adcnowledged,  that  this  analysis,  without  a  cautious  exer- 
cise  of  the  judgment,  and  a  frequent  recurrence  to  first  principles, 
may  terminate  in  an  absurd  conclusion :  yet,  on  the  other  hand,  it 
must  be  recollected,  that  physical  inquiries  conducted  geometrically 
by  the  most  eminent  men  have  sometimes  led  to  very  erroneous 
results ;  and  that,  in  numerous  cases,  the  geometrical  method  can 
be  applied  with  difficulty,  if  at  all,  in  which  an  investigation  carried 
on  by  the  modem  analysis  has  issued  in  some  very  important  disco- 
veries.   If,  with  r^ard  to  the  fluxional  calculus  in  particular,  it  be 
recollected  that  it  was  invented  by  an  Englishman  who  will  be  the 
immortal  honour  of  his  country^  and  that  this  is  neither  the  least 
brilliant  nor  the  least  valuable  of  his  discoveries,  it  cannot  but  be 
considered  as  singular,  that  many  among  his  countrymen,  who  pro- 
fess themselves  the  friends  of  science,  should  discountenance  the 
introduction  of  his  analysis  into  our  scientific  works.     Philosophical 
men,  when  contemplatiag  the  pn^ress  of  knowledge,  have  been 
delighted  to  remark  that  "  the  discoveries  which  in  one  age  were 
confined  to  the  studious  and  enlightened  few,  become  in  the  next 
the  established  creed  of  the  learned ;  and,  in  the  third,  form  part 
of  the  elementary  principles  of  educatiim :"  how  completely  different 
from  this  the  progress  must  be,  when  the  discoveries  of  a  century 
back  are  disr^arded,  not  because  of  their  being  nsdess  or  obsolete, 
but  because  of  their  difftcnUy,  is  too  palpable  to  need  more  than  an 
allusion,  and  cannot  be  dwelt  upon  without  r^ret.     If  what  has 
been  here  advanced  should  not  be  thought  sufficient  to  justify  the 
occasional  adaptation  of  the  fluxional  analysis  (I  do  not  contend  for 
the  exclusive  use  of  it),  let  it  be  recollected  that,  in  our  best  trea- 
tises on  mensuration,  gauging,  &c.  it  is  allowed ;  and  for  this  suf- 
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ficient  reason^  because  sueli  treatises  yfoxM  be  very  deficient^  imper- 
£ect,  and  oonfined  in  th^r  utility^  without  it :  unless^  therefore^  a 
similar  occasion  will  not  joatify  a  similar  mode  of  proceeding  in  a 
treatise  of  mecbanics^  I  shall  hope  to  be  excused,  even  by  those  I 
am  now  addressings  when  it  is  considered  that  some  of  the  most 
important  branches  of  mechanical  inquiry^  and  e^eeially  great  part 
of  what  relates  to  the  maanmum  e£^M^  of  machines,  nrast  either 
be  entirely  omitted,  or  treated  by  the  fluxional  calculus,  or  some 
modem  caLculus  amdogons  to  it.  In  consistency  with  the  preceding 
observations,  I  have  followed  a-  kind  <o£  mixed  course,  and  have 
deduced  the  chief  truths  commonly  developed  in  our  elementary 
bookd  oif  mechandcs,  »ther  after  the  geometrical  manner,  or  by 
intiH)du«iag  the  algebradcal  notation  in  aid  of  the  deductions  froxQ 
geometry;  and  in  tiie  more  curious  and  abstruse  inquiries  %vhich 
occur  in  various  parts  of  the  work,  I  have  had  recourse  to  the 
iSuxijfHial  analysis,  not  for  the  sake  of  displaying  my  mathematical 
Itttainments  (being  well  aware  how  scanty  those  attain^xients  are), 
but  in  order  to^  render  the  treatise  in  some  degree  complete:  thus 
giving  it  such  latitude  and  comprehensiveness,  that  those  who  con- 
sult it  may  draw  from  it  some  such  notions  of  the  science  of  mecha- 
nics in  general  as  may  be  learned  respecting  an  existing  structure, 
by  examining  a  model  showing  its  several  parts  in  due  proportion. 
'It  may  happen;  after  all,  that  the  arguments  adduced  in  favour 
of  the  method  I  have  chosen  may  £adi  in  their  impression,  on  account 
pf  their  not  being  stated  with  sufficient  forcer  let  me  then  fbrtify 
my  opinion,  and  abater  this  part  of  my  plan  from  censure  by  high 
flMthematical  authority.  Mr«  Simpson,  in  the  prefiEM%  to  his  tracts, 
speaking  of  the^problems  in  mechanics  and  physical  astronomy,  says, 
^'  In  treating  of  this  subject  I  have  chiefly  adhered  to  the  analytic 
•method  of  investigation,  as  being  the  most  direct  and  extensive,  and 
best  adapted  to  these  abstruse  kinds  of  speculations.  Where  a 
^tfoifftf&'jai/ demonstration  loould  be  introduced,  and  seemed  preferable, 
I  have'  given  one :  but,  though  a  problem  sometitnesy  by  this  last 
m^hod,  acquires  a  degree  of  perspicuity  and  elegance  not  easily  to 
be  arrived  at  any  other  way ;  yet  I  cannot  be  of  the  opinion  of  those 
who  afiect  to  show  a  dislike  to  every  thing  performed  by  means  of 
symbols  and  an  algebraical  process ;  since,  so  far  is  the  synthetic 
JUethod  from  having  the  advantage  in  all  cases,  that  there  are 
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innumerable  inquiries  into  nature^  as  well  as  in  abstracted  seieBee^ 
where  it  cannot  be  at  all  applied  to  any  pturpose^  Sir  laaaeNewten 
himself  (who  perhaps  extended  it  as  fo  as  any  man  could)  lias,  even 
in  the  most  simple  case  of  the  lunar  orbit  {Princip.  b.  3,  prop.  28), 
been  obliged  to  call  in  the  assistance  of  algebra ;  which  he  has  alsd 
done  in  treating  of  the  motion  of  bodies  in  resisting  mediums;  and 
in  various  other  places.  And  it  appears  dear  to  me^  that  k  is  by  ft 
diligent  cultivation  of  the  modern  analysis  i^eX  foreign  makhemah 
tic  tans  have^  of  late^  been  ^bl<f  to  push  their  researchcfs  further  la 
many  particulars  than  Sir  Isaac  Newton  and  his  Mlowers  here  have 
done ;  though  it  must  be  allowed^  on  the  other  hand,  that  tiid  same 
neatness  and  accuracy  of  demonstration  is  not  every  where  to  be 
found  in  these  authors ;  owing,  in  some  measure,  perhaps,  to  too 
great  a  disregard  for  the  geometry  of  the  ancients." 

When  treating  of  the  theory  of  medianics,  I  have  not  attempted 
to  explain  the  nature  of  gravity,  iiinpulse,  or  the  other  sources  of 
the  motion  of  bodies :  but  this,  I  hope,  will  not  be  considered  as  a 
defbct,  when  it  is  recollected  that  the  gendrsd  definition  of  the  term 
Jbrce  in  a  mechanical  senge  supersedes  the  necessity  of  inquiriDg 
into  the  essence  of  the  various  kinds  of  forces  which  may  operate 
upon  matter.  Those  who  carefully  contemplate  the  process  of  that 
gradual  refinement  of  language,  which  results  from  the  neifessar)^ 
demands  occasioned  by  the  progress  of  civilisation,  will  see  how  re- 
quisite it  is  to  appropriate  terms,  originally  of  a  laxer  or  of  a  grossa: 
signification,  to  some  peculiar  modification  of  thought.;  and  henee, 
that  such  words  as  power  and  force,  primarily  used  to  denote  am* 
mal  energy,  are  |iow,  by  a  natural  extension,  grounded  upon  an 
obvious  analogy,  employed  to  express  efficiency  in  general.  In  the 
philosophical  acceptation,  then,  we  define  force  or  power  to  he  tkatj, 
whatever  it  be,  which  causes  a  change  in  the  state  of  a  body  whetUr 
that  state  be  rest  or  motion:  and  this  definition  does  not  require 
entering  into  any  metaphysical  disquisitions  relative  to  the  nature  of 
causes,  or  the  connexion  of  cause  and  effect:  that  every  effect  is 
brought  about  by  some  cause,  is  a  truth  which  I  think  none  will  be 
disposed  to  deny;  but  what  is  the  agency,  or  where  it  actually 
resides,  we  can  seldom  know,  egpdept  perhaps  in  the  case  of  our  own 
voluntary  actions.  It  is  not,  then,  the  business  of  the  mechanist, 
strictly  speaking,  to  inquire  into  the  ynodus  operandi :  we  learn  from 
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universal  experience,  that  the  muscular  energy  of  animals,  the 
operation  of  gravity,  electricity,  pressure,  impact,  &c.  are  sources 
of  motion,  or  of  modifications  of  motion ;  and  hence,  without  pre^ 
tending  to  know  the  essence  of  either  of  these,  we  do  not  hesitate 
to  call  them  mechanical  forces ;  because  it  is  incontrovertible  that 
bodies  exposed  to  the  free  action  of  either  are  put  into  motion,  or 
have  the  state  of  their  motion  changed.  Forces,  therefore,  being 
known  to  us  only  by  their  effects,  can  only  be  measured  by  the  ef- 
fects they  produce  in  like  circumslancfs,  whether  those  effects  be 
creating,  accelerating,  retarding,  deflecting,  or  preventing  motions : 
and  it  is  by  comparing  these  effects,  or  by  referring  them  to  some 
common  measure  of  ready  appreciation,  not  by  ascertaining  the  es- 
sential nature  of  any  forces,  that  mechanics  ia  made  one  of  the 
mathematical  sciences. 

Besides,  what  is  meant  by  the  nature  of  any  thing  ?  As  we  are 
ignorant  of  its  essence,  or  what  makes  it  that  thing  and  no  other 
thing,  we  must  content  ourselves  with  the  discovery  of  its  qualities 
or  properties ;  and  it  is  the  assemblage  of  these  which  is  commonly 
called  its  nature :  yet  this  is  very  inaccurate,  since  these  are  only  the 
consequences  of  the  essence.  Hence,  we  can  give  no  definition  of 
even  the  simplest  of  things  which  comprehends  its  real  essence;  and 
it  is  justly  observed  by  Locke  *,  that  nominal  essences  only,  which 

*  This  great  philosopher,  so  far  from  conceiving,  as  many  of  the  modems  have 
done,  that  the  nature  of  a  mechanical  operation  or  event  was  sufficiently  explained 
by  reducing  it  to  some  supposed  case  of.  impulsion,  considered  even  the  connexion 
between  impulse  and  motion  as  inexplicable,  as  a  conjunction  gathered  solely  from 
expetienoe,  and  not  as  a  consequence  deducible  from  any  reasoning  d  priori.  The 
foUowiog  passages  on  this  subject  are  highly  deserving  of  the  attention  of  the  student. 
«<  Another  idea  we  have  of  body,  is  the  power  of  communicating  motion  by  impulse ; 
^'  and  of  our  souls,  the  power  of  exciting  motion  by  thought.  These  ideas,  the  one 
^^  body,  die  other  of  our  minds,  every  day's  experience  clearly  furnishes  us  with : 
^'but,  if  here  again  we  inqtiire  how  this  is  done,  we  are  equally  in  the  dark.  For 
«« in  ihe  communication  of  motion  by  impulse,  wherein  as  much  motion  is  lost  to 
'^  one  body  as  is  got  to  the  other,  which  is  the  ordinaiiest  case,  we  can  have  no  other 
^'  conception  but  of  the  passing  of  motion  out  of  the  one  into  another ;  which,  I 
^'  think,  is  as  obscure  and  inconceivable  as  how  our  minds  move  or  stop  our  bodies 
"by  thought,  which  we  every  moment  find  they  do."  Again:  "  Sensation  con- 
^  vinces  us  that  there  are  solid  extended  substances  ;  and  reflection,  that  there  are 
M  thinking  ones :  experience  assures  v!k  of  the  existence  of  such  beings ;  and  that 
^'  the  one  hath  a  power  to  move  body  by  immlse,  and  the  other  by  thought.    If  we 
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are  the  creatures  of  ottr  own  minds^  can  be  properly  comprehended 
by  us,  or  can  be  properly  defined;  and  even  of  these  there  are 
many  too  simple  in  their  nature  to  admit  of  definition.  The  various* 
properties  of  a  body  which  fall  under  our  observation  offer  them- 
selves to  our  notice  simultaneously ;  while  we  have  the  power  of  an 
intellectual  separation^  by  which  we  can  form  different  branches, 
each  constituting  a  particular  object  of  research :  thus,  the  exten* 
sion,  the  materiality,  the  impenetrability,  the  colour,  &c.  are  co- 
existent qualities  of  a  body ;  Jjfat  our  minds  being  too  limited  to 
examioii  these  all  at  once,  we  divide  and  assort  them,  and  consider 
them  singly,  -or  in-  kindred  groups;  hence  arise  the  sciences  of 
geometry,  mechanics,  chromatics,  &c.  It  would  seem,  then,  that  to 
the  weakness  q^  our  reason  is  to  be  ascribed  the  origin  of  the  sciences : 
and  this,  if  it  is  not  very  gratifying  to  our  pride,  may  teach  us  at 
least  to  moderate  our  expectations  when  we  attempt  to  investigate 
those  ultimate  questions,  which,  sooner  or  later,  occur  in  all  objects 
of  human  inquiry.  I  trust  it  will  not  be  supposed  that  I  mean  to 
discourage  an  examination  of  physical  and  metaphysical  problems ; 
on  the  contrary,  I  am  of  opinion,  that  by  looking  attentively  into 
such  subjects,  our  minds  are  opened  and  enlarged :  an  inquiry,  pro- 
perly  conducted,  will  lead  to  at  least  one  of  two  good  effects ;,  though 
it  should  not  make  us  more  knowing,  it  may  make  us  modest; 
though  it  may  not  preserve  us  from  error,  it  may  from  the  spirit  of 
error ;  and  may  teach  us  to  be  aware  of  dogmatism,  wKen  so  mudi 
labour  may  terminate  in  so  much  uncertainty. 

The  preceding  observations  may  serve  to  suggest  the  advantage  of 
a  mathematical  process,  in  which  we  have  a  clear  perception,  not  of 
the  things  themselves,  but  of  the  agreement  or  disagreement  of  our 
ideas  at  every  step  of  the  inquiry,  over  other  processes  in  which  there 
is  much  that  is  conjectural,  or  gratuitously  assumed,  and  in  whicb  a 
mass  of  error  may  be  produced  in  the  result,  proportioned  to  the 
length  to  which  the  chain  of  reasoning  is  extended:  although  in  the 
mathematics  the  relations  of  quantity  are  extremely  various,  yet,  as 

^  would  inquire  further  into  their  nature,  causes,  and  manner,  we  peroeivesJiO^  the 
*'  nature  of  extension  clearer  than  we  do  of  thinking.  If  we  would  explahi  iifaign 
.  ^'  any  further,  one  is  as  easy  as  the  otiher ;  and  there  is  no  more  difficulty  to  coH. 
('  oelve  how  a  substance  we  know  not  should  by  thought  set  body  in  motion,  than 
^*  how  a  substance  we  know  not  should  by  impulse  set  body  into  motion.**  •  Locke*s 
Essay,  book  il.  chap.  2.3. 
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ibef  are  all  along  susceptible  of  exact  mensuration^  these^  if  any^  are 
the  sciences  in  which  reason  may  triumph^  while  in  others  its  tro- 
phies are  comparatively  inconsiderable.  On  these  accounts  I  have 
been  careful>  in  the  composition  of  the  following  sheets^  to  associate 
nothing  with  the  theory  of  mechanics  but  the  results  of  important 
experiments^  and  the  descriptions  of  ingenious  and  useful  machinery : 
omitting  all  .those  discussions  which>  in  my  judgment,  appeared  to 
be  merely  conjectural  and  speculative. 

Hitherto  I  have  been  usipg  the  langui^e  of  justi&Bation,  with 
which  I  have,  unawares,  detained  the  reader  much  longer  1j[ian  I  at 
ix^  intended :  it  is  time  to  adopt  the  tone  of  apologj.  In  the  exe- 
cmtion  of  this  work,  I  have  experienced  the  wide  difference  between 
forming  a  project  and  accomplishing  the  object  I  had  in  view :  al- 
though I  have  sometimes  pleased  myself  with  imagining  I  have 
Sltruck  out  a  more  satisfisuitory  illustration,  or  a  more  convincing 
demonstration,  than  has  been  usually  given,  I  have  too  frequently 
found  it  necessary  to  rest  below  that  perfection  which  I  had  pre- 
viously fancied  within  my  reach.  I  am  conscious  of  some  deficiencies 
and  of  some  mistakes  in  arrangement,  especially  in  the  second  vo- 
lume, which  were  discovered  too  late  to  be  now  rectified.  I  hope, 
liowever,  none  of  them  will  be  found  of  much  consequence.  Other 
mistakes,  it  may  be  apprehended,  will  be  detected  by  the  acute 
reader ;  I  shall  rejoice  if  these  are  but  few  and  of  slight  importance. 
Evefy  exertion  has  he&a.  made  on  my  part  to  render  the  performance 
correct,  perspicuous,  and  useful  ;*  and  if  the  candid  examiner  should 
find,  that  in  the  main  it  possesses  these  properties,  I  shall  hope  to 
escape  severe  censure  for  those  imperfections  which  my  want  of 
abilities,  not  want  o^  care,  may  have  permitted  to  meet  the  eye  of 
the  public. 

Royid  Military  Academy,  Woolwkh, 
Deixmber,  1805. 

*^*  In  this  fourth  edition  the  w«M*k  has  been  carefully  revised, 
and  in  various  places  considerably  enlarged.  Some  new  theoretical 
propositions  are  added,  and  several  descriptions  of  new  mechanical 
inventions,  with  six  new  plates.  The  mechanical  arts  have  received 
an  extraordinary  impulsion  in  the  course  of  the  last  two  or  three 
years;  and  I  have  been  anxious  to  accommodate  a  new  edition  of 
these  volumes  to  so  auspicious  a  state  of  things. 

January^  1826. 
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BOOK   I. 

STATICS. 

INTRODUCTORY    DEFINITIONS    AND    REMARKS. 

1.  MECHANICS,  the  subject  of  this  work,  is  a  mixed 
mathematical  science,  which  treats  of  forces  or  powers,  and  their 
e£Fects  upon  bodies,  either  with  or  without  the  intervention  of 
machines. 

The  theory  of  Mechanics,  next  to  that  of  Geometry,  is  justly 
reckoned  the  most  certain ;  for  next  to  that  it  proposes  the 
fewest  properties  of  matter  as  objects  of  contemplation.  Ge- 
nerally speaking,  this  science  proposes  for  consideration,  Ume^ 
Jbrce,  or  power^  and  the  following  properties  of  bodies :  viz. 
extension^  figure^  impenetrability^  mass,  mobiHty,  and  inertia. 
The  application  of  this  science  to  the  various  practical  purposes 
in  human  life,  leads  to  many  other  branches  of  inquiry ;  such  as, 
the  nature  of  machinery,  the  advantages,  and  disadvantages,  of 
different  materials,  the  effects  of  friction,  &c.  Each  of  which 
will  be  brought  under  discussion,  'after  the  several  parts  of  the 
theory  are  laid  down. 

%  Matter  is  a  term  by  which  we  denote  that  substance  of 
which  every  thing  our  senses  perceive  is  imagined  to  be  com- 
posed. So  far  as  relates  to  Mechanics,  its  essence  may  be  re- 
garded as  consisting  in  extension^  impenetrability^  and  inertfiess. 

3.  Body  is  such,  a  collected  quantity  of  matter  as  is  pal- 
pable,, or  obvious  to  some  of  the  senses.  We  say  that  a  body 
IS  solid,  when  it  is  composed  of  particles,  or  molecular,  so 
adhering  the  one.  to  the  other  that  they  cannot  be  separated 
without  effort :  such  are  metals,  stone,  wood,  &c.  The  term 
Jluid  we  apply  to  such  substances  as  are  composed  of  particles 
adhering  "very  slightly,  and  which,  yielding  to  any  small  effort, 
are  easily  moved  among  each  other;  such  are  water,  wine, 
air,  &c. 

All  bodies,  it  is  m£mifest,  are  extended,  and  therefore  are 
found  existing  under  figure,  or  shape,  which  is  the  boundary 
of  extension.  It  appears  also  essential  to  matter,  that  it  pre- 
vents all  other  substances  qf  the  same  kind  from  occupying  its 
place ;  and  that  it  requires  the  exertion  of  something  ab  extra 
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to  remove  it  from  its  situation,  or  to  change  its  state.  The 
former  of  these  properties  is  called  Solidify^  or  Impeneirabi' 
lity :  the  latter,  inertness  or  inertia ;  of  which  we  shall  have 
occasion  to  say  more.  (18.) 

4.  All  bodies  are  divisible  either  in  reality  or  in  imagination. 
By  art  they  may  be  divided  into  parts  of  surprising  minute- 
ness ;  as  by  the  operations  of  grinding,  hammering,  wiredraw- 
ing, &c.  In  some  chemical  solutions  this  may  be  carried  far- 
ther still •  And  the  constituent  particles  of  the  solids  and  fluids 
of  the  myriads  of  animalculae  which  are  discovered  by  the 
microscope,  mudt  be  small  beyond  conception ;  so  that  we  can 
scarcely  help  imagining  the  capacity  of  divisibility  to  be  with- 
out limit.  What,  however  are  called  mathematical  demon- 
strations of  the  infinite  divisibility  of  matter,  fail  in  their  object : 
they  merely  prove  the  infinite  divisibility  of  extension,  in  a  geo- 
metrical sense.  It  is  probable  that,  with  respect  to  matter,  the 
actual  division  may  admit  of  bein?  carried  to  a  different  extent 
in  different  bodies :  but  the  inquiry  is  of  little,  if  any,  conse* 
quence  to  the  mechanician.  Those  who  wish  to  peruse  a  co- 
pious dissertation  on  this  topic  are  referred  to  Keits  Introduct. 
ad  Ver.  Physic,  Led.  3,  4,  and  5. 

6.  Space,  is  commonly  defined  as  the  order  of  things  which 
coexist;  in  this  sense  it  is  a  mere  abstract  idea,  arising  from 
our  notion  of  the  actual  or  possible  situation  of  things  amongst 
themselves.  We  rather  choose  to  call  space  an  extension  con- 
sidered as  without  bounds,  immoveable  but  penetrable  by  mat- 
ter :  this  may  be  regarded  as  absolute  space, 

6.  Relative  space  is  that  variable  dimension  or  measure  of 
absolute  space  which  our  senses  define  by  its  relation  to  bodies 
within  it. 

7.  Place,  or  absolute  place,  is  that  part  of  infinite  space  which 
a  body  possesses.  Relative  place  is  the  space  a  booy  occupies 
considered  with  relation  to  other  objects. 

8.  Mobility  is  a  property  of  body,  by  which  it  is  capable  of 
being  transferred  from  one  place  to  another,  or  of  existing  in 
different  parts  of  space. 

9.  All  bodies  are  porous :  whence,  together  with  the  ex- 
treme minuteness  of  their  particles,  it  happens,  that  fluids  will 
insinuate  themselves  into  all  bodies  ;  that  sometimes  a  mixture 
of  two  fluids  will  be  less  in  bulk  than  when  they  are  separate ; 
and  that  the  same  bulk  may  contain  different  quantities  of  mat. 
ter,  or  masses, 

10.  Density,  strictly  speaking,  denotes  vicinity  or  closeness  of 
particles.    But  in  mechanical  science  it  is  used  as  a  term  of  com-, 
parison  expressing  the  proportion  of  the  number  of  equal  mole- 
cular, or  the  quantity  of  matter  in  one  body,  to  the  number  of 
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equal  nioleculfle  in  the  same  bulk  of  another  body :  density, 
therefore,  is  directly  as  the  quantity  of  matter,  and  inversely  as 
the  paagnitude  of  the  body. 

Since  it  may  be  shown  experimentally  that  the  quantity  of 
matter  in  different  bodies  is  proportional  to  their  weight,  it  will 
thence  follow  that  the  density  of  any  body  is  directly  as  its  weight, 
.  and  inversely  as  its  magnitude :  or,  the  inverse  ratio  of  the  mag- 
nitude of  two  bodies,  having  experimentally  equal  weights  (m 
the  same  place)  constitutes  the  ratio  of  their  densities. 

11.  Motion  is  a  simple  idea,  and  therefore  admits  not  of  de- 
finition: when  we  say  that  it  is  a  continual  and  successive 
change  of  place,  we  describe  it  in  a  periphrasis,  by  its  sensible 
effects.  Or,  by  another  circumlocution,  motion  may  be  de- 
scribed as  that  state  of  a  body  which  is  not  consistent  with  its 
continuance  in  the  same  place ;  or  in  which  it  is  not,  in  two  suc- 
cessive instants  of  duration,  at  the  same  distance  from  divers 
fixed  points  in  space :  this  state  is  opposed  to  that  of  rest. 

Thus,  conceiving  in  space  three  planes  in  known  and  fixed 
positions,  not  parallel  to  each  other ;  if  from  any  material  point 
perpendkulars  are  demitted  on  these  three  planes,  we  say  the 
point  is  in  motion  when  it  does  not  constantly  retain  these  di« 
stands,  but  when  in  any  two  successive  instants,  one  of  these  per- 
pendiculars changes  its  magnitude. 

1%  The  motion  of  bodies  is  con^dered  either  as  absolute  or 
relative.  A  body  is  said  to  be  in  absolute  motion  while  it  is 
actually  passing  from  one  point  in  fixed  space  to  another ;  and 
to  be  in  relative  Taction  while  its  position  is  varying  with  respect 
to  other  bodies. 

It  is  obvious  that  these  two  kinds  of  motion  can  only  coin- 
cide when  the  bodies,  to  which  the  reference  is  made,  are 
fil.xed :  in  other  cases  a  body  in  relative  motion  may  or  may 
not  be  in  absolute  motion.  The  determination  of  the  absolute 
motions,  by  means  of  observations  on  the  relative  motions,  is 
always  a  matter  of  great  difficulty,  nay,  is  generally  absolutely 
impossible.  Thus,  when  a  ball  is  discharged  from  a  piece  of 
oranance,  it  is  pos^ble,  by  means  of  the  ballistic  pendulum,  and 
other  contrivances  of  ingenious  men,  to  ascertain  its  relative 
motion,  that  is,  its  motion  with  respect  to  that  place  on  the 
earth^s  surface  from  which  it  is  projected ;  but  in  order  to  de- 
termine its  absolute  motion,  the  diurnal  and  annual  motions  of 
the  earth  about  the  sun,  and  probably  the  motion  of  that  lumi- 
nary about  the  centre  of  some  more  extensive  system,  must  be 
taken  into  die  account ;  so  that  on  the  whole  this  apparently 
simple  inquiry  becomes  sufficiently  complex  ^to  baffle  the 
proudest  efforts  of  human  intelligence. 

b2 


4  MECHANICS.  book  i. 

18.  The  consideration  of  motion  necessarily  involves  that  of 
/(w^;  for  no  motion  can  be  instantaneous. 

14.  Time  is  duration  considered  in  reference  to  finite  beings. 
Absolute  time  is  a  portion  of  duration  whose  quantity  is  only 
known  by  a  comparison  with  another  portion ;  and  consequently 
the  relation  between  any  two  parts  of  absolute  time  is  not  to  be 
discovered.  Relative  time  is  a  part  of  duration  which  elapses  dur- 
i  ngany  motion  of  body,  or  any  succession  of  external  appearances. 

There  is  a  striking  analogy  between  the  affections  of  space  and 
time :  hence  it  is,  that  time  may  be  represented  by  Imes  and 
measured  by  motions.  Hence  also,  we  say  that  an  instant  is  the 
boundary  between  any  two  contiguous  portions  of  time,  as  a 
point  is  the  boundary  of  any  contiguous  lines.  A  moment  is  any 
small  portion  of  time.  To  render  time  susceptible  of  mathema^ 
tical  discussion,  it  must  be  conceived  as  measurable ;  and  to  this 
end  it  is  necessary  to  recur  to  some  event  which  we  imagine 
uniformly  requires  equal  times  for  its  accomplishment.  We  are 
furnished  with  such  an  event  in  the  complete  rotation  of  the  earth 
upon  its  axis,  which  marks  out  a  natural  day  as  an  apt  and  obvious 
unit  of  time.  This  is  divided  into  £4  equal  parts  called  hours, 
each  of  these  into  60  equal  parts  called,  minutes,  and  each  of 
these  again  into  60  equal  parts  called  seconds.  A  second  is 
the  unit  of  time  generally  employed  in  mechanical  disquisitions* 

15.  Velocity,  or  celentt/j  is  that  affection  of  motion  which 
determines  its  quantity :  it  is  the  name  expressing  the  relation 
between  the  space  described  by  a  moving  body  and  the  time 
which  elapses  auring  its  description ;  and  it  is  measured  by  the 
space  uniformly  described  in  a  given  time. 

A  body  is  said  to  move  with  a  uniform,  accelerated,  or  retarded 
velocity,  according  as  its  rate  of  motion  continues  the  same,  in- 
creases or  decreases :  when  the  increase  or  decrease  of  velocity 
is  the  same  in  any  equal  times,  the  acceleration  or  retardation 
is  said  to  be  uniform :  and  when  this  increase  or  decrease  of 
velocity  itself  increases  or  decreases  in  any  equal  times,  the  ac- 
celeration or  retardation  increases  or  decreases  in  the  same 
ratio.  These  circumstances  will  be  brought  more  fully  into 
consideration  as  we  proceed. 

16.  The  direction  of  a  motion  is  the  position  of  the  line  along 
which  it  is  performed :  thus  if  a  body  move  from  a  point  a  to 
another  point  b  along  the  straight  line  which  joins  these  points, 
AB  is  called  the  direction  of  the  body  :  if  the  body  move  from 
B.  to  A  alonff  the  same  right  line,  ba  is  its  direction.  If  a 
body  move  «Jong  a  curve  line,  its  direction  is  continually  change- 
ing;  it  may,  however,  in  any  given  point  be  regarded  as  coin-* 
ciding  with  the  tangent  to  the  curve  at  that  point. 
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'  17.  Fbrce  or  power,  in  a  mechanical  sense,  is  that  which 
causes  a  change  in  the  state  of  a  body,  whether  that  state  be 
rest  or  motion. 

We  speak  here  of  proximate  causes,  for  it  is  not  the  basiness 
of  mechanics  to  search  into  the  essential  and  hidden  causes  of 
motion.     The  inquiry  whether  they  are  material  or  spiritual 
may  exercise  the  talents  of  ingenious  speculatists,  and  may,  per- 
haps, be  of  some  importance  in  a  moral  point  of  view;  but 
certainly  forms  no  part  of  the  principles  of  mechanical  science. 
The  muscular  fK>wer  of  animals,  as  likewise  pressure,  impact, 
gravity,  electricity,  &c.,  are  by  us  looked  upon  as  forces,  or 
sources  of  motion ;  for  it  is  an  mcontrovertiUe  fact  that  bodies 
exposed  to  the  free  action  of  either  of  these  are  put  into  mo- 
tion, or  have  the  state  of  their  motion  changed.     All  forces, 
however  various,  are  measured  by  the  effects  they  produce  in 
like  circumstances ;  whether  the  effects  be  creating,  accelerat- 
ing, retarding,  or  deflecting  motions :  the  effect  of  some  ge- 
neral and  commonly  observe  force  is  taken  for  unity ;  and  with 
this  any  others  may  be  compared,  and  their  proportions  repre- 
sented by  numbers  or  by  hues :  in  this  point  of  view  they  are 
considered  by  the  mathematician  ;  all  else  falls  within  the  pro- 
vince of  the  universal  philosopher  or  the  metaphysician.  When 
we  say  that  a  force  is  represented  by  a  right  line  ab,  it  is  to  be 
understood  that  it  would  cause  a  material  point  situated  at  rest 
in  A,  to  run  over  the  line  ab  (which  we  name  the  direction  of  the 
power)  so  as  to  arrive  at  b,  at  the  end  of  a  ^ven  time ;  while, 
another  power  would  cause  the  same  point  to  have  moved  a 
greater  or  less  distance  from  a  in  the  same  time. 

18.  Among  other  forces  it  has  been  customary  to  speak  of 
the  vis  inertia  f  or  inert  force  of  matter;  applying  the  term  to 
that  property  of  bodies  by  which  they  tend  to  retain  their  present 
state  (S),  or  are  indifferent  to  motion  or  rest.  But  while  we  admit 
that  much  of  the  language  which  relates  to  powers,  forces,  ac- 
tions, &c.,  is  metaphorical,  we  must  object  to  such  use  of  it  in 
the  present  case ;  ttiis  property  being  improperly  called  a  force: 
1st.  Because  were  it  actually  such  it  must  be  of  some  definite 
quantity  in  a  mven  body,  and  therefore  an  impressed  force  less 
than  that  would  not  move  the  body ;  whereas  any  impressed  force, 
however  small,  will  move  any  boay  however  great,  ^dly.  Be- 
cause it  seems  to  indicate  an  active  power  resident  in  matter ; 
or  rather,  it  impUes  an  absolute  contradiction,  namely,  that  a  body 
should  be  both  active  and  inactive  at  the  same  time.  It  is  de- 
sirable, therefore,  that  only  the  term  inertia,  or  inertness,  should 
be  retmned :  for  this  term  will  imply,  as  it  ought  to  do,  that 
matter  is  a  merely  passive  thing.  A  fact  which  needs  no  la- 
boured proof:  for  this  inertia  presents  itself  immediately  in  all 
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our  observations  and  experiments  upon  matter^  and  is  insepara- 
ble from  it,  even  in  idea.  When  we  consider  any  of  the  active 
powers  of  nature,  as  they  are  called,  such  as  gravitation,  mag- 
netism,  electricity,  or  the  attractions  and  repiusions  which  take 
place  in  the  cohesions  and  separations  of  the  small  particles  of 
natural  bodies,  and  endeavour  to  resolve  them  into  some  higher 
and  simpJer  principles,  the  inertia  is  always  the  common  basis 
upon  which  we  endeavour  to  erect  our  solutions.  For  the  ac- 
tive party  which  is  supposed  to  generate  the  gravitation,  mag- 
netism, &c.  in  the  passive  one,  must  have  a  motion,  and  inertia, 
whereby  it  continues  in  that  motion,  else  it  could  have  no 
power ;  and  by  parity  of  reason,  the  passive  party  must  be  in- 
ert also,  else  it  could  not  re-act  against  the  active  party,  nor 
impress  motion  on  a  foreim  body.  And  this  by  the  way,  if  the 
reader  will  pardon  one  shght  digression,  suggests  a  brief  but  co- 
gent argument  for  the  immateriality  of  the  Supreme  Being. 
For,  as  the  acute  Hartlei/  observes,  *'  let  us  proceed  as  far  as 
we  please  in  a  series  of  successive  solutions,  we  shall  always 
find  an  inertia  inherent  in  matter,  and  a  motion  derived  to  it 
from  some  foreign  cause.  If  this  cause  be  supposed  matter 
always,  we  shall  be  carried  on  to  an  infinite  series  of  solutions^ 
in  each  of  which  the  same  precise  difficulty  will  recur,  with-^ 
out  our  at  all  approaching  to  the  removal  of  it  Whence, 
according  to  the  mathematical  doctrine  of  ultimate  ratios,  not 
even  an  infinite  series,  were  that  possible  in  this  case,  could 
remove  it.  We  must,  therefore,  stop  somewhere,  and  suppose 
the  requisite  motion  to  be  imparted  to  the  supposed  subtle 
matter,  by  something  which  is  not  matter ;  i.e.  since  God  is 
the  ultimate  author  of  all  motion,  we,must  suppose  him  to  be 
immaterial.^ 

19.  Equilibriim  may  be  defined  generally,  as  an  equality  of 
weights,  powers,  or  forces,  of  any  sort.  Bodies  at  rest  are  m  a 
state  of  equilibrium,  when  they  are  solicited  by  various  fi^rces 
in  different  directions  in  such  a  manner  as  to  be  completely  ba- 
lanced, and  have  no  tendency  to  move  in  any  direction.  Bodied 
in  motion  are  in  a  state  of  equilibrium,  when  the  resistance  to 
motion  and  the  power  producing  it  are  so  adjusted,  that  the  re- 
sult shall  beum/brm  motion.  An  accurate  knowledge  of  both 
kinds  of  equilibrium  is  indispensably  necessary,  in  order  that  the 
theory  may  be  applied  to  good  practical  purposes. 

The  equilibrium  of  bodies  at  rest  is  sometimes  characterised 
in  two  different  ways ;  equilibrium  of  rotcMon,  and  equilibrium 
of  translation :  the  former  denoting  that  the  tendency  to  a  rota- 
tory  potion  is  counteracted ;  the  latter,  that  the  tendency  to  a 
rectilinear  motion  is  prevented ;  and  rest  in  both  cases  ensured* 

2(K   We  may  now  define  somewhat  more  distinctly  the 
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Science  of  Mechanics :  it  comprises  the  doctrine  of  the  rest, 
the  equilibrium  and  the  motion  of  bodies.  It  may  be  divided 
into  Mechanics,  properiy  so  called,  and  Hydraidics :  the  first 
comprises  Statics^  wnich  has  for  its  object  the  balanced  rest  of 
solid  bodies ;  and  Dynamics^  which  con»ders  the  motion  of  solid 
bodies  and  their  force  during  motion:  the  latter  comprises 
HydroataticSy  which  relates  to  the  resting  equilibrium  of  liquids 
or  non-elastic  fluid  bodies ;  and  Hydrodynamics,  which  treats 
of  such  bodies  in  motion.  To  these  must  likewise  be  added 
Pneumatics,  which  comprehends  the  doctrine  of  the  weight, 
pressure,  bxhA  effects  of  elastic  fluids,  as  air,  &c  According 
to  this  diyision  we  shall  arrange  the  subjects  of  our  first  five 
books. 


8  STATICS.  BOOK  I. 


CHAPTER  I. 

AXIOMS,    OR  LAWS  OF    MOTION    AND    REST. 

21.  IN  order  that  the  doctrine  of  Mechanics  may  be  brought 
within  the  boundaries  of  mathematical  investigation,  it  is  ne- 
cessary'not  only  that  the  quantities  it  proposes  for  discussion 
should  be  measurable  either  in  themselves  or  in  their  effects ; 
but  also  that  some  general  principles  should  be  exhibited,  the 
truth  of  which  should  be  incontrovertible,  and  to  which  the 
student  may  at  all  times  appeal  in  the  course  of  his  researches. 
Such  general  principles  were  first  distinctly  proposed  by  Sir 
Isaac  Newton  in  his  Princtjna  ;  they  have  since  his  time  been 
received  as  Mechanical  Axioms,  or,  as  they  are  commonly 
called,  Laws  of  Motion.  They  are,  in  reality,  intermediate 
propositions  between  geometry  and  philosophy,  through  which 
mechanics  becomes  a  mathematical  oranch  of  physics,  and  are 
as  follows : 

/.  Every  body  continues  in  its  state  of  rest^  or  of  unifbrm 
motion  in  a  right  line,  until  a  change  is  effected  by  the  agency 
of  some  mechanical  force, 

II.  Any  change  effected  in  the  quiescence  or  motion  of  a  body 
is  in  the  direction  of  the  force  impressed^  and  is  proportional  to 
it  in  quantity, 

II J.  Reaction  is  always  equal  and  contrary  to  action ;  or 
the  mtituai  actions  of  two  bodies  upon  each  other  are  aiwcys 
equals  and  directed  to  contrary  parts. 

Of  the^  axioms,  the  first  has  respect  to  the  continuance  of 
bodies  in  a  state  of  repose  or  of  motion,  without  any  altera^ 
tiony  except  so  far  as  subsequent  causes  operate;  the  second 
assigns  the  quantity  and  nature  of  such  alterations ;  and  the 
third  has  respect  to  the  mutual  circumstances  of  the  patient, 
which  suffers  alteration  from  any  cause,  and  of  the  agent  pro- 
ducing the. alteration.  So  that  these  principles,  when  establish- 
ed, have  a  manifest  tendency  to  facilitate  the  study  of  the 
science  in  which  they  are  proposed,  not  as  self-evident  truths, 
but  as  truths  which  result  by  legitimate  induction  from  the 
testimony  of  our  senses. 

22.  Ihe  evidences  from  which  our  assent  to  these  axioms  is 
derived,  are  generally  stated  as  threefold.  I .  From  the  constant 
observation  of  our  senses,  which  tend  to  suggest  the  truth  of 
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them  in  the  ordinary  motion  of  bodies,  as  far  as  the  experience 
of  mankind  extends.  ^.  From  experiments,  properly  so  called. 
3.  From  arguments  a  posteriori.  But  besides  these  it  has  been 
suggested  that  they  are,  in  fact,  laws  of  human  thought  resiiltii^ 
from  the  nature  of  things  independent  of  experience.  That 
the  student  may,  without  he^tation,  yield  his  assent  to  these 
principles,  it  is  thought  expedient  to  state  briefly  the  nature  of 
the  different  kinds  of  evidence  thus  afiimled. 

^3.  I.  Front  constant  observation.  Here  with  respect  to  the 
first  axiom,  that  a  body  at  rest  cannot  put  itself  into  motion,  is 
supposed  to  be  known  irom  universal  experience:  but  that  a  body 
in  motion  would  continue  to  move  uniformly  in /a  rectilinear 
patli,  though  equally  true,  seems  less  apparent.  Since,  how- 
ever, motion  is  continued  the  longer,  in  proportion  as  obstruc*- 
tions  become  less,  as  a  vibrating  pendulum  moves  longer  in  air 
than  in  water,  longer  yet  in  an  exhausted  receiver,  it  may  be 
reasonably  inferred  that,  if  all  obstacles  could  be  removed,  motion 
once  communicated  to  any  body  would  never  cease.  The 
principle  may  be  farther  confirmed  by  a  reference  to  common 
occurrences.  Thus,  when  a  stone  is  whirled  round  in  a  sling, 
on  being  set  at  liberty,  it  will  continue  to  move  with  the  force 
it  has  acquired.  Again,  when  a  vessel,  containing  a  quantity 
of  water,  is  moved  along  upon  an  horizontal  plane,  the  water, 
obeying  its  tendency  to  rest,  will  at  first  rise  up  in  a  direction 
contrary  to  that  in  which  the  moving  force  acts:  when  the 
motion  of  the  vessel  is  communicated  to  the  water,  it  will  per- 
severe in  this  state;  and  if  the  vessel  be  suddenly  stopped,  the* 
water  by  its  inertia  opposing  the  change  from  motion  to  rest,  it 
will  rise  up  on  the  opposite  side  of  the  vessel.  In  like  manner^ 
if  a  horse,  which  was  standing  still,  suddenly  start  forward,  the 
rider  will  be  in  danger  of  being  thrown  backwards:  if  the 
horse  when  in  motion  stop  suddenly,  the  rider  will  be  thrown 
forwards.  .  In  all  these  and  numerous  other  instances  which 
might  be  adduced,  there  is  strong  evidence  that  matter  has  a 
tendency  to  continue  in  its  present  state;  and  this  is  what  the 
first  axiom  asserts. 

As  to  the  second,  the  inferences  from  experience  are  equally 
powerful.  Thus  a  ball  moving  with  a  double  or  triple  velocity, 
generates  in  another,  by  impulse,  a  double  or  triple  velocity, 
and  the  ball  loses  the  same  proportions  of  its  own  velocity. 
Two  bodies  meeting  with  equal  quantities  of  motion  mutually 
stop  each  other.  Two  forces,  which,  by  acting  similarly,  dur- 
ing equal  times,  produce  equal,  velocities  in  some  third  body, 
are  found,  by  acting  together  during  the  same  length  of  tirne^ 
to  produce  a  double  velocity.  If  a  new  force  be  impressed 
upon  a  body  in  motion,  in  tne  direction  in  which  it  moves  its 
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motion  is  increased  proportionally  to  the  new  force  impresaed: 
if  this  force  act  in  a  direction  contrary  to  that  in  which  the 
body  moves,  it  is  found  to  lose  a  profiortional  part  of  its  mo- 
tion :  if  the  direction  of  this  force  be  oblique  to  the  direction  of 
the  moving  body,  it  gives  it  a  new  direction  compounded  of 
both.  A  force  which  we  know  to  act  equably  produces  equal 
increments  of  velocity  in  equal  times.  In  all  these  examples 
we  may  trace  a  strict  conformity  to  the  axiom. 

The  third  principle  is  likewise  observable  in  all  the  motions 
of  nature,  obtaining  indeed  throughout  the  whole  solar  system 
with  the  utmost  precision :  all  which  will  be  obvious  enough 
when  it  is  well  understood  what  this  axiom  affirms.  In  the 
communication  of  pressure  upon  any  immoveable  plane,  whe- 
ther arising  from  tne  protrusion,  gravity,  or  impact  of  a  body, 
the  meaning  of  this  principle  is,  that  the  resistance  of  the  plane, 
and  an  o|^site  force  equal  to  that  producing  the  pressure,  have 
predsely  the  same  effect,  as  either  of  them  only  destroys  the  force 
of  protrusion,  gravity,  or  impact.  In  the  communication  of  mo- 
tion by  visible  impact  the  axkxn  asserts  that  the  quantities  of 
motion  lost  and  gained  are  e<}ual  when  estimated  in  opposite 
directions.  In  the  communication  of  motion  by  uniuiown 
means,  as  magnetism,  electricity,  &c.,  it  affirms  that  the  body 
attracting  or  repelling  moves  in  an  opposite  direction  to  that  of 
the  body  attracted  or  repelled,  and  with  an  equal  quantity  of 
motion.  Thus,  to  propose  an  instance  in  the  case  of  attrac- 
tions :  When  a  loadstone  and  a  piece  of  iron,  equal  in  weight, 
float  in  water  upon  equal  and  similar  pieces  of  cork,  they  are 
found  to  approach  each  othar  with  equal  velocities;  and  when 
they  meet,  or  are  kept  asunder  by  any  obstacle,  they  sustain  each 
other  by  ec|ual  and  opposite  pressures.  Again,  when  a  force  of 
any  kind  is  counterpoised,  whether  by  the  exertion  of  animal 
strength,  the  pressure  of  a  fluid,  the  force  of  a  spring,  &c.,  each 
of  these  opposed  forces  will  be  equal  to  some  given  weight, 
which  if  it  be  substituted  so  as  to  act  instead  of  the  force, 
will  preserve  the  equilibrium  unaltered.  Even  an  immoveable 
obstacle  exerts  a  definite  force  equal  and  contrary  to  that  which 
is  applied  in  any  manner  or  degree  to  alter  its  position :  for  if 
such  obstacle  be  taken  away,  a  force  equal  and  contrary  to  that 
by  which  it  was  before  urged  must  be  substituted  id  its  place  to 
keep  the  whole  at  rest. 

^4.  II.  Evidence  from  ejij}eriments.  Common  experience, 
however,  it  must  be  admitted,  is  not  entirely  sufficient  to  esta^ 
blish  the  truth  of  these  general  principles;  for,  as  we  have  al- 
ready remarked  (IS.))  ^^  know  not  what  is  the  actual  motion 
of  a  Dody,  or  when  it  is  absolutely  at  rest;  so  that  those  ob- 
servations which  have  been  adduced  as  made  upon  bodies  ap- 
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parently  at  rest,  or  in  rectilinear  motion,  do  not  satisfaetorily  de^. 
termine  the  point  they  are  intended  to  establish.  Recourse  must, 
therefore,  be  had  to  experiments  of  a  more  refined  and  artificiid 
complexion,  and  such  may  readily  be  found.  Although  we 
cannot  appreciate  the  absolute  motions  of  bodies,  we  can  ob- 
serve and  accurately  measure  their  relative  motions.  For  in- 
stance, if  it  can  be  shown  experimentally,  that  bodies  show  equal 
tendencies  to  resist  the  augmentation  and  the  diminution  of  tneir 
relative  motions,  they,  of  consequence,  would  exhibit  equal 
tendencies  to  resist  such  augmentation  or  diminution  in  their 
absolute  motions:  and  numerous  experiments,  it  is  evident, 
might  be  conducted  which  show  this  very  clearly.  And  in  like 
manner  experiments  might  be  contrived  tending  to  establish  the 
other  axioms :  and  it  would  undoubtedly  be  found  that  in  pro- 
pension  as  all  impediments  were  removed,  the  more  perfectly 
would  the  experiments  coincide  with  what  these  axioms  might 
lead  us  to  expect.  Many  experiments  might  easily  be  proposed ; 
but  our  business  here  is  not  to  exhibit  them^  but  to  suggest  the 
argument  which  flows  from  them. 

25.  III.  From  arguments  d  posteriori.  The  conviction  with 
which  we  are  furnished  in  this  manner  is  very  cogent :  for,  as 
Mr.  Atwood  remarks,  ^'  Let  a  proposition  be  assumed  as  true 
even  without  evidence  of  any  kind,  if  by  strict  and  logical  rea* 
soning,  various  conclusions  are  deduced,  which  upon  examina- 
tion are  found'  consistent  among  themselves^  and  with  ex- 
perience, this  will  be  a  presumptive  proof  in  favour  of  the  prin- 
ciple  assumed ;  and  our  assent  to  it  will  be  the  more  strongly 
enforced  in  proportion  as  the  conclusions  inferred  and  the  com- 
parison of  them  with  experience  have  been  more  extennve. 
From  the  Newtonian  axioms  assumed  as  true,  a  system  has 
been  adduced  and  compared  with  phenomena  in  numberless 
cases:  it  has  been  applied  to  the  motion  of  the  planets  and 
comets,  to  that  of  bodies  on  the  earth's  surface ;  even  to  the 
motion  of  those  minute  particles  which  compose  both  solid  and 
fluid  substances.  A  perfect  agreement  between  these  conse- 
quences of  the  axioms  and  matter  of  &ct  has  been  the  result, 
no  one  instance  excepted.  These  and  other  similar  arguments, 
upon  the  whole  amounting  to  evidence  scarcely  inferior  to  ma- 
thematical demonstration,  are  the  grounds  on  which  the  laws 
of  motion  are  received  as  axioms,  from  which  the  various 
theorems  concerning  the  effects  of  forces  are  systematically 
demonstrated.^'     Treatise  on  motion.     Page  S60. 

26.  IV.  Lest  the  combined  effects  of  the  jn^eceding  argu- 
ments should  after  all  be  insuffident,  let  us  inquire  whether  the 
truth  of  these  general  principles  cannot  be  made  evident,  from 
the  laws  of  human  juagment  independent  of  all  experiment? 
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Now  with  respect  to  the  first  axiom^  let  it  be  recollected  that 
we  know  nothing  of  forces  of  any  kind  but  from  their  efiects, 
and  that  we  constantly  infer  the  agency  of  a  force  from  its 
changing  the  state  (as  to  motion  or  rest)  of  bodies  on  which  it 
acts.  When  we  witness  a  change  of  motion,  \^e  ascribe  it  to 
some  force ;  and  when  there  is  no  change  of  motion,  we  conclude 
there  is  no  changing  force.  On  the  other  hand,  when  we  suppose 
the  action  of  a  changing  force,  we  suppose  a  change  of  motion : 
and  when  we  do  not  think  of  a  changing  force,  it  is  because 
no  change  of  motion  suggests  such  change.  We  suppose  both 
rest  and  motion  to  be  states  or  conditions  of  a  body,  from  the 
one  of  which  it  is  no  more  likely  to  be  converted  into  the  other 
without  cause^  than  it  is  to  change  spontaneously  from  a  cubical 
to  a  pyramidal  or  globular,  or  any  other  form.  If  this  be  ad- 
mitted, as  we  trust  it  will,  it  follows  that  a  body  must  continue 
in  its  existing  state  of  rest  or  unifbrm  motion j  until  that  state 
is  changed  by  some  mechanical  force. 

Again,  with  respect  to  the  second  axiom,  it  may  almost  be 
considered  as  an  identical  proposition,  considering  force  as  we 
do  (17.)9  merely  as  the  cause  of  motion,  or  of  a  change  in  mo- 
tion :  the  law  is  in  fact  equivalent  to  saying  that  ^'  we  take  the 
changes  of  motion  as  the  measures  of  the  cnanging  forces,  and 
the  direction  of  the  change  for  the  indication  of  the  direction  of 
the  forces." 

The  third  axiom  is  indeed  a  universal  fact :  but  we  conceive 
it  is  likewise  ^  necessary  truth.  To  assert  the  contrar3r  is^  we 
think,  to  maintain  an  absurdity :  for  if  action  and  reaction  are 
not  equal,  the  greater  either  acts  against  nothing,  and  is  there- 
fore not  action  (contrary  to  hypothesis),  or  exists  without  a 
cause,  which  if  once  admitted,  we  know  not  what  can  be  denied. 

9n.  These  axioms  relate  immediately  to  the  actions  of  par- 
ticles of  matter  upon  each  other,  in  free  space :  or  to  those  cases 
in  which  the  whole  mass  may  be  conceived  as  collected  into  a 
point.  When  bodies  move  on  fixed  axes,  the  energy  of  the 
moving  force  and  resistance  of  the  body  moved  will  depend  on 
the  distance  from  the  axis :  in  these  cases  the  inertia  of  the 
parts  of  the  system,  by  which  they  oppose  motion,  being  cal- 
culated, and  a  mass  of  equivalent  inertia  being  substituted  for 
the  given  system;  the  quantity  of  the  moving  force  when 
moving  with  the  same  velocity  as  the  matter  moved,  is  likewise 
computed.  The  moving  force  and  mass  being  thus  ascertained, 
the  resulting  motions  may  be  calculated,  and  it  will  thence  ap- 
pear, that  in  rotatory  motions  on  fixed  axes,  or  on  moveable  axes 
in  free  space,  as  well  as  in  direct  rectilinear  motions,  action  is 
always  equal  to  reaction.  But  this  is  merely  hinted  by  the 
way;  it  will  be  developed  more  fully  when  we  come  to  Dy- 
namics.    (Book  ii.  ch.  4.) 
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CHAPTER  11. 


ON     STATICAL     EaUILIBBIUM^     AND     THE     COMPOSITION     AND 

RESOLUTION    OF   FORCES. 

28.  Equilibrium,  according  to  our  definition  (19.)>  ^s  of  two 
kinds,  the  one  relating  to  bodies  at  rest,  the  other  relating  to 
bodies  in  uniform  motion :  the  former  may  be  properly  called 
Statical  equilibrium^  and  may,  therefore,  whenever  referred  to 
in  our  first  book  (whose  object  is  Statics)  be  characterised  by 
the  term  equilibrium  alone;  the  latter  may  be  called  Dynamical 
equilibrium^  and  will  be  brought  under  consideration  in  subse* 
quent  parts  of  the  work. 

29.  Def.  When  two  or  more  forces  act  upon  a  body,  or 
upon  a  material  point,  at  the  same  time,  the  aggregate  effect 
produced  by  their  simultaneous  action,  or  a  force  of  a  certain 
magnitude  and  direction  equivalent  to  their  joint  energy,  is 
calkd  the  Resultant^  or  the  Equivalent ;  and  the  several  forces 
of  which  this  is  compounded  are  called  Components  or  Com^ 
posants, 

SO.  Def.  The  problem  of  the  Composition  of  Forces^  is  that 
in  which  it  is  proposed  to  find  the  resultant  of  any  given  system 
of  forces:  and  the  Resolution  ofFotceSy  which  is  the  converse 
problem,  proposes  to  trace  out  the  c^mposants^  which  by  their 
united  energy  might  produce,  or  did  produce,  a  given  resultant. 

Thus,  supposing  two  forces  c,  c',  whose  magnitudes  and 
directions  are  represented  (17.)  by  cp,  c'p,  to  act  at  the  same 
time  upon  a  material  point  p  (PI.  I.  fig.  2.) ;  by  the  first  of 
these  problems  we  determine  the  magnitude  ana  direction  of 
the  equivalent  rp  to  these  two  forces ;  and  by  the  latter  we  in- 
quire the  two  forces  cp,  c'p,  or  various  pairs  of  forces,  of 
which  the  resultant  is  rp.  It  may  be  proper  to  remark  here 
that  the  Composition  and  Resolution  of  Jbrces,  and  the  similar 
Composition  and  Resolution  of  motions^  are  completely  distinct 
objects  of  inquiry :  the  former  is  entirely  a  physical  question, 
the  latter  a  problem  purely  mathematical.  Some  authors  have 
inferred  from  their  demonstrations  of  the  latter  problem,  the 
truth  of  the  former :  but  this  cannot  well  be  admissible,  because 
wherever  statical  equilibrium  obtains  there  can  be  no  motion, 
and  of  course  the  principle  on  which  the  inference  is  grounded 
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is  foreign  to  the  nature  of  the  thing  to  be  proved.  It  seems 
most  consistent  with  scientific  precision,  to  establish  subjects 
so  very  distinct,  each  on  its  own  proper  basis :  and  though  the 
attempting  to  accomplish  this  may  sometimes  give  an  appear- 
ance of  tautology,  it  is  still  thought  better  than  to  aim  at  con- 
ciseness by  the  sacrifice  of  accuracy. 

31.  Def.  The  moment  of  a  force  or  power,  is  a  term  by  which 
we  shall  denote  the  product  of  its  magnitude  into  the  nearest 
distance  of  its  direction  (17.)  from  any  fixed  point. 

Thus,  in  fig.  2.  PL  I.  if  the  directions  of  the  two  powers 
c,  c',  are  at  the  respective  perpendicular  distances,  d^  rf,  from 
a  point  s  taken  arbitrarily,  then  will  the  products  C£^,  dd^  re- 
present what  we  call  the  moments  of  those  powers.  They  ex-» 
press  the  energies,  of  those  powers,  and  difier  only  in  the  manner 
of  application  from  momenta  in  Dynamics. 

3^.  In  every  system  of  an  invariable  form  we  may  take  for 

Eoints  of  application  of  powers,  any  points  whatever  in  the 
nes  of  their  respective  directions. 

for  the  distances  of  the  several  points  of  the  system  remain- 
ing constantly  the  same,  no  one  of  the  points  in  the  direction 
of  any  power  can  move  without  drawing  into  its  motion  all  the? 
points  in  the  same  line,  nor,  of  consequence,  without  causing 
such  motion  as  would  be  produced  if  the  power  were  applied 
immediately  at  that  individual  point. 

This  proposition  may  be  illustrated  by  a  simple  and  obvious 
example.  If  the  body  ab  (fig.  5.  PI.  II.)  be  acted  upon  by  a 
force  pushing  against  it  by  means  of  an  inflexible  bar  oq,  the 
effect  upon  the  body  will  be  just  the  same  whether  the  force  be 
exerted  on  that  bar  at  o,  g,  or  a :  and  if,  on  the  contrary,  the 
body  were  acted  upon  by  a  force  drawing  it  by  means  of  an  in- 
extensible  cord  p  E  c,  the  tendency  to  move  the  body  would  be 
just  the  same,  whether  the  cord  were  pulled  at  p,  e,  or  c,  in  the 
direction  pc.  Here  we  exclude  the  consideration  of  gravity 
from  the  bar  and  the  cord. 

33.  Hence,  if  an  obstacle  be  employed  to  destroy  any  force, 
it  is  sufficient  if  such  obstacle  be  applied  at  any  point  whatever 
in  the  direction  of  this  force,  provided  the  point  be  one  of 
those  in  a  system  of  unchanging  form  :  so  that  we  may  in  all 
such  cases,  without  danger  of  error,  conceive  that  the  power  is 
immediately  applied  to  the  obstacle. 

34.  1.  Two  forces  acting  in  the  same  right  line,  and  directed 
the  same  way,  are  equivalent  to  one  force  equal  to  their  sum. 

2,  Two  ec[u&l  forces  acting  in  the  same  right  line,  but  in  op- 
posite directions,  destroy  eadi  other. 

3.  Several  forces  acting  in  opposite  directions  in  the  same 
right  line  are  equivalent  to  one  only,  namely,  to  the  excess  of 
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the  sum  of  the  forces  acting  in  one  direction  above  the  sum  of 
the  forces  acting  in  the  ccmtrary  direction. 

These  are  obvious  truths  necessarily  resulting  from  the  de- 
finition of  force  (17.),  and  Newton's  third  axiom  (^1.). 

35.  Since,  then,  a  system  is  in  a  state  ci  equilibrium  when  it 
is  subject  to  the  joint  action  of  two  equal  forces  exerted  in  op- 
posite directions ;  a  system  subjecteci  to  the  united  energy  of 
various  forces  is  in  equilibrio,  when  any  one  of  the  forces  is 
equal  and  opposite  to  the  restdtant  of  all  the  rest :  and,  of  con- 
sequence, tne  general  problem  of  the  equilibrium  between 
various  powers,  is  reduced  to  that  of  the  Composition  of  Forces 
(30.).  We  shall,  therefore,  now  proceed  to  the  solution  of  this 
problem,  and,'for  the  sake  of  perspicuity,  diall  consider  it  under 
four  separate  heads,  according  to  those  dividons  which  the  order 
of  nature  seems  to  present,  viz. 

1.  Of  forces  disposed  in  one  plane,  and  concurring  in  the 
same  point. 

%  Of  forces  directed  to  one  point,  but  not  confined  to  one 
plane. 

3.  Of  forces  situated  in  one  plane,  but  applied  to  different 
points  of  a  body. 

4.  Of  forces  not  confined  to  one  plane,  directed  to  various 
points  of  a  body. 

I.    OF  FOBCES    DISPOSED    IN    ONE    PLANE,   AND    CONCURRING 

IN    THE   SAME   POINT. 

36.  Prop.  The  equivalent  of  several  Jbrces  situated  in  one 
plane  is  in  the  same  pUme, 

For  if  we  suppose  the  equivalent  to  be  out  of  the  plane  of 
the  forces,  on  either  side,  we  may  always  find  a  line  on  the 
other  side  of  the  plane  situated  in  a  perfectly  similar  manner ; 
and  since  there  can  be  no  reason  wh^  the  resultant  should  be  in 
one  of  these  directions  rather  than  m  the  other ;  it  is  therefore 
in  neither  of  them,  unless  we  admit  the  absurd  consequence 
that  it  is  in  both,  that  is,  unless  we  admit  that  the  same  forces, 
acting  in  like  manner,  can  produce  two  distinct  effects. 

Cor*  The  resultant  of  two  equal  forces  must  be  in  their 
plane ;  and  it  must  be  in  a  line  which  bisects  the  angle  of  their 
direction,  since  there  is  no  reason  why  it  should  tend  more  to 
one  side  than  to  another. 

37.  Prop\  If  to  a  material  point  already  kept  in  equilibrio 
by  a  system  of  forces^  another  system  is  applied  also  in  equili- 
biiOf  this  will  not  destroy  the  pre-existing  equilibrium.  This 
is  manifest. 
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Cob.  Hence?,  If  the  three  forces  c,  c',  o  (Pi.  I.  fig.  3.), 
are  in  a  state  of  equilibrium,  and  if  each  of  the  forces  were 
doubled,  or  tripled,  or  quadrupled,  or  if  they  were  halved, 
quartered,  &c.  or  changed  in  any  proportion,  the  equilibrium 
would  remain,  so  long  as  they  continued  to  act  in  the  same 
directions,  cp,  c'p,  OP. 

CoK.  2.  Hence  also,  since  the  resultant  h  is  always  equal  and 
opposite  to  one  of  the  forces  (as  o),  it  follows  that  when  the 
magnitudes  of  equilibrated  forces  concurring  in  a  point  are  made 
to  vary  in  any  ratio,  the  resultant  retains  its  position,  but  changes 
its  magnitude  in  the  same  ratio. 

88.  Prop.  If  three  equal Jbrces  are  inclined  to  one  another 
in  angles  each  o/'120  degrees^  any  one  of  them  will  balance  the 
joint  aclion  of  the  other  two. 

This  is  likewise  incontrovertible ;  for  neither  of  the  forces 
can  prevail. 

39.  Peop.  Two  equal  forces  inclined  in  an  angle  qfi^O  de- 
grees  have  for  their  equivalent  a  third  which  has  the  direction 
and  proportion  of  the  diagonal  of  the  rhombus  constructed  on 
the  lines  which  represent  the  forces. 

For,  if  c,  c',  are  the  forces  (fig,  3.)  acting  on  the  point  p,  the 
force  o  whose  measure  is  opizcprrc'p,  and  is  situated  so  that 
the  angles  cpo  and  c'po  are  each  equal  to  cpc',  will  (38.) 
ensure  the  equilibrium.  But  rp,  the  measure  of  the  equivalent 
E,  is  equal  and  opposite  to  op  {35.):  therefore  cpr:pR=c'p; 
and  because  angle  cPRziGO'^rrc'pR,  crzzcp  and  c'e=:c'p. 
Consequently  cpc^r  is  a  rhombus,  and  rp  the  representative  of 
the  equivalent  of  the  forces  €,  c',  is  its  diagonal,     a.  e.  d. 

Cor.  If  half  the  angle  cpc'  be  denoted  by  a,  we  shall  have 
PD=:pc  cos  a  nc  cos  a,  whence  the  equivalent  rp=:2c  cos  a. 

40.  Prop.  Any  two  equal  forces  have  for  their  equivalent  the 
diagonal  of  the  rhombus  constructed  on  the  right  lines  which  re-' 
present  them  in  magnitude  and  direction. 

For,  1.  If  this  proposition  be  true  with  regard  to  any  two 
equal  forces  c,  c',  acUng  in  the  directions  cp,  c'p  (PI.  I.  fig.  4.), 
and  forming  with  their  resultant  R,  the  angles  cpr,  c'pr,  each  for 
example  equal  to  a,  it  is  true  likewise  for  two  other  equal  forces 
Cf  tfi  acting  according  to  the  directions  cp,  </p,  which  bisect 
those  angles.  In  this  case  c  may  be  considered  (36  cor^  as  the 
resultant  of  two  equal  forces  x  and  yj  acting  in  the  directions 
cp,  rp  ;  and  in  Uke  manner  fi  may  be  considered  as  the  resultant 
of  two  other  equal  forces  of  and  y,  acting  in  the  directions  c'p, 
RP :  so  that,  in  lieu  of  the  two  equal  forces  c,  d^  we  may  con* 
sider  four  equal  but  unknown  forces  or,  jr',  jy,  y,  acting  in  the 
directions  just  assigned  them.     The  two  first  of  these,  or,  y,. 
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acting  in  the  directions  cp,  dp,  have,  by  hypothesis^  the  diagonal 
of  the  rhombus  for  their  resultant ;  that  is,  they  are  equivalent  to 
a  force  expressed  by  2j?  cos  a  acting  in  ep  :  therefore  die  re- 
sultant z  of  c  and  d  will  be  equal  to  %  4"  ^^  cos  a.  But  xiziy^ 
therefore  z  n  %c{\  +  cos  a).  Now,  the  angles  cpe,  cjpc', 
being  each  equal  to  half  cpc',  are  equal  to  each  other ;  and  % 
being  the  resultant  of  two  equal  components  acting  in  rp  and 
c'p,  while  c  is  the  resultant  of  two  otners  acting  in  cp  and  rp, 

we  have  (37,  cor.  %)  z\c\\c\x  ■=. —.  Substituting  this  value 
of  0?  for  it  in  the  preceding  equation,  we  obtain  z  ~  — (1  -|- 
cos  a) :  whence  z'  r:  2c«  (1  +  cos  a),  and  ;s  r:  c  V^  (1-j-cosa.) 
But  it  is  known  that  cos  J  o  =  V-^^y^.  (SeeGr^t>ryV7W- 

gonometryy  p.  46) ;  whence,  by  substitution,  zz=,  %i  cos  40. 
Consequently  the  proposition,  if  true  for  «,  is  true  for  ^. 

2.  In  exactly  the  same  manner  may  the  proposition  be  proved 
true  with  respect  to  the  half  of  4a,  or  ^,  and  in  succession  for 
T^9  ■HP'f  tV^»  ^c.  That  is,  since  it  is  true  (38.)  when  the 
angle  cpc'  is  measured  by  j.  of  the  circumference,  it  is  likewise 
true  when  the  angle  between  the  equal  components  is  m^sured 
^  T*  A>  -v^  TW9  ^^'  °^  ^^c  circumference,  where  the  series 
may  be  continued,  sine  limite, 

8.  If  the  proportion  be  demonstrated  for  the  three  angles  a, 
ft,  and  a  ^6,  it  will  be  true  for  the  an^le  a-f-  6;  that  is,  if  we^ 
take  two  equal  components  c  and  d  making  with  their  resultanf 
Xy  angles  z=  a  +  6,  we  shall  have  x  =  2c  cos  {a  +  6).  Thus, 
if  in  PL  I.  fig.  5.  the  angles  cpr,  c'pr,  are  each  equal  to  ^r, 
and  cpc,  eta,  c'pc',  c'prf,  each  equal  to  ft:  conceiving  two 
forces  rfp,  cf p,  each  equal  to  c,  their  resultant  will,  by  hyp.  be 
=^  COS  (a— ft),  because  dpR  =  a—  ft ;  and  this  quantity  sub- 
tracted from  the  resultant  of  e,  dy  d,  dl^  will  sive  x.  But  c  and 
d  liave  their  resultant  c,  acting  in  cp,  ana  =  2c  cos  ft ;  the 
same  thing  holding  with  respect  to  d  and  d^,  we  have  two  forces 
equal  to  c,  and  equivalent  to  one  which  is  2c  cos  a  or  4e  cos  a. 
\:os  ft:  whence  a:  =  4c  cos  a  cos  ft— 2c  cos  (a— ft).  But  cos 
a  cos  ft  ==  4  cos  (a  -f-  ft)  +  7  cos  (a  -  ft).  (See  Gre^y's 
Trigonometryf  pa.  44,  art.  20,  or  HuttorCs  Course^  vol.  li.  pa. 
17,  or  vol.  iu.  di.  3).  Which  value  of  cos  a.  cos  4,  substituted 
for  it  in  the  preceding  equation  gives  x  n  2c.  cos  (a  +  ft). 
So  that  the  proposition  when  true  for  a,  ft,  and  a  — ft,  is  true 

for  a  +  ^• 

4.  Let  6  be  taken  as  small  as  we  please  in  the  series  |,  ^, 
xT»  TTJ  ^^*  a^d  let  a  be  the  preceding  term  in  the  series,  then 
o,  ft,  a— ft,  a  +  ft,  are  2ft,  6,  ft,  and  Sft  respectively,  in  each 

VOL,  I.  c 


18  STATICS.  BOOK  I. 

of  which  the  proposition  holds:  again,  if  a  =  86,  a4-6  =  4A; 
if  a  =:  46,  a  -h  6  =  56,  &c.  So  uiat  the  theorem  is  demon- 
strated for  all  angles  in  the  series  6,  26,  86,  46,  56,  &c.  in 
which  6  may  be  taken  of  a  magnitude  less  than  any  one  which 
can  be  assigned.  Consequently  the  theorem  is  true  with  respect 
to  any  rhombus  whatever :  for  let  any  rhombus  be  proposed 
which  it  is  affirmed  is  an  exception  to  this  proof;  we  can,  it  is 
obvious,  by  choosing  6  lower  than  any  assigned  number,  and 
taking  a  suitable  multiple  of  it,  approach  nearer  the  excepted 
angle  than  by  any  assignable  difference,  that  is,  we  show  that 
our  theorem  is  applicable  to  the  angle  itself,     q.  e.  ik 

41.  Prop.  Any  two  forces  having  the  ratio  of  the  sides  of  a 
rectangle^  and  whose  directions  coincide  with  those  sides,  have 

Jhr  their  equivalent  the  diagonal  of  that  rectangle. 

Let  the  two  forces  c,  c'  (pi.  I.  fig.  6),  act  in  the  directions 
CF,  cp',  which  comprise  the  ri^t  angle  p :  complete  the  pa- 
rallelogram cpc'r^  and  draw  its  diagonals;  parallel  to  cc', 
draw  cd  terminated  by  cc,  dd^  which  are  drawn  parallel  to 
the  resulting  diagonal.  Conceive  c  and  d  to  be  two  equal 
forces  acting  in  the  equal  lines  ep,  dv,  opposite  to  each  other, 
and  consequently  annihilating  each  other's  effects ;  then  cpdc 
and  c'pDC  being  rhombi,  the  force  or  is  the  equivalent  of  cv, 
DP,  and  c'p  that  of  c'p,  dp,  by  the  preceding  prop.  Therefore 
the  components  cp,  c'p,  are  the  same  in  effect  as  the  opposite 
ones  CP,  c'p,  together  with  dp,  pr;  that  is,  the  equivalent 
sought  is    2dp  or    rp,   the   diagonal  of  the  parallelogram. 

Q.  £.  D. 

Cor.  Since  ep  :  rad  : :  op  :  cos  cpr  : :  c'p  :  cos  c'pr,  we  have 
the  resultant  equal  to  either  component  divided  by  the  cosine 
of  the  angle  which  it  makes  with  the  resultant. 

42.  Prop.  Any  two  Jbrces  whatever  ha/oe  their  equivalent 
eospressed  in  magnitude  and  direction  by  the  diagonal  rp  of  the 
parallelogram  constructed  on  the  lines  cp,  c'p,  which  represent 
thesejbrces. 

Having  completed  the  parallelogram  cpc'r  (fig.  7.  pi.  I.) 
on  the  given  sides,  draw  cd  perpendicular,  and  cc,  cV, 
parallel  to  the  diagonal,  demit  also  cd,  c'd',  perpendicular  to 
the  diagonal:  then  will  ccpd,  c'c'pd',  be  rectangles,  and  the 
triangles  crd,  c'pd',  equal  in  all  respects;  consequently 
cc  =  DP,  RD  =:  d'p,  and  cp  =:  c'p.  The  addition  of  the  equal 
forces  c,  c*,  acting  in  the  opposite  directions  cp,  c'p,  will  make 
no  difference  as  to  the  state  of  the  system :  and  since  the  com- 
ponents DP,  cp,  have  cp  for  their  resultant,  and  the  components 
d'p,  c'p,  the  resultant  c'p  (by  the  preceding  prop.)  we  may  in- 
stead of  the  original  forces  cp,  c'p,  substitute  the  forces  cp,  c'p, 
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DP,  d'p,  of  which  (tbe  ti^^ingj^/gestroy  each  other^s  effects, 
tod  the  latter  DP,\p's^  f^^ee^^srifestly  equal  to  ep  ;  tfiat  is,  the 
resultant  of  the  two  fbrc^fS^,  c'p,  is  equal  to  the  diagonal  rp 
of  the  parallelogram,    a.  s.  d. 

.  4S.  Thus  have  we,  by  a  series  of  connected  propositions,  de- 
monstrated that  which  is  justly  reckoned  the  most  important  in 
the  theory  of  Statics,  and  which  is  now  commonly  spoken  of 
under  the  title  of  the  Paratteloffram  of  Forces.  The  demon- 
stration here  ^ven  is  commenced  upon  the  same  principle  (38.) 
as  that  proposed  by  ITAlembert  in  the  Memoirs  of  the  French 
Academy  for  1769:  it  was  somewhat  simplified  by  Francaur  in 
his  Mechanics ;  but  what  is  here  offered,  at  the  same  time  that 
it  is  more  concise  than  the  demonstration  of  Francoeur,  is  freed, 
it  is  hoped,  from  some  objecdonable  positions  into  which  that 
author  nas  certiunly  fallen.  This  demonstration  would  mani- 
festly be  the  same  m  every  step,  supposing  the  forces  to  act  in 
the  directions  Pc,  pc'  :  so  that  the  proof  is  general  for  the  com- 
position of  any  systems  of  forces  whether  pressing,  or  impulsive, 
or  attracting,  or  repelling,  &c.  Professor  RMson^  by  inge- 
niously blending  the  Demonstrations  of  Bemouilli,  D'Alem- 
bert,  and  Frisi,  deduces  the  same  conclusion  by  a  series  of  pro- 
portions commencing  with  the  case  of  two  equal  forces  acting 
at  right  angles.  See  art.  Dynamics,  Supp.  Ency.  Britan. 
A  demonstration  passing  from  parallel  forces  to  oblique  may  be 
seen  in  my  edition  of  Dr,  HuttorCs  Course  of  Mathematics^ 
vol.  ii.  The  demonstrations  by  Laplace  and  Lagrange,  though 
confessedly  curious,  depend  upon  principles  too  abstruse  to  be 
admitted,  without  impropriety,  into  this  work.  In  order  to 
facilitate  the  application  of  the  Parallelogram  of  Forces,  it  will 
be  proper  to  specify  the  most  useful  propositions  and  corollaries 
which  immediately  flow  from  it. 

44.  CoR.  1.  If  two  component  forces  are  represented  by  the 
two  sides  of  a  triangle^  the  resultant  will  he  represented  by  the 
double  of  the  line  drawn  Jrom  the  point  where  thejbrces  act^  to 
the  middle  of  the  third  side  of  the  triangle. 

Thus,  in  figs.  3,  6,  the  resultant  pe  =  2pd  ;  because  the 
diagonals  of  the  parallelogram  cpc'r  bisect  each  other. 

46.  Cor.  2.  If  the  angle  at  which  two  given  forces  act  be 
diminished,  their  restdtarS  will  be  increased,  and  vice  versa. 

For  in  the  triangle  cpc',  in  which  the  line  pd  bisects  the 
base,  it  is  known  that  cp*  +  c'p«  =  2dp«  +  2cd*  (Hutton's 
Geom.  th.  88).  Whence  2dp«  =:  cp*  ^  c'p*  -  2cd%  or  4dp* 
=  EP*  =  2cp*  +  2dp8  -  do*.  But  CP,  and  c'p  remaining 
constant,  the  side  cc'  will  be  greater  or  less  as  the  angle  cpc'  is ; 
and  since  the  square  of  cc'  is  subtractive  in  the  above  value  of 
EP*,the  latter  wul  increase  as  the  former  decreases,  and  vice  versa. 
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46.  Cor.  3.  Two  given  forces  'produce  the  greatest  effict 
when  they  act  in  the  same  direction^  and  the  least  when  they  act 
in  opposite  directions. 

For,  in  the  former  case  the  diagonal  of  the  parallelogram  be- 
comes equal  to  the  sum  of  its  sides^  and  in  the  latter  equal  to 
their  difference.  The  same  conclusion  may  also  be  deduced 
immediately  from  art.  34.  The  conception  of  the  student  may 
be  assisted  by  referring  to  figs.  8  and  9. 

46.  Prop.  If  a  material  point  be  kept  in  equUibrio  by  the 
simultaneous  action  of  three  jiyrceSf  those  forces  will  be  repre- 
sented in  magnitude  and  direction  by  the  three  sides  of  a  tru 
angle  respectively  parallel  to  the  directions  of  the  forces. 

For,  when  a  system  of  forces  sustains  a  point  in  equilibrio, 
fiiny  one  of  the  forces,  as  that  represented  by  op  (fig.  10.  pi.  I.) 
is  equal  and  opposite  to  rp  the  resultant  of  the  others  (35). 
But  the  resultant  of  the  two  forces  represented  by  cp  and  c-p, 
is  represented  by  the  diagonal  of  the  parallelogram  constituted 
upon  CP,  c'p,  (42.)  and  consequently  if  pr  be  equal  to  op, 
OR  will  be  parallel  to  Pc'.  Whence,  it  is  obvious  that  the  three 
sides  of  the  triangle  pce  are  respectively  equal  to  the  three 
forces  o,  c,  c',  and  parallel  to  the  directions  in  which  they  act. 

47.  CoR.  1.  If  a  body  be  kept  in  equilibrio  by  three  forces, 
and  two  of  them  be  represented  in  magnitude  cmd  direction  by 
two  sides  of  a  triangle^  the  third  side  taken  in  order^  mil  re- 
present the  magnitude  and  direction  of  the  other  force  *. 

48.  Con.  2.  Since  the  sides  of  triangles  are  as  the  sines  of 
the  opposite  angles,  it  follows  that  wheti  three  forces  keep  a  point 
in  equilibrio,  each  force  is  prcportiwial  to  ths  sine  of  the  angle 
made  by  the  directions  of  the  other  two.  Thus,  in  the  forces 
represented  in  fig.  10. 

o  :  c  :  c' :  :  sin  cpc' :  sin  opc' :  sin  opc  :  :  sin  pcr  :  sin  crp 
:  sm  CPE. 

49.  CoR.  3.  If  a  material  point  be  kept  at  rest  by  three  forces, 
and  lines  be  drawn  at  right  angles  to  the  directions  in  which 
they  act,  and  produced  till  they  form  a  triangle,  tlie  sides  of  this 
triangle  will  be  proportional  to  the  respective  forces ;  or,  if  lines 
be  drawn  each  making  the  same  given  angle  with  the  directions 
of  the  forces,  the  sides  of  the  triangle  formed  by  these  lines 
will  likewise  be  proportional  to  the  forces. 

For  it  may  easily  be  shown  that  each  of  these  triangles  will  be 
similar  to  the  triangle  formed  by  the  directions  of  the  forces. 

*  Hence,  and  by  the  principles  of  Trigonometry,  we  have,  in  fig. 
lU,  PR=?=i/(Pc»+CR'^2pc  .  CB  .  cos  0)=:  Vfc •  +  ?€'» +2pc  .  pc\ 

COS  CPC ).  /       'V  I  -r 
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50.  Prop.  If,  when  three  given  forces  o,  c,  c',  acting. upon 
a  point  p  keep  it  in  equilibriOf  right  lines  po,  pc,  pc',  be  set 
off  from  p  proportional  to  the  several  forces  and  in  their  re^ 
spective  directions^  the  point  p  mU  be  thf  centre  of  gravity  of 
the  triangle  occ'. 

Produce  op  to  r  (fig.  11.  pL  I.)  making  pr  =s  op,  then  will 
be  equal  to  the  equivalent  of  the  components  c,  c',  and  con- 
sequently it  will  be  the  diagonal  of  the  parallelogram  cpc'e  : 
wherefore  pd,  its  half,  is  likewise  equal  to  half  op,  and  falls 
upon  the  middle  of  the  side  cc'  of  the  triangle  occ'.  But  when 
OP  =  2pd,  CD  being  =  c'n,  r  is  the  centre  of  gravity  of  the 
triangle.    (See  Art.  114.)    a.  e.  d. 

51.  Prop.  To  find  the  resultant  of  any  number  of  forces  act- 
ing upon  a  pointy  their  directions  all  lyins  in  the  same  plane. 

This  is  done  with  much  facility  by  an  (H)vious  application  of 
the  parallelogram  of  forces :  for  since  the  united  action  of  any 
two  forces  upon  a  point  puts  it  in  the  same  state  as  if  their  equi- 
valent had  acted  upon  it,  we  may  compound  any  two  of  the 
forces,  and  substitute  their  resultant  for  them ;  this  compounded 
with  a  third  force  will  give  a  new  resultant;  and  this  blended 
with  a  fourth  force,  another;  and  so  on  as  far  as  necessary. 
Thus  suppose  the  resultant  of  the  five  forces  represented  in  mag- 
nitude and  direction  by  Pc,  pd,  pc,  pc',  and  Pc"  (fig.  12.  pi.  I.), 
were  required.  First  complete  the  parallelogram  cpc'r,  and 
instead  of  the  component  forces  PC,  pc,  make  use  of  the  result^ 
ant  PR :  then  take  pr,  pc,  as  components,  and  complete  the  pa- 
rallelogram rpcr',  so  will  pr'  be  the  resultant  of  the  two 
forces  PR,  PC,  or  of  the  three  pc,  pc',  pc  :  again,  take  pr',  pc',  as 
components,  and  complete  the  parallelogram  prcV  :  next,  take 
the  new  resultant  pr,  and  the  fifth  force  vd  as  components,  and 
complete  the  parallelogram  rrrd';  so  will  the  new  resultant 
pr',  be  the  resultant  of  the  five  original  forces ;  and  of  con- 
sequence (35.)  a  force  equal  and  oppo^te  to  pr'  will  keep  the 
equilibrium  in  the  whole  system. 

'  52.  Cor.  1.  Since  cr  is  both  equal  and  parallel  to  pc',  rr/ 
equal  and  parallel  to  pc,  R'r  to  pc',  &c.  the  resultant  when  the 
forces  are  all  in  one  plane  may  be  readily  determined,  by  draw- 
ing consecutive  hues,  each  from  the  ena  of  the  preceding,  and 
having  the  directions  and  proportions  of  the  several  forces. 
Thus  draw  from  c  (fig.  12.)  cr  equal  and  parallel  to  pc',  rr'  to 
PC,  R'r  to  pc',  rr'  to  Pc",  and  pr'  will  be  the  resultant,  as  before. 

53.  Cor.  3.  If  any  number  of  forces  represented  in  mag- 
fdtude  and  direction  by  the  sides  of  a  polygon  taken  in  order^ 
act  simultaneously  upon  the  same  point  of  a  body  at  resty  ttney 
mil  keep  it  at  rest.. 
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Let  PC,  CK,  rr',  R'r,  rV,  r'p  (fig,  12.),  represent  the  forces ; 
then,  since  the  first  five  of  these  have  pr'  lor  their  equivalent 
(52.),  and  r'p  the  fifth  force  is  equal  and  opposite  to  pr,  it  will 
preserve  the  equilibrium  of  the  system  (36.).. 

64.  Prop.  A  nn^  farce  may  be  resohed  into  any  number  of 
forces. 

Since  any  single  force  as  pe  (fig,  lO.)  is  the  equivalent  of 
the  two  forces  pc,  pc',  which  are  two  contiguous  sides  of  a' 

Earallelogram  whose  diagonal  is  PR ;  and  since  it  will  likewise 
e  the  resultant  of  any  two  forces  proportional  to,  and  in  the 
direction  of  any  parallelogram  which  has  pr  for  a  diagonal ; 
it  follows  that  the  single  force  pr  may  be  decomposed  into  as 
many  pairs  of  forces  as  there  can  be  described  parallelograms 
having  the  same  common  diagonal,  that  is,  into  an  indefinite 
number  of  such  pairs.  And  since  either,  or  both,  of  these  com- 
ponent forces  may  again  be  decomposed,  in  like  manner,  into 
two,  and  either  of  these  again  into  two;  it  is  manifest  that  the 
original  force  may  in  this  way  be  conceived  to  be  resolved  into 
any  number  of  others,  ad  libitum ;  and  these  either  in  the  same 
plane,  or  any  others. 

55.  Scholium.  The  preceding  proposition  is  useful  in  what 
is  called  the  Reduction  offerees,  or  estimating  their  effects  in 
anv  given  direction.  Thus,  if  it  were  required  to  estimate  the 
ef^t  of  the  force  pc  (fig.  7.  pi.  I.)  in  the  direction  of  the 
given  line  pr  :  construct  the  rectangular  parallelogram  pc  cd, 
and  PC  will  manifestly  be  the  equivalent  of  the  two  forces  PC, 
and  PD,  of  which  the  former  is  perpendicular  to  the  ^ven  di- 
rection, and  therefore  neither  promotes  nor  obstructs  the  effect 
of  the  force  in  that  direction,  so  that  pd  is  the  aggregate  of  force 
in  the  direction  pr.  Of  this  species  of  reduction  many  ex- 
amples will  occur  hereafter. 

66.  Prop.  The  effects  of  forces  when  estimated  in  given  di- 
rections^ are  not  altered  by  composition  or  resolution. 

Let  the  forces  pc,  pc',  and  their  resultant  pr,  be  estimated 
in  the  proposed  directions  px,  py  (fig.  14.  pi.  I.).  Draw  the 
various  Knes  respectively  parallel  to  px,  py,  as  in  the  figure. 
Then,  the  force  pc,  when  referred  to  the  given  directions,  will 
furnish  the  components  pd,  vd ;  the  force  CR  =r  pc,  the  com- 
ponents cc,  ce;  and  the  force  pr  gives  the  components  pf, 
Iff  But  the  forces  pd,  cc,  being  in  opposite  directions  will 
have  opposite  signs  ( +  and  — ),  and  by  reason  of  the  parallels 
J)E,  FR,  vf  and  PD,  rfc,  /e,  it  will  be  pd  —  cc  =  pd  —  df 
=  pf,  the  effect  of  the  two  forces  PC,  pd,  estimated  upon  py  ; 
also  pd  +  CE  =  pd  +  ^  =:  P^,  the  effect  of  the  same  two 
forces  estimated  upon  px;  and  these,  it  is  evident,  are  likewise 
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the  effects  of  the  resultant  pr,  when  estimated  in  the  same  di- 
rections. In  a  similar  manner  the  truth  of  the  proposition  may 
be  shown,  for  any  number  of  forces,  by  compounding  each  pair, 
and  tracing  their  simultaneous  effects,  in  the  proposed  direc- 
tions.    Q.  £.  D. 

Cor.  If  a  system  of  equilibrated  forces  be  reduced  to  any  one 
direction,  the  reduced  forces  will  be  in  equilibrio. 

67.  Prop.  Tojind  the  resultant  of  a  ^stem  of  forces  applied 
to  one  point  amd  acting  in  the  same  plane,  by  the  method  of 
rectangular  co-ordinates. 

Let  the  three  forces  c,  c',  c",  (fig.  13.  pi.  I.),  solicit  the 
point  p,  with  energies  proportional  to  Pc,  pc',  pc",  and  in 
those  directions:  through  any  point  a  draw  two  lines  xx', 
yy',  in  any  directions  respectively  perpendicular  to  each  other ; 
through  p  draw  vdP  parallel  to  xx'  aiid  pd  parallel  to  yy',  and 
resolve  each  of  the  forces  into  components  respectively  parallel 
to  these  co-ordinates ;  for  instance,  pc  into  pd,  vd ;  pc'  into 
pd',  prf';  and  pc"  into  pd",  pd":  set  off  ay  and  ax  respectively 
equal  to  pd  +  viJ  +  pd",  and  vd  +  ^^  +  p^";  then  complete 
the  rectangle  abxy,  and  its  diagonal  ar  will  represent  the 
magnitude  of  the  resultant  of  the  system,  and  will  be  parallel 
to  Its  direction.  The  truth  of  which  is  manifest,  from  the 
foregoing  proposition  and  scholium. 

58.  Cor.  In  the  case  of  an  equilibrium  ar  being  opposed 
by  an  equal  and  contrary  force,  the  resultant  will  be  nothmg,  or 
zero :  or  when  the  several  forces  are  reduced  to  the  rectangular 
co-ordinates,  the, sum  of  the  forces  upon  ay'  which  may  be 
considered  as  negative^  must  be  equal  to  the  sum  falling  upon 
AY,  and  the  sum  upon  a^',  in  like  manner  considered  negative, 
equal  to  those  upon  ax. 

59.  Scholium.  In  cases  where  accuracy  is  required,  the 
student  will  find  it  necessary  to  aim  at  something  further  than 
a  graphical  solution ;  .to  assist  his  progress,  we,  therefore,  add 
a  few  algebraical  formulae  which  may  often  be  advantageously 
applied. 

liCt  the  angles  which  the  directions  of  the  component  forces 
c,  d,  c",  make  respectively  with  the  axis  ax  (fig.  18.),  be  ^, 
a',  and  a" ;  and  let  the  angle  which  r  the  resultant  makes  with 
AX  be  denoted  by  r.  Then  when  each  of  the  forces  is  re- 
duced to  rectangular  co-ordinates,  we  shall  have  (41  cor.) 

c  =:  -^,  c'  =  — — ;c"  =:  -^—77,  whence  c  cos  a,  d  cos  a\  c"  cos 

cos  a  cos  a'  cos  a'^ 

ci\  are  equal  to  pd>  pd',  pd",  the  various  components  of  these 
forces  parallel  to  ax  ;  and,  in  a  similar  manner  may  be  obtained 
C  sin  a,  d  sin  a',  c"  sin  a",  the  components  of  the  same  forces 
parallel  to  ay  :  the  former  of  these  acting  in  the  same  line,  are 
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equivalent  to  a  single  force  expressed  by  their  sum  [using  the 
word  sum  in  the  sense  of  the  algebraists],  that  is,  c  cos  a-\-d 
cos  a!  +  c"  cos  a",  +  &c. :  and  the  latter  are  likewise  equi- 
valent to  a  single  force  expressed  by  their  sum,  or  c  sin  a  -f-  c' 
sin  cl  +  ^^  sin  a''  +  &c.  The  two  components  of  the  resultant 
R  referred  to  the  same  axis,  are  evidently  r  cos  r  and  r  sin  r : 
consequently  (56.)  the  following  equations  obtain : 
.J  V  C  c  cos  a  +  c'  cos  fl'  4"  c''  cos  a"  +  &c*  =  *  cos  r 
^  ')  *     (^  c  sin  a  +  ^'  sin  a'  +  c"  sin  a"  +  &c.  =  e  sin  r 

If  we  denote  the  sum  of  the  components  in  the-  direction  of 
the  axis  ax  by  x,  and  the  sum  of  those  falling  upon  ay  by  y, 
the  preceding  will  be  represented  in  an  abridged  form,  thus : 

(II.) r  cos  r  z=,  Xy R  sin  r  =:.^. 

When  the  system  is  in  a  state  of  equilibrium,  the  resultant  is 
zero  (58) :  thus  our  first  equations  give  for  the  conditions  of 
equilibrium : 

c  cos  a  4"  c'  cos  a'  +  c"  oos^'  +  &c.  =  0. 

c  sin  a  +  c/  sin  a'  +  c"  i^n  a"  -f-  &c.  =  0. 

In  those  cases  where  the  equilibrium  has  not  place,  it  is 

easy  to  find  the  magnitude  and  direction  of  the  resultant :  for, 

adding  together  the  squares  of  the  equations  (II.)  we  shall  have 

R*  (sm*  r  +  cos*  r)  =  J^*  +y%  wherefore,  because 

sin*  r  -j-  cos*  r  zz  rad*  =  1 ,  we  shall  have 

(IV.) R  =  -/^qr^% 

which  is,  in  fact,  the  well-known  property  of  the  right^ngled 
triangle. 

Our  second  equations  likewise  give,  by  a  simple  division, 

(V.)  .  .  .  cos  r  r:  —  ...  sin  r  =  — . 

Or,  if  we  divide  the  one  of  our  second  equations  by  the  other, 
another  equation  will  be  obtained,  by  which  we  may  determine 
the  direction  of  the  resultant :  for,  since  sin  -f  cos  z^  tan,  we 

have        (VI.) tanr  =  -^. 

•* 

When  only  one  of  the  equations  (III.)  obtains,  there  will  not 
be  an  equilibrium,  but  the  resultant  will  be  parallel  to  one  of 
the  axes :  thus,  if  we  have  only  r  =  0,  this  will  give  R  cos  r  =  0, 
of  course  cos  r  =  0,  or  r  =  180°:  that  is,  the  resultant  is  parallel 
to  AY  or  perpendicular  to  ax.  If  only  y  =  0,  the  resultant 
will,  in  like  manner,  be  parallel  to  ax, 

60.  We  may  deduce  from  the  equations  (I.)  in  the  preceding 
article,  two  or  three  curious  consequences ;  which  may  likewise 
be  found  of  utility  in  some  subsequent  investigations. 

Let  us  take  in  the  plane  of  the  forces  c,  d  d\  any  point  s  at 
pleasure,  and  let  the  capital  s  denote  its  distance  from  p  the 
point  acted  upon  by  the  system,  while  the  small  a  represents  tb« 


CHAP.  II.         FORC£S  CONCURRING  IN  ONE  POINT.  25 

angle  formed  by  sp  and  xa  (fig.  16,  pi.  I.).  Now  mnltiplyine 
the  first  of  the  equations  just  referred  to,  by  s  sin  5,  the  second 
by  s  cos  ^,  and  subtracting,  we  have 

cs  (cos  a  sin  5  rs^  sin  a  cos  5)  -f-  <^s  (cos  n/  &n  s  ^  &n  c/  co8s) 
+  ifs  (cos  o^'  sin  5  '^  sin  a"  cos  s)  -}-,  &c.=rs  (cos  r  sin  s  ^ 
sin  r  cos  s). 

But  it  is  known  (See  Gremmfs  Trigomometry^  p.  42. 
HvM&fia  Cowrscy  vol.  iii.  ch.  S.)  that  cos  a  sin  5  /%/  sin  a  cos  s 
=  sin  (a  <N/  5),  and  the  like  of  all  the  other  expressions  between 
the  parentheses ;  whence  the  equation  Decomes  cs  sin 
(a  /N/  *)  4-  c's  sin  (d  />^  *)  +  c"s  (rin  a"  ^^  *  +  &c.  =:  bs 
sin  (r  r^  5). 

Here  the  angle  a  r^  ^zz  cps,  and  r  /^  *  =  rps,  ep  being 
the  resultant :  wherefore,  if  upon  pc  the  perpendicular  s^  be 
demitted,  we  shall  have  in  the  right-angled  triangle  ps^,  ss 
n  s  sin  (a  /^  s;)  and  in  like  manner  s«'  z=  s  sin  (3  ^  s)  the 
perpendicular  let  fall  upon  Pc',  and  so  on.  If,  therefore,  we 
call  the  perpendiculars  fix>m  s  upon  the  several  directions  of 
c,  c',  (f,  &c.  Pj  p^y  jf,  &c.  and  the  perpendicular  upon  the  re- 
sultant, p,  the  preceding  equation  will  be  transformed  to  this : 
(VII.)  .  .  .  .  cp  +  cy  -f  cV  +  &c  =  «p. 

Hence,  if  we  use  the  term  moment  in  the  sense  of  art.  31. 
this  equation  will  furnish  the  following  theorem. 

The  moment  of  the  resultant  of  a  system  of  forces^  disposed 
in  the  same  plane^  and  directed  to  one  pointy  is  equal  to  the  sum 
of  the  moments  of  the  components. 

By  the  swm  of  the  moments  is  here  meant  their  aggregate 
when  incorporated  according  to  their  signs,  using  the  affinnative 
sign  for  the  moments  of  those  powers  which  lie  on  one  side  of 
the  point  s,  the  negative  sign  for  those  which  are  found  on  the 
other  ade.  Or  if  the  point  s  be  considered  as  fixed,  and  the 
lines  St,  &c.  as  inflexible  rods,  the  action  of  each  of  the  forces 
upon  the  point  m  will  tend  to  make  it  turn  about  s :  viewing  the 
matter  thus,  the  positive  moments  will  be  those  of  such  forces 
as  tend  to  produce  a  rotation  in  one  sense,  and  the  negative  mo- 
ments, of  those  which  tend  to  produce  motion  in  the  opposite 
sense*     The  previous  deduction  may,  therefore,  be  stated  thus : 

When  several  forces  in  the  sarnie  plane  are  applied  to  a 
particle  of  matter^  the  moment  of  the  resultant  is  equal  to  the 
excess  of  the  sum  of  the  moments  of  those  forces  which  tend  to 
produce  a  rotation  in  one  direction^  aoer  that  of  the  moments  of 
such  as  tend  to  produce  rotation  in  the  contrary  direction. 

It  must  be  observed,  however,  that  the  idea  of  roto^tow  in- 
troduced here,  is  merely  called  in  for  the  purpose  of  assisting 
the  student  in  determining  the  signs ;  but  is  no  essential  part  of 
the  prindple. 
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61.  The  equation  (VIL)  will  in  two  cases  assume  this  fonn : 

(VII.  2.)  ...cp  +  cy  +  cy  +  &c.  -  0. 

That  is,  1.  When  R  zi  0;  or  when  the  system  is  in  equili- 
brio.  2.  When  f^  =  0 ;  that  is,  when  the  point  s  is  taken  on 
the  line  of  direction  of  the  resultant.     Hence  it  appears,  that, 

The  sum  of  the  moments  qfjbrces  which  tend  to  produce  ro- 

taiion  in  one  direction,  is  equal  to  the  sum  of  the  moments  of 

Jbrces  which  tend  to  produce  rotation  in  a  contrary  direction,  1. 

when  the  forces  are  in  equilibrio ;  2.  when  the  moments  are 

taken  with  relation  to  soTue  point  in  the  direction  of  the  resultant. 

6^.  To  illustrate  the  use  of  the  formulae  for  finding  the  re- 
sultant of  a  system  of  forces,  we  will  now  propose  an  instance  : 

Let  the  Jbrces  c,  c',  c"  (Jig.  13,  pi.  I.)  be  represented  by  the 
numbers  80,  ^,  and  20,  and  p  being  the  point  acted  upon^  let 
the  angles  made  by  their  directions^  be  cpd  =:  SO'*,  and 
c'pc"  =  28^ ;  it  is  proposed  tojind  the  magnitude  and  direction 
of  the  equivalent  qf  these  forces. 

If  we  suppose  the  direction  c"p  to  make  an  angle  of  20® 
with  the  assumed  axis  ax,  then  will  the  angles  which  the  se- 
veral forces  make  with  that  axis,  be  78%  48**  and  20°.  Where- 
fore, using  a  table  of  natural  sines,  &c.  we  shall  have  c  cos  a  + 
c'  cos  a'  +  c"  cos  a"  =  30  sin  12^  +  26  sin  42«  +  20  sin  70^  = 
(30  X  .2079117)  +  (25  x  .6691306)  +  (20  x  .9396926)  H- 
41.769468  =:  r  cos  r  =  j:  ;  and  c  sin  a  +  c'  sin  d  -f  c"  sin  a"  = 
30  sin  78°  +  26  sin  48°  +  20  sin  20°  =  (30  x  .9781476)  + 
(26  X  .7431448)  +  (20  x  .3420201)  =  64.76346  =  Rsin  r 

rr  y.     Then   r  =  ^/  ^«  +  3^*  =  68.86867  the  magnitude  of 
the  resultant;  and-|  =:  1.31140203  =  tan  62°  40'  ^  the  an- 

{rle  which  the  resultant  makes  with  ax  ;  this  lessened  by  48°, 
eaves  4°  ¥y  ^  zzihe  angle  c'pr  between  c'p  and  cp.  Or 
when  the  direction  of  the  resultant  is  determined,  its  magnitude 
may  be  found  without  the  extraction  of  roots:  for,  (V.)  since 

«in  r  =—  we  have  e  =  -r—  =  68.86867,  as  before. 

n  sin  «•  ' 


Sin  r 


To  show  that  the  same  result  may  be  obtained  although  the 
position  of  the  co-ordinates  ax,  ay,  be  changed,  suppose 
AX  to  coincide  with  c''p  :  then  c  cos  a  +  d  cos  a'  -f-  c"  cos  a" 
z=  30  sin  32^  +  26  sin  62<>  +  20  rad  =  67.971269  =  x,  and 
i;  sin  a  +  c'  sin  d  +  c"  sin  a"  =  30  sin  68^  +  26  sin  28°  +  20 

sin  0°  =  37.178233  =  y.    Hence  ^  =  .6413332  z=  tan   32^ 

40^  ^,  which  lessened  by  c'W  gives  4°  40^  44  ^  c'pr,  and 
y  -e-  sm  32°  40^  II-  =  68.86867,  the  resultant :  agreeing  with 
the  former. 

63.   To  be  convinced  of  the  simplicity  of  this  method  of 
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finding  the  magnitude  and  direction  of  the  resultant,  in  cases 
where  the  forces  meet  in  a  point  and  are  disposed  in  one  plane, 
it  is  only  necessary  to  compare  it  with  the  common  method. 
Now,  if  the  resultant  of  forces  were  determined  in  the  usual 
way,  the  process  would  be  this :  Suppose  Pc,  pc'  (fig.  16.  pi.  I.), 
to  represent  the  magnitude  and  direction  of  two  of  the  forces : 
then  letting  fall  ce  and  rf  perpendicularly  upon  PC,  we  should 
have  rad  :  cp  :  :  sin  p  :  ce  :  :  cos  p  :  pe  ;  and  pf  (=  Pc'  4-  pe) 
:  rad : :  rf  (=  ce)  :  tan  rpf  ;  also  rad :  pf  : :  sec  rpf  :  pr.  Then 
taking  pe,  and  pc",  for  the  two  forces  of  given  magnitude  and 
directions,  four  more  proportions  would  determine  their  re- 
sultant :  and  in  like  manner  four  others  would  be  necessary  for 
a  fourth  force,  and  so  on :  whereas,  by  adopting  the  method 
just  explained,  there  is  but  little  more  labour  necessary  to  de- 
termine the  resultant  of  five  or  six  forces  than  of  two. 

II.  OF  forces  directed  to  one  point,  but  not  confined 

TO   ONE   PLANE. 

64.  Prop.  If  three  forces  are  represented  in  magnitude  and 
direction  by  tlie  three  ed^es  contiguous  to  the  same  angle  of  a 
parallelopiped,  their  equivalent  will  be  represented  in  magnitude 
and  direction  by  the  diagonal  drawn  Jrom  tlmt  angle  of  the 
solid. 

Let  the  three  components  soliciting  the  particle  p  be  repre- 
sented by  PC,  pd,  PC"  (fig.  17.  pi.  I.),  and  let  the  parallelepiped 
be  completed.  The  equivalent  of  the  two  forces  c  and  d  will 
be  pr ;  we  may,  therefore,  substitute  pr  for  those  two  forces : 
but  since  the  plane  in  which  are  the  parallels  c''p,  Rr,  cuts  the 
two  parallel  planes  bd,  cd,  the  lines  c''r,  pr,  in  which  it  in- 
tersects them  will  be  parallel  (Euc.  XI.  16.) ;  and  consequently 
c"prE  is  a  parallelogram :  wherefore,  compounding:  the  two 
forces  Pc",  pr,  we  have  pe  the  diagonal  of  the  parallelogram 
c"r,  or  of  the  parallelepiped  BDr,  for  the  equivalent  of  the  three 
forces  c,  d  c'K     q.  e.  d. 

66.  Cor.  Hence,  ifjbur  forces  a^t  upon  a  particle  in  dif- 
ferent pUmeSj  and  keep  it  in  equilibriOy  they  are  to  ea>ch  other 
in  magnitude  and  direction  as  the  three  edges  and  the  diagonal 
of  a  parallelopipedj  constructed  upon  lines  respectively  parallel 
to  the  directions  of  the  forces. 

For  a  parallelepiped  may  be  constructed  so  that  its  three 
edg^s  contiguous  to  any  one  angle,  shall  have  magnitudes  and 
directions  analogous  to  any  three  of  the  four  forces ;  the  dia- 
gonal of  this  solid  will,  by  the  prop,  be  the  ecjuivalent  of  those 
three  forces :  and  since  in  the  case  of  an  equilibrium  the  fourth 
force  (35.)  must  be  equal  and  opposite  to  the  equivalent  of  the 
other  three,  it  may  be  represented  by  the  diagonal  of  the  solid. 
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66.  Cob.  S.  Hence,  likewise,  any  nwmber  (^Jbrcea  whcutever^ 
admg  upon  a  particle  in  different  pbmes,  may  be  compounded 
by  pairs  till  there  remain  either  two  forces  in  the  same  plafiCf 
or  three  in  different  planes j  and  of  these  ilie  resultant  may  be 
found  either  oy  art.  42.  or  by  (hts  preposition, 

67.  Cor.  3.  And  hence,  conversely,  a  single  force  may  be 
resolved  into  three  forces,  in  different  planes,  and  each  of  these 
into  other  forces  in  the  same  or  other  planes,  each  of  these 
again  into  others ;  the  resolution  admitting  of  being  carried  on, 
cul  infinitum. 

68.  Prop.  If  three  forces  in  any  one  plane  are  in  eguilibrioy 
and  these  are  redticed  to  any  other  plane^  the  reduced  forces  will 
likewise  be  in  equilibrio. 

Let  the  three  forces  o,  c,  c'  (fig.  1.  pi.  II.),  represented  by 
op,  cp,  c'p,  in  the  plane  occ'  be  in  equuibrio,  and  let  them  be 
reduced  by  perpendiculars  to  the  plane  lm,  then  shall  the  re- 
duced forces  qp^  cp^  dp^  be  in  equilibrio.  For  the  lines  oo,  ly, 
cc,  cV,  Er,  being  all  perpendicular  to  the  same  plane  are  pa- 
rallel to  each  other ;  ana  because  cp,  rc',  are  equally  inclined 
to  the  plane  lm,  they  are  equally  inclined  to  the  lines  qo,  rd^  in 
that  plane ;  hence  cp  :  cpw  rc'  :  rd^  and  by  permutation  cp  :  Rd 
iicp  ',  rd  11  1:1;  in  like  manner  it  may  be  shown  that  cr  is  to 
pd  in  a  ratio  of  equality ;  and  consequently  pcrd  is  a  parallel- 
ogram: thus  also,  since  op  =  pr,  opzupr:  whence  op  being 
equal  and  opposite  to  the  diagonal  of  the  parallelogram  of  forces 
cpdrj  the  reauced  system  is  in  equilibrio.     q.  e.  d. 

69-  Prop.  To  find  the  resultant  of  a  system  of  forces  applied 
to  one  point f  but  disposed  in  different  planes ;  by  the  method  of 
rectangular  coordinates. 

Here  the  process  will  be  ^milar  to  that  described  in  art*  57, 
and  may  be  explained  by  a  reference  to  the  same  figure  (fig* 
13.  pi.  I.) :  in  which  let  the  three  forces,  c,  c',  c",  directed  to 
the  same  point  but  not  in  the  same  plane,  be  represented  by 
PC,  Pc',  Pc'',  supposed  not  in  the  same  plane:  through  an 
assumed  point  a  draw  any  two  lines  xx',  yy',  perpendicular 
to  each  other,  and  suppose  another  line  az  drawn  through  a 
perpendicular  to  the  plane  of  the  figure ;  these  will  be  the  co- 
ordmates  to  which  the  forces  are  to  be  referred.  I'hrough  p 
the  point  of  application  of  the  forces,  let  lines  pd,  pd,  f^, 
be  drawn  parallel  to  the  respective  co-ordinates :  to  each  of 
these  lines  refer  the  component  forces,  by  perpendiculars  en, 
cJ,  c^,  dn',  dd',  c'J^,  &c.  and  the  sums  pd  +  pd'  +  pd", 
pd  +  pd'  +  pd",  vi  -f  pJ'  +  pS",  will  denote  the  equivalents  of 
the  three  original  forces,  upon  the  edges  of  the  rectangular  pa- 
rallelopiped ;  whence  the  diagonal  of  the  parallelopiped  whose 
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sides  are  expressed  by  these  sums  represents  the  magnitude  and 
directicm  of  the  resultant  sought. 

70.  ScHOL.  In  this  case  of  many  forces  in  different  planes, 
the  algebraic  method  of  solution  will  often  be  peculiarly  use- 
ful ;  and  it  will  be  easily  understood,  being  an  obvious  exten- 
sion of  the  formulae  applied  to  forces  in  one  plane.  Thus,  let 
the  component  forces  wnich  we  call  .  .  .  c,  d,  c",  &c. 
form  with  the  a:ds  ax  (x)  the  angles    .      .      .      o,  a',  a",  &c. 

with  the  axis  ay  (y) J,  V,  i",  &c. 

with  the  axis  az  (z) c^  d^d\  &c. 

Each  of  these  forces  being  decomposed  into  three  others,  of 
which  the  directions  are  parallel  to  each  axis,  it  has  been  shown 
(59.)  that  for  components  parallel  to  these  axes,  we  have 
Of  x^ c  cos  a,  c'  cos  a',  c"  cos  a",  &c. 

y .     c  cos  6,  c'  cos  6',  c"  cos  6'',  &c. 

Z C  COS  £?,   C'  cos  </,  C"  COS  c",  &c. 

These  groups  of  forces  are  each  equivalent  to  a  single  force,' 
represented  by  their  sum,  acting  in  the  several  lines  to  which 
the  original  forces  are  referred ;  so  that  we  have  for  the  com- 
ponents of  the  resultant  parallel  to  each  axis,  as  below : 
X  =  c  cos  a  +  c'  cos  ci  +  c"  cos  a"  +  &c. 
yr=ccos6  +  c'cos6'  +  c''cosA''4-  &c, 
2  n  c  cos  c  +  (/  cos  (/  +  c"  cos  c"  +  &c. 
Now  denote  by  r,  r',  r'',  &c.  the  unknown  angles  formed  by 
the  direction  of  the  resultant  and  each  of  the  co-ordinates,  and 
R  cos  r,  R  cos  r',  R  cos  r",  will  represent  the  equivalents  of 
this  resultant  in  the  several  directions  of  the  axes :  hence,  we 
have 

i  R  COS  r  =  or. 
(ii.)     .     .     •     .     <  R  cos  r'  =  j^. 

t  R  cos  /  ==  ». 
When  the  system  is  in  a  state  of  equilibrium,  we  have  r  =:  0, 
so  that  the  equations  expressing  the  equilibrium  are 

{a?  =  c  cos  a  +  ^  cos  «'  4-  c"  cos  a"  4-  &c.  =  0. 
y  =  c  cos  i  +  c'  cos  4'  +  c''  cos  i"  +  &c.  =:  0. 
2  =  c  cos  c  4-  c/  COS  c'  +  c"  cos  c'  +  &c.  =  0. 
If  an  equilibrium  does  not  obtain  in  the  system,  the  magnitude 
and  direction  of  the  resultant  may  be  deauced  from  the  three 
equations  (ii.),  for  by  adding  together  their  squares,  we  have 
R*  (cos  r  +  cos  r'  +  cos  r'')  ==  or*  +  j/*  +  «*•  But  when  r,  r', 
and  r",  are  angles  made  by  any  line,  and  three  rectan^lar  co- 
ordinates, it  is  known  that  the  sum  of  the  squares  of  their  co- 
sines is  equal  to  unity  :  therefore, 

(iv.)     .    .     .     R  =  V  x^  +y^  +  2*. 
Or,  referring  to  fig.  17.  pi.  I*  and  conceiving  the  parallelepiped 
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rectangular,  and  PC  =  it?,  pc/  =  v,  pc''  ==  «,  we  have  (Euc.1. 47.) 
pr»  =  PC'  -h  cr«  =:  ^*  +  y*,  ana  PR*  =  Pr*  +  rE*  no?'  +y  + 
z»,  whence  R  is  found,  as  above.  And  with  respect  to  the  po- 
sition of  the  resultant,  that  is  easily  determined ;  for  from  the 
equations  (ii.)  we  deduce 

(v.)     .    .     cosrz:—    .     .     cos  r*  = -^    .     .     cosr''=— • 

When  either  of  the  quantities  in  equation  (ii.)  become  =  0,  the 
consequences  are  similar  to  those  we  traced  with  respect  to 
forces  disposed  in  one  plane:  thus,  if  the  equations  take  at  once 
this  form, — 

.r  =  R  cos  r  =  0,  J/  =:  R  cos  r^,  z  zzR  cos  r" : 
it  is  then  manifest  that  cos  r  =  0,  or  that  r  is  a  ri^ht  angle ;  or 
that  the  resultant  is  situated  in  a  plane  perpendicular  to  the 
axis  AX.     If  we  have,  at  one  and  the  same  time, 

X  zz  cos  r  n  0,  y  =  cos  r'  =  0,  «f  =:  cos  r", 
it  will  be  obvious  that  the  direction  of  the  resultant  is  perpen- 
dicular to  AX,  AY,  and  parallel  to  az. 

III.   OP   FORCES    SITUATED    IN   ONE   PLANE,  BUT    APPLIED   TO 

DIFFERENT   POINTS   OF    A   BODY. 

71.  Prop.  If  two  pardllelforcea  act  perpendicularly  upon  a 
right  line^  in  the  same  direction^  their  resultant  is  parallel  to 
theniy  equal  to  their  sum,  acts  in  the  same  direction^  and  divides 
the  line  of  application  into  two  parts  which  are  reciprocally 
proportional  to  the  components* 

Let  the  two  forces  c,  c',  acting  in  the  directions  cp,  cV 
(fig.  9,.  pi.  II.)  perpendicular  to  pp',  be  those  whose  equivalent 
is  sought.  Conceive  any  two  forces  c,  c/,  equal  to  each  other, 
to  act  in  the  opposite  directions  c?p,  cV,  opposite  to  each  other ; 
and  it  is  obvious  they  will  cause  no  change  in  the  state  of  the 
system :  therefore,  if  r  the  resultant  of  c  and  c  act  in  the  di- 
rection rp,  and  r'  the  resultant  of  c',  d^  in  the  direction  r'  p', 
the  lines  rp,  r'p,  when  produced,  will  intersect  in  a  point  a, 
through  which  r/?,  the  direction  of  the  resultant  of  the  compo- 
nents c,  c',  must  likewise  pass.  This  granted,  through  a,  the 
£)int  of  concourse  of  rp,  r'p,  draw  bd,  a/?,  respectively  perpen- 
cular  and  parallel  to  the  directions  of  the  original  forces,  and 
decompose  each  of  the  forces  r,  r',  into  two  others  acting  in  the 
directions  ba,  pA,  and  da,  pjL.  Now,  since  the  circumstances 
of  the  resolution  of  r,  and  r',  are  the  same  in  a  «s  in  p,  p', 
(32.)  the  force  r  acting  upon  a  will  be  decomposed  into  the 
two^  c  acting  in  ba,  and  c  in  j?a  ;  and  the  force  7^  acting  upon 
a  will  be  resolved  into  d  acting  in  da  and  c'  acting  in  pA.  But 
the  two  forces  c,  {/,  being  equal  and  opposite  are  annihilated. 
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therefore  b  the  equivalent  of  c  and  d  acts  in  a  parallel  direction 
RA  and  is  equal  to  their  sum. 

Again  to  determine  the  point  p  in  pp  through  which  the  re- 
sultant passes :  since  r  is  the  equivalent  of  c,  and  c,  it  follows 

(59.  VI.)  that  the  angle  rpc  has  —  for  its  tangent ;  while  in 
the  triangle  ppA,  we  have  tan  PAp  =:  tan  rpc  =  — : 
thus  —  =  — ,ande=:-^.     Proceeding  in  a  similar  manner, 

c  Ap  fp  o  » 

we  have  —  =  —  ,andc'=-^-^.     But,  by  hypothesis  c  :=.d \ 

consequently  c.  pp  =  c/ . p'p,  and  pp  :  p'p  : :  c' :  c.     q.  e.  d. 

72.  Cor.  1 .  IVhen  three  parallel  Jbrces  acting  perpendicu- 
larly upon  a  right  line  Iceep  it  in  equUibriOy  one  of  them  will 
act  in  a  direction  opposite  to  the  other  two^  and  it  will  be  equal 
to  their  sum ;  and  any  two  of  them  will  be  to  each  other  inversely 
as  their  distancesfrom  the  point  to  which  the  third  force  is  appliea^ 

For  the  third  force  a  must  be  equal  and  opposite  to  the  re- 
sultant B  of  Cj  c\  and  must  be  applied  at  the  same  point  p. 
And  since  c  a  jjp',  and  docpp,  Arzc  +  c/  will  Oi  vp  +  pn* 
==  pp'.  That  is,  A  :  c  :  c/ :  :  pp' :  p'^  :  pp,  as  affirmed  in  the 
corollary. 

73.  CoE.  2.  When  two  component  Jbrces  act  in  contrary  di^ 
rections,  their  resultant  is  equal  to  thevr  difference,  and  is  applied 
at  the  same  point  as  the  power  which  establishes  the  equUiorium. 

Thus  the  resultant  oi  the  forces  a  and  c  (fig.  2.  pi.  II.)  acts- 
at  the  point  d  and  is  equal  and  opposite  to  cV. 

74.  Cor.  3.  The  equivalent  of  any  number  of  parallel  Jbrces^ 
actvng  perpendicularly  upon  a  line  mil  he  equal  to  their  sum 
when  they  act  the  same  way ;  or  to  the  excess  of  the  sum  of  those 
which  act  in  one  direction  above  those  which  act  in  the  contrary: 
direction^  when  they  act  contrarily :  and  to  find  their  point  of 
application  compound  them,  two  by  two,  as  in  the  proposition. 

75.  Cor.  ^  If  a  right  line  be  kept  in  equilibrio  by  any^ 
number  of  forces  acting  perpendictdarlu  either  at  the  same^  or 
at  different  points^  the  sum  ofaM  the  forces  acting  on  one  sidcy 
wHloe  equ^l  to  the  sum  of  all  those  acting  on  the  other. 

76.  Prop.  The  moment  of  the  resultant  of  two  parallel 
forces  taken  with  relation  to  any  point  whatever  in  the  same 
plane  is  equal  to  the  sum  of  the  moments  qfthe  components. 

1.  Let  0,  and  d  (fig.  8.  pi.  II.),  be  two  forces  acting  in  the. 
parallel  directions  cp,  c'p,  and  s  any  point  taken  m   their 
plane:   perpendicular   to   cp,    c'p',  draw   the  line   spp',  and 
consider  p,  p'  as  the  points  of  application  of  the  forces.     The 
resultant  R  being  directed  towards  q,  we  have  (71.)  c  x  PQ 
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=  d  X  p'a.  Now  R  X  SQ  =  (c  +  c')  X  sa  =:  (c  X  sa)  + 
(c'.  X  sq)  and  sq  =  pq  +  sp  =  sp'  —  p'q  :  therefore,  by  sub- 
stitution, R  X  SQ  z:  c  .  PQ  +  c .  sp  4-  c' .  sp'  —  c' .  p'q  =  c .  SP 
+  c' .  sp',  because  c  .  pa  —  c' .  p'a  =  0. 

2.  If  instead  of  taking  s  out  of  the  space  included  by  cp,  cV, 
we  take  a  point  si  between  those  lines,  the  same  thing  will 
bold,  using  the  word  sum  in  the  extensive  algebraic  sense  (60.). 
For,  in  that  case,  we  have  again,  r  x  s'a  =  (c  +  d)  x  s'a  =z 
(c  X  s'q)  +  (c'  X  sq).  But,  as  we  have  s'q  =  sV  —  p'q  z:  pq 
—  p's',  we  obtain  by  substitution,  e  x  s'q  =i  c  x  (pq  —  ps') 
+  d  X  (sV  —  p'q),  and  because  c  .  pq  —  c' .  p'q  =  0,  we  have 
R  .  s'q  =:  c' .  sV  —  c  .  s'p. 

77.  If  we  denote  as  in  art.  60.  the  perpendiculars  from  s 
upon  the  directions  of  c,  c',  and  e,  by  />,y,  f,  we  shall  have  the 
equation  Rp  =  cp  +  cjp',  corresponding  with  the  equation  (VII.) 
in  that  article.  So  that  the  consequence  stated  there,  has 
equally  place  here,  and  the  observations  relative  to  the  positive 
and  negative  signs,  arc  equally  useful  in  both  cases. 

78.  Since  a  force  o  equal  and  opposite  to  the  resultant  e, 
acting  at  the  point  q  will  sustain  the  system  in  a  state  of  equili- 
brium,  we  have  o  =  —  R,  and  the  preceding  equation  assumes 
this  form : 

R£  +  cc  +  dd  =0. 
Consequently,  when  three  paraUel  Jbrces  are  in  equilibriOf 
the  sum  of  their  moments  with  respect  to  any  point  in  the  same 
plane^  is  equal  to  zero. 

79.  Drawing  from  the  point  s  (fig.  3.  pi.  11.)  any  right  line 
whatever  so//,  and  supposing  the  three  forces  c^  c',  o,  which 
are  in  equuibrio,  applied  at  the  points  p,  pl^  y,  we  have,  by  rea- 
son of  the  parallels,  sq  :  sp  :  sp'  :  :  s^  :  sp :  spf.  But  the  equa- 
tion of  the  moments  (78.)  is  o  .  sq  +  c  .  sp  +  c' .  sp'  =  0 :  in 
which,  substituting  the  consequents  of  the  proportion  for  the 
antecedents,  there  results  o  .  sj  +  c  .  s;?  +  c .  sp  :=  0 ;  whence 
it  follows,  generally^  that  the  resultant  of  two  parallel  Jbrces 
divides  any  right  tine  to  the  extremities  of  which  they  are  ap^ 
plied  into  parts  reciprocally  as  the  forces :  and  moreover  that 
the  results  in  arts.  71 ... .  75.  are  applicable  to  all  parallel 
forces  acting  upon  one  line,  without  regarding  the  angle  that 
line  makes  with  the  direction  of  the  forces. 

80.  Prop.  When  a  given  power  acts  upon  a  certain  point  in 
a  line,  to  determine  its  effects  upon  any  other  two  points  in  the 
same  line. 

Let  the  force  R  act  upon  the  point  q,  it  is  required  to  de- 
termine the  effort  exercised  upon  the  points  p,  f/  (fig.  3.  pi.  II.). 
This  is  nothing  else  than  to  resolve  the  force  r  into  the  two 
parallel  components  c,  d,  acting  at  the  proposed  points.    Con- 
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sequently  we  must  liave  c  +  c'  =:  e,  and  cidi.qd  -  qp^ 
whence,   c  f  c'  :  c  :  :  gp^  +  y;,  (  =  pp')  :  qj/^   and   c  = 

^'.     In  like  manner  we  find  c'  =— ^. 

81.  Scholium.  We  may  now  deduce,  from  what  is  gone  be- 
fore, a  few  theorems,  which  will  be  of  utility  in  inquiries  re- 
specting  parallel  forces  in  one  plane.  Thus  let  c,  c',  c^  &c. 
constitute  a  system  of  parallel  forces  acting  in  one  plane,  r  their 
resultant,  p,  j/,  y,  ^,  &c.  the  perpendiculars  demitted  from  any 
point  in  the  same  plane,  upon  the  directions  of  the  several  forces. 
Then  with  relation  to  two  forces  c,  c',  we  have  r  =  c  4-  c', 
and  Rp  =  cp  -f  dp\  for  the  equations  by  which  we  may  deter- 
mine the  magnitude  and  position  of  r.  Substituting  for  the  two 
forces  c,  c',  their  equivalent  r,  and  compounding  this  with  the 
third  force,  we  find  the  new  resultant,  by  means  of  the  equations 
r'  =  R  +  c'^  and  R^  =  Rp  +  cy,  or, 
(I.)  r'  =  c  +  d  +  c''  +  &c.  and  r^  =r  c/?  +  djJ  +  c^  +  &c. 

And  thus  we  may  proceed  with  other  forces. 

When  the  forces  are  in  a  state  of  equilibrium,  the  equations 
become 

(110  . .  .0  +  c'  +  c^'  H-  &c.  =  0. .  .CO  +  c>/  4-  cy  +  &c.  =  0. 
When  the  equilibrium  does  not  obtain,  the  first  equation  (I.) 
determines  the  ma^iitude  of  the  resultant :  its  direction  will 
evidently  be  parallel  to  those  of  the  components,  and  its  position 
will  be  determined  from  this  equation : 

_  cp  -H  cy  +  cy  +  jfc.  cp-k-  cy  +  cy  +  4r^' 

*  C  4-  C'  +  C"  +  4"^'  K 

In  these  equations  we  consider  as  negative  the  forces  which 
act  in  a  contrary  direction  to  those  which  we  reckon  positive : 
and  if  r  come  out  negative,  the  resultant  of  the  system  will  be 
a  force  ncting  in  a  contrary  direction  to  the  forces  we  account 
affirmative :  if  f  be  negative,  the  resultant  must  be  disposed, 
with  regard  to  the  origin  of  the  moments,  on  the  side  opposite 
to  that  on  which  the  forces  are  whose  distances  from  this  point 
we  considered  as  positive. 

81  A.  Prop.  To  Jind  the  resultant  of  any  nuinber  of  forces 
acting  upon  different  points  of  a  body^  their  directions  odng  ail 
in  the  same  plane • 

This  is  performed  very  readily  by  a  graphic  process  similar  to 
that  described  in  art.  51.  Thus,  let  any  two  of  the  forces  be 
taken,  and,  prolonging  their  directions,  conceive  them  to  be  ap- 
plied at  their  point  of  concourse  (35^.)  and  find  their  resultant  by 
means  of  the  parallelogram  of  forces  (42.).  Compound  this  in 
like  manner  with  $my  one  of  the  remaining  forces;  and  so  on : 
the  magnitude  and  direction  of  the  diagonal  of  the  last  parallelp- 
gram,  will  show  the  magnitude  and  cUrection  of  the  force  equi- 
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valent  to  the  several  components.  For  an  example,  let  it  be 
proposed  to  find  the  equivalent  of  the  three  forces  c,  c',  c*', 
acting  upon  the  bodjr  ab  (fig.  4.  pi.  II.]j  in  the  directions  cp, 
cV,  c"p,  and  with  intensities  proportional  to  those  lines. 
Produce  cp,  cV,  till  they  meet  in  d,  and  on  those  directions 
set  off  DE,  DF,  respectively  equal  to  cp,  c'p':  complete  the 
parallelogram  ef,  and  its  diagonal  will  represent  in  magnitude 
and  direction  the  equivalent  of  the  two  forces  c,  c'.  Then  pro- 
duce GD  till  it  meet  cV  produced  in  d ;  make  de  zz  dg,  and 
dfzz  p"c'',  and  complete  the  parallelogram  ef.  Lastly,  pro- 
dfuce  the  diagonal  dg,  till  qr  is  equal  to  it ;  so  will  Ra  show 
the  magnitude,  position,  and  direction  of  the  force  equivalent  to 
the  three  components  c,  c',  and  c''. 

82.  Prop.  When  three  forces  in  the  same  plane,  acting 
upon  different  points  of  a  body  (considered  as  void  of  gravity) 
Jceep  it  in  equilibrio,  they  are  such  as  would  balance  if  applied 
to  one  point :  their  directions  continuing  parallel. 

If  the  forces  c,  c',  o,  (fig.  5.  pi.  II.)  which  act  upon  the 
body  AB,  at  the  points  p,  p',  q,  in  the  directions  cp,  cV,  oq, 
with  energies  proportional  to  those  lines,  keep  it  in  equilibrio, 
they  would  balanee  if  applied  to  one  point.  For,  producing 
two  of  the  directions,  e.  g.  cp,  cV,  till  they  meet  at  a  point  d, 
making  ed,  fd,  equal  to  cp,  cV,  respectively,  and  completing 
the  parallelogram  ef,  its  diagonal  gd  will  represent  the  mag- 
nitude and  direction  of  the  equivalent  of  the  components  c,  c'. 
And  since  no  single  force  but  one  that  is  equal  and  opposite  to 
the  resultant  of  c,  c',  can  keep  them  in  equilibrio,  the  direction 
of  the  third  force  o  must  pass  through  d,  and  its  magnitude 
oa  must  be  equal  to  ^n,  or  dg.     q.  e.  d. 

88.  Cor.  1.  Any  two  of  these  forces  are  inversely  proportional 
to  the  perpendiculars  demitted  upon  their  respective  directions^ 
from  the  point  of  application  of  the  third  force,  or  from  any 
point  in  its  direction. 

For  (48.)  o  :  c  :  c' :  :  sin  cDd  :  sin  one' :  sin  odc  (fig.  6. 

!)1.  IL)  And  if  we  produce  the  directions  of  any  two  of  the 
brces  as  cp,  c'p',  and  upon  them  let  fall  from  a,  the  point  of 
application  of  the  third  force,  the  perpendiculars  qk,  qi,  or 
from  any  other  point  q  in  the  direction  of  that  force,  the  per- 
pendiculars qk,  qif  these  perpendiculars  will  be  to  each  other 
as  the  sines  of  the  angles  qdk,  qbi,  or  as  the  sines  of  the  sup- 
plemental angles  odc,  odc'.  Wherefore  c  :  c' :  :  qi  :  qk  :  : 
qi  :  qk. 

84.  CoR.  2.  When  four  forces  are  in  equilibrio  by  the  inter- 
venfian  of  a  solid  body,  they  are  such  as  woidd  balance  each 
other  if  applied  to  one  point. 

Thus  (fig.  5.  pi.  IL)  the  four  forces  c,  c',  c",  c'",  which 
when  the  parallelograms  of  forces  are  constituted  on  the  re- 
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spective  directions,  give  the  equal  and  opposite  resiilt&nts 
GD,  D^5  are  in  equilibrio  whether  the  points  of  appUcation  be 
p,  p'  p"  p'",  or  whether  they  are  blended  in  »• 

85.  CoR.  3.  }V7ien  any  number  offerees  are  in  equilibrio  by 
the  intervention  of  a  solid  body,  they  would  balance  each  other 
if  applied  at  one  point.  For  either  the  lines  of  directions  of  idi 
the  forces  will  meet  in  one  point  when  produced,  or  they  will 
meet  in  different  points  forming  so  many  systefms  in  equilibrio; 
and  all  these  systems  when  applied  to  one  point,  are  in  equili- 
brio, by  art.  37. 

86.  Prop.  If  a  body  ab  (fig.  7.  pi  II.)  be  sustained  in 
equilibrio  by  the  simultaneous  action  of  several  forces  c,  c',  c", 
4rc,  in  one  plane,  their  quantities  and  directions  being  repre-^ 
seated  by  cp,  cV,  cV,  <^c.  cutting  any  Une  ax  drawn  through 
tie  bqdy,  in  the  points  p,  p',  p",  ^c.  and  if  lines  cs,  ds',  c  V, 
Sfc,  be  drawn  parallel  to  ea>ch  other  from  the  points,  c,  c',  d*, 
until  they  intersect  the  line  ax  ;  then,  1.  the  sums  (f'the  por^ 
timis  PS,  P5,  p's',  and  v^,  tV,  p^'s^,  estimated  in  contrary  direc- 
tionSf  must  be  equal.  %  The  sums  of  the  parallel  forces  on 
each  side  ax,  i.  e.  cs,  +  c's'  +  cV',  and  cs  -{-  d^  +  cV,  must 
be  equal.  3.  The  sums  of  the  moments  on  each  side  from  any 
point  A,  *.  e.  AP  .c  +  ap'.  c'  +  ap".  c",  and  at. c  +  ap'.c'  + 
A/?'' .  cf,  must  be  equal. 

Conceive  the  various  parallelograms  of  forces  to  be  con- 
structed as  in  the  figure,  then  will  the  force  represented  by  cp, 
be  the  equivalent  of  dp,  sp,  the  force  cV,  the  equivalent  of 
dV,  s'p',  and  so  of  the  others.  And  it  is  evident  that  the  forces 
PS,  p's',  &c.  must  make  up  equal  sums  in  the  contrajy  direc- 
tions, otherwise,  instead  of  the  system  being  at  rest,  it  wouM 
move  either  in  the  direction  of  ax  or  of  xa.  And  with  respect 
to  the  parallel  forces  dp,  dV,  &c.  or  their  equals  cs,  c's',  &c, 
they  fall  under  the  deductions  in  arts.  75  ...  79*  Whence  the 
truth  of  the  proposition  is  manifest. 

87.  Cor.  If  we  consider  the  forces  reduced  to  ax  to  have 
either  positive  or  negative  signs  according  as  they  act  towards 
or  from  a  ;  and  the  parallel  forces  on  different  sides  of  ax  to 
have  contrary  signs :  then  will  the  sum  of  the  f(M*ces  reduced  to 
AX,  the  sum  of  the  parallel  forces  cs,  c's',  &c.  and  the  sum  of 
(he  moments  of  the  forces  with  respect  to  any  point  on  ax,  be 
each  equal  to  nothing. 

88.  ScHOL.  Since  the  preceding  proposition  is  true,  what- 
ever direction  the  parallel  lines  cs,  c's',  &c.  make  with  the 
assumed  line  ax,  we  may  readily  deduce  from  hence  the 
formulas  for  several  forces  acting  at  different  points  in  various 
directions  in  the  same  plane,  according  to  the  method  of  rect- 
angular co-ordinates.    To  this  end,  let  cs,  cV,  &c.  (fig.  7.) 
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be  perpendicular  to  ax,  and  let  the  ordinate  ay  be  drawn 
parallel  to  cs.  Then  if  the  angles  which  the  directions  of 
the  forces  c,  c',  c",  &c.  make  with  ax,  be  denoted  by  «,  a',  a", 
&c.  and  the  angle  made  by.R  the  resultant  with  the  same  be  r ; 
also  if  the  J.  s  from  a  upon  cp,  cV,  c'V,  &c.  be  represented 
by  jp,  p',  /t/'T&c.  we  shall  have  sp  n  c  cos  a,  sV  =:  d  cos  a!, 
&c.  and  cs  =:  c  sin  a,  cs'  =  c'  sin  a',  &c.  And  in  the  case  of 
an  equilibrium,  we  shall  have  the  following  equations,  the  re- 
sultant being  absolutely  nothing. 

r  c  cos  a  +  d  cosa!  -f  c"  cos  a"  +  &c.  zz  x  zzO. 

(I.)    •  J  c  sin  a  +  c'  sin  a!  +  c''  sin  a"  +  &c,  zzy  znO. 
(cjy  +  dpf  +  c'V  +  &c.  ==  ^  =  0. 

These  equations  are  (like  those  in  arts.  59^  70,  81,)  each 
composed  of  as  many  terms  as  there  are  forces,  unless  one  of 
the  forces  should  have  its  direction  coinciding  either  with  ax, 
or  AY,  or  parallel  to  either  of  them,  or  passing  through  a  their 
assumed  origin ;  when  one  term  will  manifestly  yanish,  in  the 
corresponding  equation. 

89.  If  the  system  of  forces  is  not  in  equilibrio,  the  subse- 
quent equations  will  assist  in  finding  the  resultant,  its  mag- 
nitude, and  its  point  of  application.  Besides  the  above  cha- 
racters, let  §  denote  the  perpendicular  An  (fig.  7.)  from  the  ori- 
gin of  the  axes  upon  the  direction  of  the  resultant :  then,  since 
an  equal  force  to  the  resultant  applied  in  a  contrary  direction 
restores  the  equilibrium,  making  it  to  subsist  between  c,  c',  &c. 
and  —  R,  by  introducing  the  expressions  —  R  cos  /',  —  e  sin  r, 
and  —  Bf,  into  the  equations,  we  shall  get, 

(II.)  .  .  R  cos  r  zz  Xy  .  .  R  sin  r  ==  y,  .  .  Rf  =  *• 
Adding  together  the  squares  of  the  two  first  of  these,  there  will 
be  found 

(III.)     .     .     .     .     R  =z  v/  a?*  +  y. 
And  from  the  equation  (II.)  we  deduce,  by  division, 

(IV.)  .  cos  r  =  —  .  .  sin  r  r:  ~  .  .  tan  r  z:  —  • .  p  =  — .    I 

jOf  these  equations  III.  determines  the  magnitude ;  either  of  the 
first  three  of  IV.  ascertains  its  direction,  and  the  last  gives  the 
perpendicular  distance  of  its  d^ection  from  the  origin  of  the 
ordinates.  Thus,  drawing  a  line  An  zr  p,^  making  with  ay  an 
angle  =  r,  and  drawing  nq  perpendicular  to  mi^  the  line  nqn 
will  be  the  position  of  tne  resultant ;  any  point  in  this  line  may 
be  oonaidered  as  the  point  of  application :  the  signs  of  r  nnd  of 
f,  will  determine  on  which  side  of  ay  and  of  ax,  the  Kne  a« 
must  be  drawn. 

90.  When  the  three  equations  (88. 1.)  all  obtain  at  the  same 
time,  they  denote  that  a  system  of  forces,  disposed  in  the  same 
plane^  but  not  concurring  in  the  same  point,  is  perfectly  in 
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equilibrio :  but  it  will  not  be  entirely  uninteresting  to  consider 
what  will  be  the  consequence  when  all  three  have  not  place  at 
once.  When  only  the  first,  or  the  second  exists,  we  may  apply 
the  remarks  made  at  the  end  of  art.  59;  so  that  it  only  remains 
for  us  to  examine  here,  what  will  occur  when  the  tnird  only 
exists.  Thus,  if  instead  of  the  system  being  in  absolute  equi- 
librium, we  have  the  three  following  equations : 
R  cos  r  ==  ar,  b  sin  r  =  y, 
cp  -f  c^y  -f  cy  +  &c.  =  Rp  =  0. 
Here  r§  =  0,  gives  f  =  0,  that  is  to  say,  the  resultant  passes 
through  the  ongin  a  of  the  co-ordinates :  it  is  obvious  that  if 
that  point  in  the  system  is  fixed,  this  resultant  ought  to  be  anni- 
hilated, and  that  there  is  an  equilibrium  whatever  a?  and^  may 
be.  The  equation  cp  +  cy  -I-  c'y  +  &c.  =  0,  therefore, 
suffices  solely  to  indicate  that  there  is  an  equilibrium,  on  the 
supposition  that  the  origin  is  a  fixed  pckui :  and  hence 

In  order  that  a  system  qfjbrces  disposed  in  the  same  plane 
be  in  equilibrio  about  anyjixtd  pdni^  it  mil  be  sufficient  iftiie 
sum  of  the  moments  qfihejbrces^  with  respect  to  this  point,  be 
equal  to  zero. 

Supposing  that  a  body  subjected  to  the  action  of  several 
powers  is  retained  by  a  fixed  point,  it  follows  necessarily  that  it 
can  only  have  a  motion  of  rotation  about  this  point :  if,  there- 
fore, tlie  equilibrium  does  not  exist,  neither  can  the  resultant 
pass  by  this  point,  nor  can  we  have  cp  +  c^  +  c'y  +  &c.  =  0. 
Hence,  when  tt  iz  0,  there  can  be  no  rotatory  motion,  and  when 
both  T  =  0,  and  2/  =  0,  there  can  be  no  rectilinear  motion. 

IV.     OF     FORCES     NOT     CONFINED     TO   ONE    PLANE,"  AND   DI- 
RECTED   TO    VARIOUS    POINTS   OF    A    BODY. 

91.  Def.  Any  point  in  a  system  of  parallel  forces,  through 
which  the  resultant  passes,  and  which  retains  the  same  place j 
although  all  the  forces  change  their  directions,  provided  they 
continue  respectively  parallel,  may  be  called  the  Centre  of 
Parallel  Forces. 

92.  Prop.  To  find,  by  a  graphic  process,  the  resultant  iff 
any  number  of  panrallel forces,  hcfmever  disposed. 

Conceive  any  plane  to  be  intersected  by  the  directions  of  the 
several  forces,  and  the  points  of  intersection  to  be  joined  by 
right  lines  falling  on  the  plane.  Then,  by  the  method  already 
given  (71 ,  79.)  find  the  resultant  of  any  two  of  the  forces  and 
its  point  of  application  at  the  imaginary  plane :  then  take  this 
resultant  and  its  point  of  application,  and  in  like  manner  com- 
pound  with  a  third  force,  and  ascertain  their  resultant  and  its 
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point  of  applicati<»:  let  this  new  resultant  be  oompounded 
with  a  fourtn  force,  and  so  on  through  the  whole.  Thus,  for 
example^  let  the  five  forces  represented  by  c,  c',  c",  c''',  c,  have 
p,  p',  p",  &c.  for  their  points  of  application  in  the  plane  pp'p" 
(fig.  8.  {>1.  II.)  In  the  right  line  fp'  make  p;  :  qr  ::  c' :  c, 
and  q  will  be  the  point  of  application  of  b  =  c  +  c',  the  re- 
sultant of  c  and  c^.  Join  the  points  qy  p',  in  the  same  plane, 
and  make  q^ :  y'p" : :  c'' :  r,  then  will  g'  be  the  point  of  appli- 
cation of  the  new  resultant  r'  n  a  +  (/'  =  c  +  e  +  c".  Again, 
for  the  fourth  force  c"',  join  jV",  and  make  gW' :  y'V  : :  c''' : 
a',  then  ^  will  be  the  point  of  application  of  the  third  re- 
sultant r"  =  r'  -f-  d"  =  c  +  d  +  ^'  4"  o"'.  Lastly,  join  y''p, 
and  make  gf^q"  :  ^p  : :  c :  r",  then  will  g"'  be  the  point  of  ap- 
plication of  the  resultant  r'"  n  r"  -)-  c  rr  c  +  d  +  c"  +  d"  +^. 
Had  any  one  or  more  of  these  powers  been  exerted  in  an  oppo- 
site direction,  as  for  instance  cr  and  c,  the  point  of  application 
of  the  resultant  b!^  would  still  have  been  the  same ;  but  its 
magnitude  would  then  have  been  c  +  c'  —  c''  +  c*"  —  c;  as  is 
eviaent  from  art.  73. 

93.  Cor.  1.  If  the  components  c,  d,  c",  &c.  all  change 
their  directions  in  such  a  manner  as  to  remtun  parallel  to  each 
other,  thmr  resultant  will  still  be  applied  to  the  same  point  in 
the  plane  pp'p";  or,  if  all  the  powers  change  their  magni- 
tudes in  one  and  the  same  ratio,  although  the  resultant  will  un- 
dergo a  corresponding  mutation  in  its  magnitude,  its  point  of 
application  will  still  be  the  same ;  and  wiU,  therefore,  be  the 
centre  ofpanrdUelforcee  in  the  system  whose  variations  are  thus 
regulated. 

94.  Cor.  %.  Hence  it  will  be  easy  to  put  any  system  of 
parallel  forces  into  an  equilibrated  state :  for  it  requires  nothing 
more  than  to  find,  by  this  proposition,  the  magnitude  and  point 
of  application  of  the  resultant;  and  then  to  apply  an  equal 
force  to  the  same  point  in  an  opposite  direction. 

95.  Scholium.  Here  also  it  may  be  proper  to  deduce  a  few 
^neral  theorems  which  may  be  useful  in  future  inquiries  rela- 
tive to  parallel  forces  however  disposed.  For  which  purpose 
let  us  begin  with  three  parallel  forces  c,  c',  c",  in  a  state  c^ 
equilibrium,  which,  it  is  obvious,  must  necessarily  be  in  one 
pmne  :^  let  yax  (fig.  9.  pL  II.)  be  the  plane  of  the  rectangular 
co-ordinates  to  which  we  mean  to  refer;  this  plane  must  be  cut 
(Euc.  xi.  8.)  by  the  plane  in  which  are  the  directions  of  the 
forces,  in  a  right  line,  suppose  Acdc"  in  the  figure;  in  this 
line  let  c,  c^,  c",  be  the  ixmits  where  those  three  forces  are 
applied  in  the  plane  of  tne  axes.  From  any  point  a  in  the 
line  Ac''  draw  any  rectangular  co-ordinates  ax,  ay,  and  on 
these  let  fall  from  c,  c',  c',  the  perpendiculars  erf,  c'd',  c^d", 
and  CD,  cV,  cV;  let  \dzzd,  acP  =  d',  AdF  =:  d",  ad  =  d. 
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A  d'  =  d',  A  i/'  =  d''.  Then,  since  what  has  been  shown  in 
art.  81.  is  applicable  here,  we  have,  in  addition  to  the  con- 
dition that  the  points  c,  c',  d',  are  in  one  right  line,  these 
equations : 

c .  AC  +  c' .  Ac'  +  c'' .  Ac"  =  0,  and  c  +  tf  +  c"  =  0. 
But  by  reason  of  the  parallel  lines,  we  have  ac  :  ac^  :  ac"  ::  xd 
:  hd! :  \d}^ : :  ad  :  ad'  :  ad'',  and  substituting  the  consequents 
of  these  for  their  respective  antecedents  in  the  first  preceding 
equation,  we  obtain  the  following  equations  of  condition  for 
three  parallel  forces  in  equilibrio : 

Ccd+c'rf  +  c"cf'=:0 

(I.) ^cd+c'd'  +  cV  =  0 

I  c  +  c'  +  c"  =  0. 
Some  persons,  from  a  slight  consideration,  might  conclude,  that 
since  the  quantities  in  the  two  first  of  these  three  equations  are 
proportional,  they  need  not  both  be  taken  at  the  same  time : 
out  it  should  be  recollected,  that  when  any  one  of  them  is  taken 
together  with  the  third,  this  does  not  ensure  the  essential  con- 
dition of  the  three  points  c,  c',  d',  being  in  one  right  line ;  for 
while  c/,  cZ',  £?',  remained  the  same,  the  pomts  might  not  be  found 
in  ac",  but  in  any  unlimited  positions  upon  cd,  c'cf,  C''d'; 
whereas  the  contemporaneous  existence  of  all  the  three  equa- 
tions establishes  the  proper  magnitudes  of  the  forces,  and  con- 
fines their  points  of  application  to  the  intersections  of  no,  dc, 
&C.  upon  Ac''. 

96.  A  force  ^  e  which  is  equal  and  applied  in  an  opposite 
direction  to  the  resultant  r  of  two  forces  c,  c',  will  manifestly 
establish  the  equilibrium.  Therefore  if  x  and  y  be  put  for  the 
distances  at  which  perpendiculars  from  the  point  of  application 
of  the  resultant  will  cut  the  axes  ax,  and  ay  ;  and  —  r,  x^ 
and  y^  being  substituted  for  c'',  ^  and  d",  in  the  equations  I. 
they  will  be  transformed  to 

IM?  =:  cd  -|-  c'd' 
Ry  =  CD  -f-  c'd' 
R    r:  c    +  c'. 
And  these  equations  will  evidently  serve  to  determine  the  mag- 
nitude and  position  of  the  resultant  of  two  forces. 

Having  four  forces  c,  c',  c'',  c"',  if  we  compound  two  of  them, 
as  c,  c',  into  one  force  r,  we  may  establish  the  equilibrium  be- 
tween this  and  the  other  two  py  causing  them  to  satisfy  the 
equations  (I.) ;  we  shall  have,  therefore, 

Ea7  +  cW  +  c"'d'"  =  0 

Ry  +  cV  +  c'V  =  0 

R    +0"     +€'"      =0. 

But  the  first  terms  of  each  of  these  ec[uations  being  already 

known,  we  may  substitute  for  them  their  values,  and  we  shall 

thence  obtain  the  equations  for  four  forces  in  equiUbrio : 
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(  cd  +  dd'  4-  c'W"  +  d"d»  =:  0 
viz K  CD  +  cV  +  c'^d''  +  cV  =  0 

Ic+d  +  c'  +  c'^^O. 
Here)  however,  it  is  not  necessary  that  the  directions  of  all 
the  four  forces  should  be  in  one  plane :  it  is  merely  requisite 
that  the  three  forces  R,  c,  d,  should  act  in  one  plane,  and  b, 
c",  c'",  in  one  plane ;  or  that  the  plane  which  contains  the 
directions  of  c,  c',  should  intersect  that  which  contains  the  di- 
rections of  c'',  c'^',  in  a  right  line  which  will  be  the  resultant 
of  both  these  pairs  of  forces.  Now,  on  comparing  the  equa- 
tions last  exhioited  with  the  equations  (95.  1.)  it  will  appear, 
that  they  are  exactly  the  same,  excepting  that  each  of  the  latter 
comprises  one  term  more  than  the  former :  and,  if  a  similar 
process  were  adopted  with  respect  to  a  fifth  force,  similar  equa- 
tions would  be  obtained  with  another  additional  term  in  each. 
Hence,  we  may  generalise  without  hesitation,  and  for  as  many 
parallel  forces  as  we  please  may  lay  down  the  following  equa- 
tions, as  conditions  of  equilibrium. 

(cd  +  dd'  +  cV  +  &c.  =  0 
(II.) ^  CD  +  cV  +  c'^d'  +  &c.  =  0 

Ic  +  d  +  c"  4  &c.  =:  0. 
Each  of  these  equations  will  comprise  as  many  terms  as  there 
are  forces,  unless  one  of  these  forces  have  its  direction  passing 
through  the  origin  a  of  the  axes,  in  which  case  one  of  the  terms 
will  vanish  from  each  of  the  first  two  equations :  as  to  the  signs, 
they  will  be  positive  or  negative  accordmg  as  the  forces  to  which 
they  are  attached  act  in  the  same  or  a  contrary  direction,  or  as 
their  points  of  application  fall  on  the  same  or  different  sides  of 
either  of  the  co-ordinates. 

97.  When  the  equilibrium  does  not  obtain,  we  shall  by 
proceeding  as  in  the  former  part  of  art.  96.  have  these  equa- 
tions : 

(Rx  =  cd  +  ddl  +  c^rf'  +  &c. 
(III.) K  Ry  =  CD  4-  cV  +  c"D"-f  &c. 

Ir  z:  c  +  c' -I- c"  +  &c. 
If  the  plane  xay  be  perpendicular  to  the  directions  of  the 
forces,  a  supposition  which  will  not  diminish  the  universality  of 
the  deductions ;  and  if  we  conceive  ax  and  ay  to  be  two  planes 
perpendicular  to  xay,  the  rectangles  rj",  and  r^,  will  then 
become  moments  (31 .)  of  the  resultant,  taken  with  regard  to  each 
of  those  two  planes;  and  cd,  cd,  will  in  like  manner  be  mo- 
ments of  c ;  and  so  of  the  others.  Hence,  then,  taking  the 
word  sum  in  the  sense  we  have  so  often  explained,  we  may  de- 
duce the  following  theorem  for  all  paraljel  forces,  however 
situated  : 

The  resultant  of  any  number  of  parallel  Jiyrces  ^whatever  is 
parallel  to  them,  equal  to  their  sum,  and  has  its  moment  (esti- 
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mated  with  respect  to  every  parallel  plane)  eqiuxJ  to  tlie  sum  of 
the  moments  vfthe  components. 

Thus  the  resultant  is  determined  in  magnitude  and  direction, 
and  the  |)oint  in  which  it  intersects  the  plane  xay  may  be 
readily  found  by  means  of  these  equations: 

(IV.)    .     .     .      -^  CD-hcVH-c'V'  +  *C. 

\y- k — - 

^^.  The  equilibrium  will  be  absolute  when  all  the  three 
equatioijs  (II.)  obtain  at  once ;  but  it  will  not  be  useless  if  we 
inquire  what  will  be  the  consequence  when  the  equations  of 
condition  are  taken  partly  from  equa.  II.  and  partly  from  equa. 
III.     If,  for  example,  we  have  the  following  equations : 

R  ==  c  4"  C  +  d' 

Rr  =  cd  +  g'cZ'  +  c'^d'  +  &c.  =  0 

R^  ZZ  CD  +  c'd'  +  c'-d'  +  &C. 

Here  nr  being  =  0,  and  r  an  absolute  quantity,  we  conclude 
that  j:*  =  0 ;  in  this  case  the  direction  of  the  resultant  will  inter- 
sect the  plane  xay  somewhere  in  ay.  If  therefore  this  axis 
is  fixed  in  the  system,  whatever  u  and  y  may  be,  the  only 
necessary  condition  of  equilibrium  is  indicated  by  the  equation, 

Qd  +  dd  +  d'd'  r:  0. 

In  like  manner  the  equation 

CD  +  dD'  +  d'D"  =  0 
has  place  when  the  direction  of  the  resultant  passes  through 
some  one  of  the  points  in  ax  ;  and  when  this  axis  is  fixed  m 
the  system,  this  equation  is  alone  necessary  to  indicate  an  ex- 
istiuj?  equilibrium. 

If  we  suppose  that  the  plane  xay  is  perpendicular  to  the 
directions  of  the  forces,  the  terms  of  these  two  equations  denote 
the  moments  of  these  forces  with  relation  to  planes  passing 
through  AX  and  ay  perpendicular  to  their  plane.  .  Hence  it 
follows  that, 

In  order  to  have  a  system  of  parallel  forces  in  equilibrio  about 
any  Jioaed  axls^  it  is  necessary  that  the  sum  of  the  moments  of 
these  forces  with  respect  to  a  plane  parallel  to  their  forces^  and 
passing  through  that  aocis^  shall  be  equal  to  zero, 

,  If  the  two  equations  Rx  =:  0,  and  By  =  0,  exist  together, 
there  will  result  jr  =:  0,  ^  =  0;  that  is,  the  resultant  will  pass 
both  through  some  point  in  ax  and  some  point  in  ay  ;  that  is, 
it  will  pass  through  a  the  origin  of  the  axes :  if,  therefore,  this 
point  be  fixed,  these  two  equations  denote  an  equilibrium. 

Again,  if  we  have  only  this  equation 

B  =  c  +  c'  +  c"  +  &c.  =  0, 
we  are  not  to  conclude  that  because  r  =  0,  the  equilibrium 
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obtains ;  for  this  isolated  equation  merely  denotes  that  the  sum 
of  the  forces  which  act  in  one  direction,  is  equal  to  the  sum  of 
those  which  are  exerted  in  the  contrary  direction ;  and  this  may 
take  place  independently  of  the  positions  of  the  forces :  but  the 
equilibrium  exists  only  when  the  equal  and  opposite  forces  are 
appUed  at  the  same  point.  In  this  case,  however,  we  may 
always  establish  the  equilibrium  by  means  of  one  additional 
force ;  or  we  may  restore  it  in  an  endless  variety  of  ways  by 
means  of  two  additional  forces. 

99.  Prop.  To  Jind  the  resvUant^  or  resultants^  of  a  system 
of  forces  applied  to  different  parts  of  a  body^  and  acting  in 
various  directions  in  different  planes. 

The  best  method  of  performing  this  will  be  by  the  method 
of  rectangular  co-ordinates^  as  follows.  Suppose  the  directions 
of  the  several  forces  prolonged  till  they  meet  the  plane  yax 
(fig.  9.  pi*  IL  or  fig.  13.  pi.  I.),  and  conceive  them  all  applied 
at  their  points  of  intersection  with  that  plane :  then  each  of 
these  forces  may  be  resolved  into  two  others,  the  one  perpen- 
dicular to  the  plane  yax,  the  other  situated  in  the  plane.  The 
perpendicular  forces  will  have  for  their  resultant  a  force  in  like 
manner  perpendicular  to  the  plane,  and  the  forces  situated  in 
the  plane  w^ll  obviously  have  their  resultant  lying  in  the  same 
plane.  If  the  directions  of  these  resultants  m6et  in  a  point,  they 
may  be  compounded  by  art.  41.  and  the  system  will  have  one 
resultant :  but  in  many,  indeed,  in  most  cases,  these  directions 
will  not  meet ;  and  then,  as  the  effects  of  perpendicular  forces 
not  meeting  in  a  point  are  independent^  the  system  will  have 
two  distinct  resultants. 

Cor.  In  the  first  of  the  above  cases  a  single  additional  force 
may  restore  the  equilibrium ;  in  the  latter,  two  at  least  will  be 
requisite. 

100.  Prop.  If  a  body  be  kept  in  equilibrio  by  severaljbrces 
acting  at  different  points  and  in  various  directions  not  in  one 
plane,  the  forces  are  such  as  would  be  in  equilibrio  if  applied  to 
onepointy  and  in  directions  respectively  parallel  to  the  former. 

For  in  any  assumed  plane  the  forces  parallel  and  perpendi- 
cular to  any  line,  will  be  the  same  whether  applied  at  one  point 
or  many :  and  when  the  directions  of  any  of  the  forces  are  out 
of  this  plane,  such  extraneous  forces  may  be  reduced  to  others, 
one  set  acting  in  the  plane,  the  other  perpendicular  to  it ;  and 
both  these  will  be  equal  in  quantity  in  each  case ;  therefore  if 
the  equilibrium  obtains  in  the  one  case,  it  must  in  the  other, 
both  with  respect  to  the  perpendicular  and  parallel  forces,  all 
which  will  be  sufficiently  obvious  after  recollecting  what  was 
shown  with  regard  to  several  forces  in  one  plane  (arts*  8S,».86.) 


CHAP.  II.   PARALLEL   FORCES   IN   DJFFERENT    PLANES.  43 

If  the  weight  of  the  body  be  taken  into  the  consideration,  it 
may  be  regarded  as  a  single  force  applied  vertically  at  the  centre 
of  gravity :  the  reason  of  which  will  appear  from  the  discussions 
in  the  next  chapter* 

SCHOLIUM. 

101.  We  might  now  proceed  to  deduce  the  equations  of 
equilibrium,  &c.  for  forces  acting  at  different  points  and  in 
various  planes:  but  as  the  process  would  be  complex  and  in- 
tricate, and  after  all  but  of  triflinff  utility  in  elementary  me- 
chanics, except  in  the  case  of  parallel  forces  already  treated  in 
arts.  95... 98.  it  is  thought  best  to  omit  them.  We  add  here 
what  follows  at  once  from  a  comparison  of  the  preceding  pro- 
position with  art,  70.  namely  that 

When  a  system  of  forces  acting  upon  different  points  of  a 
body  m  venous  planes  keeps  it  in  equilibrioy  the  sum  of  the 
moments  taken  relativety  to  each  of  three  rectangular  co-or^ 
dinatesy  of  the  comjyonents  estimated  in  a  plane  perpendicular 
to  that  ordinate,  is  equal  to  zero. 
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CHAPTER  III. 


CENTRE   OF    GRAVITY. 


102.  Def.  the  Centre  of  Gravity  of  any  body  or  system 
of  bodies  is  that  point  about  which  the  body  or  system^  acted 
upon  only  by  thejbrce  of  gravity^  will  balance  itselj'in  dU  posi- 
tions :  or  it  is  a  point  which  when  supported^  the  body  or  system 
wiU  be  supported,  however  it  may  be  situated  in  other  respects. 

The  centre  of  gravity  of  a  body  is  not  always  within  the  body 
itself:  thus  the  centre  of  gravity  of  a  ring  is  not  in  the  sub- 
stance of  the  ring,  but  in  the  axis  of  its  circumscribing  cyhnder ; 
and  the  centre  of  gravity  of  a  hollow  staff,  or  of  a  bone,  is  not 
in  the  matter  of  which  it  is  constituted,  but  somewhere  in  its 
imaginary  axis.  Every  body,  however,  has  a  centre  of  gravity, 
and  so  has  every  system  of  bodies,  as  will  soon  be  made  evident: 
but  it  will  be  proper  to  premise  a  few  brief  remarks  with  re- 
spect to  gravity  itself,  and  its  effect  upon  bodies  subjected  to 
its  operation. 

103.  It  is  a  fact  established  by  general  observation  in  all 
ages  and  all  countries,  that  whenever  bodies  are  unsupported 
or  left  to  themselves,  they  begin  to  move  downwards  in  vertical 
lines,  and  continue  thus  to  move  until  they  meet  with  something 
which  interrupts  their  motion  or  prevents  their  further  descent. 
This  is  observed  to  take  place  not  only  with  respect  to  large 
and  very  ponderous  bodies,  but  to  smaller  ones,  and  even  to 
the  most  minute  particles  into  which  they  can  be  separated, 
provided  they  are  not  so  small  as  to  elude  the  observation  of  our 
senses.  And  if  certain  substances,  such  as  smoke,  and  vapours, 
&c.  seem  to  contradict  this  universal  fact ;  it  is  because  they 
are  only  in  appearance  left  to  themselves,  while  in  reality  they 
are  supported,  and  put  into  an  ascending  motion,  by  the  action 
of  the  fluids,  &c.  that  compose  the  atmosphere  which  surrounds 
the  earth.  All  bodies,  and  their  most  intimate  particles,  tend 
towards  a  point  which  is  either  accurately  or  very  nearly  the 
centre  of  the  terraqueous  globe ;  yet  this  tendency  is  certainly 
not  essential  to  matter,  it  is  an  enort  which  matter  of  itself  is 
not  able  to  make,  bein^  indifferent  to  either  motion  or  rest  (18, 
26.) :  we  are  authorised,  then,  to  conclude  that  this  tendency  to 
motion  is  caused  by  a  power  not  existing  in  the  matter  on  which 
our  observations  are  made,  but  in  something  exterior ;  and  this 
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force,  without  attempting  to  explain  its  nature  and  essence,  we 
desi^ate  by  the  term  Qravitu :  the  general  fact  or  event  of 
bodies  falling  is  denoted  by  the  verbal  noun  Gravitation;  and 
it  is  a  part  or  consequence  of  a  more  universal  property,  not 
here  entered  upon,— that  of  the  mutual  Attraction  of  the  dif- 
ferent bodies  in  the  universe  towards  each  other. 

104*.  Since  gravity  impresses,  or  has  a  tendency  to  impress, 
on  every  particle  of  bodies,  in  an  instant,  a  certain  velocity  with 
which  they  would  begin  to  fall,  if  they  were  not  supported ; 
and  since,  abstracting  the  influence  of  the  air,  this  velocity  would 
be  the  same  for  eacn  of  the  moleculse  of  bodies,  whatever  be 
their  substance,  it  will  not  be  difficult  to  attach  a  just  and  scien- 
tific meaning  to  that  which  is  commonly  called  weight :  it  is  the 
effort  necessary  to  prevent  a  body  from  falling.  But  bodies  fall 
in  consequence  of  the  action  of  the  force  of  gravity  upon  each 
of  their  particles,  and  they  can  be  pi'evented  from  falling  by  a 
force  equal  and  opposite  to  the  resultant  or  equivalent  of  £ul  these 
actions.  Hence,  we  may  readily  distinguish  between  the  effect 
of  gravity  and  that  of  weight,  by  adopting  the  language  of  Con- 
dorcet^  when  he  says,  ^^  the  former  is  the  power  of  transmitting, 
"  or  a  tendency  to  transmit,  into  every  particle  of  matter  a  certam 
"  velocity  which  is  absolutely  independent  on  the  number  of 
**  material  particles ;  and  the  second  is  the  effort  which  must 
*'  be  exercised  to  prevent  a  given  mass  from  obeying  the  law  of 
gravity.  fVeight,  accordingly,  depends  on  the  mass^  but  gra- 
vity has  no  dependence  at  all  upon  it."^ 
A  verbal  distinction  is  also  made  between  weight  and  heavi- 
ness. Thus  heaviness  is  that  quality  of  a  body  which  we  feel 
and  distinguish  by  itself:  weight  is  the  measure  and  degree  of 
that  quality,  which  we  ascertain  by  comparison.  Absolutely 
and  in  an  undetermined  sense,  we  say  that  a  thin^  is  heavy ; 
but  relatively  and  in  a  manner  determined,  that  it  is  of  such  a 
weighty  as  of  2,  8,  4  pounds,  &c.  In  illustration  we  may  add 
that  many  circumstances  prove  the  heaviness  of  atmospheric 
air;  but  the  mercury  in  a  barometer  determines  its  exact 
weight. 

105.  Every  particle  of  which  bodies  are  composed  receiving 
from  gravity  equal  solicitations  towards  the  centre  of  the  earth,  it 
follows  that  if  the  supports  of  bodies,  whether  large  or  minute, 
were  taken  away,  and  they  were  permitted  to  fall  from  equal  alti- 
tudes, they  would  arrive  at  the  surface  of  the  eai;th  after  equal  por- 
tions of  time :  and  this  is  confirmed  by  experience ;  for  under  the 
exhausted  receiver  of  the  Air-pump  (where  the  resistance  of  the 
air  is  removed)  the  heaviest  metals  and  the  lightest  feathers,  or 
down,  fall  in  the  same  time.  If,  therefore,  a  body  is  divided 
into  ever  so  many  parts,  each  of  them  leflt  to  itself  would  arrive 
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dt  the  surface  of  the  earth  in  thd  same  time  as  would  have 
been  employed  by  the  whole  body  in  descending.  All  bodies 
being  more  or  less  porous,  and  possessing  different  degrees  of 
density  (10.)  they  will  contain  a  greater  or  less  number  of  equal 
moleculse  in  the  same  volume  or  bulk ;  hence  all  bodies  of  equal 
bulk  are  not  equal  in  weight.  But  since  the  weight  is  equal 
to  the  sum  of  all  the  efforts  exercised  by  gravity  upon  the  con- 
stituent moleculae  of  a  body,  it  is  proportional  to  its  density  or 
to  its  mass.  If  p,  //,  jp",  &c.  be  the  several  particles  of  which  a 
body  is  composed,  and  m  its  mass,  then  will  M=p-f-p'+p"4- 
&c.  and  if  g  represent  the  force  of  gravity  soliciting  each  par- 
ticle, we  shall  have  the  weight  z:  gu  zi  gp  -^  gpf  +  ^  +  &c. 
106,  When  bodies  are  composed  of  moleculae,  which  are  of 
the  same  size  and  substance,  and  similarly  posited  throughout^ 
they  are  said  to  be  homogeneous :  such  are  the  bodies  which  we 
shall  consider  in  this  chapter ;  and  in  which  the  mass  will  mani- 
festly be  proportional  to  the  extension  or  the  magnitude,  so  that 
the  one  may  be  substituted  for  the  other  in  our  investigations. 
The  vertical  lines  which  would  be  described  by  bodies  if  sub- 
jected to  the  free  action  of  gravity,  are  frequently  called  lines  of 
direction.  Since  they  would,  if  produced,  meet  at  the  centre  of 
the  earth,  they  cannot,  strictly  speaking,  be  parallel :  but,  with 
respect  to  any  body  or  any  system  of  bodies  connected  for 
mechanical  purposes,  the  whole  space  occupied  by  all  their  par- 
ticles must  be  so  very  minute  compared  with  the  magnitude  of 
the  earth,  that  their  several  lines  of  direction  may  be  considered 
as  parallel  without  any  danger  of  sensible  error ;  just  as  we 
speak  of  a  mcxlerate  portion  of  the  earth's  surface  as  a  plane, 
although  it  is,  in  fact,  nearly  spherical.  Hence,  then,  the 
actions  of  gravity  upon  a  body,  or  system,  may  be  considered 
as  those  of  parallel  forces  applied  to  their  various  particles ;  and, 
of  consequence,  the  conclusions  and  theorems  which  were 
deduced,  arts.  92.. .98.  with  regard  to  such  forces,  may  be 
adopted  in  our  present  investigations  relating  to  the  centre  of 
gravity*  This  being  admitted,  the  ensuing  particulars  are  with- 
out difficulty  inferred. 

I.  By  the  definition  of  the  centre  of  gravity,  when  it  is  sup- 
ported the  body  is  in  equilibrio ;  and  from  the  nature  of  equili- 
I3rium  it  can  only  be  produced  singly  by  the  exercise  of  a  force 
equal  and  opposite  to  the  resultant  of  all  the  other  forces  acting 
upon  the  several  J!/articles  of  the  body,  that  is,  since  in  this  case 
the  forces  are  parallel,  by  a  force  (104.)  equal  to  the  weight  of 
the  body  applied  at  the  centre  of  parallel  forces  (91.):  conse- 
quently the  centre  of  gravity  cmncides  with  the  centre  of  parallel 
forces. 

II.  Varying  the     osition  of  the  body  will  not  cause  any 
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change  in  the  centre  of  gravity ;  since  any  such  mutation  will 
be  nothing  more  than  changing  the  directions  of  the  forces, 
without  their  ceasing  to  be  parsdlel ;  and  if  the  forces  do  not 
continue  the  same,  in  conseouence  of  the  body  being  supposed 
at  different  distances  from  the  earth,  still  the  forces  upon  all 
the  moleculse  vary  proportionally,  and  their  centre  remams  un- 
changed (93.)* 

III.  Let  any  system  be  conceived  in  which  no  other  forces 
than  weights  are  applied ;  and  let  it  be  imagined  of  any  form  or 
construction  whatever,  but  without  any  motion.  In  this  case, 
whatever  be  the  disposition  of  the  bodies  of  the  system,  it  is 
clear  that  if  there  be  an  equilibrium,  the  sum  of  the  resistances 
of  the  fixed  points  or  obstacles,  estimated  in  the  vertical  direc- 
tion, will  be  equal  to  the  total  weight  of  the  system.  But  if  any 
motion  arises,  a  part  of  the  force  of  gravity  will  be  employed  in 
producing  it,  so  that  it  is  only  with  the  surplus  that  the  fixed  . 
points  can  be  charged.  Therefore,  in  this  case,  the  sum  of  the 
vertical  resistances  of  the  fixed  points  will  be  less  at  the  first 
instant  of  motion  than  the  entire  weight  of  the  system :  conse- 
fluently,  from  those  two  forces  combined,  there  will  result  a 
smgle  force  equal  to  their  difference,  which  will  solicit  the 
system  downwards.  Hence  the  centre  of  gravity  will  necessarily 
descend  with  the  velocity  due  to  that  difference :  and  hence  it 
follows  that  to  assure  ourselves  that  several  weights  applied  to 
any  system  or  machine  whatever  are  in,  equiliario,  it  suffices 
to  prove  that  iftJie  system  be  left  to  itself j  its  centre  of  gravity 
will  not  descend. 

The  immediate  and  universal  consequence  of  this  principle  is, 
that  if  the  centre  of  gravity  of  any  system  is  at  the  lowest  point 
possible,  there  will  necessarily  be  equilibrium  :  for,  if  not,  the 
centre  of  gravity  must  descend ;  yet,  how  can  it  descend  if  it  be 
already  at  the  lowest  point? 

It  would  not,  however,  be  correct  to  say,  reciprocally,  that 
always  when  equilibrium  obtains  the  centre  of  gravity  is  at  the 
lowest  point  possible :  for  that  point  might  be  (and  in  many 
cases  ot  unstable  eouilibrium  often  is)  in  the  highest  possible 
position ;  or  it  might  be  found  at  neither  the  highest  nor  the 
lowest  point.  The  exceptions  occurring  with  sufiicient  fre- 
quency in  the  usual  theory  of  maanma  and  minima.  But  the 
principle,  as  above  stated,  has  no  exception. 

IV.  When  a  heavy  body  is  suspended  by  any  other  point  than 
its  centre  of  gravity,  it  will  not  rest  unless  that  centre  is  in  the 
same  vertical  line  with  the  point  of  suspension :  for  in  all  other 
positions  the  force  which  is  intended  to  ensure  the  equilibrium 
will  not  be  directly  opposite  to  the  resultant  of  the  parallel  forces 


48        ,  STATICS.  BOOK  i. 

of  gravity  upon  the  several  particles  of  the  body,  and  of  course 
the  equilibrium  will  not  be  obtained. 

V.  If  a  heavy  body  be  sustained  by  two  or  more  forces,  their 
directions  must  meet  either  at  the  centre  of  gravity  of  that  body, 
or  in  the  vertical  line  which  passes  through  it.  Thus,  let  b  (fig. 
10.  pi.  II.)  be  a  heavy  body  whose  centre  of  gravity  is  g,  it  will 
be  at  rest  if  the  string  ab  by  which  it  is  suspended  hang  verti- 
cally, whether  the  stnng  itself  be  fixed  at  a,  or  be  attached  to 
two  other  strings  whose  lengths  are  ba,  ca^  and  fixed  at  b  and 
c.  If  the  string  aB  were  either  longer  or  shorter,  the  point  a 
continuing  fixed,  and  the  positions  of  6  and  c  being  uncnanged, 
the  body  would  still  hang  at  rest,  and  the  strings  ba^  ca^  have 
the  same  tension.  If  the  body  were  removed  vertically  to  the 
dotted  situation  in  the  diagram,  it  would  be  sustained  in  that 
position  by  the  strings  bd  and  ce^  which  would  suffer  the  same 
tension  as  when  they  were  united  in  the  point  a.  If  instead  of 
the  strings  we  applied  props^,  hi^  in  the  same  directions  on 
the  opposite  sides  of  the  body,  their  feetyj  A,  being  fixed ;  or, 
if  other  props  m«,  op,  were  applied,  either  parallel  to  the  former, 
or  having  their  directions  meeting  in  the  vertical  line  yo,  the 
body  would  still  be  supported :  and  if  the  directions  of  the  props 
and  of  the  strings  were  parallel,  the  compression  in  the  one  case 
would  be  equal  to  the  tension  in  the  other.     Either  the  com- 

Eression  or  the  tension  may  in  every  case  be  readily  estimated 
y  means  of  the  parallelogram  of  Forces,  &c.  (46.)  tiie  weight 
of  the  body  being  known. 

VI.  When  a  body  stands  upon  a  plane,  if  a  vertical  line  pass- 
ing through  the  centre  of  gravity  fall  within  the  base  on  which 
the  body  stands,  it  will  not  fall  over ;  but  if  that  vertical  line 

Eass  without  the  base,  the  body  will  fall,  unless  it  be  prevented 
y  a  prop  or  a  cord.  When  the  vertical  line  falls  upon  the  ex- 
tremity of  the  base,  the  body  may  stand,  but  the  equilibrium 
may  be  disturbed  by  a  very  trifling  force ;  and  the  nearer  this 
line  passes  to  any  edge  of  the  base,  the  more  easily  may  the  body 
be  thrown  over ;  the  nearer  it  falls  to  the  middle  of  the  base,^ 
the  more  firmly  the  body  stands. 

VII.  The  various  motions  of  animals,  if  attentively  con- 
sidered, will  appear  to  be  regulated  consistently  with  the  prin- 
ciples just  stated. 

Thus,  when  a  man  endeavours  to  rise  from  his  seat,  he 
thrusts  forward  his  body,  and  draws  his  feet  backward  till  the 
vertical  line  from  the  centre  of  gravity  falls  just  before  his  feet ; 
this  enables  or  indeed  compels  him  to  rise;  and  to  prevent 
falling  forwards  he  advances  one  of  his  feet,  till  the  vertical 
line  of  direction  is  brought  l)etween  his  feet  in  consequence  of 
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which  he  may  stand  firmly.  In  walking,  he  first  extends  his 
hindmost  leg  and  foot  almost  to  a  right  line,  and  at  the  same 
time  bends  the  knee  of  his  fore  leg  a  little ;  by  this  means  his 
body  is  thrust  forward,  and  the  line  of  direction  from  its  centre 
of  gravity  falls  beyond  the  fore  foot,  on  which  account  he  is 
ready  to  fall,  but  prevents  it  by  immediately  taking  up  the  other 
foot,  and  putting  it  forward  beyond  the  line  of  direction.  After 
the  same  manner^  he  thrusts  himself  forward  by  the  leg  which 
is  now  the  hindmost,  till  the  line  of  direction  from  the  centre 
of  gravity  be  beyond  his  fore  foot,  when  he  again  sets  his  hind 
foot  forward :  and  thus  he  continues  the  motion  of  walking  at 

Eleasure.  While  walking,  a  man  always  sets  down  one  foot 
efore  the  other  is  taken  up ;  so  that  at  each  step  he  has  botli 
feet  upon  the  ground.  But  in  running  he  takes  one  up  before 
he  sets  the  other  down ;  so  that  his  feet  touch  the  ground  al- 
ternately for  moments  of  time,  and  in  tlie  intermediate  portions 
he  does  not  touch  it  at  all. 

In  walking  up  hill  a  man  bends  his  body  more  forward  than 
in  walking  on  a  horizontal  road,  that  the  line  of  direction  may 
be  thrown  before  his  feet :  in  walking  down  hill  he  rather  leans 
backwards  to.  prevent  the  line  of  direction  from  being  too  for- 
ward, which  would  occasion  his  fall.  In  carrying  a  burthen  a 
man  always  leans  the  contrary  way  to  that  in  which  the  burthen 
lies,  in  order  that  the  common  centre  of  gravity  of  both  may 
have  its  line  of  direction  between  his  feet. 

When  a  quadruped,  as  a  horse,  moves,  he  leans  forward,  all 
at  once  lifting  up  one  of  his  fore  feet  and  one  of  his  hind  feet ; 
when  the  right  lee  before  is  pushed  forward  the  left  leg  behind 
is  moved  on  at  the  same  time ;  and  this  motion  being  made, 
the  left  leg  before  takes  its  turn  conjointly  with  the  right  leg 
behind,  and  so  on :  as  the  body  when  standing  is  supported  by 
four  props  wliich  form  a  rectangle,  the  most  commodious  mocfe 
of  moving  is  to  change  the  positions  of  two  feet  at  a  time  dia- 
gonally, and  thus  to  cause  the  centre  of  gravity  of  the  animal's 
body  to  make  but  a  small  movement,  and  to  remain  alwa^^s 
very  nearly  in  the  direction  of  the  two  points  of  support.  This 
rule  of  motion  is  always  observed,  but  with  these  differences : 
in  the  pace  there  are  tour  times  in  the  complete  movement ;  if 
the  fore  right  leg  be  moved  first,  the  left  leg  behind  follows  the 
instant  after;  then  the  left  fore  leg  has  its  turn,  which  is  fol- 
lowed the  next  instant  by  the  right  foot  behind.  Thus  the  fore 
right  foot  comes  first  to  the  earth,  the  left  foot  behind  next, 
the  left  fore  foot  third,  and  the  right  hind  foot  last :  so  that 
there  are  four  moUons,  and  three  intervals,  of  which  the  first 
and  last  are  shorter  than  tihe  middle  one.  In  trotting,  he  takes 
up  two  feet  together,  and  sets  down  two  together,  diagonally 
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oppoate.  In  galloping  he  takes  up  his  feet  one  by  one,  and 
sets  them  down  one  by  one ;  but  he  strikes  with  the  two  fore 
feet  nearly  at  once,  and  the  two  hind  feet  nearly  at  once:  all 
the  time  the  line  from  the  centre  of  gravity  lies  forward,  so  that 
the  animal  requires  the  fore  feet  to  come  to  the  ground  at  short 
intervals  to  prevent  a  fall.  If  the  various  motions  of  other  ani- 
mals be  considered,  they  will  air  be  found  conformable  to  the 
same  prindples. 

VIII.  To  find  the  centre  of  gravity  mechanically,  it  is  only 
requisite  to  dispose  the  body  successively  in  two  positions  (H 
equilibrium,  by  the  aid  of  two  forces  in  vertical  directions,  ap- 
plied in  succession  to  two  different  pmnts  of  the  body ;  thepdint 
of  intersection  of  these  two  directions  will  show  the  centre. 

This  may  be  exemplified  by  particularising  a  few  methods. 
If  the  body  have  plane  sides,  as  a  piece  of  board,  hang  it  up  by 
any  point,  then  a  plumb-line  suspended  from  the  same  point 
will  pass  through  the  centre  of  gravity ;  therefore  mark  that  line 
upon  it :  and  alter  suspending  the  body  by  another  point,  apply 
the  {dummet  to  find  another  such  line,  then  will  their  intersec- 
tion show  the  centre  of  gravity. 

Or  thus :  hang  the  body  by  two  strings  from  the  same  point 
fixed  to  different  parts  of  the  body ;  then  a  plummet  hung  from 
the  same  tack  will  fall  on  the  centre  of  gravity. 

Another  method :  Lay  the  body  on  the  edge  of  a  triangular 
prism,  or  such  like,  moving  it  to  and  firo  till  the  parts  on  both 
sides  are  in  equilibrio,  and  mark  a  line  upon  it  close  by  the  ed^e 
of  the  prism :  balance  it  again  in  another  position,  ana  mark  the 
fresh  fme  by  the  ed^  of  the  prism ;  the  vertical  line  passing 
through  the  intersection  of  these  lines,  will  likewise  pass  through 
the  centre  of  gravity.  The  same  thing  may  be  effected  by  lay- 
ing the  body  on  a  table,  till  it  is  just  ready  to  fall  off,  ana  then 
marking  a  hne  upon  it  by  the  edge  of  the  table:  this  done  in 
two  positions  of  the  body,  will  in  like  manner  point  out  the 
centre  ofgravity. 

107.  When  a  plane  or  a  line  can  be  so  drawn  as  to  divide  a 
solid  or  a  plane  into  two  parts  equal  and  similar,  or  so  that  its 
molecules  shall  be  disposed  two  by  two,  in  the  same  manner, 
with  respect  to  such  plane  or  such  line,  we  may  call  the  body 
symmetrical  with  regard  to  that  plane  or  axis.  And  in  all  such 
l)odies,  it  is  obvious  that  the  sum  of  the  moments  of  its  several 
molecular  with  relation  to  such  plane  or  axis,  will  be  nothing : 
for,  if  we  take  two  particles  disposed  in  the  same  manner  but 
on  different  sides,  their  moments  will  be  eaual  but  with  contrary 
signs;  and,  consequently,  their  sum  will  be  equal  to  zero:  and 
the  same  may  be  shown  of  every  other  pair  of  moleculae,  simi- 
larly ntuated:  whence,  as  (by  hyp.)  there  are  none  but  what 
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are  siinilarly  situated,  the  t^suhant  of  the  system  wiP  be  in 
such  plane,  or  line,  (97.)  and,  of  consequence,  its  centre  of 
gravity  will  be  there  also.  The  same  reasoning  may  be  ex- 
tended to  the  centre  of  figure  or  of  magnitude,  that  is,  the 
Sint  with  respect  to  which  a  whole  body  shall  be  symmetrical, 
ence  we  conclude  that  the  centre  of  gravity  of  a  neht  line,  or 
of  a  parallelogram,  prism,  or  cylinder,  is  in  its  middle  point ; 
as  is  also  that  of  a  circle,  or  of  its  circumference,  or  of  a  sphere, 
or  of  a  regular  polygon ;  that  the  centre  of  gravity  of  a  tnanele 
is  somewhere  in  a  line  drawn  from  any  angle  to  the  middle 
of  the  opposite  side ;  that  of  an  ellipse,  a  parabola,  a  cone,  a 
conoid,  a  spheroid,  &c.  somewhere  in  its  axis.  And  the  same 
of  all  symmetrical  figures. 

108.  Prop.  To  deduce  some  general  theorems  w/^ich  may  be 
usefvl  in  finding  the  centre  of  gravity  of  any  proposed  body. 

The  determination  of  the  centre  of  gravity,  being  reduced 
to  that  of  the  centre  of  parallel  forces,  we  may  here  adopt  the 
theorem  for  the  moments  laid  down  at  the  end  of  art.  97.  From 
which  it. will  follow,  that  if  p,  y,y,  &c.  (fig.  11.  pi.  II.)  be 
equal  material  particles,  and  g  the  point  through  which  the  re- 
sultant R  of  the  gravitating  forces  upon  these  particles  always 
passes ;  and  abcd  be  a  vertical  plane,  on  which  perpendiculars 
from  P%P\  p^  9  and  g  are  let  fall,  then  will  the  sum  of  the  pro- 
duct^  pi  the  forces  upon  p,  j/,  jp'',  into  their  respective  distances 
from  abcd,  be  equal  to  the  product  of  the  resultant  r  into  its 
distance,  where  the  force  r  would  be  equal  to  those  upon 
p+jp'+jt/'.     The  same  would  likewise  obviously  hold  with  re» 

rt  to  perpendiculars  upon  the  other  plane  aecg  :  and  since 
same  will  also,  obtain  with  relation  to  any  vertical  planei 
although  the  positioa  of  p,  p^,  and  //'  be  changed,  .provided 
they  retian  their  relative  situations,  it  will  of  course  obtain 
when  the  position  of  the  system  is  so  varied  that  asbf  becomes 
1^  vertical  plane:  consequently  the  equality  of  the  products 
may  be  affirmed  with  regard  to  all  the  three  plan^  at  the  same 
time;  and  if  the  distances  from  the  several  planes  be  referred 
to  the  rectangular  co-ordinates  ax,  ay,  az,  we  may  readily 
wpropriate  the  equations  (97.  III.)  to  our  present  purpose. 
iJenote,  as  before,  the  force  of  gravity  by  g,  the  distances  re- 
ferred to  AX  by  J,  £?,  cf,  &c.  the  distances  referred  to  ay, 
by  D,  d',  d",  .&c.  and  those  referred  to  z  by  ^,  ^',  ^'',  &c.  the 
distances  from  the  centre  of  parallel  forces  to  the  same  axis 
being  denoted  by  x,  y,  and  z :  then  we  shall  have 

RX  IT gpd+^p'cZ'+g^y  d"  +  &C' 
R  Y  =gj?D  +^y  jy  +  ^p^'n"  +  &c. 

RZ=^pJ+g'p'y-|-g/^"-h  &c. 
But  R  zzgp  +gff  +gjp^  +  &c.  and  M  zzp + p' + y  +  &c.  whence 

E  2 


■^ 
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K 
K 

pz + j/y + j/T+ &c. 

K 

Here,  if  we  adopt  the  language  of  fluxions,  and  put  x,  y^  and 
Xf  for  the  variable  distances  from  a  upon  ax,  ay,  and  az^ 
respectively,  we  may  convert  these  equations  into  the  following, 
ivhich  will  render  tnem  more  useful  m  many  investigations. 

fluent  oXxu      fluent  x  m 
X  =.- 


(11.)..^ 


fluent  of  M  I' 

fluent  of  «  K      fluent  y  m 

y  = "" 


z  n 


fluent  of  u  '^ 

•  # 

fluent  of  XT  M      fluent  of  2  m 


fluent  of  M  ^ 

As  these  values  together  determine  only  one  point,  we  see 
that  a  body  has  but  one  centre  of  gravity ;  of  which  the  three 
equations  determine  the  three  co-ordinates,  and  of  consequence 
the  dbtances  of  the  centre  from  three  planes  respectively  per- 
pendicular to  each  other. 

These  results  being  entirely  independent  of  g,  that  is,  of  the 
force  of  gravity,  some  philosophers  have  preferred  the  term 
centre  of  inertia  to  that  of  centre  ofgramty :  other  philosophers 
have,  on  account  of  other  properties,  preferred  different  terms, 
which  will  be  mentioned  as  we  proceed. 

When  it  is  required  to  find  tne  centre  of  gravity  of  any  line 
whatever,  it  is  considered  as  composed  of  a  series  of  material 
heavy  particles  conti^ous  to  each  other,  and  connected  by  a 
law  which  is  expressea  by  the  equation  of  the  curve,  with  respect 
to  any  two  rectangular  co-ordinates  x  and  y.  In  this  case  the 
centre  of  gravity  will  manifestly  be  in  the  same  plane  as  the 
proposed  hne,  so  that  the  plane  yax  may  contain  the  centre  of 
gravity,  whence  z  =  0,  and  the  value  of  y  being  deduced  from 
the  equation  of  the  curve  in  terms  of  ^,  the  centre  of  gravity 
may  be  determined  by  these  two  equations : 

(III.)...x=?!!i^...Y  =  5!Llli 

^  '  M  M 

If  the  curve  have  two  legs  symmetrical  with  relation  to  any 
axe,  then  we  may  reckon  uie  vertex  of  that  axe  the  origin  of 
the  co-ordinates,  and  y  being  =:  0,  we  shall  only  require  x  = 

J" ;  but  in  this  case,  the  fluxion  of  m  the  curve  being  == 
^ii+Pi  we  have  also. 
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If  the  figure  is  a  plane,  its  centre  of  gravity  will  be  in  the 
same  plane,  and  of  course  we  may  take  z  =i  0 :  and  because  m 
=^^9  our  equations  become, 

C  ^        flu.  a?  y  *         flu.  a?  V  if 
/  V  \  J  flu.  y  i-  X 

^  flu.  y  X  X 

Here  again,  if  the  plane  be  symmetrical  with  respect  to  the 
axe,  the  equation  for  y  becomes  similar  to  that  for  ^,  which 
will  alone  be  wanted.  Or,  when  it  is  expedient  to  deduce  the 
result  by  two  integrations : 


V     ff*y 


iv.\ I        J'^'^. 


When  the  figure  is  the  superficies  of  a  body  generated  by  tfad 
rotation  of  any  line  about  an  axis,  then  will  y  =  0,  and  z  =  0 : 
and  putting  ic  zz  3*141599  &c.  9,it  y  will  denote  the  drcumfer- 

ence  of  the  generating  circle,  and  2  if  y  m  the  fluxion  of  the 
surface,  wherefore 

-«*|.  .  ^_^  flu«2iryj;M  __^  flu. y  XX 

^Vl<j«.««X  ^  «    ^^         '    •    ' 

flu.  2  «  y  X         flu.  y  X 

When  the  figure  is  a  solid  of  revolution,  the  centre  of  gravity 
being  upon  its  axis,  we  have  Y  =  0,  z  z:  0 :  and  ft  y^  denoting 

the  area  of  the  circle  whose  radius  is  y,  and  if  ^  ^  zz  m  the 
fluxion  of  the  solid,  we  readily  find, 

rij-yY  V  ___  flu.  IT  y  •  J?  ir   flu.  y*A'i' 

( vii.) ...  X  —  fljjTT^ig-  —  flu.y,i  • 

CoE.  Wlien  x=0,  Y  =  0,  z  =  0;  that  is,  when  the  centre 
pf  gravity  is  at  the  origin  of  the  co-ordinates,  the  equations  (I.) 
wilTpve^d  +  p'd'  +  ;/'  d'  +  &c  =z  0,  or  d  +  c?  +  cf  +  &c 
^  0 ;  in  like  manner,  d  +  d'  +  d"  +  &c.  =  0,  and  J  +  5*  +  y' 
+  8cc«  =  0 :  and  the  same  will  hold  with  respect  to  any  other  co- 
ordinates whose  oriffin  is  the  centre  of  gravity ;  that  is,  the  sum 
of  perpendiculars  rrom  all  the  particles  affected  with  contrary 
agns  as  they  lie  on  different  ^des  of  either  axis  i»  then  equal  to 
zero:  and  coneequently,  if  on  any  plane  passing  through  the 
centre  of  gravity  of  a  oody^perpendicvlanrs  be  let  jaU  from  each 
of  its  molecuJa,  the  sum  of  all  the  perpendicular  dkstancet  on 
one  side  of  the  plane  zoiU  be  equal  to  the  sum  of  all  those  on  the 
other  siae.  . 
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109.  Peop.  Theposition,  distance,  cmd  motion  of  the  centre 
of  gravity  of  any  body  is  a  medium  of  the  positions^  distances, 
and  motions  qfaU  the  particles  in  the  body. 

First,  the  distance  oixht  centre  of  gravity  of  any  body  from  a 
given  plane,  is  an  average  of  the  distances  of  each  of  its  consti- 
tuent particles  from  the  same  plane :  For,  let  ab  (fig.  1.  pi.  HI.) 
be  a  body  whose  centre  of  gravity  is  g,  and'CD  any  plane,  from 
which  the  distances  are  to  be  estimated :  then  is  the  distance  of 
any  particle  as^,  beyond  the  plane  ab  (drawn  through  the  body 
parallel  to  cd),  equal  to  jpE  +  eh  =  »e  +  gk  ;  arid  if  n  be  the 
number  of  particles  p  on  the  same  siae  of  ab,  then  will  the  sum 
of  all  the  distances  ^H,  be  equaP  to  the  sum  of  all  the  perpendi- 
culars pE,  added  to  bSX  the  distances  eh  or  gk,  that  is,  n  ■.  pn 
z=  {n  ,  gk)  +  (n  .  oe).  Again,  let  jj^  be  a  particle  of  the  body 
between  the  parallel  planes  ab,  cd,  its  distance  from  the  plane 
CD  will  be  equal  to  fi  —  rp'  n:  gk  —  rp^ ;  and,  if  »'  be  the  num- 
ber of  all  the  particles  p'  of  the  body  between  ab  and  cd,  we 
shall  have  the  sum  of  all  their  distances,  that  is,  w'  .  p'l  =  (w' . 
gk)— (rf  .  F^):  Hence  (»  .  pn)  +  (n'  .p^i)  =:  (»  +  n').  gk  + 
(n  .  pE) — (to  .  Fy).  But  by  the  corollary  to  the  preceding  pro- 
position, the  sum  of  all  the  perpendiculars,  on  one  i^ide  of  the 
plane  ab,  is  equal  to  the  sum  of  all  those  on  the  other :  conse^ 
quently  n./jE  — m'.f/?'  =  0, andn.pH  -|-  w'./^i  zz(n  +  n')QK; 
that  is,  GK  is  the  mean  of  all  the  distances  from  every  particle 
of  the  body  to  the  plane  cd.  And  the  like  may  be  shown  of 
any  other  plane,  or,  of  the  body  in  any  other  position. 

Secondly,  the  motion  of  the  centre  of  gravity  is  an  average  of 
the  motions  of  the  several  particles  of  which  the  body  iis  com*, 
posed :  For,  suppose  the  body  to  have  moved  towards  the  plane 
CD,  its  centre  01  gravity  having  passed  from  g  to  g,  along  the 
right  line  gk,  and  the  body  itself  now  situated  as  in  ai.  Here, 
it  might  be  shown,  in  the  same  manner  as  in  the  first  case,  that 
(» -f-  n')  ffKy  is  the  sum  of  the  perpendiculars  from  all  the  par- 
ticles in  the  body  to  the  plane  cd  :  consequently,  (n  -f-  n^)  gk 
—  (n  +  ^0  ff^  =  (^  +  ^')  Ggy  is  the  sum  of  the  approaches  of 
all  the  particles  towards  cd,  and  eg  being  the  —i-;  of  this  sum, 

is  evidently  their  mean.  And  if  the  motion  of  g  were  along  a 
curvilinear  path,  the  same  conclusion  would  be  deduced,  if  we 
conceive  the  curve  to  be  separated  into  its  infinitely  small  ele- 
ments, and  the  motions  with  respect  to  each  determined.  The 
conclusion  will  likewise  be  the  same  although  the  body  may 
have  turned  round  some  centre  or  axis. 

This  property  of  the  centre  of  gravity  has  occasioned  it  to  be 
called,  by  some  authors,  the  centra  of  position ;  by  others^  the 
centre  of  mean  distances. 
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110.  Prop.  I%e  common  centre  (ifgrcmty^  or  tf position,  of 
two  bodies^  divides  the  riffht  line  drawn  between  the  respective 
centres  of  the  two  "bodies  tn  the  inverse  ratio  of  their  masses. 

Let  A  and  b  (fig.  12,  pL  II.)  be  two  bodies  whose  centres  of 
gravity  are  united  by  the  inflexible  line  ab,  then,  if  ag  :  gb  : :  B 
:  A,  a  will  be  the  common  centre  of  gravity  of  those  two  bodies, 
that  is,  if  G  be  supported,  those  two  bodies  actuated  by  the 
force  of  gravity  will  be  in  equilibrio  in  any  position :  for, 
through  G  let  the  vertical  line  cd  be  drawn,  on  which  let  fall 
the  perpendiculars  af,  be,  from  the  centres  of  gravity  of  the 
two  boaies,  then,  because  of  the  siimlar  triangles  beg,  afo, 
we  have  ag  :  oi : :  af  .:  be  :  :  b  :  a,  wheiice  A  .  af  =  b  •  b^. 
But  A  .  AF,  is  equal  to  the  sum  of  the  products  of  all  the  par- 
ticles in  A  into  their  respective  distances  (rom  cd,  by  the  last 
prop,  and,  in  like  manner  3  ,  bx,  is  equal  to  the  sum  of  the 
products  of  the  paiticles  in  B  into  their  respective  distances; 
therefore  ^  •  a  .  af  =  g  .  b  «  be  ;  that  is,  the  sums  of  the  mo- 
ments of  the  forces  of  gravity  upon  a  and  b,  with  respect  to 
CD  are  equal.  If  a  and  b  be  removed  to  any  other  position  as 
Oj  b,  the  point  g  remaining  fixed,  it  will  appesff  in  like  mann^ 
that^  •  a  .  qfzzff.b  •  be:  so  that  g  is  the  centre  of  the  forces 
o£  gravity  with  respect  to  a  and  b,  that  is,  it  is  their  common 
centre  of  gravity.  In  a  manner  but  very  little  different,  g  may 
be  shown  to  be  their  common  centre  of  position :  and  the  two 
bodies^  if  considered  as  united  by  their  centres  of  position  at  o, 
will  then,  as  well  as  when  their  centres  are  separated  by  ab,  have 
the  sum  <£  the  perpendiculars  from  the  several  particles  on  one 
side  of  any  plane  passing  through  g,  equal  to  the  sum  of  all 
the  perpendiculars  on  the  other  side  of  it. 

Cor.  The  centre  of  ^avity  of  three  or  more  bodies  may, 
hence,  be  found,  by  considerii^  the  first  and  second  as  a  single 
body  equal  to  their  sum  and  {uaced  in  their  common  centre  of 

Eavity,  determining  the  centre  of  gravity  of  this  imaginary 
dy,  and  a  third.  These  tferee  agam  being  conceived  united 
at  their  common  centre,  we  may  proceed,  in  like  manner,  to  a 
Ibnrth;  and  so  on,  ad  libitum* 

SCHOLIUM. 

111.  It  may  not  be  altogether  useless  to  show  that  the  centre 
of  gravity  of  three  or  more  bodies,  as  determined  by  this  pro- 
poaticMi  and  corollary,  will  be  the  same  by  whatever  steps  the 
process  is  ccmducted.  Let,  therefore,  a,  6,  c,  denote  the  masses 
rf  the  tfae^  bodies  placed  at  a,  b,  c  (fig.  2.  pi.  III.) ;  and  let 
a  be  diie  centre  of  gravity  of  a  and  b  :  make  eg  :  ec  :  :  c  : 
ft  +  i^,  and  draw  aef;  then  f  will  be  the  centre  of  gravity  of  b 
and  c,  and  AE  :  EF : :  6  +  c  :  a.    Draw  gd  parallel  to  bc,  and 
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FH  parallel  to  ba  ;  then  will  ag  :  ab  :  :  gd  :  bf  =  gd  • 


▲B 


ACI 


_«  +  6i  EC  0  +  6 

GD  .  — r— ;  and  ge  :  £C  : :  on  :  cf  =  gd  .  —  =  gd 


GB  C 


wherefore,  bf  :  cf  :  :  ^^-i—  '• :  :  c  :  b.  and  f  is  the  centre  of 

'  b         c  ^ 


CF 


gravity  of  b  and  c.     Again,  cb  :  cf  :  :  bg  :  fh  =:  bg  • 

BQ  .  rr— »  but  AG  =:  bg  — :  and  fh  :  ga::  r :  •— :  :a  :  6  +  c 

6  +  c  a  b  +  c     a 

: }  EF  :  AE,  whence  e  is  the  same  point  as  was  determined  from 
A  and  E.  From  this  the  same  may  be  shown  true  in  cases 
where  the  number  of  bodies  is  greater,  following  the  changes, 
step  by  step.  Thus,  in  4  lx)dies  a,  6,  c,  d,  the  order  a,  6,  c,  d, 
will  give  the  same  result  as  c,  a,  d,  6;  since  (a,  6,  c,)  d,  is 
shown  to  ^ve  the  same  as  {c,  a,  £,)  d;  and  (c,  a,)  6,  d,  the 
same  as  (c,  a,)  d,  b,  or  as  c,  a,  d,  6. 

112.  If  th£  particles  or  bodies  of  any  system  be  moving  unU 
forMy  and  rectilineaUyy  with  any  velocities  and  directions 
whatever,  the  centre  of  gravity  is  either  at  rest,  or  moves  unu 
formly  in  a  right  line.  For,  let  one  of  the  bodies,  as  c  (fig.  3. 
pi.  III.)  move  uniformly  from  c  to  d  :  then,  g  being  the  centre 
of  gravity  of  the  remaining  bodies,  join  Dg,  and  tate  gE  to  ed, 
as  the  mass  d,  to  the  sum  of  the  other  masses ;  then  is  ge  ob- 
viously parallel  to  CD,  and  cd  :  ge  :  :  a  -h  b  &c.  :  c,  GE  being 
in  this  case  the  path  of  the  common  centre.  And  thus  may  the 
motion  of  the  centre  of  gravity  be  found,  which  would  be  pro- 
duced by  the  uniform  rectilinear  motion  of  each  body  iii  the 
system.  Then,  because  each  corresponding  motion  of  the  centre 
of  gravity  is  uniform  and  rectilinear,  the  result  of  the  whole 
willbe  either  a  uniform  rectilinear  motion ;  or  none  at  all. 

Hence,  if  a  rotatory  motion  be  given  to  a  body  and  it  be 
then  left  to  move  freely,  the  axis  of  rotation  will  pass  through 
the  centre  of  gravity :  for,  that  centre,  either  remaining  at  rest 
or  moving  uniformly  forward  in  a  right  line,  has  no  rotation. 

Here  too  it  may  he  remarked,  that  a  force  applied  at  the  centre 
of  gravity  of  a  body^  cannot  produce  a  rotoitory  motion*  For 
every  particle  resists,  by  its  inertia,  the  communication  of  mo- 
tion, and  in  a  direction  opposite  to  that  in  which  the  force  ap- 
plied tends  to  communicate  the  motion ;  the  resisting  forces, 
therefore,  act  in  parallel  lines,  in  the  same  manner  as  the  gra- 
vitating forces :  consequently,  since  the  latter  balance  each  other 
on  the  centre  of  gravity,  the  former  will  do  so  likewise. 

The  truths  thus  briefly  shown  in  this  article,  are  often  dis- 
cussed more  at  lar^ ;  but  a  bare  statement  of  them  must  suf- 
fice in  this  place,  since  they  fall  naturally  under  the  province  of 
Dynamics. 
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113.  Prop.  To  find  the  centre  (^gravity  i^  the  perimeter 
of  any  riffht-lined figure. 

If  the  figure  be  a  regular  polygon,  the  centre  of  gravity  of  its 
perimeter  will  be  the  centre  of  its  circumscribing  or  inscribed 
circle.  But  if  it  be  irregular,  we  conceive  the  particles  of  each 
line  to  be  all  placed  at  their  respective  centres  of  gravity,  that 
is,  at  the  middle  of  each  line  (107),  and  proceed  thus.  Join 
the  middle  points  of  any  two  of  the  sides,  as  fb,  bc,  (fig.  4, 
pi.  III.)  by  the  Ymejb:  mskefot :  g6  : :  bc  :  bf,  or^G  ifb  : : 
BC  :  BC  -f-  BF,  and  g  will  be  the  common  centre  of  gravity  of 
the  two  sides  bC)  bp.  Then  join  gc,  c  being  the  middle  point 
of  a  third  side  CD ;  make  gg'  :  cg'  : :  cd  :  bc  4-  bf,  and  g'  will 
•be  the  centre  of  gravity  of  the  three  sides,  fb,  bc,  cd.  In  like 
manner,  join  g'  and  the  middle  point  d  of  a  fourth  line,  and 
find  the  new  centre  of  gravity  g"  :  and  so  on,  for  all  the  sides 
of  the  figure. 

Or,  drawing  through  any  point  a  in  the  same  plane,  the  rect- 
angular co-ordinates  ax,  ay,  and  denoting  the  lines  fb,  bc, 
CD,  &c.  by  p,  y,  p",  &c.  the  distances  of  their  middle  points 
from  AX,  by  d,  d^  d\  &c.  and  the  distances  of  the  said  middle 
points  from  ay,  by  d,  d',  d'',  &c.  we  shall  have  (108. 1.) 

pd  +  p'd' +  f/'d'' +  &c.  pry  +  p'n^  +  pf'^'  ■¥■  &c^ 

Then,  drawing  hg''',  ig'",  parallel  to  ax  and  ay,  their  inter- 
section g'''  will  be  the  centre  of  gravity  required. 

114.  Prop.  To  find  the  centre  of  gravity  of  a  plane  triangle. 
Let  ABC  (fig.  5.  pi.  III.)  be  any  triangle :  draw  ae  from 

one  of  its  angles  to  tne  middle  of  its  opposite  side,  th^en  will  ab 
divide  every  line  which  can  be  drawn  m  the  triangle  parallel  to 
BC  into  two  equal  parts ;  consequently  the  surface  of  the  tri- 
angle is  symmetrically  disposed  with  respect  to  ae,  and  the 
centre  of  gravity  will  be  found  in  that  line  (107).  For  a  like 
reason,  if  from  any  other  angle,  as  c,  we  draw  cd  to  the  middle 
of  its  opposite  side,  the  centre  of  gravity  of  the  triangle  will  be 
somewhere  upon  that  line :  it  will,  therefore,  be  at  g  the  inter- 
section of  those  lines. 

Now,  since  the  points  d  and  e  divide  the  sides  ba,  bc,  of 
the  triangle  proportionally,  the  line  de  which  joins  them  must 
l>e  parallel  to  the  third  side  ac:  hence  the  triangles  bde,  bag 
are  similar,  and  so  are  the  triangles  gde,  oca.  Consequently, 
GD  :  GC  : :  GE  :  GA  : :  de  :  ac  : :  bd  :  ba  : :  1  :  2. 

Therefore  ag  =  |.ae,  and  cg  =  ^cd,  also  bg  =  I^bf. 

Cor.  If  Ab,  bc,  ca,  be  denoted  by  a,  ft,  and  c,  and  ag,  bg, 
CG,  by  m,  n,  and  r,  we  have,  by  a  well-known  theorem  m  geo- 
metry, the  three  following  equations : 
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/AB«  +  AC*  =  2be«  +  2aeS  Le.  a*  +  c«  =  ^6*  +  l»i* 
-?  ab2  4-  BC*  =  2cF«  +  2bfS        a«  +  6«  =  4-c«  +  ^w« 

(.Ac^  +  BC«  =  2ad«  +  2cdS  c*  +  6«  =  4a«  +  f  r« 
Adding  together  these  equations  and  clearing  them  of  fractions, 
there  results  a*  +  6^  +  c^  zz  Sm^  +  3n*  +  Sr* ;  which  gives 
this  curious  theorem :  In  any  plane  triangle  the  sum  of  the 
squares  qf  the  three  sides^  is  equal  to  thrice  tJie  sum  of  the 
squares  ^the  distances  of  each  of  its  angles  Jrom  the  centre  of 
graanty* 

Cob.  2*  From  the  three  equations  in  the  preceding  corollary, 

wereadPy  find  OT  =  ^  ^/^'  -f-  2c^  -  ^S  w  =  ^  ^/ga*  +  26"— c*, 
aond  r  =  ^  ^26*  -f  ^c*  —  a* :  by  means  of  which  the  distance 
of  the  centre  of  gravity  from  either  angle  of  any  given  triangle 
may  be  soon  found. 

116.  Prop.  Tojiiid  the  centre  of  gravity  of  a  trapezium. 

Let  ABCD  (fig.  6.  pi.  III.)  be  any  trapezium.  Divide  it 
into  two  triangles  by  the  diagonal  ac  :  find  their  centres  of 
gravity  h  and  i,  by  the  la^  proposition ;  then  j(»n  ih,  and 
make  lo,  to  oh,  as  the  triangle  abc,  to  the  triangle  adc,  and 
o  will  be  the  centre  of  gravity  of  the  trapezium. 

Or,  divide  the  trapezium  into  two  other  triangles  by  the  dia- 
gonal BB  ;  find  their  centres  of  gravity  e  and  f,  and  draw  ef. 
Then  the  centre  of  gravity  of  the  trapezium  must  be  in  the  line 
HI ;  and  it  must  likewise  be  in  the  line  ef  ;  consequently  it 
must  be  in  G  their  point  of  intersection. 

When  two  sides  of  the  quadrilateral,  as  ad  and  bc  (fig.  7. 
pi.  III.)  are  parallel,  the  centre  of  grxvity  is  somewhere  upon 
the  line  kl  joinkig  their  middle  points :  and  it  is  somewhere 
upon  the  line  ef  joining  the  centres  of  gravity  of  the  two  com- 
ponent triangles  abd,  cbd:  it  is,  therefore,  at  g  the  point 
of  int^Bection  of  ef  and  kl.    And  in  this  case  kg  =  ^kl  . 

¥ar,  drawing  the  lines  ec,  vf^  parallel  to  ad,  bc;  since 
BL  :r  ^Bi,  and  kf  =:  ^kd,  we  have  £e  =  ^bk  ==  ^bc,  and 
^=:  ^LD  =  -I^AD.  Also  L^  =  ^KL,  and  vf  =:  ^kl.  Whence 
@r=:  ^KL.  Now,  the  similar  triangles  g^b,  ofv  sxve  'Eei  oe  ii 
5f :  ^  tberefisre  Ee  -f  vf\  oe  -h  ^: :  t^:  <^;  Uiat  is,  ^bc  + 

^AD^  im:  |ad  :  of  =  ^^^.    Hence  then,  kg  =:  isf+Jb 

"  '     BC  +  A0  ^  BC  +  AD  ^  BK  +  AL 

116.  Thus  alsQ,  to  find  the  centre  of  gravity  of  the  area  of 
any  rectilinear  figure,  divide  it  into  triangles,  and  find  their 
respective  centres  of  gravity,  by  art.  114,  then  conceiving  each 
of  the  triangles  collected  into  thdr  respective  centres  of  gravity, 
their  common  centre  of  gravity  may  be  fbtmd,  either  by  the 
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method  described  in  art.  lll^-or  by  the  theory  tof  monreiits 
(equa.  1. 108). 

117.  Peop.  To  find  the  centre  t^ gravity  tfamf  tricmgtdar 
pyramid. 

Let  ABCD  (%.  8.  p]»  III.)  be  a  trioDgQlar  pyramid :  on  one 
of  its  faces,  as  bod,  draw  di  from  the  angle  d  to  the  midcBe  -of 
its  (^posite  side  bc  ;  set  off  i^  =  ^id,  and  y  will  (114)  be  the 
centre  of  gravity  of  that  face.  From  a  the  vertex  of  the  pyra>* 
mid,  draw  Ay,  and  it  wiU  pass  through  the  centres  of  gravity  of 
every  section  of  the  pyramid  parallel  to  »C0 :  consejjuently,  it 
will  pass  through  the  centre  oi  gravity  of  the  pyramid.  Again, 
on  the  face  abc,  draw  ai  from  a  to  the  middle  of  the  opposite 
side ;  set  off  i^  =  4-iA,  and  join  gj> :  the  centre  of  gravity  of 
the  pyramid  will,  it  is  obvious,  be  &Nand  upon  this  line  also. 
But  the  two  lines  Ay,  ng,  being  both  in  the  plane  "Of  the  tri* 
ai^le  ABi,  mi»t  intersect  each  other,  imd  o  their  point  of  inter- 
section must  necessarily  be  the  centre  of  gravity  of  the  pyramid. 

Now,  if  we  conceive  gy  dcswn,  it  will  be  parallel  te  ad, 
since  i^ :  ia  : :  ly  :  in :  hence  the  triangles  egy,  goa,  are  msi^ 
lar,  and, 

c^ :  Gl> : :  Gy  :  eA  r :  gy  :  An  : :  1  :  d. 
llierefoire^  Q^  zz  4.00  =:  ^^d;  Gy  =  ^Jlg  rr  ^Ay,  &c« 

CoR.  1.  IlAB  be  put  zz  iz,  AC  =:  &,  Ai>  ==  e,  sc  =  d^  bd  r=  €, 
CD  =y*;  and  the  distances  from  the  angles  to  the  oentre  of 
gravity,  AG  ==  m,  bg  =  w,  cg  =  r,  dg  n  * :  then,  by  a  well 

known  theorem,  ai*  r:  — ^ — ^  z^    '  "'   ■'  *  ;  tmd,  by  the 

same^  m*  =:     ^/ .'"«*■■  -;  agam,  ance  ag  «  |Ay^  we  have  ag?" 

=  ^Ay«  =  .^r'-'^^"°';J^-"''^-n.    <S«*heL«nnMi 

at  p.  1^8.     SimpsiM's  Select  E^tercises.)     Subsdtuling  in  thiB 
expression  the  literal  values  of  ai,  ny,  &c.  and  reducing,  we  at 

length  obtain  ag*  ==  -^  (8a«  +  86*  +  3c*  —  e?  +  ^»  +y^).  A 
like  equation  being  in  the  same  manner  deducible  for  bg%  cg% 
DG^,  we  have  the  following  general  theorem :  In  any  triangular 
pyramid  tke  distance  of  any  one  of  the  angles  of  the  pyramid, 
J¥om  ^  centre  of  gravity ,  is  eqtial  to  one-Jiyurth  (ff  Bie  square 
root  of  the  difference  qf  thrice  thesumoftlie  squares  of  the  three 
edges  meeting  at  that  angle,  and  the  sum  qfhhe  squares  qfthe 
other  three  edges. 

Cor.  9,.  Adding  together  the  four  equations  found  by  the 
{H^eoeding  coKiUary,  viz. 

AG^  =  tV(3ab*  +  Sac*  +  8ad«)  —  ^bc*  +  bd»  +  cd«) 

BG»  =Z*^(3bA«  +  SbC«   +  8b1)«)  —  -i^AC*  +  AD*  +  CD«) 
CG*  =:  tV(ScA«  +  3cB«  +  SCD«)  —  -^{AB*  +  AD*  +  BD«) 

DG*  r:  T5y(8AI)^  +  5^c«  +  3bd*)  —  >,V(^B*  4-  AC*  +  BC«) 
there  arises  the  following : 
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AO«  +  BG*  +  CG^  +  DG«  =  ^(aB*  +  AC«  +  AD«  +  BC'  +  BD« 
+  CD»). 

That  is,  the  sum  of  the  squares  of  the  distances  Jrom  the 
angles  of  any  triangtdar  pyramid  to  its  centre  qfffravityy  is 

ral  to  ajowrth  of  the  sum  of  the  squares  of  the  six  edges  of 
pyramid. 

These  two  corollaries  are  manifestly  analogous  to  those  of 
art.  114. 

Cob.  3.  If  the  sides  of  the  base  are  equal,  as  bd  =  bc  r:  cd, 
we  have  ag«  =  -i^(AB*  +  ac*  4-  ad*  —  bc*). 
.   Cor.  4.  If,  moreover,  ab  =:  ac  =  ad,  then  ag*  =  ^(3ab* 

-  BC*). 

Cor.  5.  If  all  the  edges  of  the  pyramid  are  equal,  we  have 
for  the  regular  tetraedron,  ag*  =:  bg*  !=  cg*  n  dg*  =  |-ab*, 
whence  ag  =  ^aBv/6. 

Cob.  6.  A  pyramid  whose  base  is  any  polygon,  will  have  its 
centre  of  gravity  upon  the  line  drawn  from  the  vertex  to  the 
centre  of  gravity  of  the  base,  and  at  the  distance  of  ^  of  its  length 
from  its  vertex.  Which  will  be  sufficiently  obvious  if  it  be  con- 
sidered, that  any  such  pyramid  is  composed  of  triangular  pyra- 
mids, whose  centres  of  gravity  all  lie  in  one  plane  parallel  to  the 
base ;  consequently  their  common  centre  or  gravity  must  be  in 
the  same  plane,  and  must  likewise  be  in  the  line  drawn  from  the 
vertex  to  the  common  centre  of  gravity  of  all  the  triangles 
which  constitute  the  base. 

118.  Prop.  To  find  the  cerUre  of  gramty  of  a  circular  arc. 

From  the  middle  point  of  the  proposed  arc  mam'  (fig.  9. 
pi.  III.)  conceive  the  line  ac  drawn  through  c  the  centre  of 
the  circle,  on  which  let  a  p  be  denoted  by  or,  the  variable  ordinate 
PM  by  y^  and  the  radius  ac  of  the  circle  by  r,  the  half  arc 
being  denoted  by  z^  Then  accounting  a  the  origin  of  the  co- 
ordinates, since  the  curve  is  symmetncal  with  respect  to  ac, 
we'need  only  make  use  of  the  equation  (100.  IV.)  which,  sub- 
stituting z  for  M  will  become,  X  =:*^if^^i— 5^*.  Now  the  equa- 
tion expressing;  the  relation  between  the  rectangular  co-ordi- 
nates of  a  circle  is  y*  =  9,rx  —  j:*  ;  by  means  of  wnich  we  have 

*  *=  T'/'vcaT-^)-  '^^'^  ^"®°*  of  this  is  X  =  j(x-5^) = r - 
•J- :  which  needs  no  correction,  because  when  y  =  0,  «  =  0. 
Hence  then^  g  being  the  centre  of  gravity,  we  have  ag  =  r  — 
—  ss=  AC  —  — .     Consequently  cg  =  ac  —  AG  =  — :  that  is, 

*  Here^  at  well  as  in  the  tobeequent  parts  of  this  work,  we  make  the  character 
/denote  the  fluent  of  the  expression  which  stands  after  it. 
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the  dUkmceofihe  eetUre  of  gratify  of  a  circular  arcj¥<m  Us 
centre,  is  a  fourth  proportional  to  the  arc,  the  radius^  dnd  the 
chord  of  the  arc. 

Cor.  1.    When  the  arc  is  a  semicircle,  the  chord  is  double 

the  radius,  and  cg  =:  — — —  =  — - —  =  -63662r 

^  3.141593         1.57079  "«^^W^r. 

Cor.  2.  When  a:=2r,y =0,  and  consequently  co=-^  =  0 : 

that  is,  the  centre  of  gravity  coincides  with  the  centre  of  the 
circle ;  as  is  sufficiently  obvious,  independent  of  the  fluxional 
process. 

119.  Prop.  To  find  tJie  centre  of  gravity  of  a  circular  seg" 
tnent. 

Let  mam'p  in  the  figure  last  referred  to  be  the  segment 
proposed,  and  let  the  parts  be  denoted  as  before.     Here  we 

take  the  first  of  the  equations  (108.  V.),  that  is  x  n  ?!!^*, 
where  m  denotes  the  area  of  apm.  Now,  since  j/=  v^rd? — a:*, 
we  have  XM  —fxyk  —/xxV^rx-x^  =  -  ^^^^~^>'  +  ru: 

this  divided  by  m  gives  x=:AG=:r— ?^=:ca ™ — .    Conse- 

•^       °  3it  3  area  ATX 

quenUy  cg  = n . 

^  J  3  area  apm        12  area  seg. 

CoR.  When  the  segment  becomes  a  semicircle,  we  have 
m'm  =  3r.  and  cg  n :=  '42441  r. 

\90.  Prop.  Tojiiid  the  centre  of  gravity  of  any  parabola. 
Here  the  general  equation  is  ^  =:  a?"  -r-  a'*""^     And  by  sub- 

.^    ^.        flu.  dT^x        7a7*~*i        n+1 

stitution  -3 r-  =  \.^.     = '  X  X  •=.ii. 

flu.  ^9  fx^x  «  +  2 

Cor.  1.  If  n  =  4>  which  is  the  case  in  the  common  or  Apol- 
Ionian  parabola,  — -x=|x.  That  is,  AGn|.Ac.  (fig.  10.  pi.  III.) 

Cor.  2.  If  n  =  1,  the  figure  becomes  a  triangle,  and  then 
AG  =  |4: :  which  agrees  with  art.  114. 

121.  Prop.  To  find  the  centre  qfgramiy  of  a  common  semi- 
parabola. 

In  this  case  the  distance  on  the  absciss,  or  the  value  of  x  is 
determined  by  the  foregoing  problem ;  we  have  now  to  find  Gg 
(fig.  10.  pi.  IIT.):  in  order  to  which  we  take  the  second  equa- 
tion (108.  V.)  Yzz^Y^l'^i  where,  integrating  for  x  first,  it 
must  be  taken  from  ap  ==  .r,  to  ac  =  A ;  consequently 
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Now^  b  the  ccmiiQoiv  povaboh  pd?  =:  ^,i»  being  the  pawiieter. 
Hence 

This,  for  the  area  amdc^  where^  =  cd  zi  6^  beccnaaes 

^   6ftj>&i  —  8M  ^  J^     gjyft  -  ft«   __    3ft        6»     —  3  A 
^  l«*f>6-4J»    ""     4     •3i>A-ft»'"      4     •26«""^ 

Henoe,  if  ag  =  4-  AC,  og  =:  4-  cp,  g  is  the  centre  of  gravity  of 
the  semi-parabola. 
SfiM.  If  we  had  taken  the  general  parabola  whose  equadon 

is^  =:  ^* -^  fl*^*,  a  similar  process  would  give  y  =:    "^  ^  . 

1S2.  Prop.  To  find  the  centre  cf  gravity  qf  ffie  segment  of 
a  ^heroid. 

Here  the  figure  may  be  divided  into  two  parts  symmetrical 
with  tespect  to  the  axis :  so  that  if  we  account  the  vertex  a  the 
origin  of  the  co-ordinates,  we  shall  need  the  equation  for  x 
(108.  VII.).  Let  the  fixed  axis  of  the  spheroid  be  called  a, 
the  revolving  axis  c,  then  the  equation  of  the  curve  is  ^^  = 

,  ^  ,  _     ^mm         _  .  X     im     AG. 

\asfl'~\x^         6a^4x 

Cor.  1.  When  the  segment  becomes  a  hemispheroid,  a?  =:  ^a, 
and      ^4    -^  =  X  "^  for  the  distance  of  the  centre  of  gravity 

from  the  vertex,  therefore  4.  a;*  is  its  distance  from  the  centre  of 
the  base. 

Cor.  S.  When  c  :=:  a,  the  spheroid  becomes  a  sphere,  and 
as  the  theorem  is  independent  01  r,  it  is  alike  appUcable  to  both 
solids,  and  to  their  corresponding  segments. 

CoE.  8.  Since  the  equation  to  the  hyperbola  is  y*  =  -j-  (ax 

+  x')  which  differs  from  that  to  the  ellipsis  only  in  the  sign  of 

the  second  term,  we  get  by  a  similar  process  j"-        x,  for  the 

distance  of  the  centre  of  gravity  from  the  vertex  of  a  hyperbolcHd. 

1^  Prop.  To  find  the  centre  of  gravity  of  a  sector  of  a 
sjpkire. 

A  spheric  sector  may  be  considered  as  a  solid  of  rotation ; 
for  it  majr  be  generated  by  the  rotation  of  a  circular  sector: 
thus,  in  Sft.  9.  pL  III.  if  the  circular  sector  cma  make  a  com- 
plete revolution  upon  ac  as  an  axis,  it  will  deswibe  the  spheric 
sector  of  which  cmam'  will  be  a  section.  This  solid  is  composed 
of  a  spheric  s^ment  and  a  cone :  the  centre  of  gravity  of  the 


«HAP.  III.  CENTRE  OF   GAAVITY.  68 

flrst of  these  we  suppose  at  ©,  tbatof  tKe  second  at^.    Hap 

be  denoted  by  x.  and  Ac  by  r,  we  shall  have  ag  =   ^^^^  a?, 

and,  the  cone  being  a  kind  of  pyramid,  qg  =  ^^  cp  =  ^(r— x) : 

consequently  Ag  =  ac  -  eg  =  -~.    Let  ff  denote,  as  before, 

the  number  3*141593,  and  by  well  known  theorems  the  solid 
contents  of  the  respective  figures  will  be  thus  expressed : 
The  content  of  the  spheric  sector  =  ^ifr^a:. 

the  segment    .      =:  -§.iia^  (8r— a?.) 
the  cone      .    •      z=  ^ic  (2rs  -  or*)  .  {r-^x}. 
Now,  if  we  c(»)ceive  each  solid  to  be  condensed  into  its  centre 
of  gravity,  we  must  first  take  the  sum  of  the  m^unents  with  re- 
spect to  A,  which  are. 

For  the  s^ment,  \ir  a?«(  3r-2^)  -^^^  ^  =  f^r  ^.  ?L~, 

Qf»  I-  «• 

the  cone    .    -J-tt  (^rj?— j:*)  •  (r— .r)  — r-  • 

Then,  dividing  the  sum  of  these  moments  by  the  sum  of  the 
masses,  or  ^ir  r^  x^  the  content  of  the  sector,  we  shall  have 

X  zz — =  K^r  +  Six) ;  an 

equation  expressing  the  distance  of  the  centre  of  gravity  of  the 
sj^eric  sector  from  a  the  centre  of  its  base. 

SCHOLIUM. 

124}.  Since  the  knowledge  of  the  position  of  the  centre  of 
gravity  in  any  body  or  system  of  bodies  is  of  very  great  import- 
ance in  almost  every  part  of  Mechanics,  we  have,  thought  it 
right  to  be  tolerably  copious  in  the  discussion  of  this  subject; 
and  have,  therefore,  given  instances  of  various  methods  of  ascer- 
taining the  ffltuation  of  the  centre  of  gravity,  one  or  other  of 
which  may  be  applied  in  most  cases  whidi  can  arise.  To  save, 
however,  the  trouble  of  a  distinct  investigation  in  some  in- 
stances which  often  occur,  we  may  now  state  in  addition  to  the 
preceding  propositions,  a  few  known  results. 

1.  In  a  circular  sector,  the  distance  from  the  centre  of  the 

circle  is  -r— ;  where  a  denotes  the  arc,  c  its  chord,  and  r  the 

radius* 

2.  The  centres  ci  gravity  of  the  surface  of  a  cylinder,  of  a 
cone,  and  of  a  conic  frustum,  are  respectivdy  at  the  same  di- 
stances from  the  oriffin  as  are  the  centres  of  gravity,  of  the 
{»araUeIoffram,  triangle,  and  trapezoid,  which  are  vertical  sec* 
tions  of  uie  respective  solids. 

8.  The  centre  of  gravity  of  the  surface  of  a  spheric  segment, 
is  at  the  middle  of  its  versed  sine  or  height. 
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4.  The  centre  of  gravity  of  the  convex  surface  of  a  spherical 
zone,  is  in  the  middle  of  that  portion  of  the  axis  of  the  sphere 
which  is  intercepted  by  the  two  bases  of  the  zone. 

5.  In  a  cone,  as  well  as  any  other  pyramid,  the  distance  from 
the  vertex  is  ^  of  the  axis. 

6.  In  a  conic  frustum,  the  dbtance  on  the  axis  from  the 

centre  of  the  less  end,  is  ih  .  \"'"  *^"*"    :  where  h  the  height, 

R  and  r,  the  radii  of  the  greater  and  less  ends. 

7.  The  same  theorem  will  serve  for  the  frustum  of  any  re- 
gular pyramid,  taking  r  and  r,  for  the  sides  of  the  two  ends. 

&  in  the  paraboloid,  the  distance  from. the  vertex  is  4*  axis. 
9.  In  the  irustum  of  the  paraboloid,  the  distance  on  the  axis 

from  the  centre  of  the  less  end,  is  ih  .  — ,    ^    :   where  A  the 

height,  R  and  r  the  radii  of  the  greater  and  less  ends. 

OF  THE  CENTROBARYC   METHOD. 

Among  the  several  uses  to  which  the  doctrine  of  the  centre 
of  gravity  may  be  appropriated,  one,  which  for  its  elegance  and 
simplicity  deserves  being  mentioned  here,  is  that  which  is  called 
the  Centrobaryc  method,  and  by  which  the  magnitudes  of  sur- 
faces and  solids  may  often  be  determined  with  ^eat  facility. 
The  relation  between  the  centre  of  gravity  and  tne  figure  ge- 
nerated by  the  revolution  of  any  line  or  plane,  which  is  tne 
foundation  of  this  method,  was  first  distinctly  stated  by  Pappus 
in  the  preface  to  his  7th  book :  but  it  was  not  completely  dis- 
cussed till  the  time  of  Father  Guldin ;  who,  in  the  ^d  and  3d 
books  of  his  Treatise  on  the  Centre  of  Gravity,  treated  this 
method  very  fully,  and  exhibited  its  utility  in  a  variety  of  ex- 
amples. The  doctrine  is  comprised  in  the  following  proposi- 
ticm,  and  the  corollaries  which  naturally  flow  from  it. 

125.  Prop.  If  any  line,  right  or  curved^  or  any  plane jigurCy 
whether  it  be  bounded  by  right  lines  or  curves,  revolve  about  an 
axis  in  the  pla/ne  of  the  figure,  the  surface  or  solid  generated 
iDiU  be  respectively  equal  to  the  surface  or  solid  whose  base  is 
the  £tven  line  or  figure,  amd  its  height  equal  to  the  arc  described 
by  the  centre  of  gravity  of  the  said  generating  line  or  figure. 

Let  the  line  or  plane  bod  (fig.  11.  pi.  III.)  be  that  by  whose 
motion  a  certwi  surface  or  solid  is  generated,  and  let  qar  be 
the  axis  about  which  the  rotation  is  performed :  through  g  the 
centre  of  gravity  of  bod  draw  abgd  perpendicular  to  qr,  and 
either  suppose  the  various  particles  in  bcd  to  be  referred,  by 
perpendiculars,  to  qr,  or,  which  will  come  to  the  same  thing, 
estimated  upon  abd  by  lines  drawn  from  the  several  moleculae 
parallel  to  qr  ;  and  let  b  and  d  be  two  of  those  reduced  points. 
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Nciw,  if  ADD  itfter  perfonniiig  a  rotation,  or  part  of  a  rotation^ 
be  brought  to  the  position  aeh,  bdhe  will  represent  the  figure 
generated,  and  of  the  path  of  the  centre  of  gravity;  the 
generated  figure  being  equal  to  all  the  be,  gf,  dh,  &c.  But 
the  arcs  be,  of,  i>h,  &c.  are  umilar  (being  equal  parts  of  con- 
centric circles),  and  therefore  their  sums  are  as  alllhe  ab,  ag, 
AD,  &c.  and,  bv  art.  109.  these  sums  are  as  so  many  times 
AG :  consequently  the  sum  of  all  the  be,  gf,  dh,  &c.  is  equal 
to  as  many  times  fg,  or  equal  to  bcd  x  fo  ;  that  is,  the  figure 
BEHD  is  equal  to  the  base  drawn  into  the  path  described  by  its 
centre  of  gravity,     q.  e.  d. 

Hie  same  thing  may  be  shewn  very  conciselv  by  i^cans  of 
the  two  values  of  y  in  formulae  III.  and  V.  art.  108.  Annexing 
the  co-efficient  2^  to  both  num^alor  and  denominator  will  not 
change  the  value  of  the  fractions:  they  may,  therefore^  be  ex- 
pressed thus : 

The  first  of  these  equations  expresses  the  distance  from  the 
axe  AX  of  the  centre  of  gravity  of  any  line :  a  simple  transform^ 
ation  gives  us  2irYMt=/'2*j^M,  where  «inr  ig  the  circumference 
of  which  Y  IS  the  radius,  and  is  that  which  is  described  by  the 
centre  of  gravity  of  M  if  that  curve  be  made  to  turn  about  ax  as 
an  axis:  moreover /^ti^m  is  the  expression  for  the  area  of  the 
surface  which  is  generated  by  the  arc  m  during  this  rotation. 
Consequently,  the  surface  generated  by  the  rotation  of  any 
given  curve  about  an  axis  is  equal  to  the  product  of  the  ge* 
nerating  arc  into  the  circumference  described  by  its  centre  of 
gravity. 

From  the  second  of  these  formulae  we  have  %tyfyi=firt/^jc ; 
where  if  we  suppose  a  revolution  upon  the  axis  ax,  the  area  of 
which  the  algebraic  expression  is  m  or  /i/x,  generates  a  solid 
denoted  hyjitt/^x,  and  the  centre  of  gravity  will  describe  the 
circumference  ^iry.  Therefore  the  sohd  generated  by  the  ro- 
tation of  any  plane  figure  about  an  axis,  has  for  its  capacity 
the  prodtict  of  the  generating  area  into  the  circumference  de- 
scribed  by  its  centre  of  gravity. 

If  instead  of  %t  we  introduce  any  fraction,  — -w,  into  the 

numerators  and  denominators  of  the  game  formulae,  it  would 
thence  be  equally  obvious  that  the  same  property  was  ap- 
plicable to  the  curve  surfaces  or  the  capacities  of  figures  ge- 
nerated by  a  partial  revolution  about  a  fixed  axis.  And  if 
many  curves  comprised  in  the  same  plane  generate  at  once  as 
many  surfaces  and  solids,  we  may  appl^^  the  same  prppoeition, 
by  taking  the  cothmon  centre  of  gravity  of  the  system. 
VOL.  I.  f 
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Cob.  1.  If  the  ^fistanoe  of  the  centre  of  gravity  of  any  Biie 
or  surfaee  firom  the  axis  of  rotatioD,  and  the  magnitude  of  the 
line  or  surface  be  given,  the  value  of  the  surface  or  solid  ge* 
aerated  by  either  a  total  or  a  partial  revolution  may  be  found, 
and  oonseqnendy  any  two  of  the  three  being  given,  the  third 
may  be  easily  determined. 

Thus,  if  the  rectangle  whose  sides  are  m  and  n  revolve  upon 
m  as  an  axis,  it  will  generate  a  cylinder  whose  altitude  is  m  and 
radius  of  its  base  n :  now  the  centre  of  gravity  of  the  rectangle 
will  be  at  the  distance  of  in  from  m,  and  will  therefore  describe 
in  a  complete  rotation  the  circumference  {71x^=1 7m;  con- 
sequently, by  the  proposition,  t»n  x  ir;?,  =ziemn^y  is  the  ca- 
pacity of  the  solid ;  and  this  is  equal  to  vri^  x  m,  the  base  of 
the  cylinder  into  its  altitude,  as  it  ought  to  be. 
•  Again,  putting  b  the  base  and  a  the  axis  of  a  semiparabola, 
which  by  its  rotation  generates  a  paraboloid ;  we  have  |4  for 
the  distance  of  the  centre  of  gravity  of  the  semiparabola  from 
the  axis,  and  |i  x  Zw^^z  l-for,  the  circum.  described  by  the 
centre  of  gravity :  and,  nnce  ih&  area  of  the  parabola  is  ^b, 
we  have  liw  x  ^b  =  4^X  ^^^  ^^^  content  at  the  parabcdoid; 
which  is  manifestly  egual  to  half  the  drcumacribing  cylinder^ 
as  it  ought  to  be. 

For  another  example,  let  us  take  a  sphere  whose  radiusr  is  r^ 
and  capacity  prr^,  being  generated  by  the  rotation  of  the  semi- 
circle whose  area  is  4*r*.  Here  prr^  -r-  iitr^  =  ^r,  the  circum- 
ference described  by  the  centre  of  gravity ;  and  this  divided 

by  dr,  gives  —  ='4t2441  r,  for  the  distance  of  the  centre  of 

gravity  of  a  semicircle  from  its  centre:    agreeing  with  the 
result  in  art.  119. 

Cob.  2.  If  the  generating  or  revolving  lines  or  surfaces  are 
equal,  but  the  distances  of  their  centres  of  gravity  unequal, 
then  the  generated  surfaces  or  solids  will  be  directly  as  the  di- 
stances of  their  centres  of  gravity  from  the  axis  of  motion. 

Thus,  if  two  solid  rings  of  iron  have  both  the  same  thickness 
of  metal,  but  have  different  diameters,  the  capacities  of  the 
rings,  or  their  weights,  will  be  as  the  arithmetical  means  be- 
tween their  respective  inner  and  outer  diameters. 

Cor.  3.  If  the  distances  of  the  centres  of  gravity  of  the 
generating  or  revdving  lines  or  surfaces  from  the  axis  of 
motion  be  equal,  but  the  generating  lines  or  surfaces  unequal, 
then  the  generated  surfaces  and  solids  will  be  as  the  generating 
lines  and  surfaces. 

^  Cob.  4fy  If  nether  the  generating  lines  or  surfaces  nor  the 
distances, of  their  centres  of  gravity  from  the  axis  of  motion  be 
equal,  the  generated  surfaces  or  solids  will  be  to  each  oUier  in 
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a  ratio  compounded  of  the  ratio  of  the  generating  lines  or  sur- 
faces, and  the  ratio  of  the  distances  of  their  centres  of  gravity 
from  the  axis  of  motion. 

Thus,  for  example,  the  triangle  is  to  its  circumscribed  paral- 
lelogram as  1  to  5^,  and  the  distance  of  the  centre  of  gravity 
of  the  triangle  from  its  vertex  is  -|.  of  the  asus ;  but  the  distance 
of  the  centre  of  gravity  of  the  parallelogram  from  its  side  is  ^ 
of  the  other  side,  or  of  the  axis,  therefore  the  distance  of  the 
centre  of  gravity  of  the  triangle  from  the  axis  of  rotation  is  to 
the  distance  of  the  centre  of  gravity  of  the  parallelogram,  as  4 
to  3.  So  that,  if  both  the  spaces  are  supposed  to  revolve  about 
a  line  touching  the  vertex  of  the  triangle,  and  parallel  to  its 
base,  the  solid  generated  by  the  triangular  space  will  be  to  that 
generated  by  the  partdlelogram  as  4  to  6,  or  as  S  to  3. 

Againi  the  common  parabola  is  to  its  circumscribing  parat* 
Idosram  as  S  to  8 ;  and  the  disltanee  of  the  centre  of  gravity 
of  the  parabola  is  to  the  distance  of  that  of  the  paralleTogram 
from  the  same  point  of  suspension,  as  6  to  5;  wherefbre  the 
solid  gen^ated  by  the  parabola  is  to  that  generated  by  the 
paMlIelogram,  eaeh  revolving  about  the  same  common  alis 
passing  through  the  vertex  of  the  parabola,  and  parallel  to  its 
Dase,  as  12  to  15,  or  as  4  to  5 :  and  consequently,  the  solid 
^aerated  by  the  triangle  is  to  that  generated  by  the  parabola 
m  a  ratio  compounded  of  the  ratios  of  5  to  4,  and  ot  4  to  6; 
that  is,  of  aO  to  S4,  or  5  to  6. 


fS 
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CHAPTER  IV, 


ON   THE   MECHANICAL   POWERS. 


126.  Def.  a  machine  is  any  thing  that  serves  to  augment  or 
to  r^ulate  moving  forces  or  powers ;  or  it  is  any  body  destined 
to  produce  motion  so  as  to  save  either  time  or  force ;  or,  we 
may  in  general  apply  the  term  machines  to  the  material  agents 
by  the  aid  of  wbicn  forces  operate  one  upon  another,  apd  which 
wnen  employed  to  second  tne  efforts  of  certain  powers  enable 
them  to  overcome  others  which  may  be  more  considerable. 

1^7.  Machines  are  distinguished  into  simple  and  compound. : 
The  only  machines  which  we  think  can  be  strictly  called  simple, 
are  the  lever ,  the  inclined  plane,  and  cords:  it  has  been  cus- 
tomary, however,  to  consider  as  simple  machines  those  of  which 
all  compound  machines  are  found  to  be  constituted,  and  into 
which  when  their  combined  powers  are  estimated  they  must  be 
divided  in  the  investigation ;  these  are  in  number  six,  viz.  the 
lever,  the  wheel  and  a^U,  the  pulley,  the  inclined  plane,  the 
screw,  and  the  wedge.  These  are  most  commonly  known  by  the 
name  of  the  mechanical  powers.  In  all  these  the  mechanical 
advantage  arises  from  distributing  the  power  to  be  overcome 
amonfi^  the  different  parts  of  the  machine,  so  that  the  part  sus- 
tainea  by  the  contrary  power  shall  bear  but  a  small  ratio  to  the 
whole :  thus  a  power  incapable  of  communicating  motion  to  a 
body,  or  of  supporting  its  pressure,  without  mechanical  assist- 
ance, may  effect  its  designed  purpose  by  transferring  a  part  of 
the  weight  upon  a  fulcrum,  distnbuting  it  among  a  system  of 
pulleys,  placing  it  upon  an  inclined  plane,  screw,  &c. 

128.  Forces  of  different  kinds  may,  it  is  obvious,  be  made  to 
operate  so  as  to  counteract  each  other's  efiects,  by  the  interven- 
tion of  machines :  as  for  example,  the  muscular  force  of  men 
and  animals  may  be  applied  to  machines  so  as  to  oppose  and 
counteract  the  force  of  gravity ;  but  in  any  such  cases,  since  the 
just  and  adeq^uate  measures  of  these  forces  are  their  simultaneous 
effects  in  similar  situations,  the  theoretic  processes  must  be  con- 
ducted in  the  same  manner  whether  tlie  forces  exerted  are  unlike 
or  the  same,  as  when  the  force  of  gravity  soliciting  two  bodies 
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causes  them  to  act  as  moving  powers  bj  means  of  their  weights. 
Hence  then,  whatever  is  shown  to  obtain  with,  relation  to  any 
two  forces  whose  effects  are  known,  while  their  nature  is  un- 
defined, may  be  safely  applied  to  all  which  are  respectively 
equal  and  operate  in  a  similar  manner,  whether  they  are  dead 
wieigbts,  living  powers,  or  forces  existing  naturally. 

129.  In  the  theonr  of  simple  machines^  and  indeed  of  ma- 
chines in  general,  they  are  first  considered  as  in  a  state  of 
balanced  rest :  and  when  the  ratio  of  the  forces  is  ascertiuned 
which  by  the  intervention  of  any  given  machine  produces  such 
equilibrium,  it  is  manifest  that  a  slight  change  in  the  magnitude 

.of  either  of  the  forces,  or  in  their  points  of  application,  by 
causing  a  p^ponderance  on  one.  side  or  other,  will  produce 

.  motion.  In  actual  practice  the  change  must  always  be  made 
in  favour  of  the  power  which  is  to  produce  the  motion :  and 
this  may  easily  be  accomplished  when  the  conditions  of  the 
equilibrium  are  once  established.  When  forces  act  upon  each 
other  by  means  of  machines,  they  meet  with  various  dbstades 
on  account  of  the  roughness  of  surfaces,  the  stiffness  of  cords, 
&C  which  if  introduced  at  the  commencement  of  our  investi- 
gations would  render  them  very  embarassing  and  intricate :  we 
therefore,  at  first,  suppose  surfaces  to  be  perfectly  smooth, 

.cords  to  be  perfectly  flexible,  &c.  and  afterwards  blend  with 
the  deductions  from  the  theory  those  which  have  resulted  from 
experiment  with  regard  to  these  obstacles.  As  to  what  relates 
to  the  disposition  of  powers  upon  machines  so  that  when  in 
motion  their  ^ects  shall  be  gi*eatest  or  least,  it  is  a  dis^nct 
branch  of  the  theory,  and  falls  under  the  head  of  Dynamics. 

130.  Writers  on  the  .subject  of  mechanics  have  often  at- 
tempted to  demonstrate  the  properties  of  the  several  iample 
machines,  by  means  of  a  celebrated  theorem,  which  is  this: 
WkenJwo  heavy  bodies  counterpoise  each  other  by  means  of 
any  machine,  and  are  then  made  to  mace  together,  the  products 
of  each  mass  into  its  velocity,  or,  as  it  is  technically  expressed, 
the  quantities  qfmxxtion  with  whith  one  body  descends  Ofnd  the 
other  ascends  perpendicularly,  mil  be  equal**  Since  an  equi- 
librium always  accompanies  this  equality  of  motions;  it  bears 

•  This  theorem  is  due  to  Galileo,  who  is  justly  reckoned  the  father  •£  the  science 
of  Dynamics,  It  is  nearly  analogous  to  the  celebrated  principle  of  the  virtual 
•vekaMiet,  from  which  M.  La  Grange  has  deduced  many  ingenioiu  and  etegant 
Mlttlions  of  some  difficult  problems  in  his  M^canique  AfuOytique.  The  principle  is 
4hus  enoaciated:  "  Si  un  tyHeme  m»ekonque  est  scmdU  par  det  puittaneet  en 
eqt^Mret.et  qu'on  dotme  i  ce  systime  u»  petU  mowvement  guekongue,  en  vertu 
intquel  chaque  po^  parcoure  un  etpace  ti^niment  petit,  h,  tomme^  de$  puMonoee 
^tiltiplides  cha(Mifepar  Veepace  que  le  point  oiL  eUe  ett  appUquU  parcourt  nuvant  la 
direction  ie  cette  mime  pmuancet  tewa  tomoure  igale  h  zeros  en  regardant  comme 
potUyk  U$  petits  etpace*  parcouru*  dans  k  sens  dis  puissances,  et  comme  n$ga^fs 
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suoh  a  rescinlilaiice  to  the  cose  wberaa  two  moving  bodies 
stop  eadk  other  when  they  meet  tc^tfaer  with  equal  quantities 
of  motion^  that  many  have  thought  that  the  cause  of  an  e(q[uiE- 
iinum  in  the  severed  machines  might  be  immediatdy  assigned 
by  saying,  that  becaofse  one  body  always  loses  as  much  motion 
as  it  communicaities  to  another^  two  heavy  bodies  counteracting 
^each  other  ronstft  continue  at  xest  when  they  are  so  circumstanced 
that  one  cannot  descend  without  causing  the  €fther  to  ascend  at 
.die  same  time,  asad  widi  vdocides  inversely  proportional  to 
their  Hiasses ;  for  dieo,  should  one  of  them  begin  to  descend,  it 
nrast  instandy  lose  its  whole  motion  by  communiositiBg  it  to 
d^e  other.  But  this  argument,  however  plausible  it  may  seem, 
IS  {as  Dr.  Hafmilton  remarked)  by  no  means  satisfactory ;  for 
when  we  say  that  one  body  communicates  its  modon  to  another, 
we  must  necessarily  suppose  the  motion  to  exist  first  in  the 
one,  and  dien  in  me  otner ;  but  in  the  present  case,  where 
the  two  bodies  are  so  connected  that  one  cannot  possibly  begin 
to  move  before  the  other,  the  descending  body  cannot  be  said 
to  communicate  its  modon  to  the  other^  and  thereby  make  it 
ascend:  but  wiiatever  we  should  suppose  causes  one  body 
to  descend,  must  be  also  the  inmiediate  cause  of  the  other  s 
ascending,  innce,  from  the  connexion  of  the  bodies,  it  must 
act  upon  them  both  together,  as  if  they  were  really  but  one. 
And  therefore^  without  contradicting  trie  laws  of  motion,  we 
mifffat  suppose  tiie  superior  w^ht  of  the  heavier  body,  which 
is  m  itsen  more  than  aUe  to  sustain  die  lighter,  would  over- 
•come  the  lighter,  and  cause  it  to  ascend  with  the  same  quan- 
tity of  motion  with  which  the  heavier  descends ;  especially  as 
•both  dieir  modons,  taken  tc^ther,  may  be  less  than  what 
the  difference  of  the  weights,  whidi  is  here  supposed  to  be 
die  laovii^  force,  would  be  able  to  produce  in  a  body  fall- 
ing finely,  SVnr  these  reasons,  ana  various  others  which 
^ight  easily  be  BsAwoied,  we  ave  of  opinion  that  all  proofs 
fininded  upon  this  theoarem  as  a  basis,  are  necessarily  unsatis- 
^fiek^tory :  we  bave,  nevertheless,  thought  it  right  to  ^notice  it; 
and,  as  it  nay  serve  as  a  good  index  m  an  equilibrium  in  many 
madiines^  and  admits  in  some  instances  of  a  useful  application, 
we  may  again  refer  to  it  in  the  practical  part  of  this  Treatise. 


U9  Mpatds  pofwrnr^M  ebm§  un  sou  oppoi^.'*  Tfait  pnnciffe,  or  Mtber  imiimnal  iiwt, 
La  @ra^B«  txpranes  by  4  Teiy  limirfe  fermula,  ftom  -wliich  lie  ^dedncei  Ms  vlioie 
•yttem  a%«!>mieaUy,  without  a  ikigle  diagnun :  a  mode  of  procedare  whkb,  though 
it  disphyfe  aatoniihing  analytioal  drill,  is  certunly  far  from  the  best  vay  oitea^kUig 
necftanlcal  philosophy ;  sinoe  the  whole  may  be  gone  over,  without  either  a  distinct 
or  even  an  indistinet  idea  of  the  things  represented  by  the  ^^Ubok.  M.  CarsNit  hi 
his  Ge&m&ifi$  de  PotMeth  pa.  3d9,  demonstrated  a  >pvrely  geottotrieal  tiMoran 
whUh  is  ^ry  similar  to  this  celebrated  meelwnical  prindple. 
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Our  present  invesdgatioiiB  will  be  made  to  depeDd  upon, the 
princn^es  of  equilibriuita  'exphdnsd  in  the  second  and  third 
chapters. 

L   OF   THE   LEVER. 

131.  Def.  a  iever  is  an  inflexible  bar  or  rod^  «^idi  may 
'be  subjected  -to  the  action  of  two  or  more  forces  or  powers,  at 

different  points^  whiie  it  iis  supported  on  a  fulcrum  or  prop, 
about  which  it  may  atove  freely. 

Of  levers  thiere  are  two  fclnds  whidi  difier  essentially :  t.  e, 
those  in  which  the  forces  act  on  contrary  sides  of  the  centre  of 
motion,  or  fulcrum,  and  those  in  wbidn  tiiey  act  on  the  ieeme 
5ide.  They  are,  however,  usually  distinguished  into  three  kinds, 
according  to  the  respective  dispositions  of  the  prop,  the  power, 
and  the  resistance.  In  levers  of  the  ^r^  kind,  the  fulcrum  is 
between  the  power  and  the  re^ance :  sucSi  aie,  the  babnde, 
steelyards,  scissars,  pokers,  pincers,  snufl^,  &c.  In  levers  of 
the  second  kind  the  resistance  is  between  the  fiifcrutti  and  the 
power :  such  are,  cutting  knives  fiired  at  one  end^  the  oars  and 
rudders  of  boats,  which  may  be  consadered  as  having  their 
fulcra  in  the  water,  doors  wl^ose  hinges  serve  as  a  fulcrum,  &e. 
In  levers  of  the  third  kind  the  power  acts  between  the  prop  and 
the  resistance ;  as  in  tongs,  stiears  for  sheep,  a  ladder  while  raisitig 
up,  &C.  This  too  is  the  kind  of  lever  which  is  found  moet 
to  obtmn  in  the  animal  functions :  for  the  muscles^  by  meatis 
of  which  the  bones  are  turned  upon  their  joints,  are  inisjeried 
much  nearer  to  the  centre  of  motion  than  the  point  in  which  is 
the  centre  of  gravity  of  the  weight  to  be  raised.  The  ttiedi*. 
nical  contrivances  in  different  parts  of  aninial  fraitte^s  fdrnislh 
a  very  curious  and  interesting  topic :  but  as  wecanhot,  witho«t 
widely  digressing,  enlarge  upon  it  here,  we  would  beg  to  refet 
to  Chapters  7  and  8  of  Dr.  Paley^s  Natural  Thedk)gy,  'Where  . 
it  is  discussed  very  admirably. 

132.  Pkop.  Any  two  weights  acting  perpendicularh/  ujoon 
an  harizoutal  lever  (considered  as  void  qf  gravity J^  ama  at 
contrary  sides  of  thejidcruniy  will  balance  each  other  if  they 
be  reciprocally  proportional  to  the  dislances  fr&in  thejulcrum 
at  which  they  act. 

Conceive  any  cylinder  or  prism,  as  ab  (fig.  12.  pl«  III.),  hung 
by  its  ends  to  the  inflexible  line  hi,  by  means  of  the  coids  Ail, 
Bu  Now  if  the  whole  be  suspended  by  the  cord  c  placed  in 
the  middle  of  hi,  it  will  remain  in  equilibrio^  from  the  nature 
of  the  centre  of  gravity.  And  if  we  suppose  the  prism  divided 
tn^n  two  unequal  parts  by  a  vertical  plane  paswng  through  o, 
then  if  a  cord,  ^•ed,  keep  the  parts  ad,  db,  in  the  same  po- 
sition with  respect  to  uu  the  equilibrium  will  not  be  affected. 
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Or,  if  instead  of  the  three  cords  ha,  ed,  ib,  the  two  pieces 
were  attached  to  the  line  hi,  by  cords  ot,  fm,  fixed  to  their 
middle  points  l,  m,  the  equiliDrium  will  still  obtain,  in  like 
manner  as  at  first.  So  that  we  may  consider  two  heavy  bodies 
AD,  and  DB^  suspend^  from  the  terms  6,  and  f  of  the  beam, 
to  be  in  equiUbno  upon  the  fulcrum  c.  Here,  since  ge  =:  ^  eh, 
and  £F=:|  ei,  we  shall  have  gf=:^  hi,  and  consequently  =  ci: 
whence,  taking  away  cf  which  is  common,  there  remains 
Gc  =  Fi  n  FE.  Therefore,  adding  CE,  we  have  ge  =  cr. 
Hence  then,  ge  :  ef  : :  fc  :  cg  : :  ^£ :  ^ef  : :  ad  :  db  ;  where- 
far^,  convertendo,  go  :  cf  : :  the  weight  bd  :  the  weight  ad. 
And  if  these  two  prisms  ad,  db,  were  reduced  to  cubes,  or 
spheres,  or  any  otlier  figures,  the  equilibrium  would  still  remain, 
provided  the  points  of  suspension  g  and  f  continued  the  same: 
whence  the  proposition  is  manifest.  Had  the  prism  ab  been 
supposed  laid  upon  hi,  the  steps  of  the  demonstration  would 
still  have  been  the  same. 

This  demonstration,  which,  in  our  opinion,  is  far  more  simple 
and  obvious  than  that  of  Archimedes  for  the  straight  lever,  is 
given  by  Galileo  in  his  Second  Dialogue  on  the  Resistance  of 
Solids.  It  appears  but  little  known :  for  Dr.  Matthem  Youngs 
the  late  learned  bishop  of  Clonfert,  has,  in  his  Analysis  of  the 
Principles  of  Natural  Philosophy,  deduced  this  property  in  a 
manner  nearly  similar,  without  seeming  at  all  aware  that  the 
same  thing  had  been  long  since  ejQected  by  the  illustrious 
Pisanian  fAiilosopher. 

.133.  Prop.  When  three  farces  act  twon  an  inflexible  lever, 

void  of  gravity,  in  any  parallel  directions  in  the  same  plane, 

and  keep  %t  in  equHibrio,  any  two  of  them  will  be  to  each  other 

moersety  as  their  distances  Jrom  the  point  to  which  the  third 

force  is  applied. 

This  proposition  has  been  already  demonstrated  in  Chap.  II. 
For  all  that  was  shown  there  (in  arts.  71... 81.)  with  respect  to 
parallel  forces  in  one  and  the  same  plane,  will  evidently  apply 
to  the  case  of  the  lever.  So  that,  instead  of  repeating  the  de- 
monstration, we  refer  to  those  articles;  and  shall  here  deduce 
from  them  a  few  evident  corollaries  more  immediately  appli- 
cable to  what  is  before  us. 

Cor.  1.  If  two  weights  or  parallel  forces  balance  each  other 
upon  any  straight  lever  in  any  position,  they  will  balance  each 
other  in  any  otner  position  of  the  lever  while  the  same  fulcrum 
is  retained :  for  in  this  case  the  fulcrum  corresponds  with  what 
is  named  the  centre  of  parallel  forces,  (art.  91.) 

Cor.  2.  In  the  straight  lever  of  the  first  order  (fig.  I.  pi.  IV.) 
we  have  p  x-af  =:  w  x  bf,  and  the  pressure  upon  the  tulcrum 
in  the  equilibrated  state  fqual  to  the  sum  oT  the  two  weights, 
or  of  the  power  and  the  resistance  p-f  w. 
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Cob.  8.  In  tlie  straight  Iwer  erf  the  second  kind  (fig.  g),  we 
have  likewise  p-afizw-bf:  but  the  pressure  upon  the  fulcrum 
is=:w— p. 

Cor.  4.  In  the  straight  lever  of  the  third  kind  (fig.  3.),  p.  af 
isa^m=iw*BF:  but  the  pressure  upon  the  fulcrum  is  =r  p- w. 

Cor.  5.  If  a  given  weight  u  be  moved  along  either  arm  of  a 
straight  lever  (as  fa.  fig.  1.)  the  weight  w  which  it  will  balance 
at  lb  on  the  other  arm  is  proportional  to  fa,  the  distance  from 
the  fiilcrum  at  which  the  given  weight  acts.  For,  in  the  case 
of  equilibrium,  w-bf  =:  u-fa  ;  wherefore,  since  fb  and  u  are 
invariable,  w  oc  fa. 

Cor.  6.  If  a  weight  w  (fig.  5.)  be  placed  upon  a  lever  which 
is  supported  by  two  props  a  and  b,  in  an  horizontal  position, 
the  pressure  on  a  :  pressure  on  b  : :  bc  :  ca.    Or  pressure  upon 


A  = 


Pressure  upon  b  =  —^ — .  (art.  80.) 


AB  1^  AB 


Cor.  7.  In  the  common  balance  (fig.  4.)  where  the  arms  erf 
the  lever  either  are  equal  or  ought  to  be  so,  the  weights  in  the 
two  scales  must  be  equal  also. 

Cor.  8.  In  the  false  balance,  where  arms  of  unequal  lengths 
are  made  to  balance  each  other  when  the  scales  are  empty,  the 
trv£  weight  is  a  geometrkai  mean  proportional  between  the 
apparent  weights. 

For  if  X  be  the  unknown  weight,  w  tlie  weight  which  puts  it 
in  equilibrio,  x  and  w  being  the  corresponding  arms  of  the  ba- 
lance, we  have  xx  =  yfw.  If  we  put  the  weight  x  into  the 
bason  at  the  end  of  the  arm  «?,  some  new  weight  as  V  will 
restore  tlie  equilibrium,  if  put  in  the  contrary  bason,  and  we 
shall  have  xroziw'o:.  By  multiplying  these  two  equations  to- 
gether we  obtain  x^^rwnww'^?©,  whence  x  z=  -•  w. 

In  all  cases  where  great  accuracy  is  required,  we  may  apply 
this  rule  advantageously,  even  though  the  balance  be  thought 
correct:  if  the  difference  between  the  apparent  weights  when 
tried  in  the  opposite  scales  is  but  trifling,  ttie  aiithmetiod  mean 
may  sufiice* 

CoR.  9.  When  several  weights,  as  x,  u,  v,  w,.(fig.  &)  keep 
a  lever  in  equilibrio  upon  a  fulcrum  f,  the  pi'essure  upon  that 
fulcrum  is  equal  to  x  +  u  +  v  +  w,  and  the  sums  of  the  moments 
of  the  weights  on  different  sides  of  the  fulcrum  are  equal,  ».  e. 

W'AF  +  U'CF=IT«BF  +  V«DF. 

Cor.  10.  If  a  straight  lever  be  kept  at  rest  by  any  number  of 
parallel  forces  acting  either  at  the  same  or  different  points,  the 
sum  of  all  the  forces  acting  on  one  side  will  be  equal  to  the 
sum  of  all  the  forces  on  the  other. 

SCHOLIUM. 
.134.  The  observation  \n  the  first  corollary  above,  is  equajly 
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applicable  to  several  forces  a»  to  two ;  fhat  i%  if  f hey  balance 
each  other  in  any  one  position  of  a  straight  lever,  they  will  like* 
wise  balance  in  any  other  position,  provided  the  fulcrum  is  ndt 
ch^ged.  But  it  must  be  remarked  that  in  any  oflier  position 
than  that  in  which  all  the  forces  are  perpendicular  to  the  lev^, 
and  consequently  tiieir  resultant  perpendicular  to  it^  the  lever 
will  have  a  tenaency  to  slide  along  and  change  its  Mcrum, 
unless  prevented*  For^  since  it  is  evident  that  a  force  f  {soli- 
citing a  material  p(unt,  or  body,  in  a  direction  parpendicular 
to  any  plane  ab  may  be  entirely  destroyed  by  the  resistance  of 
the  plane,  and  that  a  force  acting  in  the  same  direction  as  the 
plane  must  have  its  entire  effect  for  aught  that  depends  upon 
that  plane ;  it  follows  that,  in  order  that  when  a  single  force  acts 
upon  a  body  it  should  remain  immoveable,  this  force  must  be 
exerted  in  a  direction  perpendicular  to  the  plane  on  which  the 
body  is  supported.  It  any  other  force  as  f'  acting  obliquely 
^should  be  aiSrmed  to  keep  the  body  at  rest,  we  might  resolve 
it  into  two,  the  one  in  the  direction  of  the  plane,  the  other 
perpendicular  to  it ;  of  these  the  first  producing  its  entire  effect, 
ifae  body  must  move  in  consequence  of  its  action,  which  is  con- 
4imry  to  the  hypothesis. 

185.  Psop.  7b  €staidishth€  eqmUbrium  <m  a  Btrmght  lever , 
luvoing  regard  to  its  weight. 

When  we  take  the  weight  of  the  ievier  into  oar  investigation, 
we  may  oonader  it  as  acting  at  its  centre  of  gravity ;  or  in  leveris 
of  the  £r8t  kind  we  may  consider  the  weight  of  eadi  arm  of  the 
lever  as  a  new  power  acting  at  its  centre  of  gravity ;  and  in 
either  case  the  equiiiinium  may  be  esti^lii^a  as  in  Cor,  9.  of 
the  foregoing  proposition.  Let  us  cotosider  each  of  the  leveits 
as  prisms  or  cylinaens ;  dien  will  their  centres  ^  gravity  reside 
in  their  middle  points,  and  the  centres  of  gravity  c4P  the  arms  in 
ihevr  middle  points  estimated  from  the  fulcrum.  Hence,  in  the 
lever  of  tbetirst  kind  (fi^.  1.  pi.  IV.),  '^e  have  in  the  case  df  an 
equilifariam,  j-af  +  weight  af- JAI?"  ts  w-bf  +  weight  bf- Jbf. 
In  the  second  kind  of  lever  (fig.  2  )  p  •  af  =  w  •  bf  +  weight 
AF  •  ^AF.  And  in  the  third  kind  of  lever  (fig,  8.)  p  •  af  =  w  • 
BF  +  weight  BF  •  f  BF«  Here  we  have  supposed  throughout, 
that  the  forces  are  all  parallel  to  that  of  gravity. 

SCHOLIUM. 

136.  As  it  is  often  requisite  to  pay  a  regard  to  the  weights  of 
levers,  we  shaH  here  exhibit  a  few  algebraic  formulas  for  each 
!cind  of  straight  lever,  which  may  be  found  of  utility  in  various 
calculations. 

In  all  the  figures  (1,  %  8,  pi.  IV.)  let  fa  =/?,  and  fb  =2  to, 
and  let  the  weight  of  the  lever<!ivkled  by  its  length  be  denoted 
by  m ;  then  wul  m  rcf»resent  the  height  of  a  unit  of  ab,  in  the 
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same  terms  as  9  and  w.  are  exf»ressed  in.     And  we  shall  hove. 

For  a  lever  qfthejirst  kind :      rp-\-  ^p*  =  ww + fmcD*. 
From  which  we  get  (I.) . .  y  -  ^"-^  W«"  -  imp« 

(n.)..w  =  ^-^V^-»^. 

(m.)..«  =  i£^^'=L. 

(I V.) . .  tt?  =  i  l/^m*  J>«+ 2m»p + w«)  — iW. 
(V.)  . .  p  =  ^  V(n»3w*^  Smww  +  p')  — iP. 

When  w  =  0..<VL)..i>:=:  %/(a^  +  -J)-iP. 
Or^  when  p  =  0.. (VII.) .  .p  zz  ^ («?»  +-i.wa?). 

The  latter  formula  manifestly  has  place,  when  the  longer  arm 
of  the  lever  balances  the  shorter  arm  together  wkh  the  weight 
attached  to  it :  so  that  p  has  no  proper  minimum  here. 

For  a  lever  of  the  second  Und:  pp  =z  wtg;  +  \mp'^. 

Whence, .  • . ,  (i.) . ,  . .  P  «  J!!l+  J^. 

(ii.)....w=:  'y-^'"^'. 
(uj.) .  • . ,  w  rz  '  ■'■    , 

*       /  w 

(v.)  .,  .  .  0=2— •P±  — v^(*«-2mwar). 

When  w  ~  0,  that  is,  when  the  power  just  sustains  the  lever, 
we  have     (vi.) .,.  p:=i  ■^. 

In  this  cas^  it  is  evident  the  equation  for  p  is  susceptible  of  a 
minimum :  for,  adopting  the  fluxionary  process,  since 

P  = 1-.  — ^=- WW  xp     +  -^p,  we  have 

P  4  "■  *  ■ 


W^      '^ 


ja  • 


g  -psswtKp    jp,  and  consequently  when  p  is  a  minimum 
we  have 

(Vll.)  .  .  .  ^  =  \/ 


m 


-Fw  a  few^r  (fthe  third  kind:  pp  =2=  w«jp  +  ^wzip*. 
Wtierefore, .  .  .  (1.)  .  .  p  =   ^•'"'^f.. 


P 
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(3.)  .  .  W  _ . 


W" 


(4.)  • .  a;  =:  i  -v/w^+anipp  —  iw^. 
When  w  =  0,  or  the  power  just  sust£uns  the  lever, 

we  have  (6.) . .  ®  =  i  ^{2mTp)  z:  \^-^. 

(6.).  .;7  = 7 • 

Or,  when  the  power  just  sustains  the  lever  alone 

•)••-?  =  IT* 

137.  Def.  The  Roman  statera^  or  steehfard,  is  a  lever  of 
the  first  kind,  having  unequal  arms ;  and  is  so  contrived  that 
one  weight  alone  may  serve  to  counterpoise  a  great  variety  of 
others,  by  sliding  it  to  different  distances  from  the  point  of 
suspension  upon  the  longer  arm  of  the  lever. 

188.  Piiop.  Upon  the  steelyard  the  distances  at  which  the 
constant  weight  mtist  behungjrom  some  certain  poifU  wiU  vary 
OiS  the  weights  suspended Jrom  the  shorter  arm. 

Let  w,  w*,  w",  &c.  denote  the  weights  which  are  suspended 
successively  from  b  (iig.  7.  pi.  IV.)  tt?  the  invariable  distance 
FB,  p,  jp',  p",  &c.  the  variable  distances. fd,  fd',  &c.  at  which 
the  constant  weight  p  must  be  hung  from  the  fulcrum  to  keep 
the  equilibrium :  let  also  n,  n',  denote  the  weights  of  the 
brachia  bf,  fa,  respectively,  n,  n'^  the  distances  of  their  centres 
of  gravity  from  f.  Then,  by  the  last  proposition,  we  have 
these  equations : 

WW  +  N»  =  pp  -f-  nW.         w"w  +  n»  =  pp''  +  nW. 

w'tt?  4"  N^*  =  P/?' + nW.         w'"a? + N^*  r:  ly"'  +  n'w',  &c. 
Now  subtracting  in  succession  the  first  equation  from  the  se- 
cond, the  second  from  the  third,  &c.  we  thenoe  deduce, 

ji —p-zL w  ....  y— y  = w.  . 

p^'  —  p"  C=  tt?.  &c. 

Here,  if  the  weights  are  in  arithmetical  progression,  we  have 
w'  r-  w  ==  w"  —  w'  i;:  w'^'  —  W,  &c.  consequently  /?'  -  jp  =  //'  — 
pf  —  pf''  —  y,^c.  that  is,  the  divisions  on  trie  graduated  arm  are 
then  equal  to  each  other,  or  the  distances  from  a  certain  point 
on  the  steelyard  will  vary  as  the  weights  w,  w',  &c. 

The  beam,  with  its  appendages  of  scales  or  hooks,  is  either 
so  contrived  as  to  be  in  equilibrio  upon  the  point  f,  without 
the  weights  p,  w,  &c.  or  so  tnat  the  arm  fa  when  both  are  un- 
loaded shall  preponderate.  In  the  former  case  f  is  the  point 
from  which  the  equal  divisions  on  the  beam  are  to  be  estimated : 
in  the  latter,  to  nnd  the  point  where  the  divisions  are  to  com- 
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mea^  proceed  thw^  Find  experameiitaUy  the  poiat  c,  «t. 
which  if  a  single  weight  equal  to  the  constant  weigiit  p  be  sus- 
pended^ it  will  keep  the  lever  at  rest ;  that  point  will  be  the 
one  from  which  the  graduations  must  be  measured.  For,  whei^ 
w  and  p  are  suspended  upon  the  beam  and  the  whole  is  in 
equilibrio,  w  sustains  p  together  with  a  weight  whicli  would 
support  p  if  placed  at  c :  hence  ww  ::=  vjp  +  v  'Fc^  or  yr »  bf  = 
p  •  DF-i-p  •  FCrzP  •  DC,  where,  because  bf  and  p  are  invariable, 
w  must  vary  as  i>€. 

.  139.  This  instrument  is  very  convenient,  because  it  requires . 
but  one  weight,  is  easily  carri^,  and  the  pressure  on  the  ful* 
crum  is  less  than  in  scales,  when  the  substance  to  be  weighed  is 
heavier  than  the  constant  weight.  But  when  the  constant  weight 
is  greater  than  that  of  the  substance  to  be  weighed,  the  pressure 
on  the  fulcrum  is  greater  in  the  steelyard  than  in  the  common 
balance ;  for  which  reason,  together  with  the  following,  it  is  not 
so  accurate  as  scales  in  determining  the  quantity  of  small  weights. , 
1st.  Because,  the  length  of  the  beam  being  given,  the  arms  in 
the  steelyard  will  be  shorter  than  in  the  balance,  whenever  the 
substance  to  be  weighed  is  equal  to,  or  less  than,  the  constant 
weight.  2dly,  The  balance  admits  of  a  more  nice  adjustment. 
Sdly,  The  subdivision  of  weights  for  the  balance  can  be  effected 
with  greater  precision  than  the  subdivision  of  the  arm  of  the 
steelyard. 

140.  Prop.  Any  two  forces  acting  upon  a  bent  lever  (const-- 
deredas  mthxmt  weight)  in  different  directions  but  in  the  same 
planej .  are  in  equilibrio,  when  they  are  to  each  other  inversely 
as  the  perpendiculars  let  Jail  foom  the  fvhi^m  upon  their  di- 
rections. 

Let  the  two  powers  w,  p,  (fig.  8.  pi.  IV.)  act  upon  the  lever 
wFp,  whose  centre  of  motion  is  f,  in  the  directicms  wm,  pl, 
in  the  same  plane ;  and  let  fm,  fl,  be  the  perpendiculars  upon 
the  directions  of  the  powers :  from  f  as  a  centre  with  radius  fl 
equal  to  the  longer  perpendicular,  describe  a  circular  arc  in- 
tersecting the  direction  of  the  force  w  in  d  :  and,  because  the 
efficacy  of  forces  is  the  same  (32.)  to  whatever  points  of  their 
directions  they  may  be  applied,  we  may  conceive  the  two  forces 
applied  at  d  and  l.  Now,  the  forces  being  in  equiUbrio  when 
acting  at  d  and  l,  may  be  conceived  the  same  in  effect  as  forces 
acting  at  the  periphery  of  a  wheel  dhl,  perpendicular  to  its 
radii  df,  lf,  and  preventing  it  from  turning  upon  the  centre 
F,  and  in  this  case  the  forces  acting  in  the  direction  of  the  cir- 
cumference at  their  points  of  application  must  manifestly  be 
equal  Hence,  if  de  in  the  direction  of  w  represent  the 
magnitude  of  Aat  force,  and  be  resolved  into  the  two,  i>g  in 
the  direction  of  radius  fd,  and  ge  perpendicular  to  it,  the 
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line  ens  w3i  riepreaent  the  paut  of  w  which  ten*  to  fn^Aoee 
the  motion  on  the  centre,  and  fe  therejfbre  equal  to  P.  Gonise- 
quently,  by  the  nature  of  equilibrated  forces  smA  wmikr  tnangl^ 
w :  p : :  DE :  BO : :  DF  (=  fl):  rm.     q.  k.  d. 

This  demonstration  is  the  same  in  principle  as  the  one  gtveri* 
by  Newton  in  the  Principia ;  we  have  adopted*  it,  because,  liot^ 
withstanding  the  various  objections  which  have  been  trrgcjcf 
against  it,  we  ^ink  it  more  concise,  and  at  the  same  time  more 
satisfactory,  and  more  universal  in  its  application^  than  any 
other  isolated  demonstration  extant.  The  two  principles  as- 
sumed are,  1st.  That  any  force  w  will  have  the  same  energy  i» 
the  direction  edm  whether  it  be  applied  at  d,  w^  or  itf ;  a  truth 
which  cannot  well  be  denied  (art.  82.).  And,  2dly,  That  equal 
and  contrary  forces  acting  perpendicularly  to  any  two  radii  of 
a  wheel  at  equal  distances,  will  prevent  it  from  turning  about 
its  centre:  and  this  presents  itself  to  tbe  mind  as  remarkably 
evident.  With  this  view  of  the  matter,  we  shall  not  here  attempt 
to  controvert  the  arguments  of  Dr.  Hamilton  and  others ;  who 
do  not  seem  to  have  attended  very  ca:reftilly  to  the  nature  oT 
Newton'^s  demonstration*. 

CbE.  1.  If  Dvr  and  Ti-9  the  directions  of  thejbne&  Cfig!s.9\ 

10*  ph  IV. J,  be  prodtLced  till  ifiey  meet  at  s,  0idfirom  thefiil^ 

crum  F  the  line  fi  be  drawn  parallel  to  the  direction  of  one 

force  till  it  meets  that  of  the  other,  then  wiU  si,  if  represent  the 

twojbrces,  and  SF  the  pressure  upon  the  Jhlcrtrnt. 

For,  if  SF  be  radius,  fm  and  fi«  (perpendiculars  to  SD  atid 
SF  respectively)  are  the  sines  of  the  angles  f$m,  FSt,  or' of  the 
angles  fsi,  ips:  hence  si :  if  :  :  sin  srr:  sin  isf  :  :  Fii :  Fm; 
ana  therefore  the  forces  w  and  p  are,  by  the  proposition^  repre- 
sented in  magnitude  and  direction  by  si,  if,  ana  (art.  32:)  may 
be  supposed  to  be  applied'at  s.  But  the  third  force  by  which 
the  equiUbrium  is  sustained  is  represented  by  sF,  in  the  triangle 
stf;  and  that  third  force  is  (i>y  hyp.)  no  other  than  there-action 
of  the  fulcrum,  which  is  equal  and  opposite  to  the  pressure ' 
upon  it ;  consequently  that  pressure  is  denoted  by  sf. 

Cob.  2.  The  magnitudes  qfWyP,  and  the  pressure,  are  each 
as  the  sine  of  the  angle  formed  by  the  dirediofis  of  the  other 
two ;  or  any  two  of  them  are  inversely  a^  the  perpendiculttrs' 
letJbM  upon  their  direction  from  any  point  in  the  direction  of 
the  third.  So  that  these  deductions  coincide  with  what  has 
already  been  demonstrated  in  arts.  88,  83.  &c.  Ch.  H.  as  they 
certainly  ought  to  do. 

*  Theyi  however,  who  are  desirous  of  seang^  this  detnonstratian  defended  agaifurt 
th^  u9iial  ol^ffcAiona,  asd  its  application  ia  the  case  of  parallel  fonrts  acting  oq  a 
straight  lever  fully  shown,  may  turn  to  my  paper  on  this  subject  in  nviniber  82  pf 
the  Repertory  ofJrti,  &c.,  or  to  thie  article  Lbver,  in  the  Fantologia. 
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Cob.  9.  Since  the  enei^  of  the  powen  19  the  same  at  wbat-^ 
ever  point  in  their  respective  directions  they  may  be  applied,  a 
bended  or  an  angular  lever  may  be  reduced  to- a  straight  one, 
making  an  invariable  ande  with  it,  and  the  powers  may  there- 
fore be  always  supposed  to  act  upon  different  pcnnts  of  one 
straight  line  passing  through  the  centre  of  motimi. 

Cor.  4.  If  the  directions  of  forces  acting  upon  a  stnught 
fever  are  parallel,  and  keep  it  in  equilibrioy  they  will  be  inversely 
as  their  distances  from  the  fulcrum^  either  both  measured  along 
the  lever,  or  both  estimated  perpendicular  to  the  directtonff. 
This,  therefore,  agrees  with  what  has  previously  been  shown 
with  respect  to  the  straight  lever. 

CoR.  5.  If  more  than  two  forces  act  upon  a  lever,  there  will 
be  an  equilibrium  when  ti^e  sum  of  the  products  arising  from 
multiplying  each  into  the  nearest  distance  of  it»  direction  from 
the  fulcrum,  on  one  side,  is  equal  to  the  sum  of  the  products 
on  the  other. 

CoE.  6.  If  the  weight  of  the  lever  is  taken  into  the  account, 
that  of  each  arm  is  to  be  regarded  as  a  new  force  acting  at  its 
centre  of  gravity. 

Cor.  7.  If  any  body  ab  (fig,  11.  pi.  IV.)  is  moveable  about 
its  centre  of  gravity  c,  and  two  forces  p,  p',  act  upon  it  at  those 
points  in  the  fi^re  in  the  directions  pd,  pd',  in  the  same 

I  Jane :  then  joining  cp,  cp',  the  body  may  be  con^dered  as  a 
ever  pop',  and  there  will  be  an  equilibrium  when  the  powers 
are  inversely  as  the  perpendiculars  upon  their  respective  direc- 
tions; that  is,  when  p  :  p' :  ;  cm'  :  cm. 

Cor.  8.  If  two  weights  are  suspended  Ifom  the  ends  of  an 
aoffular  lever,  whose  fulcrum  is  at  its  angular  point,  th^  whole 
will  be  at  rest  when  the'vertical  line  passing  through,  the  fid* 
cilim  divides  the  ri^t  line  loining  the  extremities  en  the  lever 
into  ttvo  parts,  whidh  are  inversely  as  the  weights  suspended, 
from  the  contiguous  arms  of  the  lev^r. 

For,  let  the  lever  WJ-P  (fig.  1.  pL  V.),  having  the  weights  w: 
and  p  attached  to  its  extremities,  oe  in  a  state  of  equilibrium ; 
die  directions  wl,  pm  of  the  forces  bein^  in  this  case  parallel, 
the  perpendiculars  fl,  pm,  form  one  straight  line,  and  (Cor.  3.) 
PL :  $M  :  :  p  :  w.  But  the  vertical  line  fg  is  parallel  to  wx* 
and  ph:  so  that,  if  l'fm  be  drawn  through  f,  pamllel  to  wp> 
we  shall  have  wg  (=l'f)  :  gp  {  =  fm*)  :  :  lf  :  fm  :  :  p  :  w.  ^ 

Cor.  9.  If  the  arms  of  the  anralar  lever  be  prisms  or  cylin- 
ders of  uniform  matter  and  thickness,  the  weight  of  the  arm 
WF  being  denoted  by  tk?,  and  that  of  pf  by  p,  then  in  the  case 
of  the  equilibrium  wo  :  op  :  :  p  +  ^^  :  w  +  4w.  For  this  is 
only  to  suppose  4-  of  the  weight  of  either  arm  to  act  at  douUe 
the  distance  of  its  centre  of  gravity  from  the  fulcrum,  which  is 
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inani{S?stly  the  same  in  effect  as  the  whole  weight  lu^ting.at  the 
single  distance.  • 

141.  Prop.  In  any  combination  of  straight  levers  ab,  a^b\ 
a^'b^',  &c.  wliose  centres  of  motion  are  f,  f',  f'',  &c.  the  whole 
lying  in  one  direction^  Hie  ratio  of  if  to  vi  acting  in  the  same 
plane  at  their  extremities^  is  that  afnV  •  b'f'  •  bf  :  af  •  a'k'  • 
aV. 

For»  let  the  forces  q,  q',  &c.  (fig.  2.  pi.  V.)  acting  at  the 
points  B»  b',  &c  in  directions  parallel  to  those  of  p  and  w,  be 
those  which  would  keep  each  lever  in  equilibrio :  then  (art.  132.) 

p  :  Q  : :  bf  :  af. 

a  :  q'  : :  bV  :  a'f'. 

q!:w::  bV: aV,  &c. 
whence,  by  compo^tion  of  ratios  p  :  w  :  :  bf  •  bV  •  bV  :  af  •; 


aV  •  a''f".     q.  £•  d. 


Cor.  1.  The  pressure  upon  the  fulcrum  f  =:  p  +  q  = 


r  X  AB 


FB 


the  pressure  ui)on  f'  ==  a  -j-  Q'  ~  — "  H — 7^' 

the  pressure  upon  f"  =  q'  +  w  =:  w  +  j^^  -f-  ^,/^  * 

Cor.  2.  If  p  and  w  act  in  different  directions,  as  well  as 
Q,  q',  &c.  and  the  whole  be  in  equilibrio,  we  must  substitute 
perpendiculars  from  the  points  f,  f',  &c.-upon  the  several 
directions  of  the  powers,  for  af,  fb,  &c.  in  tne  original  pro- 
portion. 

SCHOLIUM. 

142.  Before  we  close  our  discussions  respecting  the  lever,  it 
miay  not  be  amiss  j  list  to  remark,  that  in  every  attempt  to  de- 
termine the  advantage  gained  by  this  machine  peculiar  atten* 
tion  must  be  paid,  not  only  to  the  directions  in  which  the  forces 
are  exerted,  but  to  the  pouits  on  the  lever  to  which  their  action 
is  to  be  referred.  Without  a  due  regard  to  these  particulars,  th? 
mechanist  will  often  be  involved  in  error,  even  in  simple  cases 
wh««  there  might  be  supposed  but  little  probability  of  mistake. 
In  fact,  even  the  simple  property  of  the  straight  lever  that  equal 
weights  acting  at  equal  distances  from  the  fulcrum  on  opposite 
ndes  will  be  in  equilibrio,  while  at  unequal  distances  the  one 
which  acts  most  remotely  from  the  fulcrum  will  preponderate, 
has  more  than  once  been  a  source  of  error  in  unskiltul  hands ; 
and  in  particular,  it  has  lain  at  the  foundation  of  most  of  those 
ill<^fatea  and  useless  contrivances  which  have  been  struck  out  by 
such  as  were  in  pursuit  of  the  perpetual  motion.  In  these  con- 
trivances the  object  of  the  projector  has  generally  been  to  apply 
different  weights  to  a  rotatory  machine  in  some  such  manner, 
that,  at  successive  moments  of  lime,  first  one  and  then  another 
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should  be  brought  to  greater  d]st8iioes.fn>m  the  centre,  asad  m, 
by  being  placed  at  the  extremity  of  a  longer  lever,  should  pn>- 
duce  a  constant  motion.  To  prevent,  therefore,  such  waste  of 
time  and  ingenuity,  we  shall  here  describe  an  apparatus  invented 
bv  Dr.  D^aguliers  (See  Phil.  Trans.  No.  419.  Or,  New 
Abrid^.  vol,  VI.  pa.  642.)  in  which  two  equal  weights  may  be 
placecT at  any  unequal  distances  whatever  from  the  oentre  of 
motion,  and  still  remain  in  equilibrio.     In  fig.  3.  pi.  V.  ab  re- 

S resents  a  balance  with  equal  arms,  and  ef  anotner  of  equal 
imensions:  they  turn  freely  upon  the  centres  c,  n,  and  their 
extremities  are  connected  by  equal  inflexible  bars  ae,  bf  ;  the 
whole  being  permitted  to  move  freely  at  the  joints,  a,  b,  c,  d, 
BO  as  to  assume  the  forms  of  varying  parallelograms,  in  con- 
sequence of  any  motion  upon  the  pcants  c  and  n.  Across  the 
bars  AE,  BF,  are  fixed  others  as  wu,  po,  from  any  points  of 
which  equal  weights  p,  w,  may  be  suspended.  Now,  on  what- 
soever part  of  the  bar  pq  the  weight  p  is  fixed,  it  is  manifest 
that  it  will,  on  account  of  that  bar  oeing  firmly  connected  with 
the  vertical  rod  bf,  act  as  though  it  were  placed  at  f  :  and,  in 
like  manner,  in  whatever  part  of  the  bar  wu  the  weight  w  be 
suspended,  it  will  act  as  tnough  it  were  placed  at  £ :  so  that, 
however  great  may  be  the  difference  of  the  distances  of  the 
bodies  p  and  w  from  cd,  they  will  still,  if  equal  in  w^ht,  ba- 
lance each  other  in  any  position  of  the  system.  Nor  is  this  in 
any  respect  incompatible  with  the  principle  of  the  equal  pro- 
ducts of  weight  and  velodty,  which  we  have  mentioned  (ISO.) 
as  a  useful  indication  of  an  equilibrium :  for,  suppose  this  com- 
pound balance  to  be  brought  by  motion  on  its  centres  into  the 
portion  abcdy  the  weights  being  then  at  w  and  p ;  tliose  wei^ts 
will  have  moved  through  the  arcs  w«r,  pp,  while  the  extremities 
of  the  levers  will  have  passed  through  the  equal  and  respec- 
tivdy  parallel  arcs  Aa,  £^,  sd,  f^;  of  consequence  the  yeloeities 
cf  the  two  weights  will  have  been  equal,  as  they  ought  to  be,  in 
conformitv  with  that  principle.  Thus,  then,  it  appears  tnm 
this  ample  contrivance,  that  weights  do  not  preponderate  in 
machines  merely  on  account  of  their  diflferent  distances  from 
the  centre  of  motion ;  and.consequendy  a  mere  increase  of  di- 
stance does  not  umversetUy  give  a  mechanical  advantage. 

II.   of  the  WHEEL   AND   AXLE. 

143.  Def.  The  Wheel  and  Axle^  or,  as  it  is  often  called,  the 
Axis  in  PeritrochiOf  is  a  machine  which  consists  of  a  cylinder 
and  a  wheel  having  the  same  axis,  at  the  two  extremities  of 
which  are  pivots  on  which  the  whole  may  turn.  The  power  is 
applied  at  the  circumference  of  the  wheel,  generally  in  the  di- 
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rectioB  o£  a  tangent,  and  a  oord  is  wnquped  about  the  dvfinder, 
in  order  to  overcome  the  resistanoe,  or  elevate  the  wei^t* 

This  machine  is  scHnetimes,  without  any  impropriety,  named 
the  perpetual  lever;  it  being,  in  reaUty,  a  lever  on  whose  arms 
the  power  and  weight  may  d  ways  act  perpendicularly  although 
the  lever  turns  round  its  mlcrum.  It  is  o&jeu  constructed  of  me 
ferm  re^jresented  fig.  4.  pL  V .  where  cd  is  the  cylinder,  at  the 
endi  of  which  are  the  pivots  fe,  turning  in  the  solid  pieces  of 
timber  hf,  ae  ;  the  weight  w  is  raised  by  means  of  a  rope 
coiled  about  the  cylinder;  the  power  being  applied  to  the  wheel 
ssB,  either  by  the  ccnrd  ii,  or  by  the  handles  s,  s,  s.  Some* 
times,  instead  of  the  wheel,  we  find  this  machine  made  up  of 
levers,  i|xed  into  the  cylinder,  as  spokes  into  the  nave  of  a 
wheel ;  at  others,  a  simple  handle  serves  for  the  application  of 
the  power,  as  in  fig.  5 :  but  the  effect  is  still  the  same,  except 
that  the  rotation  is  less  uniform.  In  some  cases  the  eyltnder  is 
horizontal,  as  in  the  figures,  and  in  some  kinds  of  cranes ;  in 
others,  it  is  veilical,  as  in  the  capstan,  &c.  But  whether  the 
cylinder  be  horizontaP  or  vertical,  this  machine  has  a  manifest 
advantage  o\"er  the  simple  lever  in  point  of  convenience :  for, 
by  the  continual  rotation  €£  the  wheel  the  weight  may  be  raised 
to  any  height,  or  from  any  depth;  while  it  could  be  elevsrted 
only,  a  little  way  by  any  lever. 

144.  Prop.  In  the  wheel  cmd  aile,  if  the  power  actperpen* 
dicularly  to  tie  radius  of  the  former y  and  the  weight  perpen* 
dicularly  to  thai  of  the  latter^  there  will  be  an  equilibrium 
^chen  the  weight  aud  jxmer  ate  reciprocally/  ae  the  roMi  of  the 
circles  at  which  the^  act. 

Conceive  fig.  6.  pL  V.  to  be  a  vertical  section  of  the  machine 
perpendicular  to  tne  a;d$ :  and,  since  the  effort  of  the  weight 
to  turn  the  axle  round  is  the  same  at  whatever  point  of  that  axlo 
it  be  applied,  suppose  both  p  the  powa:*,  and  w  i})e  weight  or 
resistance,  to  be  applied  a^  a  and  b,  in  the  same  plane,  per^ 
pendicular  to  theaxis  of  rotati(»i.  Then,  whether  the  power  p 
act  at  A,  or  a',  since  it  acts  perpendicularly  to  the  radius  ca, 
ca',  (by  hyp.)  while  the  weight  acts  perpendicularly  to  CB,  it  is 
manifest  that  either  acb,  or  a'cb  may  be  considered  as  a  lever, 
whose  fulcrum  is  c ;  and  consequently  (140.)  P :  w  : :  cB :  ca. 

Q.  £.  D. 

Cor.  1.  If  the  power  act  in  any  other  direction  than  the 
tangential  one,  as  in  aV',  for  example ;  then,  drawing  from  c 
the  line  cd  perpendicular  to  the  direction  of  the  power,  we 
have  p  r  w : :  CB  :  CD ;  whence,  because  cd  is  always  less  thaft 
c A,  it  is  obvious  that  the  tangential  is  the  most  advantageous 
direction'  in  which  the  power  can  be  applied. 

Cor.  2.  Since  we  nave  always  r  :  w : :  cb  :  ca,  or  ca*^  s: 
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eB^9  it  fottows,  that  wben  the  power  is  Taridble,  if  the 
meter  of  the  wheel  increase  in  the  same  proportion  as  the  power 
diminishes^  and  vice  verm^^e  force  with  which  the  wheel  will 
continue  to  be  turned  will  always  be  of  the  same  magnitude.— 
This  prindt^e  is  ingeniously  applied  in  the  action  rf  the  main 
spifeg  on  ttie  fuz^e  of  watcnes,  and  of  the  mmn  spring  on  the 
ttcmblef  of  guiKlcicks. 

Coiu  3;.  When  the  moving  force  is  applied  by  means  of 
handles,  as  at  s,  s,  s,  (fig.  4.)  it  often  happens  that  many  forces 
aet  simfohaneously/one  at  each  handle:  then,  if  they  aU  act  in 
directions  perpenaicularly  to  the  respective  radii,  there  will  be 
an  equilibrium,  when  the  sum  of  all  the  powers  is  to  the  weight, 
Us  the  radius  of  the  wheel,  to  the  mean  distance  at  which  the 
powers  act;  or,  when  the  sum  of  the  moments  (Bl.)  of  the 
powers  is  equal  to  the  moment  of  the  weight. 

•  Cor.  4.  When  the  power  and  weight  act  by  means  of  a  rope, 
and  it  have  a  sensible  thickness  compared  with  that  of  the  axle, 
there  wiB  be  an  equilibrium  when  the  power  is  to  the  weight, 
as  the  sum  of  the  radii  of  the  axle  and  rope,  to  the  mm  of  the 
tadii  of  the  wheel  and  rope. 

For  the  action  of  both  forces  is  transmitted  by  the  axis  of 
the  rope,  and  consequently  its  radios  ooght  to  be  added  both 
to  that  of  the  wheel,  and  that  of  the  axle. 

•  Cor.  5.  In  the  case  of  the  last  corollary  the  ratio  of  the 
power  to  the  weight  is  greater  than  when  the  thickness  of  the 
rope  is  not  t^en  into  the  account:  if,  therefore^  the  rope  is  so 
folded  upon  the  axle  as  to  cover  the  surface,  and  the  weight 
acts  by  a  second  spire  of  n)pe,  the  power  must  be  augmented 
to  maintain  the  equilibrium ;  and  so  on  continually  for  every 
increased  course  of  rope  upon  the  axle. 

'  Cor.  6.  The  distance  M^iich  the  waght  hangs  from  the  axle 
will  make  no  difference  in  the  result,  except  that  which  may  be 
Occamoned  by  the  weight  of  rope^  or  that  which  might  be  caused 
by  a  varying  force  of  gravity  at  different  distances  &om  the 
earth's  centre^ 

145;  Prop.  To  dekrmine  the  pr&mre  nptm  the  fAvota  of 
ihe  z^heel  mtd  axle,  'oohen  in  equHibrio, 

Here  we  shali  merely  coi¥sider  the  most  common  and  nsefnl 
ease,  in  which  the  power  and  the  weight  act  in  parallel  direc- 
lionS)  and  on  opposite  sides  of  the  horizontal  axis  of  motion. 
The  pressures  upon  the  pivots  will  arise  from  the  action  of  the 
w^ight^  that  of  tne  power,  the  weight  of  the  whisel,  and  that  of 
ibe  sad^.  Ca;B  the  weight  of  the  axle  a,  that  of  tlie  wheel  v, 
<^e  power  d«d  the  resistance  to  be  overcome  being  denoted  by 
r  dnd  w.  Then  (fig.  S.  pi.  V.)  the  weight  a  may  be  consid^^red 
a^tieiing  at  the  middle  of  the  axtey  and  the  consequent  pressum 

G  i^ 
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upon  each  pivot  will  be^A.  The  weight  v  will  act  at  c,  the 
centre  of  the  wheel :  therefore  (183.  cor.  6.)  preasure  upon  a 

=   ^"°  ,  and  pressure  upon  b  =— ^ — .    The  forces  p  and  w 

may  .be  conceived  to  act  together  at  their  common  centre ;  that 
is,  if  I  be  the  centre  of  a  section  of  the  axle  where  w  acts,  and 
ID  :  DC  :  :  p  :  w,  d  will  be  the  point  where  p  4-  w  will  act 

togethier:   hence,  the  third  pressure  upon  a=(p  +  w)-^ 

corresponding  pressure  upon  b  =  (p  -f  w)-^.  Consequently, 
in  the  case  of  equilibrium,  the  aggregate  pressure  upon  a  =  |a 
4-  ▼  •  ''^  +  (y  +  ^)  "p  ^  ^jjj  ^jjg  whole   pressure   upon  b  =:  4a. 


+ 


Am 

V  •  AC  +   (P  +  w)  •  AD 
AB 


The  pressure  upon  the  pivots  when  the  machine  is  in  motion 
will  be  mvestigated  in  the  second  book.  (art.  321.) 

146.  Prop.  If  a  series  qfwTieels  and  axles  be  so  connected 
hy  cords  a^  to  act  upon  one  anothef\  the  power  being  applied 
tangentially  to  the  first  wheels  and  the  weight  in  like  mafifier 
to,  the  last  axle,  tliere  will  be  an  equilibrium  when  the  power  is 
to  the  weighty  as  the  continual  product  of  the  radii  cf  all  the 
axles,  to  the  continual  product  of  the  radii  of  all  the  wheels. 

Let  such  a  system  of  wheels  and  axles  be  represented  in  fig* 
9,  and  let  the  force  a  in  direction  of  balance  p  acting  at  6, 
and  the  force  q'  in  direction  ne  balance  q  :  then,  by  art.  144. 
we  have 


p  : 

Q  :: 

OD  : 

D6. 

Q 

:  q'  : 

:  CN 

:  OF. 

q' 

:  w  : 

:  AB 

:  A£. 

Whence,  by  composition  of  ratios,  p :  w  :  :  do  -  CN  •  ab  :  og  • 

CP  •  AE.      Q.  E.  D. 

Cor.  1 .  If  the  wheels  and  axles,  instead  of  being  at  a  distance 
from  each  oth^r,  and  connected  by  cords,  are  placed  as  in  fig.  7. 
and  the  axle  of  one  wheel  made4o  act  upon  the  drcumference 
of  the.  next  by  means  of  equal  teeth,  the  proportion  between  the 
power  and  the  weight  will,  neytertbele^s,  be  as  stated  in  the 

f proposition :  for  eadn  wheel  and  iucle  will  act  as  a  lever  whose 
ulcrum  is  at  the  centre  of  the  axle,  and  its  arms  respectively 
equal  to  the  radii  of  the  wheel  and  the  axle ;  and  the  jomt  effect 
will  be  as  above.  (141.) 

This  is  generally  called  too^h  and  pinion  work,  the  axle  when 
its  surface  is  indented  being  called  a  pinion.  And  because  the 
number  of  teeth  in  the  wheels*  and  pmions  are  to  each  other  as 
their  peripheries,  or  as  their  radii,  it  follows  that  the  power  » 
to  the  weight,  as  the  continual  product  of  the  teeth  in  the  pi- 
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nidns,  to  the  continual  product  of  the  teeth  in  the  wheels. 
Oi^,  if  p  acts  on  the  wheel  a  by  a  cord,  and  w  is  suspended 
froth  the  axle  e  by  another,  we  shall  have  p  :  w  : :  teeth  in  a  x 
teeth  in  6  X  teeth  in  c  x  teeth  in  rf  X  rad.  e\  rad.  a  x  teeth 
in  B  X  teeth  in  c  x  teeth  in  d  x  teeth  in  e.  If  the  wheels 
arid  pinions,  instead  of  being  disposed  as  in  fig.  7.  are  disposed 
in  any  other  manner,  as  in  fig.  10.  for  instance,  the  ratio  of  the 
power  and  wdght  will  still  be  determined  by  a  similar  process. 

Cob.  %  Jf  the  wheels  be  equal  to  each  other,  and  the  axles 
equal  to  each  other,  or  if  each  wheel  be  to  the  axle  on  which  it 
is  fixed  in  a  constant  ratio,  r\S;  then  n  being  the  number  of 
wheels,  we  shall  have  in  the  case  of  equilibriuiQ,  p  :  w  :  :  s" : 
t*.  Thus,  if  there  be  three  wheels  and  axles,  the  radii  of  each 
being  as  10 :  1 ;  thten  will  p  :  w  :  :  1  :  1000 :  if  there  be  four 
such  wheels  and  axles,  p :  w : :  1 :  10000,  and  so  on. 

Cor.  8.  Since,  when  a  toothed  pinion  works  a  wheel  the 
peripheries  of  both  move  with  the  same  velocity;  and  the  pinion 
of  the  second  wheel  moves  the  third  wheel  with  a  less  velocity 
then  the  second  moves,  being  at  a  less  distance  from  the  centre 
of  motion ;  and  the  same  thing. obtains  throughout  the  system  ; 
hence,  in  a  combination  of  wheels  in  motion  the  number  of  re- 
volutions of  the  wheel  where  the  power  acts,  is  to  the  number 
of  synchronal  revolutions  of  the  wheel  where  the  weight  acts, 
as  the  product  of  the  radii  (or  teeth)  of  the  wheels,  to  the  pro- 
duct ot  those  of  the  axles. 

SCHOLIUM. 

147.  In  forming  the  teeth  it  is  of  considerable  importance 
to  determine  their  proper  curvature,  so  that  the  motion  may  be 
communicated  equally,  and  with  as  little  friction  as  possible. 
Two  methods  of  accomplishing  this  end  have  been  recommend- 
ed :  of  these  the  first  was  oiigmally  proposed  by  M.  de  la  Hire, 
who  afiirmed  that  the  pressure  would  oe  uniform  vf  the  teeth 
xoere  formed  into  epicycloids ;  and  M.  Camus,  in  his  Cours  de 
Mathematiques,  has  pursued  M.  de  la  Hirers  principle,  and 
applied  it  to  the  various  cases  which  are  likely  to  arise  in  prac- 
tice. The  construction,  however,  is  subject  to  a  limitation :  on 
which  account  a  second  method  has  been  proposed,  which 
secures  the  perfect  uniformity  of  action  without  any  such  limit- 
ation. ~  This  method  consists  in  making  both  teeth  portions  of 
involutes  of  circles.  Thus,  let  ihf,  k^,  (fig.  1.  pi.  Vl.)  be  the 
wbieels  to  which  the  teeth  are  to  be  accommodated:  the  acting 
face  GCH  of  the  tooth  a  must  have  the  form  of  the  curve  traced 
by  the  extremity  h  of  the  flexible  line  pan,  as  it  is  unwrapped 
from  the  circumference ;  and,  in  like  manner,  the  acting  face  of 
the  tooth  b  must  be  formed  by  the  unwrapping  of  a  thread  from 
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the  circuEuferei^ce  of  the  circle  KE&.  The  IiQ^  j*^  drawn  to 
touch  both  circles  will  cut  tlie  surfaces  of  the  two  teeth  iao, 
the  point  where  they  touch  each  other;  the  faces  of  both  teeth 
will  always  touch  each  other  at  a  point  in  the  common  tangwt 
to  both  cuclets,  and  the  force  arising  from  their  mutual  presfiiur^ 
will  always  act  in  the  direction  m  the  circumferences  <>f  the 
wheels  at  e  and  f.  This  form,  by  allowing  the  teeth  to  act  on 
each  other  through  the  whole  extent  of  the  line  fce^  will  admit 
of  several  teeth  to  be  acting  at  the  same  time ;  and  thus^  by 
dividing  the  pressure  among  several  teeth,  will  diminish  its 
quantity  upon  any  one  of  them^  and  therefore  diminish  the  cause 
of  the  inaentations  they  unavoidably  make  upcm  each  other. 
Consequently,  a  considerable  number  of  teeth  thus  fornqe^ 
acting  at  once  render  the  commuuication  of  inotion  extremely 
smootli  and  regular.  But  this  by  the  by :  the  consideration  of 
teeth  and  pinions,  &c,  will  be  farther  pursued  in  the  second 
volume. 

III.    OP  THE   PULLEY. 

148.  Def.  The  ptdlei/  is  a  wheel  of  wood,  brass,  or  iron, 
turning  on  an  axis,  and  enclosed  in  a  kind  of  frame  or  cas^ 
called  its  b/ock,  which  admits  of  a  rope  to  pass  freely  over  the 
circumference  of  the  pulley,  in  which  there  is  usually  n  groove 
to  prevent  the  slipping  out  of  the  rope.  The  pulley  is  said  to 
he  fixed  or  mcweable  according  as  its  block  is  fixed  or  rises  and 
falls  with  the  weight.  An  assemblage  of  several  pulleys  is 
called  a  system  of  pulleys,  a  muffle^  ot  polyspaston:  of  which 
some  are  in  a  fixed  block,  and  others  in  a  moveable  one. 

The  nature  and  effects  of  the  pulley  have  by  some  writers 
been  explained  by  considering  a  fixed  pulley  as  a  lever  of  the 
first  order,  and  a  moveable  pulley  as  one  of  the  second.  But, 
Professor  Hamilton  and  others  have  been  of  opinion  that  "  the 
pulley  cannot  properly  be  considered  as  a  lever  of  any  kind ; 
for  when  any  power  sustains  a  weight  by  m.eans  of  a  system 
of  pulleys,  that  power  will  sustain  the  same  weight  if  the  pulleys 
be  removed,  and  the  ropes  be  brought  over  the  axles  on  which 
the  pulleys  turned.  If  the  weight  were  to  be  raised  up  there 
would,  m  this  case,  be  a  very  great  resistance  from  the  frictioa 
of  the  ropes  on  the  axles;  and  it  is  merely  to  avoid  this  re- 
sistance that  pulleys  are  used,  which  move  round  the  axles 
with  but  little  friction.'^  One  of  the  most  simple  and  natural 
methods  of  computing  the  power  and  explaining  the  effects  of 
the  pulley,  is  by  considering  that  every  moveal£  pulley  hauM 
by  two  parts  of  the  same  rope  equally  stretched,  which  must 
Hustain  equal  parts  of  the  weight ;  and  therefore,  when  one  an4 
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the  same  rope  goes  round  several  fixed  and  moveable  pulleys, 
since  all  its  parts  are  equally  stretched,  the  whole  weight  must 
be  divided  equally  aikiong  all  the  ropes  by  >^ich  the  moveable 
pulleys  hang.  And  consequently,  if  the  power  which  acts  on 
cHie  rope  be  equal  to  the  weight  divided  by  the  number  of  ropes, 
that  power  must  sustain  the  weight.  This  principle  may  be 
applied  to  many  of  the  cases  which  occur,  with  great  facility ; 
{Mirdcukurly  when  Ihe  ccmJs  run  iti  direetiotts  neafly  parallel,  as 
m  rile  s^rstems  eKbifaited,  fig.  ^  pL  VI.  But  wbten  the  rcpes  arc 
drawn  iiD^re^cms  wbidi  are%oi;  parallel,  this  method  tnay  lead 
to  ^rrofr,  dti  ^hich  account  w6  diall  ftive  a  gena'al  proposition), 
depending  on  the  pure  principles  of  equilibrium,  from  whibh 
the  application  to  particdilar  cases  may  oe  easily  deduced. 

149.  Peop.  Each  of  two  forces  in  equilibrio  abotd  a  pulley 
is  to  that  which  retains  the  axis,  as  the  radius  of  the  puuey,  to 
the  chord  of  that  arc  loith  which  the  rOpe  is  in  contact. 

Let  DEC  (fig.  3.  pi.  VI.)  represent  a  pulley  which  is  kept  in 
equilibrio  by  three  forces  p,  w,  r  ;  of  which  the  two  former  act 
by  a  rope  pegdw,  which  touches  the  pulley  throughout  the  arc 
EGD,  the  latter  acting  by  a  rope  or  a  bar  rg  whose  direction 
passes  through  c,  the  axis  of  the  pulley.  Now,  since  the  whole 
IS  in  equilibrio,  the  force  R  is  equal  and  opposite  to  the  re- 
sultant of  p  and  w;  and  since  the  moment  of  e  with  respect  to 
the  point  c  is  zero,  the  moments  of  v  and  w  must  be  equal 
(60.  61.):  wherefore,  since  DC  =  ce,  w  must  be  equal  to  p. 
Produce,  therefore,  WD,  pe,  till  they  meet  CR,  and  setting  ofi* 
from  the  point  of  concourse  the  equal  distances  ra,  rb,  on  the 
directions  of  the  powers  to  represent  them,  complete  the 
rhombus  raib  ;  then  we  shall  have  r :  w :  r  : :  rb  :  bi  :  ir.  But 
the  triangles  rbi,  ecd,  having  their  sides  respectively  perpea- 
dicular  to  each  other,  are  simuar ;  and  consequently  p  ;  w :  r  : : 
c£ :  CD :  D£.     Q.  s.  D. 

Cor.  1.  When  wd  and  pe  are  parallel,  cd  and  ce  will 
coihdde  with  Ihe  semi-chords  fd,  fb,  and  we  shall  have  p  =  w, 
or  the  power  eqiial  to  the  weight,  as  in  the  fixed  pulley  with 
ropes  parallel.  Or,  supposing  the  figure  inverted,  the  rope 
fixed  at  one  end  as  w,  and  the  power  acting  at  the  other  end 
p,  R  would  then  be  the  weight  and  would  be  equal  to  2p. 

Cor.  2'.  In  this  case  the  jMressure  is  easily  estimated  fwm 
hence,  and  {torn  (133)-  Thus  in  fig.  2.  the  pressure  or  str^tdi 
upon  hook  H  is  =  P  =  iw  ;  that  upon  the  axis  of  the  pulley  c 
is  :^  P  4.  iw  ss  2p;  that  upon  the  support  x  is  evidently 
aip  +  w=:::p-f«P=(l+  n)F,  where  n  denotes  twice  the 
mtrnber  of  moveable  pulleys. 

Coa.  3.  If  the  angle  dre  be  denoted  by  2a,  then  will  r  =; 
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2p  cos  a.    For,  since  p  :  r  :  :  ce  :  de,  we  have  R  =  p  — r- 

'  '  CM  • 

and  since,  moreover,  de  ==  ^ef  =  Sce  •  cos  cef  =  2ce-cos  a; 

consequently  r  =  p.  =  »p  cos  a. 

Cob*  4.  If  the  angle  dre  be  equal  to  120%  then  will  cos  a 
zz  i,  and  p  z:  w  z=  b. 

150.  Prop.  In  a  syalem  of  moveable  ptdleys,  each  cf  uAicA 
has  a  separate  rope^  the  power  is  to  the  weighty  as  radius  to  the 
continual  prod/uct  i^the  cosines  qf  the  half  angles  made  hy  the 
rope  sustaining  each  pulley ,  into  that  power  of  2  whose  exponent 
is  the  number  ofpuueys. 

Let  the  weight  w  (fig.  5.  pi.  VI.)  be  kept  in  equilibrio  by  the 
power  p  through  the  medium  of  the  pulleys  a,  a',  V»  the  angles 
n  aa',  n  W,  made  at  each  being  denoted  by  Sa^  ^9  2if,  &c. 
and  let  /,  ^,  f,  &q.  be  the  tensions  of  the  cords  by  which  the 
pulleys  A,  a',  a",  are  supported.  Then  by  Cor,  £  last  prop, 
we  have 

yr  zz^  cos  a. 

^  =  2^  cos  a'. 

f  zzSlfcos  a\ 


fn^i  -5.  g^  cos  fl*  . 
Multiplying  together  the  two  first,  three  first,  &c.  of  these,  we 
shall  obtain  the  tensions  of  the  several  cords  in  succession ;  and 
if  we  multiply  together  the  whole,  we  have  for  the  relation 
between  p  and  w,  the  following  equation : 

w  n  ^  p  (cos  a  •  cos  o'  •  cos  o*' cos  a** .) 

Whence  the  proportion  stated  in  the  proposition  is  manifest. 

CoR.  1.  If  the  cords  are  parallel  (as  in  fig.  4.)  then  will  cos  a 
=  cos  a^  =  cos  d\  &c.  =  1,  and  the  preceding  equation  be* 
comes  w  =  2"p,  whence  p :  w  : :  1 : 2" ;  that  is,  the  power  is  to 
the  weighty  as  unitj/,  to  that  power  of  9.  which  is  denoted  by  the 
number  qfpuUeys. 

Cor.  2,  If  the  angles  at  a,  a',  a",  are  equal  to  each  other, 
then  will  p :  w : :  1 ;  S'*  cos"  a,  a  denoting  tlie  angle  at  each 
pulley. 

SCHOLIUM. 

151.  A  system  of  pulleys,  being  tolerably  portable  and  not 
very  heavy,  can  be  readily  conveyed  from  place  to  place,  and 
thus  made  use  of  in  many  instances  where  other  machines 
cannot  be  employed.  In  a  judidous  combination  of  them  a 
conraderable  weight  may  be  moved  by  a  very  small  power, 
though  in  this,  as  in  all  other  machines,  the  power  must  pass 
over  a  proportionably  greater  space.  But  the  chief  disadvan- 
J»ges  to  which  pulleys  are  liable,  arise  from  their  great  friction, 
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and  the  suffuess  of  the  ropes  which  past  over  and  under  them. 
Some  ingenious  contrivances  have  been  devised  to  remove  in  a 

freat  degree  these  and  other  inconveniences;  which  will  be 
escribed  under  the  ardcle  Pull£Y  in  the  second  volume  of 
this  work. 

IV.      OF   INCLINED   PLANES. 

15S.  Def.  An  Inclined  PlanCy  as  its  name  imports,  is  one 
which  forms  with  an  horizontal  plane  any  angle  wnatever.  It 
is  reckoned  amon|^  the  mechanical  powers  because  when  an^ 
body  is  laid  upon  it  a  part  of  its  weight  is  supported,  and  it  is 
therefore  moved  with  greater  ease.  The  inclination  of  the  plane 
is  measured  by  the  angle  formed  by  two  lines  drawn  upon  the 
sloping  plane  and  the  horizontal  plane,  perpendicular  to  thor 
common  intersection,  and  meeting  at  a  point  in  that  intersect- 
ing line. 

15S.  Before  we  demonstrate  the  general  properties  of  this 
simple  machine  we  shall  premise  a  few  observations  on  the 
manner  in  which  bodies  are  supported  upon  any  planes  what^ 
ever. 

I.  If  a  body  of  any  figure  touch  a  plane  in  a  single  point, 
and  be  sdicited  by  one  force  only ;  two  conditions  are  requisite 
to  its  continuance  at  rest  on  that  plane.  Firsts  that  the  diree* 
tion  of  the  single  force  be  p^pendicular  to  that  plane.  Secondly 
that  its  direction  pass  through  the  point  where  the  body  is  m 
contact  with  the  plane.  The  necessity  of  the  fii'st  of  these 
conditions  appears  from  art.  1S4.  As  to  the  second,  it  is  no  less 
necessary,  since  if  the  direction  of  the  power,  though  perpendi- 
cular to  the  plane,  pass  not  through  the  point  of  contact  of  the. 
plane  and  the  body,  the  resistance  of  the  plane  which  is  exerted 
perpendicular  to  the  point  of  contact,  will  not  be  directly 
opposed  to  the  force,  and  of  consequence  they  cannot  destroy 
each  other  although  they  should  be  equal. 

II.  If  the  body,  instead  of  touching  the  plane  in  one  point 
only,  touch  it  in  many  points,  or  throu^out  plane  surfaces,  then 
it  IS  not  indispensable  that  the  single  force  which  acts  on  the 
body  diould  pass  through  any  of  the  points  of  contact :  but  it 
must  be  perpendicular  to  the  plane,  and  so  atuated  that  it  may 
be  decomposed  solely  into  as  many  forces  perpendicular  to  the 
plane  as  there  are  points  resting  on  the  plane,  and  the  forces 
resoldbg  from  the  decomposition  must  pass  through  these 
points. 

HI.  Therefore,  if  a  body  which  touches  a  plane  in  manj 
points  be  solicited  by  various  forces  in  different  directions,  it  is 
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neo^Msanrj,  Firsi^  that  these  fiirces  oiay  be  reduced  to  one  only 
which  is  perpendicular  to  the  plane :  and,  Seeimdly^  that  >tlie 
lattM*  in  Uie  case  in  which  it  does  not  pass  through  one  of  the 
points  <yf  contact,  may  be  decomposed  into  as  many  forces 
parallel  to  it  as  there  are  points  of  contact,  each  of  these  new 
forces  passing  through  a  point  of  contact. 

IV.  If  the  single  force  which  acts  upon  a  body  be  that  of 
gravity,  it  follows  that  the  plane  must  be  horizontal ;  and,  if  the 
vertical  line  drawn  througn  the  centre  of  gravity  of  the  body, 
does  not  pass  through  one  of  the  points  of  contact,  it  is  farther 
necessary  that  all  the  points  of  contact  should  not  fall  on  one 
and  the  same  side  of  the  said  v^tical  line. 

Y.  If,  therefore,  the  body  be  solicited  by  two  forces  only,  it 
18  necessary,  Firsty  that  these  two  forces  are  in  the  same  plane : 
Settmdlg^  that  this  plane  be  perpendicular  to  that  on  which  the 
body  lies :  Thirdly y  that  the  resultant,  which  ought  always  to 
be  perpendicular  to  the  latter-mentioned  plane,  leave  not  all 
the  pomts  of  contact  on  the  same  side  of  it.  And,  if  one  of  the 
two  fiirces  be  that  of  gravity,  it  is  necessary  moreover  that  the 
plane  in  which  the  resultant  falls  be  vertical,  and  pass  through 
the  centre  of  gravity  of  tbe  body. 

VI.  With  regard  to  bodies  which  rest  on  many  planes  at 
once,  whether  in  virtue  of  a  single  force,  or  of  many  forces, 
among  whidi  we  comprehend  that  of  gravity,  the  general  laws 
ef  their  equilibrium  are,  Firsts  that  £e  resultant  of  all  these 
forces  may  be  decomposed  into  as  many  forces  as  there  are 
points  on  which  the  body  rests :  Secondly y  that  these  latter  are 
per^ndicular  to  the  respective  planes  at  the  several  points  of 
contact.  Whence,  we  conclude  that,  in  order  that  a  body 
solicited  only  by  gravity  may  remain  in  equilibrio  between  two 
inclined  planes,  it  is  necessary  that  there  be  in  the  vertical  which 
passes  through  its  centre  of  gravity,  at  least  one  point  from 
which  we  may  let  fall  a  perpendicular  on  each  of  these  planes ; 
and  that  each  of  these  perpendiculars  have  the  conditions  stated 
above. 

154«  Prop.  When  two  forces  acting  on  a  body  keep  it  in 
equilibrio  upon  a  plane^  if  we  conceive  ttvo  ether  planes  to 
which  these  two  forces  are  respectively  perpendicular ;  the  two 
Jbrces  and  the  pressure  upon  tlie  ptancy  are  each  represented  by 
the  sine  of  the  angle  comprised  between  the  planes  to  which  the 
two  other f^ces  are  perpendicular. 

This  is  nothing  else  than  a  manifest  inference  from  art.  4& 
It  tnay,  however,  be  demonstrated  in  a  manner  immediately 
applicable  to  the  present  case,  thus :  Let  cp,  cg,  be  the  direc* 
tionsof  the  two  forces,  which  sustain  the  body  whose  centre  of 
gravity  is  c  at  rest  upon  the  plane :  and  let  ad  (fig.  6.  pi.  Vi.) 
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WUie  totrn'SBolkm  <^  tbe  f>lafie  ef  the  two  foioes  with  thatfoo 
which  ^he  h&iy  lie$ :  driiw  cf  perpendicitlar  to  Ai»y  and  on  tUs 
line  as  a  diagonal  desoribe  iSke  parallelo^rafn  cflva  two  of.^lioee 
yides  shall  YaU  on  the  dinecUons  of  the  given  powers;  then,  if  ia 
evident  from  the  preceding  article,  that  if  the  reaction  of  the 
plane  be  repesehted  by  fc»  the  two  other  foroeft  which  Bitttain 
the  body  viU  be  represented  br  EC  and  oc  respectively :  ooMh 
qoently  if  the  pressure  cm  the  plaoe  which  is  equal  to  its  leactMrn, 
be  called  r,  and  p  and  g  be  the  powers  acting  in  FC,  qc^  iRum 
.  will  p :  o  :  R  :  :  EC :  «c  :  Fc :  :  FG :  EF  :  Fc : :  sin  gcf  :  tsin  FOB*: 
sin  GCE.  Now  from  two  points  a  and  i  taken  arbitrarily  uwm 
AD,  draw  ia,  and  ab  perpendicular  to  the  direotions  of  p  and  0.^ 
so  shall  the  triangle  Aai  be  similar  to  cof  :  whence^  because 
p :  6 :  R  :  :  sin  gcf  :  sin  foe  :  sin  gce  or  sin  ocp,  we  shall  have 
p :  G :  R  :  :  sin  f  ab  :  sin  aib  :  sin  A9i.     a.  £.  b. 

CoR.  1.  Since  the  relations  just  estaUished  have  place,  what- 
ever the  forces  may  be,  we  may  consider  one  of  thetn,  as  a  for 
lAsiance,  lo  be  the  force  of  gravity :  then  will  ab  be  paredkl  to 
the  horizon :  mid  the  ptmer^  'weighty  and  pre9«tttt  upon  Me 
jplmte  will  be  reepecHivelif^  ass  the  sine  of  (he  flanks  indknaAon^ 
the  €osme^the  angk  which  the  directum  of  the  pewer  makes 
with  theptane,  and  the  cosine  of  the  angle  which  the  Utetiion 
of  the  power  makes  with  the  horizon:  for  sin  iab,  stn  AfB,  atnd 
sin  AB2,  are  the  same  as  ^n  tAB,  cos  P€p\  and  cos  jbd. 

G)R.  2.  Hence,  whether  the  fine  of  direction  6f  the  ^ower 
be  elevated  above  or  depressed  below,  if  the  angles  whtch  it 
makes  with  the  platte  are  equate  egital  powers  wili  sustain  the 
"weight.  Thus,  if  the  lines  ^(yp^  T^cp/,  be  ecjually  inclined  to  the 
plane,  equal  powers  acting  in  those  directions  wiU  sui^n  th^ 
weight,  whether  they  draw  in  the  direcltions  from  c  to  P  ori^,  or 
push  from  potpf  towards  c  Bat  the  pressures  ou  the  planes 
vary  with  those  diredtions,  being  less  and  less  as  the  dbMCtion 
•is  iiKire  elevated. 

'    Cor.  ^.  The  power  p"  or  pp  is  least  when  its  line  tf  direction 
isparaUel  to  the  plane:  for  since  p :  »or  w : :  sin  iAB  :  cos  Pdp'' 

we  have  p  =  w.  — zizTf  which  Is  manifestly  a  minimum^  when 

€0S  pep''  ^  radius,  that  is,  when  pep''  vanishes* 
•  The  truth  of  this  will  also  appear  by  considering  the  propoiv 
iiop,  ¥ivf : :  Mi  :  ba,  in  which  it  is  obvious  Ft  will  be  the  loMt 
posidble  when  it  is  perpendicular  to  ad,  a  perpendicular  bei^ 
ihe  ^rtest  distance  from  a  given  point  to  a  line ;  so  that  the 
mo^  advantageous  direction  in  which  the  power  can  act  i^  that 
febick  is  paraUel  to  the  plane. 

Com,*  4.  Itt  this  latter  case,  because  of  the  wmilar  trian^ 
ABi",  ADB,  we  have  p  :  w  :  e  : :  b/^  :  ba  :  Ai" : :  bd  :  ba  :  AD ;.; 
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nn  A  :  rad. :  oos  a.  That  18,  when  the  direcHon  of  ike  pcnoer 
%9  parallel  to  iheplanej  the  power ^  weighty  andpreeeure  on  the 
plane,  are  respectively  as  the  heifflit^  lenffthf  and  h{Me  of  the 
plane ;  or  as  the  sine  of  inclinattonf  radms,  and  cosine  ^  in- 
clination. 

Cor.  5.  If  two  weights  w^  w',  sustain  each  other  upon  two 
inclined  planes  ac,  cb,  which  have  a  common  altitude  cd,  by 
means  of  a  cord  which  runs  freely  over  a  pulley  and  is  parallel 
to  both  planes,  then  will  w :  w' :  :  ac  :  cb  (fiff.  7.  pi.  VI.)  For 
let  the  power  f  acting  in  direction  c'w,  be  that  which  sustains 
the  weight  upon  the  plane  ca,  then  by  reason  of  the  uniform 
tension  of  the  string,  the  same  power  sustains  the  weight  w' 
upon  the  plane  cb,  acting  in  a  direction  parallel  to  it :  hence, 
Cfor.  4. 

w  :  p  :  :  AC  :  CD, 

p  :  w' : :  CD  :  CB, 

And,  compo.  w  :  w' : :  ac  :  cb. 

Cor.  6.  Hence  also,  when  one  of  the  planes  as  cb,  becomes 
vertical,  we  still  have  w  :  V  :  :  ac  :  cb.     (fig.  8.) 

Cor.  7.  If  the  pulley  at  c  be  so  elevated  that  the  two  parts 
cw,  cw',  of  the  rope  are  not  parallel  to  the  plane,  we  shall 
have  an  equilibrium  when  w  :  w' :  :  sin  cbd  x  cos  owe' :  sin 
CAD  X  cos  cw'c'.     For,  in  this  case 

w  :  p  :  :  cos  cwc' :  sin  cad, 
•     p  :  V  :  :  rin  cbd  :  cos  C¥^c', 
Whence,  w  :  w' :  :  sin  cbd  •  cos  cwc' :  sin  cad  •  cos  cw'c'. 
CoR.  8.  If  the  direction  qfthe  power  be  parallel  to  the  hori- 
xon,  then  will  the  pafmer,  the  weight,  and  the  pressure  on  the 
plane,  be,  respectively,  (zs  the  height,  the  base,  and  the  length  ^ 
the  plane ;  or,  as  the  sine  ^inclination,  its  cosine,  and  radim. 
For,  if  cp  (fig.  6.)  b^  parallel  to  ab,  then  will  bi  coincide  with 
BD,  and  it  wm  be  p  :  w :  r  : :  bd  :  ab  :  ad  : :  sin  a  :  oos  a  :  rad. 
Cor.  9*  If  instead  of  opposing  a  single  power  to  the  action 
of  the  weight  we  oppose  several,  then  afi  wnich  we  have  stated 
in  this  proposition  and  the  corollaries  as  relating  to  the  power  p, 
must  be  extended  to  the  resultant  or  equivalent  of  those  powers. 
For  example,  if  the  body  w  (fig.  10.  pi.  VI.)  is  sustained  on  the 
inclined  plane  by  the  combined  action  of  a  power  p,  and  the 
resbtance  of  a  fixed  point  d  to  which  is  attached  the  rope  dkp 
which  embraces  the  Dody :  then,  imagine  a  line  hc  to  be  drawn 
from  the  point  of  concourse  of  df  and  pk,  bisecting  the  an^e 
made  by  those  directions.     If  this  line  intersect  the  vertical 
drawn  through  the  centre  of  gravity  of  the  body  in  a  point  c, 
from  which  we  may  demit  on  Uie  plane  a  perpendicular  pamtfg 
through  the  point  of  contact  F,  the  equilibrium  will  be  possible ; 
and  the  relation  between  the  weight  w,  and  the  effort  according 
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to  HC^  will  be  determined  by  what  hais  preceded.  As  to  the 
ratio  of  the  force  in  direction  hc,  to  the  power  p,  it  will  be  the 
raine  as  in  the  moveable  pulley.  Thus,  if  the  power  p  acts* 
parallel  to  the  plane,  the  weight  will  be  to  that  power,  as  the 
length  of  the  plane  to  half  its  height;  viz.  the  pofwer  will  be 
oiHy  half(ha^  which  xoould  hofoe  been  requUite  had  the  weight 
been  sustained  without  the  aid  of  the  fixed  point  d. 

155.  When  two  bodies  whose  weights  are  represented  by  nr, 
«/,  are  attached  to  a  thread  wax!  (fig.  9.  pi.  Vl.)  passing  over 
a  pulley  at  c,  and  are  always  in  equilibrio  upon  two  curves 
FA,  £B,  whatever  are  their  respective  positions,  it  will  be  easy 
to  determine  the  necessary  conditions  of  those  two  curves.  In 
order  to  this  draw  the  vertical  cm  through  the  point  c,  and 
suppose  that  the  equations  of  the  two  curves  witn  respect  to 
that  line  as  a  common  axis  are  y  =  fx,  u  =:  Ff,y*and  f  being 
any  functions  of  the.  axes  x,  and  tj ,  and  c  their  common  origin. 
Tne  weight  zt;  is  a  force  acting  in  the  vertical  direction  wb;  and' 
if  that  force  be  represented  by  wb^  it  may  be  resolved  into  the 
two  wd  acting  in  the  direction  of  the  thread,  and  wc  acting  in 
that  of  the  normal  wm  ;  the  parallelogram  of  forces  being  cd. 

Here  the  similar  triangles  wdb,  ctK)M^  give 

CM  :  cw  :  :  wb  :  wd. 
Likewise,  putting  cw  =:  2r,  we  have 

CM  =  a:  +  subnorm.  —  ^'*^^  —  i  — tIL,  =:  4r . 

* 

Therefore,  wd  :=  ^.    In  like  manner  putting  cit/  =:  x',.  and 

. 

operating  for  the  weight  w*,  we  have  -^r  for  the  component  of 

that  weight  acting  in  the  direction  en/.  In  the  case  of  an 
equilibrium  these  two  components  must  be  equal.  But  the 
length  of  the  thread  wctxf  being  constant  and  known,  we  have 
«  +  «'=:  c,  whence  «=  —  «',  and  consequently 

tt?^  +  tt/i  =  0,  or  wr  +  nft  =  a. 

From  this  equation  it  appears  that  whatever  position  we  five 
to  the  bodies  w,  ifi^  the  centre  of  gravity  of  their  system  wiU  be 
always  on  the  same  horizontal  line ;  because  the  co-ordinate  of 
that  centre  with  respect  to  gh  is  constant :  for,  from  the  equa- 
tion (108.  I.)  that  co-ordinate  is 

7-  n  r  =  a  constant  quantity. 

w  +  »  w  +  i»  '■  •' 

The  curve  fa  being  given,  if  we  demand  what  the  curve  eb 
ought  to  be,  that  the  equilibrium  should  obtain  in  all  its  points; 
1st.  We  substitute  in  the  equation  for  the  first  Vg'-jcfor^, 
and  c  —  2/  for  ;t,  that  is  to  say,  we  make  y  =  v^(c^/)«^a?«. 
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2dly,  we  substitute  — —  for  d?,  and  thence  have  the  equation 

of  the.  curve  bb  ib  functions  of  ^  and  z.  Sdiy,  we  put  Vi^T^ 
tof  d^  and  thenee  delermine  the  constant  quantity  a  from  the 
pflgition  of  the  arbitrary  point  e  where  the  curve  be  must 
mtersect  the  y^*tical  line  cm. 

If^  for  example^  the  line  hit  i»  a  ri^ht  line  and  the  pulley  c  is 
placed  at  its  point  of  intersection  f  with  the  vertical,  that  line 

btt»  for  its  equation  ^  =s  —  x^&  and  c  being  the  i»ne  and  cosine 

of  the  angle  acd  (fig.  7.  pi.  VI.) :  and  substituting  (c  —  ^Y_ 
-p« x^  fiwr  jf^^  we  have  (c—  «')*  -rz  —  x^  '\' x^yOt si  zz  c . ' 

Subatitutins^  ^^ —  for  ar,  and  thence  will  arise 


sf  zz  c  — 


wc 


This  equation  is  manifestly  that  of  a  right  line :  if  we  wish  it  to 
pass  thirough  c  Ekewise,  its  equation  must  give  at  the  same  time 

2?  =:  0,  and  f^^  =  0 ;  whence  c  -  ~  r:  0.    Put  therefore  w*+?® 

for  js'^  and  there  will  arise 


wc 


u^-^r-t^  zn  -—--5  «i^d  uznt  ^/---  -  1. 

The  last  equation  leads  to  the  conclusion  already  announced 
(164.  cor,  5.)  For,  the  angle  dcb  being  suppose(l  to  have  s* 
and  e'  for  its  sine  and  cosine,  the  equation  of  the  right  line  bc 

\h  u  =  '^t ;  therefore,  that  the  equilibrium  may  obtain  we  must 

BavBc  -tr-  =:  — ~r^y  from  which  results  wc  =  «/V, 

For  another  example,  suppose  the  curve  af  to  be  a  circle 
whose  centre  is  M,  and  radius  MP  rr  r,  and  cm  =  cr,  and  let 
tihe  curve  eb  be  required.  Here  we  have,  from  the  investiga- 
tion, wx  +  «^'^  =  A,  and  :ar  +  5/  =i  /,  a  given  length. 

Now  CW^  =  CM^  -j-  MtP*  —  2CM  •  MP, 

Or  *"-  =  «^  +  r^  -  &  (a  -  ^)  =;  r^  -r  a®  -f  Ux. 
Or,  since  z  -rz  I  -^  z\  x  t:i  lll^   from  above 

On 

(*^  «>  =  r»  -^  ««  +  ~  (A  -  a.^^) 

Or  Z  -^  (w2  +  ^)4  =:  [r^  -  ««+  -^(a  -  wt)^^  i 

This  is  an  equation  to  an  epicycloid ;  which  is,  therefore,  the 
curve  Ett^^B  required. 

166*.  If  instead  of  suppoang  a  wei^t  w  to  rest  on  the  cir- 
emnference  of  the  circle  awv  we  suppose  mw  a  heavy  mass,  as 
a' drawbridge,  turning  upon  a  hinge  m,  the  curve  Bn^'s  along 
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which  the  counterpCHfie  must  pass  wiQ  evidently  be  del^irmiBed 
in  the  same  way. 

Here,  too,  it  may  be  observed  that  if  xvc  +  cae?',  the  length 
of  the  cord,  be  to  cm,  as  w  to  2x/,  the  curve  is  the  common  epi- 
cycloid, in  which  the  describing  pcrint  is  in  the  circumference 
of  the  rolling  circle  or  rota.  In  the  case  of  the  drawbridge, 
whose  centre  of  gravity  may  be  supposed  at  c  on  uw,  i^ 
weight  must  be  reducea  in  the  inverse  ratio  of  mc  to  mxp,  to 
obtain  w, 

156.  Prop.  When  a  heavy  body  is  supported  by  two  planes^ 
to  determine  the  relation  between  the  weight  qf  the  body  and 
the  pressure  upon  each  plane. 

Here  we  apply  the  observations  l^dd  down  in  art.  15S,  VI. 
HI  this  manner :  Let  o  be  the  centre  of  gravity  of  the  body 
supported  by  the  planes  (fig.  1 1.  pi.  YI.)  through  which  dr^iW 
the  v^^tii^  GF  ;  th^n  if  from  any  point  f  in  that  vertical,  per- 
pendiciilars  fc,  fe,.  be  demitted  upon  the  two  pbmes^  those 
perpendiculars  must  pass  through  pointsof  contact  of  die  body 
and  planes :  otherwise  a  new  force  will  be  required  to  support 
the  Dody,  contrary  to  the  hypothesis.  Let  the  space  'sb  on  the 
vertical  line  represent  the  weight  of  the  body,  on  which  as  « 
diagonal  complete  the  parallelogram  cf6^,  two  of  whose  sides 
fall  upon  FC,  and  fe  ;  then  shall  fc  or  eb^  represent  the  pzies^ 
sure  F  upon  the  plane  ab,  and  Fe  or  c&,  the  pressure  p'  upov 
the  plane  bd.  Hence  if  kl  be  drawn  parallel  to  hi,  the  sides 
of  tne  triangle  bkl  will  be  respectively  perpendicular  to  the 
sides  of  the  triangle  of6,  and  we  shall  have 
w:  p :  p' :  :  f6  :  FC  :  Ac : :  KL  :  BL  :  BK : :  sin  abd  :  sin  abh  ;  sm 
DBi.  That  is,  tfthe  weight  of  the  body  be  represented  by  the 
sine  qf  the  cmgle  comprehended  between  the  two  planes^  the 
pressures  upon  them  are  reciprocally  proportional  to  the  sines 
qfthe  inclinations  of  those  planes  with  the  horizons 

CoR.  1.  If  the  angles  of  inclination  of  the  planes  be  each  60 
degrees,  the  sum  of  the  pressures  of  the  body  upon  bodi  [Janes 
will  be  equal  to  twice  its  weight. 

CoR.  2.  If  the  angle  abo  be  a  right  angle,  the  sum  of  the 
pressures  upon  the  two  planes  shall  be  to  the  weight  of  the 
Dody  as  two  sides  of  the  right-angled  triangle  Kbl  to  its 
hypothenuse. 

Cob.  S.  The  more  inclined  the  two  planes  are,  the  greater 
will  be  the  pressure  upon  them ;  and  "mce  versa. 

CoR.  4.  If  one  of  the  planes  is  harizontal  the  body  cannot 
remain  in  equilibrio,  independent  of  friction,  except  in  the  case 
where  the  vertical  drawn  through  its  centre  of  gravity  passes 
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through  one  of  the  points  with  which  the  body  touches  the 
horizontal  plane. 

Ck)B.  5.  In  the  obtainable  case  of  the  last  corollary,  that  is, 
when  BA  coincides  with  bh,  and  re  becomes  vertical,  the  pres- 
sure against  bd  will  vanish,  and  the  horizontal  plane  will  sustain 
the  whole  weight.  For  then,  the  weight  w,  and  the  pressure 
against  ba  or  bh  will  be  expressed  by  the  equal  sines  of  the 
supplemental  angles  dbh,.  dbi  ;  while  the  pressure  on  bd  will 
be  expressed  by  the  sine  of  abh,  an  angle  which  is  here  no- 
thing, by  hypothesis. 

CoE.  6.  When  a  body  is  sustained  by  three  planes,  we  must 
in  a  similar  manner  demit  perpendiculars  from  some  point  in  its 
line  of  direction  (106.)  upon  those  planes,  and  upon  them  con- 
struct a  parallelopipedon  whose  vertical  diagonal  shall  represent 
the  weignt  of  the  body,  and  its  three  contiguous  edges  the  pres- 
sures upon  the  planes  to  which  they  are.  perpendicular. 

IST.Frop.  Given  the 'wdghtj  magnittidef  and  position  of  a 
beam  or  other  heavy  bodt/,  to  find  the  relative  position  of  two 
props  that  may  support  U  in  equiUbrioy  one  prop  and  the  lower 
end  of  the  otiver  having  fi^ed  situations. 

Let  the  body,  ad  (whether  simple  or  compound,  as  a  beam, 
or  a  beam  with  a  load),  have  its  centre  of  gravity  at  6 ;  it  is 
required  to  find  the  relative  position  of  two  props  which  will 
support  it,  their  feet  standing  at  c  and  i  (fig.  1.  pi.  VIL))  &°d 
the  portion  of  one  of  them  as  ca  being  fixed.  Produce  CA 
until  it  meet  the  vertical  passing  through  o  in  f  ;  join  if,  and 
it  will  cut  AD  in  d,  the  place  where  the  top  of  the  prop  id  must 
be  applied.  For,  drawing  ab,  bd,  perpendicular  to  ca,  di, 
they  would  be  sections  of  inclined  planes  which  would  support 
the  body  in  equilibrio,  by  the  last  proposition :  and  since  the 
action  of  the  body  upon  those  planes  would  be  perpendicular 
to  them,  that  action  would  be  completely  resisted  by  the  props 
CA,  id,  theiir  feet  being  supposed  immoveable. 

Con.  1.  TJve  weigM  of  the  body^  the  pressure  upon  ca,  and 
ihe  pressure  upon  id,  are  respectively^  as  sine  of(c  + 1),  cosine 
of  I,  and  cosine  of  c.  For,  sin  (c  -|- 1)  =  sin  abd,  cos  i  =  sin 
DBI,  and  cos  c  =:  sin  abc  :  consequently  this  agrees  with  art. 
156.  as  it  ought  to  do. 

Cob.  %  The  equilibrium  will  be  equally  preserved  whether 
the  body  be  sustained  by  the  two  props  ca,  id  ;  the*  two  in- 
clined planes  ba,  bd  ;  or  by  two  ropes  fa,  fd,  fixed  to  a  pin  or 
hook  at  f.  For  in  either  case  the  forces  and  directions  are  the 
same. 

The  same  principles  are  applicable  to  the  more  complex  in- 
vestigations relative  to  the  equilibrium  of  vaults,  arches,  domes, 
&c.  as  will  be  shown  in  their  proper  place.     (Chap.  VI.) 


CHAP.  IV.  MECHANICAL  POWEBS — THE  SCREWS  97 

V.    OF   THE   SCREW.       . 

1 58«  Def.  The  Screw  is  a  mechaDical  power,  chiefly  used 
in  pressing  or  squeezing  bodies  close,  and  sometimes  in  raising 
weights.  It  is  a  very  strong  machine,  though  it  cannot  be  ac- 
counted a  simple  one,  as  no  screw  can  be  made  use  of  without 
a  lever  or  winch  to  assist  in  turning  it.  The  screw  is  chiefly 
distinguished  by  its  spiral  thread,  of  which  a  tolerable  con- 
ception  may  be  obtained  by  cutting  a. piece  of  paper  into  the 
form  of  an  inclined  plane,  and  then  wrapping  it  round  a 
cylinder,  as  in  fig.  2.  pi.  VI 1. 

159.  The  screw  may  be  considered  as  composed  of  the 
lever  and  the  inclined  plane ;  as  will  be  evident  from  a  more 
minute  account  of  the  manner  in  which  it  may  be  conceived  to 
be  generated.  If  an  isosceles  triangle  bfg  turn  about  the  axe 
AZ  (fig.  5.  pi.  VII.)  there  will  be  generated  by  that  revolution 
two  conic  frustums  united  by  their  greater  ends :  conceive  now, 
that  besides  the  motion  of  rotation,  this  triangle  has  also  a  mo« 
tion  of  translation  in  the  direction  of  the  axe  az,  so  regulated 
that  while  the  triangle  makes  a  complete  revolution,  the  point 
B  is  moved  to  g,  and  the  whole  triangle  is  found  in  the  pointion 
gf'g',  and  so  on :  the  solid  thus  generated  is  called  the  interior 
screw ;  and  the  height  ob  is  called  tf^e  distance  qf  the  threads. 
The  exterior  screw  is  so  adapted  to  the  other,  as  if  it  were  its 
mould ;  and  is  nothing  else  than  the  solid  generated  by  the 
polygon  hgfbc,  supposing  it  to  partake  of  the  same  motions  as 
the  triangle  bgf.  !ror  the  sake  of  distinction  we  shall  apply 
the  name  the  spindle  to  the  interior  screw,  calling  the  exterior 
one  only,  the  screw.  The  spindle,  then,  is  a  cylinder  invested 
with  a  spiral  band  of  uniform  thickness,  and  of  which  the  in- 
clination with  respect  to  the  axe  of  the  cylinder  is  constant : 
the  screw,  on  the  contrary,  is  a  solid  havm^  a  corresponding 

Siiral  hollow.  In.  some  cases  the. spindle  is  fixed  in  a  solip 
bck,  as  ab,  fig.  3.  while  the  screw  E  is  moved  upon  it  by 
means  of  a  lever  dc.  At  other  times  the  screw  is  fixed  and  the 
spindle  moveable :  butHhis  causes  no  difierence  in  the  theory. 
The  curve  which  any  one  of  the  points  of  the  generating 
polygon,  as  N  for  instance,  describes  about  az,  is  obviously 
traced  on  the  surface  of  a  right  cylinder  whose  axis  is  az,  and 
radius  of  its  base  en  (fig.  5.)  If  we  develope  this,  then  dc 
(fig.  6.)  being  the  circumference  which  has  en  for  its  radius, 
and.taking  the  perpendicular  be  equal  the  distance  between  two 
contiguous  threads,  the  hypothenusal  line  db  will  be  the  deve- 
lopemeht  of  an  entire  revolution  of  the  point  n.  In  eflecl,  the 
hdix  being  throughout  of  constant  inclination  with  respect  to 
any  portion  whatever  of  the  generating  line  of  the  cylinder, 
VOL.  I.  " 
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every  parallel  to  ad  will  make  with  the  developement  of  that 
curve  the  same  angle :  thus,  the  developement  will  be  a  right 
line,  as  d6;  and  in  like  manner  the  right  line  a/"  will  be  the 
developement  of  a  second  revolution.  This  being  granted,  we 
may  demonstrate  in  a  very  satisfactory  manner  the  truth  of 
the  following  proportion. 

160.  Prop.  There  will  be  an  equilibrium  in  tJie  screw  when 
the  power  is  to  the  resistance y  as  tlie  distance  between  two  coi^ 
iiguous  threads  in  a  direction  parallel  to  the  axis,  to  t/ie  cir^ 
cufnference  described  by  the  power. 

'  Let  us  suppose  the  spindle  ab  to  be  fixed  (fig.  S.)  and  that 
the  screw  is  moveable  by  the  aid  of  a  power  p  applied  to  the 
extremity  c  of  a  lever  ce  ^  r,  acting  horizontally  perpendicular 
to  the  lever.  Let  w  be  the  wdght  of  the  screw,  or  that  which 
the  screw  supports,  or  the  resistance  opposed  by  the  screw  to 
the  power  p.  If  the  screw  passed  only  on  one  of  the  points  of 
the  spindle,  suppose  it  to  be  at  the  distance  r  from  the  axis,  and 
that  Its  position  on  the  developement  db  of  the  spiral  be  at  n 
(fig.  6.) ;  then  will  the  pressure  on  the  spindle  be  exactly  the 
same  as  on  the  inclined  plane  db.  From  the  theory  (154*  cor* 
8.)  the  power  M  which  we  suppose  applied  horizontally  in  direo* 
tion  MO,  must,  to  retain  the  equilibrium,  satisfy  this  proportion : 

uiw  :  icbicd;  whence  m  =  w  -^  =  w*  ^— 

cd  ^trr 

where  h  =  bcy  and  ir  =  3*141593,  as  heretofore.  The  force  v 
which  is  supposed  applied  in  n,  when  the  helix  is  not  developed 
is  perpendicular  to  the  edge  of  the  cylinder,  or  acts  in  a  tan* 
gential  direction  to  the  cylinder,  and  of  consequence  always 
parallel  to  the  power  p. 

Now,  substituting  for  this  subsidiary  power  m,  the  power  p^ 
acting  at  the  distance  r,  we  have  from  the  principles  of  the  lever 
n  :=  Mr,  the  lengths  oF  the  arms  being  r  and  r.  For  m  in 
this  equation,  substitute  its  value  in  the  former  one,  and  there 
arises  Sttrp  =  wA.  This  equation,  not  containing  r,  is  entirdiy 
independent  of  the  distance  at  which  the  point  n  is  supposed 
from  the  axis;  it  will  therefore  be  the  same  if  we  suppose 
that  point  any  where  else  on  the  spindle.  Hence  we  deduce  a 
^neral  result :  for  this  equation  will  even  be  true,  if  the  scxew^ 
instead  of  touching  the  spindle  in  a  single  point,  as  we  have 
hitherto  supposed,  touch  it  in  any  number  of  points  whatever* 
In  this  latter  case  every  point  on  the  thread  of  the  spindle  bean 
a  portion  of  the  weight  w;  these  portions  being  denoted  by  w'^ 
w*,  V,  &c.  give  w'  +  w"  +  w*",  &c.  =r  w.  But,  on  the  odier 
hand,  the  force  p  which  supports  the  weight  of  the  screw,  may 
be  considered  as  the  sum  of  as  many  fbroes  p'y  p'',  p'^,  &c.  w 
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there  are  points  of  contact,  each  of  which  is  employed  in  sup7 
porting  the.  weights,  w?,  w'',  w^\  &c.  To  each  ot  these  the  last 
equation  applies,  we  have,  therefore,  w'^zzSitrf',  w''A  =  girRp", 
w"'^  =  27rRF",  &c.  their  sum  manifestly  producing  the.  equa- 
tion wA  =:  ^TTRv ;  whence  F:w::h:  Sb-r.     q.  e.  d. 

Cob.  1.  If  the  screw  had  a  square  or  rectangular  fillet  in- 
stead of  a  triangular  one,  the  conclusion  would  be  the  same, 
for  it  is  independent  of  the  form  of  the  generating  polygon. 

Cor.  2.  In  the  same  screw  the  effect  is  always  the  greater^ 
as  the  power  is  applied  farther  from  the  axis. 

CoK.  3.  In  two  different  screws,  a  force  acting  with  the 
isame  distance  of  lever,  produces  a  greater  effect  in  proportion 
as  the  threads  of  the  screw  are  nearer  together. 

CoR.  4.  In  the  endless  or  perpetual  screw  bc  (fig.  7.)  which 
drives  the  teeth  of  the  wheel  fb,  we  shall,  in  the  case  of  an 
equilibrium,  have  f  x  ab  x  Rad.  of  td  =:wx  dist.  of  threads 
X  rad.  of  axle.  For  the  perpetual  screw  is  a  combination  of 
the  axis  in  peritrochio  and  the  screw. 

SCHOLIUM. 

161.  The  screw  is  of  very  extensive  Use  in  Mechanics,  its 
great  power  rendering  it  more  eligible  for  compressing  bodiei» 
together  than  most  other  machines ;  while  the  great  disparity 
betwixt  the  velocity  of  the  handle  and  that  of  .the  threads  of 
the  screw  renders  it  proper  for  dividing  space  into  an  almost 
infinite  number  of  parts.  Hence,  in  the  construction  of  many 
mathematical  instruments,  such  as  telescopes,  where  it  is  ne- 
cessary to  adjust  the  focus  to  the  eyes  of  different  people,  the 
screw  is  always  made  use  of  in  order  to  move  the  eye-glass  a 
very  little  farther  from  or  nearer  to  the  object-glass.  Indeed, 
in  all  the  more  r^ned  constructions  of  practical  astronomy, 
the  screw  is  of  admirable  utility,  in  reference  to  adjustment,  to 
micrometrical  operations,  &c. 

VI.     OF   THE    WEDGE. 

168.  Def.  a  Wedge  is  a  triangular  prism,  or  a  solid  con- 
caved to  be  generated  oy  the  motion  of  a  plane  triangle  paral* 
lei  to  itself  upon  a  straight  line  which  fiasses  throu^  one  of 
its  angular  points.  The  wedge  is  called  isosceUs^  rect(mgviarf 
or  sealeu^f  according  as  the  generating  triangle  is ;  isosceles, 
rigblr^gl^9.  or  scalene.  . 

It  is  very  frequently  used  in  cleaving  wood,  as  represented 
fig,  12.  pi.  VIl.  and  often  in  raiang  gre^t  weights.  The 
theory  ot  knives,  swords,  coulters,  naSla,  &c.  is  generally  re- 
ducaj  tp  that  of  the  we^e.  The  doctrine  of  the  wedg?  how- 
ever is  very  imperfect,  and  can  only  be,  exhibited  at  aU.by 
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making  gratuitous  assumptions:  such  of  those  as  are  most 
likely  to  obtain  in  practice  are  made  the  basis  of  the  three 
succeeding  propositions. 

163.  Prop.  When  a  resisting  body  is  sustained  against  the 
Jttce  of  a  wedge^  by  a  force  acting  at  right  angles  to  its  direc- 
tion, tn  the  ease  (^equilibrium  the  pcfwer  is  to  the  resistance,  as 
the  sine  of  the  semiangle  of  the  wedge,  to  the  sine  of  the  angle 
which  the  direction  of  the  resistance  makes  with  the  face  of  the 
wedge;  and  tlie  sustaining  force  will  be  as  the  cosine  of  the 
latter  angle. 

Let  ABC  (fig.  9.  pi.  VII.)  be  a  rectangular  wedge,  whose 
edge  is  c,  face  bc,  and  back  ab.  Let  this  wedge  sUde  freely 
along  the  plane  ln  ;  let  a  body  e  be  drawn  or  urged  in  the 
direction  k£  against  the  face  of  the  wedge,  and  let  it  be  ke][)t  in 
that  direction  by  a  force  acting  in  the  direction  de,  at  right 
angles  to  ke.  There  are  now  three  forces  acting  on  the  body 
E,  viz.  the  resisting  force  ke,  the  sustaining  force  de,  and 
the  re-action  of  the  wedge  in  the  direction  ae,  perpendicular 
to  the  surface  bc  On  ed  demit  the  perpendicular  ag  ;  and 
since  the  three  forces  are  in  equilibrio,  tney  will  be  to  each 
other  as  the  sides  of  the  triangle  aeg  drawn  parallel  to  their 
directions.  Draw  ef  perpendicular  to  AC,  and  the  force  ae 
will  be  resolved  into  two,  one  of  which  ef  presses  the  wedge 
perpendicularly  against  the  plane  ln,  and  is  balanced  by  the  re- 
action of  the  plane ;  the  other  fa  endeavours  to  move  the  wedge 
upwards  along  the  plane  ln,  and  is  balanced  by  the  power  on 
the  back  of  the  wedge.  If,  therefore,  ag  represent  the  force 
ke,  eg  will  be  the  sustaining  force,  and  af  the  power  applied 
on  the  back  of  the  wedge,  when  these  forces  balance  each  other. 
Hence,  making  ae  radius,  af  is  the  sine  of  the  angle  aef  or 
acb;  and  ag  is  the  sine  of  the  angle  aeg  or  kbc,  these  two 
angles  being  the  complements  of  aek. 

if  the  wedge  be  isosceles,  or  composed  of  two  rectangular 
wedges,  the  force  ef,  which  in  the  former  case  was  counteracted 
by  the  plane,  will  now  be  counteracted  by  the  other  half  of  the 
wed^e :  and  the  power,  resistance,  and  sustaining  force,  will 
remain  in  the  same  ratio  as  before,     a.  e.  d. 

Cor.  1.  When  ek  is  parallel  to  ba,  ag  becomes  equal  and 
parallel  to  ef  ;  and  eg  equal  and  parallel  to  af  ;  and  the  power 
IS  to  the  reastance  as  af  to  ef,  or  ab  to  ac,  and  equal  to  the 
sustaining  force. 

CoH.  2.  If  ek  be  perpendicular  to  ba,  the  direction  of  the 
resisting  force  will  be  parallel  to  ab  ;  therefore  the  resisting 
and  sustaining,  forces  cnanpng  denominations,  this  will  be  a 
case  corresponding  with  the  former.  ' 
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Cor.  3.  When  ke  is  perpendicular  to  bc,  the  sine  of  the 
angle  kec  is  radius;  and  its  cosine,  which  represents  the  sus- 
taining  force,  vanishes :  therefore,  the  power  is  to  the  resist- 
ance, as  the  sine  of  the  semiangle  of  the  wedge,  to  radius.— 
See  Ludlam's  2d  Essay. 

164.  Prop.  When  the  resistance  is  made  against  thence  of 
u  wedge  by  a  body  which  is  not  sustained^  but  will  adhere  to 
the  place  to  which  it  is  applied  without  sliding^  the  power  is  to , 
the  resistance,  in  the  case  of  equilibrium,  as  the  cosine  of  the 
difference  between  the  semiangle  of  the  wedge  and  the  antt^le 
which  the  direction  of  the  resistance  makes  with  the  face  of  the 
wedge,  to  radius. 

From  any  point  k  (fig.  10.  pi.  VII.)  draw  the  line  kb 
through  the  middle  point  of  the  back,  meeting  the  face  of  the 
wedge  in  E ;  let  e  be  the  unsliding  body,  which  acts  in  the  di- 
rection £K,  and  let  the  magnitude  of  the  force  with  which  it  is 
urged  be  represented  by  ae  :  from  e  let  fall  the  perpendicular 
EP  upon  AC ;  and  the  force  ae  will  be  resolved  into  two,  one 
of  which  EF  will  be  balanced  by  the  opposite  half  of  the  wedge, 
and  the  other  af  will  be  counteracted  by  the  power ;  therefore 
the  power  is  to  the  resistance  as  af  to  ae,  that  is,  making  ae 
radius,  as  the  cosine  of  the  angle  eaf  to  radius. 

Cob.  1.  When  ke  is  perpendicular  to  b.c,  the  power  is  to. 
the  resistance  as  af  to  ae,  that  is,  as  the  sine  of  the  semiangle 
of  the  wedge  to  radius. 

Cor.  %  When  ke  is  parallel  to  ab,  af  vanishes,  that  is,  the 
power  is  indefinitely  less  than  the  weight. 

Cor.  3.  When  ke  is  perpendicular  to  ab,  ef  vanishes,  and 
AF  and  AE,  which  represent  the  power  and  resistance,  become 
equal 

165.  Prop.  Wheii  the  resisting  body  is  neither  sustained  nor 
adheres  to  the  point  to  which  it  is  applied,  but  slides  freely 
along  the  face  gf  the  wedge,  the  power  is  to  tie  resistance,  as 
the  product  of  the  sines  (f  the  semiangle  of  the  wedge  and  the 
angle  in  which  the  resistance  is  inclined  to  its  face,  to  the 
square  of  radius. 

Let  AE  (fig.  11.  pi.  VII.)  be  perpendicular  to  bc,  and  let  the 
body  E  be  urged  against  the  fece  of  the  wedge  in  the  direction 
ke;  and  let  kb  represent  the  magnitude  as  well  as  the  di- 
rection of  that  force.  On  ae  produced  let  fall  the  perpen- 
dicular KO,  which  will  be  parallel  to  bc  ;  thus  will  the  force 
ke  be  resolved  into  two,  one  of  which  ko  will  carry  the 
body  down  along  the  face  of  the  wedge,  and  the  other  oe  will 
propel  it  perpendicularly  agwnst  it.  Now  in  the  case  of  equi- 
libnum,  the  power  is  to  oE,  that  part  of  the  resistance  which 
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acts  perpendicularly  against  the  face  of  the  wedge,  as  the  ^ne 
of  the  angle  acb  to  radius;  and  oe  is  to  the  whole  re^stance, 
as  OE  to  K£ :  that  is,  making  X£  radius,  as  the  sine  of  the  angle 
OKE,  or  its  alternate  keb,  to  radius.  Therefore,  ex  €equo  et 
componendo^  the  power  is  to  the  resistance,  as  sin  acb  x  sin 
Keb,  to  the  sauare  of  radius. 

Cob.  1.  When  ke  is  perpendicular  to  bc,  the  sine  of  the 
angle  in  which  the  resistance  is  applied,  is  radius ;  therefore 
the  power  is  to  the  resistance,  as  the  sine  of  the  semiangle  of 
the  wedge  to  radius. 

CoE.  2.  When  ke  is  parallel  to  ab,  the  angle  of  inclination 
is  the  complement  of  the  semiangle  of  the  wedge ;  and  there* 
fore,  the  power  is  to  the  resistance,  as  the  product  of  the  sine 
and  cosine  of  the  semiangle  of  the  wedge  to  tne  square  of  radius. 

Cor.  3.  When  ke  is  perpendicular  to  ab,  the  angle  of  in- 
clination is  equal  to  the  semiangle  of  the  wedge,  and  the  power 
is  to  the  resistance  in  a  duplicate  ratio  of  the  sine  of  the  semi- 
angle  of  the  wedge  to  radius.     See  Dr.  M.  Young's  Lectures. 

SCHOLIUM. 

1 66.  The  theory  of  the  equilibrium  of  the  wedge  has  greatly 
engaged  the  attention  of  many  philosophers,  as  Mr.  Ludlam,  &c. 
but  It  is  not  of  very  great  use  in  practical  mechanics,  because 
the  wedge  is  scarcely  ever  otherwise  urged  than  by  percussion* 
In  cleaving  of  wood,  the  resistance  opposing  the  force  of  the 
mallet  (supposing  the  sides  of  the  wedge  perfectly  polished,  and 
ita  edge  a  hne  without  breadth),  is  the  cohesion  of  the  particles 
of  the  wood  which  are  about  to  be  separated ;  and  this  being  a 
kind  of  pressive  force  acting  against  the  sides  of  the  wedge,  it  is 
by  many  philosophers  thought  absurd  to  attempt  to  compare  it 
with  the  percussive  force  of  the  mallet.  For  the  greatest  finite 
pressive  force  must,  in  their  opinion,  give  way  to  the  least  per- 
cussive one,  and  there  cannot  be  an  equilibrium  between  two 
^uch  difierent  forces.  "  Any  percussive  force  (say  they)  acting 
on  a  moveable  body,  generates  a  finite  quantity  of  motion  in  an 
indefinitely  small  portion  of  time ;  but  the  time  will  be  finite 
in  which  any  given  pressive  force  whatever,  acting  on  the  same 
body,  can  generate  or  destroy  the  same  quantity  of  motion. 
Therefore,  a  body  being  urged  in  a  certain  direction  by  any 
pressive  force  whatever,  and  in  the  contrary  direction  by  any 

Sercussjve  one,  the  pressive  force  will  be  some  finite  time  in 
estroying  the  quantity  of  motion  which  the  percussive  one 
generated  in  an  instant.  Consequently,  how  great  soever  the 
pressive  force  may  be,  and  how  small  soever  the  percussive  one, 
the  body  will  be  moved  (at  least  for  some  short  time)  by  this 
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last  force.^     Indeed,  after  the  stroke  is  ^ven,  the  pressive  force 
may  quickly  prevail  and  force  back  the  body,  which  the  im- 

Kulse  of  the  other  force  had  driven  forward.  And  so  it  would 
equently  be  in  the  operation  of  cleaving  wood,  if  the  sides  of 
the  wedge  were  perfectly  smooth.  For,  after  the  stroke  of  the 
mallet,  tne  wedge,  unless  its  weight  were  equivalent  to  the  at- 
traction of  the  parts  of  the  wood  about  to  be  separated,  would 
Sresently  be  forced  back  from  the  place  to  which  it  had  been 
riven  by  the  mallet  And  it  is  chiefly  the  roughness  of  the 
sides  of  the  wedge,  and  of  the  parts  of  the  wood  in  contact  with 
it,  which,  in  that  operation,  keeps  the  wedge  from  receding.  It 
is  that  roughness  too,  and  the  bluntness  of  the  edge,  which 
sometimes  prevent  the  wedge  from  being  moved  by  the  stroke 
of  the  mallet  For  were  it  not  obstructed  by  such  roughness 
and  bluntness,  it  would,  according  td  what  we  just  now  observed, 
be  always  driven  forward,  even  by  the  least  percussive  force. 

Several  of  these  remarks,  it  will  be  seen,  rest  upon  the  com- 
monly received  doctrine  of  percussion.:  a  doctrine,  however, 
which,  in  our  humble  opinion,  has  no  very  durable  basis.  It  is 
manifest  that  a  blow  may  perform  many  things  (particularly  in 
effecting  fractures  or  breaches)  which  a  considerable  i^essure 
cannot  accomplish :  but  this  is  probably  owing  to  the  circum- 
stance that  the  rapidity  with  which  the  excited  pressure  increases 
to  its  maximum  does  not  leave  sufiicient  time'  for  the  forces 
•which  connect  the  particles  of  the  body  struck  to  be  excit^ 
throughout  to  its  more  remote  parts. — ^We  hope  to  place  this 
matter  in  a  rather  better  light  when  the  subjects  of  Collisioi;!  and 
Percussion  come  under  consideration.    See  Book  II.  Chap.  5. 
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CHAPTER  V, 


ON   THE   STRENGTH    AND   STRESS   OP   MATERIALS. 

167.  The  Resistance  of  solids,  or  that  force  with  which  the 
quiescent  parts  of  solid  bodies  oppose  the  motion  of  others  con- 
tiguous to  them,  is  generally  considered  as  of  two  kinds,  in  one 
of  which  the  resisting  and  resisted  parts,  though  contiguous, 
t»nstitute  separate  masses ;  this  will  be  considered  in  another 
place,  under  the  title  of  Friction :  in  the  other  kind  the  resist- 
ing and  resisted  parts  are  not  only  contiguous  but  cohere,  being 
parts  of  the  same  body  or  mass ;  and  it  is  this  which  we  now 
propose  to  consider. 

This  kind  of  Resistance  has  exercised  the  sagacity  of  some  of 
the  most  eminent  philosophers  from  the  time  of  Galileo  down 
to  the  present  period ;  and  different  theories  have  been  proposed 
by  Mariotte,  Leibnitz,  Varignon,  Buffon,  Euler,  Lagrange,  and 
Girard  (perhaps  others  which  have  not  come  to  our  knowledge), 
but  none  of  them  are  so  free  from  objection  and  from  error  as 
might  be  wished.  Indeed,  the  figure  and  constitution  of  bodies 
are  so  variable  and  irregular,  that  we  cannot  with  the  desirable 
precision  determine  those  elements  which  should  precede  and 
regulate  this  discussion.  Of  the  theories  above  adverted  to 
some  are  certainly  very  ingenious ;  but  at  the  same  time  they 
are  very  complex  and  intricate,  and  cannot  by  any  means  be 
relied  upon  independent  of  experiment :  we  therefore  prefer  the 
comparatively  simple  theory  of  Galileo,  originally  laia  down  in 
his  dialogue  *^  On  the  Cause  of  the  Coherence  qfSolids^^  with 
which  the  other  hypotheses  agree  in  the  most  essential  particu- 
lars, and  which,  when  aided  by  proper  experiments,  may  serve 
as  a  safe  approximation  to  the  strength  and  stress  of  Uie  dif- 
ferent parts  of  machines. 

"  That  the  resistance  of  solids  might  be  subjected  to  calcu- 
lation, Galileo  supposed  first  that  bodies  were  composed  of  solid 
fibres,  parallel  to  one  another;  he  then  inquired  what  was  the 
force  with  which  they  resist  the  action  of  a  power  stretching  them 
in  a  direction  parallel  to  their  length,  and  found  that  it  was 
proportional  to  the  number  of  integral  fibres :  next,  considering 
the  fibres  as  subiected  to  an  effort  perpendicular  to  their  length, 
he  found  that  the  resistance  of  the  integral  fibres  was  propor- 
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tional  to  their  sum  multiplied  by  an  arm  of  a  lever,  which  is 
always  at  a  certain  part  of  the  vertical  dimen»ons  of  a  solid  in 
the  plane  of  its  rupture."  The  length  of  this  arm  of  lever  was 
regulated,  according  to  Galileo,  by  the  position  of  the  centre  of 
gravity  of  the  plane  of  rupture;  according  to  others,  by  the 
centre  of  percusdon,  &c.  But  ^^  the  distinctive  character  of 
Galileo's  hypothesis  conasts  in  this^  that  the  resistance  of  each 
of  the  fibres  is  independent  of  their  quantity  of  extension  at  the 
instant  of  their  rupture.^  Galileo^s  reasoning  on  this  interest* 
in^  topic  is  comprised  in  17  propositions :  his  mode  of  discussion 
will  not  be  entirely  adopted ;  but,  that  the  reader  may  know 
how  far  this  philosopher  advanced  the  subject,  we  shall  distin- 
guish by  a  [g.]  such  of  the  following  propositions  and  corollaries 
as  arc  found  in  his  treatise. 

168.  D£F.  Strength,  and  Stress^  or  Strain,  are  terms,  the 
former  of  which  is  used  to  denote  the  force  or  power  with 
which  any  mass  or  body  resists  a  breach  or  change  in  its  state, 
which  a  pressure  or  stroke  upon  it  has  a  tendency  to  produce; 
and  the  latter  are  used  indiscriminately  to  express  the  force 
which  is  excited  in  any  such  mass  and  tending  to  break  it. 
Thus,  every  part  of  a  pillar  is  equally  strained  by  the  load  which 
it  supports.  Hence,  it  is  evident  that  we  cannot  make  any 
structure  fit  for  its  purpose,  unless  the  strength  in  every  part  be 
at  least  equal  to  the  stress  laid  on,  or  the  strain  excited  m  that 
part:  and  hence  the  necessity  of  an  acquaintance  with  the 
nature  of  the  resistance  of  bodies,  so  that  there  shall  be  neither 
a  surplus  nor  a  deficiency  of  materials  in  any  machine. 

169.  Prop.  The  strength  of  a  beam  or  bar  to  resist  afrac-^ 
ture  hy  ajbrce  acting  laterally^  is  as  the  solidy  made  by  a  section 
of  the  beam  in  the  place  where  the  force  is  appUed,  vnto  the 
distance  of  its  centre  of  gravity  from  the  point  or  line  where 
the  breach  will  end.     [g.] 

Suppose  AB  (fig.  18.  pi.  VII.)  to  be  the  beam  (of  uniform 
matter  throughout)  fixed  firmly  at  its  two  ends  a,  b,.  at  the 
middle  of  which  is  laid  the  weight  w.  In  the. case  of  a  rupture 
we  conceive  the  beam  will  be  separated  first  in  the  line  cd  op* 
posite  to  w  and  farthest  from  it,  and  the  separation  be  gra- 
dually continued  till  it  arrives  at  abj  which  may,  therefore,  be 
considered  as  a  fixed  line  till  the  termination  of  the  fracture. 
Now  the  area  abed  represents  the  sum  of  all  the  fibres  to  be 
broken  or  torn ;  and  as  they  are  equal  to  each  other  both  in 
magnitude  and  strength  (by  hypothesis),  this  area  will  likewise 
express  the  aggregate  of  the  strength  of  the  fibres  in  the  longi- 
tudinal direction.  But  with  respect  to  lateral  strength,  we  must 
consider  each  fibre  as  acting  at  the  extremity  of  a  lever  whose 
ilentrc  of  motion  is  on  the  line  ab:  thus,  each  fibre  in  the  line 
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eily  will  resist  the  breach  by  a  ibrce  proportional  to  the  product 
cf  its  individual  strength  into  its  distance  c26  from  the  centre  of 
modon ;  and  consequently  the  resistance  of  all  the  fibres  in  cd 
will  be  represented  hy  cd  x  bd.  In  like  manner,  the  a^^egate 
resistance  of  another  coarse  of  fibres  parallel  to  ah^  as  oo,  will 
be  represented  by  oo  x  boi  and  of  a  third,  as  m,  by  the  rect* 
angle  it  x  bif  and  so  throughout.  Therefore  the  sum  of  all 
these  products  will  express  the  total  strength  or  resistance  of 
the  beam  in  diat  part.  But  (108.)  the  sum  of  all  these  pro* 
ducts  is  equal  to  the  product  of  the  area  abed,  into  the  distance 
of  its  centre  of  gravity  from  ah :  whence  the  proposition  is 
manifest. 

Cor.  1.  In  square  beams  the  lateral  strengths  are  as  the 
cubes  of  the  breadths  or  depths*     [g.] 

Cor.  ^.  In  cylindric  beams  the  loitered  strengths  are  as  the 
cubes  of  the  diameters,     [g.  J 

.  Cor.  3.  The  lateral  strengths  of  any  beams  whose  sections 
are  similarfgures,  are  as  the  cttbes  of  corresponding  dimensions 
^  the  sections. 

Cor.  4.  In  rectemgular  beams  the  lateral  strengths  are  con^ 
jointly  as  the  breadms  and  squares  of  (he  depths,     [g  ] 

For  the  areas  are  oc  breadth  x  depth,  and  the  distances  of 
the  centre  of  gravity  are  oc  depth :  consequently,  strength  oc 
breadth  x  depths. 

Cor.  5.  Tlie  lateral  strength  of  a  beam  with  its  narrower 
Jhce  upwards,  is  to  its  strengih  with  the  broader  face  upwards, 
as  the  breadth  of  the  broader  face,  to  the  breadth  of  the  nar^ 
rower,  [c.]  .  For  bd*:  db^  ::d:  b. ^ 

Cor.  6.  If  a  beam  were  fixed  firmly  at  one  end  into  a  wall, 
and  the  fracture  were  caused  by  a  weight  suspended  at  the  other 
end,  the  process  of  nature  would  be  similar,  only  that  the  breach 
would  terminate  at  the  lower  part  of  the  beam ;  and  the  pro- 
position and  first  five  corollaries  would  still  obtain. 

170.  Prop*  The  lateral  strength  ^prismatic  beams  of  the 
same  materials  are  as  the  areas  of  the  sections  and  the  distances 
^ their  centres  ^gravity,  directly^  and  as  their  lengths  and 
weights,  inversely. 

£et  Bc,  GH  (fig.  14.  pi.  VII.),  be  two  beams  of  like  mate- 
rials fixed  in  horizontal  posidons  to  the  upright  wall  ab,  by  their 
ends  B,  G.  Let  a  be  the  area  of  the  end  o  of  the  beun  gh,  g 
the  distance  of  the  centre  of  gravity  of  that  end  from  its  lowest 
point,  L  its  length,  w  its  weight,  and  s  its  strength :  and  let  a, 
gj  I,  w,  and  s,  be  oorrespcxiding  particulars  in  the  beam  cb. 

Then  s  :  5  : :  —  •'  7^  :  agZzc;  :  agLvr.   For,  the  direct  strength, 

or  effort  tending  to  preserve  the  adhesion  of  the  fibres,  varies 
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as  the  product  of  ag,  ag^  by  the  last  prop,  white  the  eflbrts 
tending  to  destroy  their  adhesion,  and  whidi  are  therefore  in 
the  inverse  ratio  of  the  strengths,  vary  both  in  pro|x>rtibn  to 
the  weights  of  the  beams^  and  the  distances  at  which  those 
weig^hts  act :  but  the  weights  of  the  beams  may  evidently  be 
considered  as  acting  at  their  centres  of  gravity,  the  distances  cf 
which  from  the  end  supported  vary  as  the  tength  of  the  beams; 
and  consequently  the  efforts  tending  to  destroy  the  adhesion  of 
the  beams  are  as  lw,  Iw.  Whence,  by  incorporating  the  direct 
and  inverse  ratios,  we  obtain  that  stated  in  the  proposition. 

CoR.  1.  Had  the  beams  been  considered  as  fixed  at  both 
eYids,  the  same  thing  would  follow,  with  this  difference  anhf^ 
that  a  beam  when  fixed  at  both  ends  w  as  strong  as  one  of  equal 
breadth  and  depths  and  but  half  the  lengthy  which  is  fixed  only 
-  of  one  end.  For,  if  the  longer  beam  were  bisected,  each  of  its 
halves  would  be  situated  with  respect  to  its  fixed  end,  in  the 
same  manner  as  the  shorter  beam  with  respect  to  its  fixed  end. 

CoE.  %  When  the  strength  of  a  beam  is  very  cpnsiderabfe 
in  relation  to  its  weight,  we  may,  instead  of  the  proposition, 

take  s :  ^  : :  —  :  ^. 

CoE.  8.  Cylinders  and  square  prisms  have,  their  lateral 
strengths  proportional  to  the  cfubes  of  the  diameters ^  or  depths^ 
directly^  and  their  lengths  and  weights,  inversely,  [c] 

Cor.  4.  Similar-  prisms  and  cylinders  have  tiieir  strengths 
inversely  proportional  to  iheir  like  linear  dimensions,  [g.]  Jb^or 
the  cubes  of  the  diameters  or  depths  vary  as  the  cubes  of  the 
lengths,  and  the  weights  and  lengths  are  as  the  cubes  of  the 
lengths  and  the  lengths  conjointly,  or  in  the  quadruplicate  ratio 
of  tue  lengths :  therefore,  the  strengths  are  asiu^  to  P  directly, 
'  and  L^  to  ^  inversely,  or  inversely  as  the  lengths,  l,  and  /. 

SCHOLIUM. 

171.  From  the  preceding  deductions  it  follows  that  greater 
beams  and  bars  must  be  in  greater  danger  of  breaking  than  the 
less  similar  ones ;  and  that,  though  a  less  beam  may  be  firm  and 
secure,  yet  a  greater  similar  one  may  be  made  so  lori^,  as  neces- 
sarily to  break  by  its  own  weight.  Hence  Galileo  justly  con- 
cludes, that  what  appears  very  firm,  and  succeeds  well  in  mo- 
dels, may  be  very  weak  and  unstable,  or  even  fall  to  pieces  by 
■its  weight,  when  it  comes  to  be  executed  in  large  dimensions, 
according  to  the  model.  From  the  same  principles  he  argues 
that  there  are  necessarily  limiu  in  the  works  of -nature  and  art, 
which  they  cannot  surpass  in  magnitude :  that  immensely  great 
ships,  palaces,  temples,  &c.  cannot  be  erected^  their  yards. 
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beams,  bolts,  &c.  falling  asunder  by  reason  of  their  weight. 
Were  trees  of  a  very  enormous  magnitude,  their  branches  would^ 
in  like  manner,  fall  off.  Large  animals  have  not  strength  in 
proportion  to  their  size ;  and  if  there  were  any  land  animals 
much  larger  than  those  we  know,  they  could  hardly  move,  and 
would  be  perpetually  subjected  to  most  dangerous  accidents. 
As  to  marine  animals,  indeed,  the  case  is  different,  as  the  buoy- 
ancy of  the  water  sustains  those  animals  in  great  measure ;  and 
in  fact  these  are  known  to  be  sometimes  vastly  larger  than  the 
greatest  land  animals.  It  is,  says  Galileo,  impossible  for  Nature 
to  give  bones  for  men,  horses,  or  other  animals,  so  formed  as 
to  subsist,  and  proportionally  to  perform  their  offices,  when 
such  animals  should  be  enlarged  to  immense  heights,  unless  she 
-uses  matter  much  firmer  and  more  resisting  than  she  commonly 
does ;  or  should  make  bones  of  a  thickness  out  of  all  propor- 
tion ;  whence  the  figure  and  appearance  of  the  animal  must  be 
monstrous.  And  this  sentiment  being  suggested  to  us  by  per- 
petual experience,  we  naturally  join  the  idea  of  greater  strength 
and  force  with  the  grosser  proportions,  and  that  of  agility  with 
the  more  delicate  ones.  The  same  admirable  philosopher  like- 
wise remarks,  in  connexion  with  this  subject,  that  a  greater 
column  is  in  much  more" danger  of  being  broken  by  a  fall  than 
a  similar  small  one :  that  a  man  is  in  greater  danger  from  acci- 
dents than  a  child :  that  an  insect  can  sustain  a  weight  many 
tiiiies  greater  than  itself;  whereas  a  nuich  larger  animal,  as  a 
horse,  could  scarcely  carry  another  horse  of  his  own  size.  The 
ingenious  student  may  easily  extend  these  practical  remarks,  to 
any  cases  which  may  come  before  him. 

172.  Prop.  The  lateral  strengths  of  two  cylinders  (of  the 
same  matter)  of  equal  weight  and  lengthy  one  of  which  is  hot- 
low  and  the  other  solid^  are  to  each  other  -a^  tlie  diameters  of 
their  ends,  [g.] 

Let  ABE,  HiK  (figs.  1  and  ^  pi.  VIII.),  be  the  ends  of  two 
cylinders  of  equal  length,  and  containing  equal  quantities  of 
matter,  the  former  being  the  section  of  a  tube  constituted  of 
cylinders  having  a  common  axis ;  then  is  the  strength  of  the 
tube  to  that  of  the  solid  cylinder  as  ab  to  hi.  For  the  lateral 
strengths  (169.)  are  conjointly  as  the  areas  and  the  distances 
of  the  centres  of  gravity  of  the  sections  from  a  or  from  b,  ac- 
cording as  the  fractures  terminate  at  the  one  or  the  other  point : 
but  the  areas  of  the  annulus  in  the  first  fig.  and  of  the  circle 
in  the  second,  are  here  equal,  and  the  centres  of  gravity  of  both 
are  at  their  centres  of  magnitude ;  wherefore,  since  the  radii 
vary  as  the  diameters,  the  strengths  in  this  case  vary  in  the  same 
ratio. 

Cor.  1.  Since,  when  the  area  of  a  circular  section  is  given. 
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its  diameter  is  greater  when  the  section  is  an  annulus,  thair 
when  it  is  a  circle  witliout  any  cavity ;  and  since  the  power 
with  which  the  parts  of  the  cylinder  resist  extraneous  force 
is  greater  in  the  same  proportion,  it  follows  according  to  the 
theory  thus  stated,  that  the  strength  may  be  increased  inde- 
finitely without  au^enting  the  quantity  of  matter. 

This  conclusion  is,  however,  manifestly  erroneous :  because 
after  the  diameter  of  the  tube  exceeds  a  certain  magnitude 
(which  can  only  be  ascertained  experimentally)  it  will  oecome 
flaccid,  and  bend  under  the  smallest  additional  weight.  The 
fact  is,  the  reasoning  in  the  proposition  is  founded  upon  the 
presumption  that  the  figure  of  the  section  will  be  constantly 
circular ;  and  will  therefore  only  hold  true  under  those  limits 
in  which  the  pressure  or  stroke  upon  the  tube  will  not  cause  its 
section  to  degenerate  from  the  circle  to  an  ellipsis  or  any  othec 
form. 

CoR.  %  When  the  two  diameters  of  the  end  of  a  tube  are 
given,  the  diameter  of  a  solid  cylipder  of  equal  weight  may  be 
easily  found  (the  lengths  being  supposed  the  same),  by  taking 
^he  square  root  of  the  difference  of  tne  squares  of  the  diameters 
of  the  tube ;  or  the  square  root  of  the  product  of  their  sum  and 
difference. 

Or,  the  same  may  be  effected  geometrically  by  this  simple 
process :  from  one  end  of  the  exterior  diameter  ab  set  off  a e 
equal  to  the  interior  diameter  cd,  and  join  eb,  which  will  be 
the  diameter  of  the  section  sought.  For  eb^  must  be  equal  to 
ab*  —  CD*,  which  it  is  by  this  construction  and  Euc.  I.  47.  and 
III.  31. 

Or,  if  be  be  drawn  a  tangent  to  the  inner  circle  till  it  cuts 
the  exterior  on^  in  two  points  £  and  b,  it  will  be  the  diameter 
sought.  For  the  triangles  bea,  bfg,  are  then  similar,  the 
angles  at  e  and  f  being  right  angles ;  consequently  ea  =:  2fg 
=  CD ;  as  in  the  preceding  construction. 

Gob.  3.  The  lateral  strengths  of  tubes  and  solid  cylinders  of 
equal  length  and  similar  materials,  are  as  the  areas  of  their  ends 
and  their  diametere  conjointly. 

SCHOLIUM. 

» 

178.  From  this  proposition  Galileo  justly  concludes,  that 
Nature  in  a  thousand  operations  greatly  augments  the  strength 
of  substances  without  increasing  their  weight:  as  is  manifested 
in  the  bones  of  animals  and  the  feathers  of  birds,  as  well  as  in 
most  tub^,  or  hollow  trunks,  which  though  light,  greatly  resist 
any  effort  to  bend  or  break  them.     **  Thus  (says  he)  if  a  wheat 
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^  sUaw  vbMi  supports  an  ear  that  is  heavier  than  the  whole 
^  stalk  were  made  of  the  same  quantity  of  matter,  but  solid^  it 
^^  would  bend  or  break  with  far  greater  ease  than  it  now  does. 
^^  And  with  the  same  reason  Art  has  observed  and  Experience 
^'  confirmed  that  a  hollow  cane,  or  tube  of  wood  or  metal^  is 
'(  much  stronger  and  nfore  firm  than  if,  while  it  continued  of 
<'  the  same  weight  and  length,  it  were  solid,  as  it  would  then,  of 
^^  consequence,  be  not  so  thick :  and  therefore  Art  has  contrived 
**  a  method  to  make  laqoes  hollow  within,  when  they  are  re- 
*^  quired  to  be  both  light  and  strong ;"  in  this  instance,  as  in 
many  others,  imitating  the  wisdom  of  Nature, 

In  all  such  instances,  however,  there  is  an  obvious  distinction 
between  the  works  of  Nature  and  those  of  Art ;  '^  in  the  former 
(as  M.  Girard  remarks,  when  treating  the  same  subject),  the 
cause  and  the  effect  essentially  agree ;  the  one  cannot  undergo 
any  modification  without  the  other  experiencing  a  correspond- 
ent change :  or,  to  speak  more  precisely,  a  new  effect  always 
results  &om  a  new  cause : — in  the  productions  of  human  in- 
dustry, on  the  contrary,  there  is  no  necessary  proportion  be- 
tween the  effect  and  cause :  if,  for  example,  a  determinate 
weight  is  to  be  raised,  it  is  indifferent  whether  we  use  the 
thread  which  has  precisely  the  adequate  force,  or  the  cable 
which  has  a  superabundant  one ;  white,  if  the  same  weight  had 
rested  naturally  suspended,  it  would  have  done  so  by  means  of 
fibres  peculiarly  appropriated  in  their  organization  to  the  ob- 
ject, and  whose  disposition  would  have  presented  the  most  ad- 
vantageous form.  Perfection  resides  in  a  single  point,  at  which 
Nature  arrives  without  effort ;  while  man  is  obliged,  by  re- 
peated trials,  to  pass  over  an  immense  space  which  separates 
nim  from  it.^ 

174.  Prop.  Of  all  hollow  cylinders  whose  lengths,  and  the 
diameters  of  the  exterior  and  interior  circles^  continue  the  same, 
those  have  the  fffyatest  ktteral  strenffthy  in  which  the  interior 
touches  the  exterior  circle f  in  the  hi^eHpart,  provided  t?ie  cjf^ 
tinders  are  fixed  at  both  ends  and  in  a  Junizontal  position  ;  or 
when  they  touch  in  the  lowest  part,  i^  the  cylinders  are  fixed 
only  at  one  end:  the  cylinders  in  both  cases  being  conceived  to 
exert  their  strength  against  weights  acting  vertically. 

Here,  since  the  diameters  of  the  exterior  and  interior  circles 
are  supposed  invariable,  the  area  of  the  space  they  include  will 
be  likewise  invariable,  so  that  the  strengths  of  the  cylinders  will 
be  proportional  to  the  distances  of  the  centres  qS  gravity  of 
their  sections  from  the  point  where  the  fracture  would  end  on 
the  supposition  the  cylinders  were  broken.     Now,  when  a  beam 


CHAP.  ▼.        STRENGTH   AVD  BTEESII  OF  MATBRIAtft.  Ill 

is  fixed  At  both  ends,  Sand  broken  by  a  weigkt  kid  between 
those  ends,  the  breach  will- manifest! j  coromenoe  at  the  lower 
part  and  tenninattf  at  the  upper;  and,  when  it  is  fixed  at  cm^ 
end  only,  and  the  weight  acts  at  the  other,  the  breach  will 
commence  on  the  upper  side,  and  terminate  at  the  lower :  coni- 
sequently,  in  the  first  instance,  the  centre  of  gravity  of  the  aeo- 
tiou  must  be  at  the  greatest  distance  from  its  highest  point,  :and 
in  the  second  instance  at  the  greatest  distance  irom  the  lowest 
point,  to  ensure  a  maximum  of  strength.  Let  figs.  S  and  4 
represent  the  section  of  the  tubes,  bc  and  ad  being  the  dia^ 
meters  of  the  hollow  part  of  both :  let  the  area  of  the'cirde 
whose  diameter  is  ab  be  m,  the  distance  of  its  oentre.of  gravity 
from  A  being  called  o,  the  area  of  the  smaller  circle  m,  die 
distance  of  its  centre  of  gravity  from  a,  g^  the  area  of  the  space 
between  the  two  circles  (=  m  —  f?t)ft,  the  distance  of  its  centre 
of  gravity  from  a,  y  ^  then,  by  the  nature  of  the  centre  of  gra- 
vity, will  M6  =s  tng  +  /U'/.  in  this  equation  m,  g,  m,  and  /c^ 
are  invariable;  therefore  y  must  vary  inversely  as  ffi  and  oon- 
sequently,  when  y  is  a  maximum^  is  a  minimum,  ax3i  vice  versa. 
But  ^  is  a  minimum  when  the  inner  circle  touches  the  outer 
one  in  a,  as  in  fig.  4 ;  and  it  is  a  maximum  when  the  interior 
and  exterior  circles  touch  in  b,  as  in  fig.  3.  Therefore  the 
maximum  and  the  minimum  values  of  y  obtain  when  the  circles 
touch  in  A  and  b  respectively ;  and  the  comparative  strei^tbs 
of  the  tubes  are  as  expressedf  in  the  proposition. 

175.  In  cases  actually  arising  in  practice,  this  proposition,  as 
well  as  that  laid  down  m  art.  17^9  will  require  some  modifica- 
tion, and  for  the  same  reason  as  is  there  stated.  The  strengths 
of  the  tubes,  however,  will  increase  as  the  circles  approach 
nearer  to  each  other,  until  they  reach  a  certain  limit,  which  can 
only  be  determined  by  experiment  for  each  difierent  kind  of 
resisting  body,  and  for  various  proportions  of  the  exterior  and 
interior  circles. 

176*  P&op.  The  strongest  rectangular  beam  which  can  be 
cut  out  of  a  eiven  cylinder^  is  that  qf^  which  the  sqiuires  of  the 
breadilij  and  depths  and  the  square  of  the  cylinder'^s  diameter^ 
are  respectively  as  the  numbers  1,  S,  and  3. 

In  fig.  6.  pi.  VlILlet  bc  the  breadth  of  the  beam  be  denoted 
by  bf  AC  the  depth  by  d,  the  diameter  ab  being  denoted  by  d  ; 
then  when  bc  is  horizontal,  the  lateral  strength  will  be  repre- 
Bente4  by  bd^  (art.  169«  cor^  4«),  which  is  to.be  a  maximum. 
But  AC*  =  AB*  —  BC%  or  d*  =  i>*  —  A*;  therefore  (D*--i*)6= 

fo^-*  6^  SB  a  max.  In  fluxions  d4  s=  gft^i :  whence  D*  ^  86^ ; 
and  d«  =  D«  -  6«  =s  .%*  -  ^*  =  26«.  Consequently,  «* :  #  : 
D«  : :  1  :  8  :  8.'    a.  b.  d. 
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Cor.  1.  Hence  arises  this  easy  pMclical  construction :  divide 
the  diameter  ab  into  three  equal  parts  in  £,  f  ;  erect  the  per*- 
pendiculars  ed,  fc  ;  and  join  the  points  c,  d,  to  the  extremities 
of  the  diameters:  so  shall  acbo^  be  the  rectangular  end  of  the 
beam  required.  For,  because  ae,  ad,  ab,  are  in  continued 
proportion,  we  have  a  b  : :  ab  : :  ad^  :  ab^  :  and,  in  like  manner, 
AF :  AB  : :  ac*  :  ab*.  Hence  ae  :  af  :  ab  : :  ad*  :  Ac' :  ab*  :  : 
1:2:3. 

CoE.  2.  The  ratio  of  6  to  d  is  nearly  that  of  5  to  7,  or  more 
nearly  that  of  1£  to  17.  For  5* :  7* : :  ^5 :  49 : :  1:2  nearly ; 
and  12* :  17* : :  144  :  289  : :  1  :  2  more  nearly. 

Cor.  3.  A  square  beam  from  the  same  cylinder  would  have 
its  side  =  d  'v/  ^  =:  ^d  \/2.  Its  solidity  would  be  to  that  of  the 
strongest  beam,  as  ^d*  to  j-D^  v"  2,  or  as  |  to  ^  y  2,  or  as  5  to 
4«714;  while  its  strength  would  be  to  that  of  the  strongest 
beam,  as  (d  \/  4^)'  to  d  x/ j-  x  ^d*,  or  as  i^  v'  2  to  |.  V  3,  or  as 
3560  to  3849. 

CoR.  4.  The  strength  of  the  whole  cylinder  will  be  to  that 
of  the  square  beam  when  placed  with  its  diagonal  vertically,  as 
the  area  of  the  drcle  to  that  of  its  inscribed  square.  For  ce  or 
ED  (fig.  5.)  b  the  distance  of  the  centre  of  gravity  in  both  cases; 
therefore  the  strengths  vary  as  the  areas. 

177.  Prop.  WTien  atrianmdar  beam  is  supported  at  both 
ends,  its  strength  ixAen  the  ec^e  of  Hue  beam  is  uppermost  is,  to 
the  strength  when  the  opposite  side  is  uppermost^  as2  tol. 

For  in  this  case  the  fracture  will  terminate  at  the  top  of  the 
beam ;  and  as  the  area  of  the  end  continues  the  same  whether 
side  or  edge  be  uppermost,  the  strength  will  vary  as  the  dis- 
tance of  the  centre  of  gravity  from  the  uppermost  point.  Now, 
in  the  triangle  abc,  the  distance  co  or  the  centre  of  gravity 
from  the  vertex,  is  double  the  distance  gd  from  the  base 
(fig.  8.  pi.  VHI.) :  therefore  when  the  triangle  is  inverted  as 
abc,  the  distance  of  the  centre  of  gravity  from  d  the  highest 
point,  is  only  half  its  distance  from  the  highest  point  c  of  the 
triangle  before  it  is  inverted.  Whence  the  proposition  is 
manifest. 

Cor.  If  the  beam  be  supported  at  one  end  only,  it  would  if 
broken  have  the  breach  commence  at  the  upper  part  and  ter- 
minate at  the  lower :  and  in  that  case  the  beam  will  be  strongest 
when  the  edge  is  downward,  and  only  half  that  strength  when 
its  opposite  face  is  downward  and  horizontal. 

178.  Prop.,  If  a  weight  be  placed  upon  any  part  of  a  hori- 
zontal  beam  fixed  at  both  ends,  the  stress  of  the  beam  at  tliat 
part  mil  be  as  Ifie  rectangle  (fits  distances  from  the  supported 
ends,    [g.] 

Let  the  weight  w  press  upon  the  beam  at  c  (fig.  5.  pi.  IV.), 
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^then  is  the  weight  equal  to  the  {^essUres  iipk)n  a  and  b,  and 

pressure  upon  a  ~ ,  while  pressure  upon  b  = .    (See 

Cor.  6.  art.  133.)  But  the  reaction  of  either  point  of  support 
,is  equal  to  the  pressure  upon  it  (ax.  8.);  and  this  may  be  con- 
:8idered  as  a  force  acting  at  the  point  c  as  upon  the-  arm  of  a 
Jever:  so  that  the  stress  at  c  is  as  the  pressure  at  either  point 
of  support  into  its  distance  from  c.    That  is^  the  pressure  is  as 

-^jjj—  -AC,  or  as  -^^  •  BC,  which  are  manifestly  equal,  the  orte 

*to  the  other.  But  w  and  ab  are  ^ven ;  therefor^  the  stre^ 
varies  as  the  rectangle  ac  •  cb. 

^  CoR.  1.  The  same  thing  will  obtain  if  the  weight  be.  equally 
diffused  through  the  whole  of  the  beam.  For,  m  this  case  as 
in  the  former,  the  sum  of  the  pressures  upon  a  and  b  will'lfe 
equal  to  the  whole  weight:  and  if  w  be  the  weight  of  the  pact 

BC,  its  pressure  upon  a,  wil]  be        *^;  and  this  referred  back 

to  the  point  c  will  give  ^^  -  •  ac,  for  the  stress;  which 
varies  as  the  rectangle  ac  •  bc,  as  before. 

CoR.  9,.  The  greatest  stress  of  a  beam  is  in  the  middle  be- 
tween .  its  supports,  whether  the  weight  be  applied  ■  thfere  or 
-equally  diffused  over  its  whole  length,     [g.] 

For  the  rectangle  of  the  two  parts  of  a  line  is  a  maximum, 
«when  those  parts  are  equal  to  each  other. 

'  CoR.  3.  Hence  in  all  structures  we  should  as  far  as  possible 
-avoid  placing  weights  in  the  middle  of  beams :  thus,  in  roofing, 
it  is  better  to  use  prick-posts  than  king-posts,  unless  where 
there  is  a  pillar  or  a  partition  wall  to  support  the  beam  in  the 
middle. 

'  Cor.  4.  If  *m  be  the  greatest  weight  a  beam  will  sustain  at 
its  middle  point,  and  it  be  required  to  support  by  that  beam  a 
^eater  weight  w;  the  point  c  may  be  found  by  making  w  : 

t»  :  :  ^AB  X •^|AB  :  AC  •  CB. 

To  perform  thisr  geometrically^  Galileo  proceeds  thtis :  Let  ^ 
•and  2<T berepresentel bylineSj;  their  meain* proportional  being 
a  line  m  :  find  a  fourth  proportional  s,  to  w,  m,  and  ad  (fig.  % 
pi;  VIII).  Lh  ad  be  tne  diamet^er.  of  the  semicircle  aHd,  in 
which  draw  the  line  ah  =  s;  join  .h,  d,  and  makebc  :r>l>At 
then  is  c  the  point  sought.  <  For,t  on  ba  describe  the  semrrirole 
;ANB,-^rci&e  the  perpendicolar  ng  and  join  n,  d  :  then,  bebaole 
-ic%'4-  tb^iis  iiD^  =  AD«  s  An«^  +  HD?,  and  hd*  s^'dc?^,  iwe 
have  Nc«  =  ac.-^b:=:  ah*,  that  is  =  s^;  :  But  s« :  ad* :  \m\yf\ 
vfaence  the  truth  of  4;he  cdfistruedak>s  obvious. 
•:CoB.  5;  Shioe  die  rectbngle;^AC  •  cb  diminishe?  -as'  cap* 
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f)roacbes  to  a  or  b,  and  the  stress  varies  as  Uial  rectangle,  it 
bllows  that  much  may  be  takeit  from  the  thickness  of  beams 
towards  each  end  without  rendering  them  too  weak  for  the 
kiad.     [g.] 

Cor,  6.  The  strains  at  any  two  points  c,  and  d,  in  a  beam, 
are  as  the  rectangles  ac  •  cb,  ad  •  db  ;  and  therefore  when 
weights  are  laid  on  at  c,  and  d,  in  the  proportion  of  those  rect- 
angles the  beam  will  be  no  more  liable  to  break  at  one  point 
than  at  the  other,     [g.] 

Cor.  7.  The  stram  at  any  point  n  caused  by  a  weight  at  c, 
is  equal  to  the  stndn  at  c  occasioned  by  the  same  weight  at  d. 

For,  when  the  weight  w  is  at  c,  the  stress  there  is  as  ac  •  cb, 

and  the  stress  at  d  ==  —  x  strain  at  c  —  —  x  ac  •  cb  =  bd  • 
AC  And,  when  the  weight  is  at  d^  the  strain  there  is  as  ad  • 
BB ;  while  the  strain  at  c  is  as  — ^  x  stress  at  d  =  — ••  x  ad  - 

AD  AD 

DB  ^  AO  •  BD,  the  same  as  before. 

179.  Prop.  If  a  beam  in  form  of  an  isosceles  wedge  be  fixed 
by  its  base  to  a  vertical  wall,  its  faces  being  in  a  vertical posi^ 
tion,  and  a  weight  be  attaehed  to  its  vertex,  such  a  beam  wiB 
be  equally  strong  throughout. 

Let  the  wedge  ba  (fig.  10.  pi.  VIII.)  be  fixed  to  the  vertical 
wall  be,  and  a  weight  w  be  placed  at  a»  The  effort  of  the 
weight  w  upon  any  point  d  oi  the  beam  will,  by  the  nature  of 
the  lever,  be  as  the  rectangle  w  •  ad,  or  as  ad,  because  w  is 
constant.  And  the  strength  at  any  point  d,  will  be  as  the 
breadth  into  the  square  of  the  depth  at  that  place  (all  the  ver- 
tical sections  being  rectangles),  or  as  the  breadth  CD,  the  depth 
being  constant.  Therefore,  since  when  the  beam  is  equally 
strong  throughout,  the  strength  and  stress  are  in  an  invariable 
ratio,  we  shall  have  cd  constantly  as  ac  ;  and,  of  consequence, 
ACD  must  be  a  rectilinear  triangle,  and  the  beam  a  wedge. 

180.  Prop.  If  a  beam  is  placed  horizontally  with  one  end 

fixed  to  a  waUj  and  a  weight  hung  at  the  other ^  then  if  Us 

breadth  be  the  same  from  one  end  to  the  other y  it  will  be  eqmOy 

strong  tkrm^^ot^  when  the  vertical  sides  are  injbrm  qfa  pa^ 

waioh.    [a.] 

.  For  the  stress  is  a»  ad  (fig»  11.)  as  in  the  last  prop,  and  the 
Mveogtb  }•  as  the  breadth  into  the  squase  of  the  depth,  or,  be- 
OUiM  the  breadth  is  constant^  the  strength  is  as  cd^  But'  the 
BtiMS  and  strength  must  remain  in  a  oonstant  ratio ;  therefore 
^lB  must  vary  as  CO*  tbroughoiit  the  figure  ;  whidi  is  the  welL 
known  property  of  a  parabola  whose  vertex  is  a. 

Cor.  1.  Since  the  punbola  is  4.  of  its  drcmBaeribiBg  {Munt 
lelograok,  parabobc  beams  require  j.  less  matter  than  prismatic 
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owes;  a  circumstance  which  may  be  beneficially  attended  to, 
particularly  when  iron  is  used. 

Cor.  2.  in  the  beams  of  balances  for  very  great  weights^ 
each  arm  may  be  constructed  of  a  parabolic  shape,  as  in  fig.  19; 
p  being  the  centre  of  motion :  which  will  cause  a  saving  ot  ma- 
terials without  any  diminution  of  use/id  strength. 

181.  Prop,  If  a  beam  has  one  endjixedto  a  wcM,  andgra- 
dually  diminishes  towards  the  other  end  where  a  foeight  H 
placed^  so  that  all  its  vertical  sections  are  squares,  then^  in  order 
that  it  may  be  equally  strong  througfioutf  th£  bounding  curve 
must  be  in  the  form  rfa  cubic  paraSola. 

In  fi^.  \%  pi.  VIII,  the  stress  or  effort  of  the  weight  upon 
any  pomt  f  will  be  as  af:  and,  because  the  secdons  are  all 
similar,  the  strengths  will  vary  as  the  cubes  of  the  depths. 
Hence,  in  this  case  af  a  nc^,  which  is  a  well-known  property 
of  a  cubic  parabola. 

182.  Prop.  When  a  beam  whose  vertical  sides  ave  parallel 
planes  is  fined  at  both  ends^  it  will  be  equally  strong  through- 
out y  ^either  the  tops  of  those  sides  or  the  bottoms^  or  both,  be 
terminated  by  ellipses. 

For,  the  sides  being  parallel  planes,  the  beam  will  be  of  equal 
thickness  throughout,  and  consequently  the  strength  at  an^ 
point  DC,  will  be  as  C0%  or  as  cc^  according  as  adb,  or  a^b,  is 
the  bottom  of  the  beam  (fig.  13.  pi.  VIII.).  Now,  the  stress  at 
the  point  o,  is  as  the  rectangle  ad  •  db  (art.  178.);  therefore 
CD*,  or  cc*  must  vary  as  ad  •  db,  to  ensure  equal  strength 
throughout.  And  this  is  the  fundamental  property  of  the 
ellipse  whose  vertices  are  A  and  b. 

183.  Prop.  Given  the  length  and  weight  of  a  cylinder  or 
prismj  which  is  placed  horizontally  voith  one  end  Jixed  firmly^ 
and  mil  just  support  a  given  weight  at  the  other  end  without 
i^eaking,  to  find  tlie  length  of  a  similar  prism  or  cylinder j 
which  when  supported  in  like  manner  at  one  end,  shall  just 
bear  without  breaking  a  second  given  weight  at  the  unsup" 
ported  end. 

Let  I  denote  the  length  of  the  ^ven  cylinder  or  prism,  d  the 
diameter  or  depth  of  its  end,  t»  its  weight,  and  u  the  weight 
hanging  at  the  unsupported  end:  the  caoitals  l,  d,  w,  and  u, 
representing  corresponding  particulars  with  respect  to  the  other 
pnsm.  Then  the  weights  of  similar  solids  of  the  same  matter 
being  as  the  cubes  of  their  lengths,  we  shall  have  P :  l'  :  :  tser : 

^  Wf  the  weight  of  the  prism  whose  length  is  u    We  may 

either  suppose  the  ^hole  weight  of  each  beam  to  act  at  its 
centre  of  gravity,  or  half  its  weight  at  the  unsupported  end : 
for,  on  both  these  suppositions  the  stress  upon  the  supported 
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qr  fixed  end  erinng  from  the  weight  of  the  beam  will  be  the 
same:  hence  then,  the  stress  upon  the  fixed  end  of  the  bean 
whose  lei^th  is  Z,  ariang  both  from  its  own  weight  and  the 
W^ght  u  attached  to  it,  will  be  (^w +  €«)/;  and  the  stress  upon 

the  other  beam  will  be  (-Lk;  —  +  u)  l,  or  (-^  w  +  v)h.    But 

the  lateral  strength  of  the  first  beam  is  to  that  of  the  second,  as 
d^  to  D*  (art.  169.  cor.  2.)  or  as  l^  to  l^.  Wherefore,  since  the 
strengths  and  stresses  of  the  two  beams  in  their  respective  cir- 
cumstances must  be  in  the  same  ratio,  to  answer  the  conditions 

of  the  proposition,  we  have  {^w  •\-u)l:  (^  w  -f-  u)  l  :  :  ?  :  l*. 

This  analogy  converted  into  an  equation,  g^ves,  afler  a  little 

reduction,  l*  —  -^^i—    II^  -{ uP  =  0 :    a  cubic  equatioti 

from,  which  the  numeral  value  of  l  may  be  determined,  when 
those  of  the  other  quantities  are  specified. 

Cor.  1.  When  u  vanishes,  the  equation  becomes  l'  = 

Zl* ;  whence  l  = ^ L  or  w:w  -^-Zu: :  1:l.    From  which 

the  length  of  the  beam  which  will  just  break  by  its  own  weight, 
may  be  readily  found. 

Cor.  S.  Hence  of  all  beams  of  similar  shape  and  materials, 
there  is  one,  and  only  one,  that,  will  merely  sustain  itself  when 
fixed  at  one  end,. being  just  on  the  point  of  breaking,     [g.] 

Cor.  8.  If  a  beam  break  by  its  own  weight,  when  fixed  at 
one  end,  a  beam  of  twice  its  length  fixed  in  a  similar  manner  at 
both  ends  will  also  break  by  its  own  weight :  or  if  one  sustain 
itself  the  other  will. 

'  For  the  strain  or  stress  is  the  same  in  both  of  them ;  each 
being  equal  to  the  stress  of  a  beam  of  the  double  length,  and 
supported  at  its  middle  point. 

184.  Prop.  Given  the  length  and  weight  ^  a  cylinder  or 
prism,  which  is  fixed  horizontally  as  in  the  foregoing  proposu- 
tion,  and  a  weight  which  when  hung  at  a  given  point  oreaks  the 
prism,  to  find  how  mttch  longer  a  prism  of  equal  diameter  or  ^ 
equal  ^breadth  and  depths  may  he  extended  before  it  break  either 
%  its  own  weight,  or  by  the  addition  of  any  other  adventitiota 
it)eight 

Here  \etl  denote  the  length  of  the  given  prism,  w  its  weigh t^ 
u  a  weight  attached  to  it  at  the  distance  d  from  the  fixed  end ; 
t  the'iehgth  ofthe  required  prism,  and  u  the  weight  attached 

to  it  at  the  distance  d.     Then  Z :  l  : :  w :  ^,  the  weight  of  tiii 

prism  whose  length  is  l  :  therefore  the  strain  it  will  occasioii 


r 
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upon  the  fixed  end  will  be  -y-  •  i  i*  =^  ■^;  ^^^  ^^^  strain 

arising  from  the  weight  u  acting  at  the  distance  D.  will  be  du  ; 
so  that  the  whole  strain  occasioned  by  the  longer  beam  and  its 

weight  will  be  — ^  -f"  ^^-  The  strain  occasioned,  in  like  manner, 

by  the  weijght  of  the  original  beam  will  be  ^wl,  and  by  its 
weight  u  at  the  distance  d,  will  be  du,  their  sum  being  ^wl 
+  du.  Now  the  strength  of  the  beam  which  is  just  suilicient 
to  resist  these   strains  is  the  same  in  both  instances;   con- 


wx^ 


'seqnently  —- — |-  nu  =:  ^wl  +  du;   and  by  reduction  l  = 


s/ 


21 

—  (4ap/  +  dtt  —  du). 


Cob.  1.  If  the  lengthened  beam  just  breaks  with  its  own 
weight,  then  u  vanishes,  and  we  have  l  =  v'  (^  H ^)=: 


V 


'x(/+^). 


a/ 


Cor.  2.  If  when  u  vanishes  d  becomes  equal  to  /,  we  have  i.  = 


w  w 


185.  Prop.  The  strength  of' a  rectangular  beam  in  an  inclined 
position  is  to  the  strength  of  the  same  beam  in  a  horizontal 
posit  ion,  to  resist  a  vertical  pressure^  as  the  square  qfthe  radiums 
to  the  square  of  the  cosine  of  elevation. 

For  a  transverse  vertical  section  of  the  beam,  will  be  rectan- 
gular, whether  the  beam  be  in  a  horizontal  or  oblique  position : 
and  consequently,  on  the  principles  we  have  assumed,  the 
strengths  in  both  cases  will  be  as  the  squares  of  the  depths. 
Now  AB  (fig.  14.  pi.  VIII.)  being  a  longitudinal  vertical  sectibil 
of  the  beam,  the  depth  of  the  beam  when  incEned  will  be  cd, 
and  cd  when  it  is  horizontal.  Hence  the  strength  in  the  one 
case  to  that  in  the  other  is  as  cd«  to  ccP,  or  because  of  the 
similar  triangles  end,  ado,  as  a  o^  to  aoS  that  is,  making  ad 
radius,  as  rad*  to  cos*  dao.     q.  e.  d. 

Cob.  1.  The  strength  of  any  beam  resisting  a  vertical  pres* 
sure  is  greatest  when  it  is  in  a  vertical  position ;  for  then  the 
cosine  of  inclination  vanishes. 

Cor.  %  The  same  prop,  and  corol.  will  hold,  with  respect 
ta  a  pressure  in  any  other  direction,  provided  ah,  instead  of 
being  horizon tal^  be  perpendicular  to-tne  pressure. 

186.  Prop.  When  two  beams  standifig  obliquely  bear  two 
weights  upon  them^  either  at  the  middle  minis  or  in  any  s&ni- 
lar  tituationSf  or  equally  diffused  over  meir  whole  lengths  ^  ^^ 
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strains  upon  them  tt^^S  be  directty  as  the  weightSf  the  lengths^ 
and  the  cosines  of  elevation  conjointly* 

For  (art  164.  cor.  4.)  the  weight  is  to  the  pressure  upon  the 
plane,  as  radius  to  the  cosine  oielevation :  tnerefore  the  pres- 
sure is  as  the  rectangle  of  the  weight  and  codne  of  elevation ; 
and  this  is  the  force  acting  agamst  the  beam  perpendicu* 
larly.  Whence  the  stress  will  universally  be  as  the  length  of 
the  beam  and  this  force,  that  is,  as  the  length  x  weigbt  x 
cosine  of  elevation. 

CoR.  1.  If  the  lengths  of  the  beams,  and  their  weights,  be 
the  same,  the  stress  will  be  as  the  cosine  of  elevation ;  and  con« 
sequently  it  will  be  greatest  when  the  beam  is  horizontal. 

Cor.  S.  If  the  beams  are  horizontal,  or  at  any  equal  inclina- 
tions, and  the  weights  vary  as  the  lengths,  or  the  beams  are 
Uniform,  then  will  the  stress  vary  as  the  squares  of  the  lengths. 

Cob.  3.  If  the  weights  are  equal  on  the  horizontal  beam  AC, 
and  the  inchned  one  ab  (fig.  15.)  and  bc  be  vertical,  the  stress 
upon  both  beams  will  be  equal. 

"    For  the  length  into  the  cosine  of  elevation  is  the  same  in 
both. 

Cor.  4.  But  if  the  weights  on  the  beams  vary  as  their  lengths, 
the  strength  will  also  vary  in  the  same  ratio. 

CoR.  5.  And  universally  the  stress  upon  any'  point  of  an 
oblique  beam,  is  as  the  rectangle  of  the  segments  of  the  beam, 
the  weight  and  cos  inclination  directly,  and  the  length  of  the 
beam  reciprocally. 

.  187.  Prop.  Let  ac  (fijg.  1.  pi.  IX.)  represent  a  beam  maoe^ 
able  about  a  centre  c,  so  as  to  make  any  angle  acb  with  the 
plane  qf  the  horizon  cb;  to  determine  the  position  of  a  prop 
or  supporter  os  of  a  given  length,  which  wiU  sustain  it  with 
the  greatest  ease  in  any  given  position ;  also  to  ascertain  the 
inclination  of  ac  to  the  horizon  when  the  least  force  that  can 
sustain  it  is  greater  than  the  least  force  in  any  other  position* 

Let  6  be  the  centre  of  gravity  of  the  beam  ac,  and  draw  en, 
cm,  and  cd,  perpendicubr  to  ac,  cb,  and  os  respectively. 
Put  so  IT  jp,  CG  =  r,  cm  =  ar,  and  the  weight  of  the  beam  =  w. 
Then,  by  the  nature  of  the  parallelogram  of  forces,  we  shall 
have  Gm :  on,  or  sim.  triangles,  as  cg  {=:  r)  :  cm  {  zz  x)  : :  w : 

—^y  the  force  which  acting  at  g  in  the  direction  on,  is  sufficient 

to  sustain  the  beam :  and,  by  the  nature  of  the  lever,  co  :  co 

(  =:  r) : : (the  requisite  force  at  o) :  -^,  the  force  capable 

bf  supporting  it  at  o  in  a  direction  perp.  to  ac  or  parallel  to 

Gn  :  and,  again,  as  cd  :  co  :  :  — —  (the  force  acting  at  p  in 
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direction  X  to  co) :  -^^,  the  force  or  weight  actually  sustained 

by  the  given  prop  so  in  a  direction  JL  to  cd.  This  latter  force 
will  manifestly  be  the  leai^t  possible  when  the  perpendicular  cp 
upon  OS  is  the  greatest  possible,  let  the  angle  acb  be  what  it 
may.  But  of  all  triangles,  having  the  same  base  os  and  ver- 
tical angle  sco,  that  which  is  isosceles  is  known  to  have  the 
greatest  perpendicular  [beine  an  obvious  corol.  from  the  latter 
part  of  prob.  VI.  p.  171.  vol.  iii.  Button's  Course] :  therefore 
the  triangle  osc  will  be  isosceles,  and  the  angle  s  r:  angle  o, 
when  the  weight  sustained  by  the  prop  os  is  a  mminmm. 

Secondly,  in  order  to  give  a  splution  to  the  latter  part  of  the 

problem,  we  have  to  find  when  -^  is  a  maximum,  the  angles  s 

and  o  being  always  =  each  other,  while  they  vary  in  magnitude 
in  cohsequencc  of  the  change  of  the  inclination  acb.  Let  cd 
pTf)duced  meet  om  in  i ;  then,  because  of  the  similar  triangles 
CDS,  cmi,  we  shall  have  cd  :  cm  (=x)  : :  sd  (=i/?)  :  rni,  whence 

—  =  ~  ;  and  consequently  -^  xwrz  -^  x  t».  But  since 

CI  bisects  the  angle  mco,  we  also  have  cg -^  cm  {iz  r -^  x)  :  cm 

(  =  x)::got(=:  ^7^:^^):^:=:-^  Vt^^afl^  x  V  ^^^-   : 

consequently  the  force  -p-  x  to,  acting  upon  the  prop,  is  like- 
wise truly  expressed  by  ^^  ^77^-     The  fluxion  of  this  ex-- 

presuon  being  taken  and  put  equal  to  zero,  we  obtain  x — — - — 

r:  therefore  cg:  cmiil:  i  ^/S-^  :  :  radius  :  cosine  of  gcb 
=  51*^  Sffy  the  inclination  required. 

188.  Prop.  Suppose  the  beam  ac  instead  of  being  movable 
abotU  the  centre  c,  to  be  supported  in  a  given  position  by  means 
of  the  given  prop  os ;  it  is  required  to  determine  the  position  ^ 
that  prop  so  that  the  prismatic  beam  cb  on  wUch  it  stands  nugf 
be  the  least  liable  to  breakings  this  latter  beam  being  onb/  sup^ 
ported  ai  its  ends  c  a/nd  b. 

Let  CB  =:  6,  OS  =:  jp,  cg  rr  r,  weight  of  ca  =  «»,  co  ==  z,  sine 
and  cosine  of  angle  c  =s  and  c  respectively,  rine  Z  0=^,  sine 

z  s  -y.    Then,  by  trig,  x :  y :  :/> :  s,  or  —  =— ,  and  cs— -p  . 

also  the  force  of  the  beam  at  g  in  direction  cw  ^  cw.  Let  f 
denote  the  force  sustaining  the  beam  at  o  in  the  direction  so  § 
then,  because  action  and  reaction  are  equal  and  opposite,  the 
same  force  will  be  exerted  at  s  in  the  direction  os :  therefore 

Cg  X  cw— Fo;,  and  f=-^^.   Again,  the  vertical  stress  at  s,  will 
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.   .  •    -  '  -       ■•    *  -  '•       •    •  ■    ■ 

cc  F  xsm  sxGa«SB=Fy«cs.sB=: — ^  x  Co  — ' — )  x— -?  =: 
(subBtitutiuff  —  for  Its  equal  -^)  x  ^^  x ^--zircw  x 

^  Op  ^  Z    ^         pX  t  « 

>— fw  _^_rcgp    ^  ^_j —  ^^  _  a  min.  by  the  prop.     Conse- 
quently   a;  sz  a  min.  or  x  a  max. :  that  is,  a?  =  1,  and 

the  angle  cos  a  right  angle. .  Hence  the  point  o  is  readily  fi>iiBd 
by  this  proportion,  sin  c  :  cos  c  :  :  os  :  oc  *. 

GENERAL  SCHOLIA.  • 

:  189.  We  have  already  adverted  to  a  general  maxim,  whicb^ 
on  account  of  its  great  importance,  we  beg  to  state  again:  it  is 
this  :—When  several  pieces  of  timber^  irofiy  or  any  other  ma^ . 
terials  are  introduced  into  a  machine  or  strvcture  of  any  kindy 
the  parts  not  only  of  the  same  piece,  but  of  the  different  pieces 
in  the ^  fabric^  ought  to  be  so  adjiisted  zvith  respect  to  magnitude 
that  the  strength  may  be  in  every  part  as  near  as  possible  in  a 
constant  proportion  to  the  strain  to  which  they  wilt  be  subjected. 
Thus,  in  the  cdhstruction  of  any  engine,  the  weight  and  pres- 
sure upon  every  part  should  be  investigated,  and  the  strength 
should  be  apportioned  accordingly.  All  levers,  for  instance, 
should  be  made  strongest  where  they  are  niost  strained:  a3 
levers  of  the  first  kind,  at  the  fulcrum ;  levers  of  the  second 
kind,  where  the  weight  acts ;  and  those  of  the  third  kind,  where 
the  power  is  applied.  The  axles  of  wheels  and  pulleys,  the 
teeth  of  wheels,  ropes,  &c.  must  be  made  stronger  or  weaker, 
as  they  will  be  more  or  less  acted  upon.  Let  the  strength  al- 
lowed be  more  than  fully  competent  to  the  stress  to  which  the 
parts  can  ever  be  liable;  but  let  not  the  surplus  be  extrava- 
gant :  for  such  an  excess  of  strength  in  any  part,  instead  of 
being  serviceable,  is  injurious  by  increasing  the  resistance  the 
machine  has  to  overcome,  and  thus  encumbering,  impeding, 
and  often  destroying  the  requisite  motion :  while,  on  the  other 
hand,  a  defect  of  strength  in  any  one  part  will  cause  a  failure, 
there,  and  either  render  the  whole  useless,  or  call  for  frequent* 
repairs. 

i90.  The  propositions  we  have  given  on  the  strength  and 
stress  of  materials,  however  true,  according  to  the  principles 
assumed,  are  of  no  use  in  practice  till  the  comparative  strength 

I 

.  T  A  geometrical  solution  of  this  problem  was  gifcii  in  the  Lady's  Diary  for  1757*^ 
See'Huttoh's  Diarian  Miscellany,  vol.  iii.  p.  38 ;  and  Leybottm*s  Diaries.    * 
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c^  different  substances  is  ascertained.    And  eveti-  then  tfaejr  will 
apply  more  accurately  to  some  substances  than  others.     Until 
lately  they  have  been  almost  exclusively  applied  to  the"  reMiit« 
ing  force  of  beams  of  timber ; .  though  it  is  probable  no  mate^ 
rials  whatever  accord  less  with  the  theory  than  timber  of  aH 
kinds.     The  resisting  body  is  supposed  in  the  theory  to  be 
perfectly  homogewous,  or  composed  of  parallel  fibres/ equally 
distributed  around  the  axis,  and  presenting  uniform  resistance 
.to  rupture.     But  this  is  not  the  case  in  a  beam  of  timber :  for, 
by  tracing. the  process  of  vegetation,  it  lias  been  found  that  the 
ligneous  coats  of  a  tree,  formed  by  its  annual  growth,  are  al- 
most concentric;  and  that  they  are  likfe  so  manjr  hollow  cylin- 
ders thrust  into  each  other,  and  united  by  a  kind  of  medullary 
fiubstance  which  offers  but  little  resistance :  these  hollow  cylin- 
ders, therefore,  furnish  the  chief  resistance  to  the  force  which 
t^nds  to  break  them.    Now,  when  the  trunk  of  a  tree  is  squared 
in  order  that  it  may  be  converted  into  a  beam,  it  is  evident  that 
all  the  ligneous  cylinders  greater  than  the  circle  inscribed  in  the 
square  or  rectangle,  which  is  the  section  of  the  beam,  are  cut 
otf  at  the  sides ;  and  therefore,  as  Montucla  remarks,  almost 
the  whole  resistance  arises  from  the  cylindric  trunk  inscribed 
in  the  solid  part  of.  the  beam.     The  portions  of  the  cylindric 
coats  which  are  towards  the  angles  aad  a  little,  it  is  true,  to 
the  strength  of  that  cylinder,  as  they  cannot  fail  to  oppose  some 
resistance  to  the  straining  force;  but  it  is  far  less  than  though 
the  ligneous  cylinder  were  entire.  -  Hence  we  cannot  by.  legiti- 
mate comparison  accurately  deduce  the  strength  of  a  joist  cut 
from  a  small  tree,  by  experiments  on  another  which  has  been 
sawn  from  a  much  larger  tree  or  block :  the  latter  is  generally 
weak,  and  very  liable  to  break.   As  to  the  concentric  cylinders 
vire  have  been  speaking  of,  they  are  evidently  not  all  of  ecjual 
sitrength.     Those  nearest  the  centre  bdng  the  oldest,  are  like- 
wise the  hardest :  which  again,  is  contrary  to  the  theory,  in 
which  they  are  supposed  uniform  .throughout.    After  all,  how-a^ 
ever,  it.  is  still  found  that  in  some  of  the  most  important  pro- 
blems the  results  of  the  theory  and  well-conducted  ^xperim^itA 
coincide,  even  with  regard  to  timber :  thus,  for  example^  the 
experiments  of  Duhamel  on  rectangular  beams  affi>rd  resnltfi 
deviating  but  in  a  slight  diegree  from  the  theorem  of  Galileo^ 
that  the  strength  is  proportional  to  the  product  of  the  breadth 
into  the  square  of  the  dqsth. 

190.  A.  Experiments  on  the: strength  o£  different  kinds  of 
wood,  are  by  no  means  so  numerous  as  might  be  wished.  The 
iriost  useful  seem  to  be  those  made  by  Parent,  Banks,  Girard, 
Tredgold,  and  Barlow :  but  it  will  be  at  all  times  highly  ad* 
v,ant2igeous  to  make,  new  experiments  on  the  same  :subject ;  a 
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labour  especiaUy  reterved  for  engineers  who  possess  skill  and 
0eal  for  the  advanoement  of  their  profession.  It  has  been 
found  by  experiments  that  the  same  kind  of  wood,  and  of  the 
same  ^ape  and  dimensions,  will  break  with  very  different 
weights:  that  one  piece  is  much  stronger  than  another,  not 
only  cut  out  of  the  same  tree,  but  out  of  the  same  rod :  and 
that  if  a  pie<^  of  any  length  planed  equally  thick  throughout  be 
separated  into  three  or  four  pieces  of  an  equal  length,  it  will  be 
found  that  these  pieces  require  different  weights  to  break  them. 
Emerson  observes  that  wood  from  the  boughs  and  branches  of 
trees  is  far  weaker  than  that  of  the  body :  the  wood  of  the  great 
limbs  stronger  than  that  of  the  small  ones :  and  the  wood  in 
the  heart  of  a  sound  tree  strongest  of  all.  He  observes  farther, 
that  a  piece  of  timber  which  has  borne  a  great  weight  for  a 
small  time,  has  broke  with  a  far  less  weight,  when  left  upon  it 
for  a  much  longer  time.  This  is  also  consistent  with  Mr.  Bar- 
low *s  interesting  experiments.  Wood  is  likewise  weaker  when 
it  is  green,  and  strongest  when  thoroughly  dried ;  and  should 
be  two  or  three  years  old,  at  least.  Knots  in  wood  often 
weaken  it  very  much.  And  when  wood  is  cross-grained,  as 
often  happens  in  sawing,  this  will  weaken  it  in  a  greater  or  less 
degree,  according  as  the  cut  runs  more  or  less  across  the  grain. 
There  is,  moreover,  the  consideration  that  when  a  beam  posited 
horizontally,  or  nearly  so,  is  ruptured  by  a  vertical  pressure,  a 
horizontal  stratum,  from  end  to  end,  is  compressed^  and  the 
other  portion  extended  or  stretched^  the  thin  lamina  between 
these  two,  being  regarded  as  a  neutral  axis:  this  again  is  a 
curious  topic  of  inquiry.  From  all  which  it  follows  that  a 
considerable  allowance  ought  to  be  made  for  the  strength  of 
wood,  when  applied  to  any  use  where  strength  and  durabiUty 
are  required. 

Iron  is  generally  much  more  uniform  in  its  strength  than 
wood :  yet  experiments  show  that  there  is  some  difference  oc- 
casioned by  different  kinds  of  ore ;  the  difference  is  not  only 
found  in  iron  from  different  furnaces ;  but  from  the  same  fur- 
nace, and  the  same  melting;  this  may  arise  partly  from  the 
different  degrees  of  heat  which  it  has  when  it  is  poured  into 
the  mould,  and  partly  from  the  different  intensities  of  heat 
acquired  by  the  fused  metal  in  different  parts  of  the  same 
furnace. 

Every  beam  or  bar,  whether  of  wood,  stone,  or  iron,  is  more 
easily  broken  by  any  transverse  strain,  when  it  is  sustaining 
any  very  great  comfn^ession  endways.  Several  experiments 
have  been  made  on  this  kind  of  strain :  a  piece  of  white  marble 
•jp  inch  square  and  three  inches  between  the  props,  bore  381bs. : 
when  compressed  endways  with  SOOlbs.  it  broxe  with  144ll>>S' 
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The  effect  is  much  niore  r^aiarkable  in  timber,  and  iBGre«I«itic 
bodies ;  but  is  considerable  in  all.  This,  therefore,  is  a  pofait 
which  must  be  attended  to  in  all  experiments:  as  must  Kkevdse 
the  following,  namely,  that  a  beam  supported  at  both  ends, 
wul  carry  twice  as  much  when  the  ends  beyond  the  props  are 
kept  from  risingj,  as  when  the  beam  rests  loosely  on  toe  props. 
The  demonstration  of  this  is  given  by  Girard;  and  many  ex* 
perimenls  furnish  nearly  the  same  result. 

Some  writers,  however,  seem  to  doubt  its  truth :  and  as  every 
one  has  not  opportunities  of  trying  the  matter  experimentally. 
Professor  Rooison,  in  order  to  remove  any  doubts,  gives  this 
familiar  representation  of  the  case.  Let  lm  (fig.  2.  pi.  IX.)  be 
a  long  beam  divided  into  six  equal  parts,  in  the  points  d,  b,  a, 
c,  E ;  and  firmly  supported  at  L,  b,  c,  m.  Let  it  be  cut  through 
at  a,  and  have  compass-joints  at  b  and  c :  fb  and  gc  are  two 
eijual  uprights,  resting  on  b  and  c,  but  without  any  connec- 
tion ;  AH  is  a  similar  and  equal  f»ece  occasionally  applied  at 
the  seam  a.  Now  let  a  thread  or  wire  age  be  ext^ded  over 
the  piece  go,  and  made  fast  at  A,  g,  and  e  :  and  let  the  same 
thii^  be  done  on  the  other  side  of  a,  as  at  a,  f,  d.  If  a  weight 
be  now  laid  on  at  A,  the  wires  afd,  age,  may  be  strained  till 
they  are  broken.  In  the  instant  of  fracture  we  may  suppose 
their  strains  to  be  represented  by  ajT  and  Ag.  Complete  the 
parallelograni,  and  Aa  represents  the  magnitude  of  the  weight 
Nothing,  it  is  plain,  is  concerned  here,  but  the  cohesion  of  the 
wires ;  for  the  beam  is  sawed  through  at  a,  and  its  parts  move 
with  perfect  freedom  round  3  and  C  Instead  of  tnis  pocesa 
apply  the  piece  ah  below  a,  and  keep  it  there  by  strainmg  the 
same  wire  over  it  in  the  position  bhc.  If  a  weight  be  now  laid 
on,  it  must  press  down  the  ends  of  ba  and  ca,  and  cause  the 
piece  AH  to  strain  the  wire  bhc.  In  the  instant  of  fracture  of 
the  same  wire,  similarly  posited,  its  resistance  hJ,  nc,  must  be 
equal  to  a^  Ag*,  and  tne  weight  Ah  which  breaks  them  must 
be  equal  to  Aa.  Lastly,  employ  all  the  three  pieces  fb,  ah,  gc, 
with  the  same  wire  attached  as  in  the  two  cases  combined: 
there  can  be  no  doubt  that  the  wdight  which  breaks  all  the 
wires  must  be  =  Aa  -j-  hn,  or  twice  Aa.  And  it  is  exceedindy 
manifest  that  the  wires  perform  the  very  same  ofiice  with  the 
fibres  of  an  entire  beam  lm  held  fast  in  the  four  holes  d,  b,  c, 
E,  of  some  upright  posts. 

The  same  thing  is  shown  ratlier  differendy  at  page  464, 
Emersotfs  Algebra. 

A  cylindric  rod  of  ffood  clean  fir,  of  an  inch  circumference, 
drawn  in  length,  will  bear  at  extremity  4001bs.,  and  a  spear  of 
fir  two  inches  diameter^  will  bear  about  7  tons,  accoroing  to 
Emerson. 
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:A  lod  of  good  iron  of  an  inch  circumference  will  bear  nearly 
8  ions  weight. 

A  good  hempen  rope  of  an  inch  drcumference  will  bear 
lOOOlbs.  at  its  extremity. 

Hence  this  author  concludes  that  if  a  rod  of  fir,  or  a  rope^ 
or  a  rod  of  iron^  of  d  inches  diameter  were  to  lift  -^  the  extreme 
weight,  then 

The  fir  would  bear  84*  dd  hundred  weights. 
The  rope      .     .    ^    dd        ditto. 
The  iron       .     .       6^  dd  tons. 

191.  Mr.  Banks,  a  late  ingenious  lecturer  on  Natural  Phi- 
losophy, has  at  various  times  made  many  experiments  on  the 
real  and  comparative  strengths  of  oak,  deal,  and  iron.  He 
found  that  the  worst  or  weakest  piece  of  dry  heart  of  oak, 
1  inch  square,  and  1  foot  long,  bore  660  lbs.  though  it  waff 
much  bent;  and  S  pounds  more  broke  it.  The  strongest  piece 
he  tried  of  the  same  dimensions,  broke  with  974  lbs.  The 
worst  piece  of  deal  bore  460  lbs.  but  broke  with  4  more.  The 
best  piece  bore  690  lbs. ;  but  broke  with  a  little  more.  And 
with  respect  to  cast  iron,  he  concludes  that  a  bar  of  the  weakest 
kind,  an  inch  square  and  a  foot  long,  would  break  with  about 
2190  lbs.  The  following  are  some  of  the  experiments  he  men- 
tions.    [Banks  on  Power  of  Machines,  p.  89.] 

^'  Experiments  on  the  strength  of  cast  iron,  tried  at  Ketlet/, 
«  March  1795, 

C^"  "  The  different  bars  were  all  cast  at  one  time  out  of  the 
same  air-furnace,  and  the  iron  was  very  soft,  so  as  to  cut  or 
file  easily. 

"  Exp.  I.  Two  bars  of  iron,  one  inch  square,  and  exactly 
three  feet  long,  were  placed  upon  a  horizontal  bar  so  as  to 
meet  in  a  cap  at  the  top,  from  which  was  suspended  a  scale ; 
these  bars  made  each  an  angle  of  45^  with  the  base  plate,  and 
of  consequence  formed  an  angle  of  90"  at  the  top :  from  this 
cap.  was  suspended  a  weight  of  seven  tons,  which  was  left  for 
Id  hours,  when  the  bars  were  a  little  bent,  and  but  very  little. 

*^  Exp,  IL  Two  more  bars  of  the  same  length  and  thickness, 
were  placed  in  a  similar  manner,  making  an  angle  of  S2^°  with 
the  base  plate ;  these  bore  four  tons  upon  the  scale :  a  little 
more  wei^t  broke  one  of  them,  which  was  observed  to  be  a 
little  crooked  when  first  put  up.  In  this  case  the  pressure 
would  be  as  tlie*sines  of  the  angles  of  elevation,  viz.  as  S836  to 
7071 ;  and  as  88^6  :  4  tons : :  7071  :  7  •  6  tons ;  that  is,  if  the 
second  bars  broke  with  four  tons,  the  first  ought  to  have  taken 
7  •  6  tons  to  break  them ;  and  it  is  likely  that  would,  if  tried, 
huve  been  the  case. 

^^  Exp.  III.  Another  bar  was  placed  horizontally  upon  twc^ 
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supportere,  exafctly  three  feet  distant;  it  fabre  6cwt.  3  qrft«but 
broke  when  a  little  more  was  added. 

•  ^*  Exp.  IV.  The  same  experiment  repeated,  with  the  tame 
result. 

^'  Exp*  y.  The  bearings  were  £  feet  6  inches  apart,  the  ha> 
bore  9  cwt.  and  broke.^  *•  Three  more  experiments  were  tried 
the  next  day  with  the  prisms  3  feet  distant ;  the  average  result 
was  6  cwt.  2  qrs.  7^  lb«." 

Experiments  tried  at  Colebrook-dale,  on  curved  bars  or 
ribs  lafcast  iron,  April  1795. 
^^  Rib  29  feet  6  inches  span,  and  11  inches  high  in  the 
centre ;  it  supported  99  cwt.  1  qr.  14  lbs  :  it  sunk  in  the 
middles^  and  rose  again  ^  when  the  weight  was  ranoved. 
The  same  rib  was  afterwards  tried  without  abutments,  and 
broke  with  55  cwt.  0  qrs.  14*  lbs. 

^^  Rib  29  feet  3  inches  in  span,  a  segment  of  a  drcle,  3  feet 
high  in  the  centre ;  it  supported  100  owt.  1  qr.  14  lbs.  and  sunk 
1-1^  in  the  middle.  The  same  rib  was  afterwards  tried  with- 
out abutments,  and  broke  with  64  cwt.  1  qr.  14  lbs." 

The  thickness  of  these  ribs,  unluckily,  is  not  specified;  but 
the  experiments  prove  that  each  rib  exerted  little  more  than 
half  the  strength  when  the  abutments  were  remov^.  This 
corresponds  with  what  we  have  stated  in  the  last  article  rela- 
tively to  beams  being  fixed  at  the  ends,  as  nearly  as  can  be 
expected,  considering  the  necessary  difierence  between  prisms 
and  these  arch  ribs. 

Mr.  Banks  ma^e  some  experiments  on  the  strength  of  cast 
iron,  at  Messrs.  Aydon  and  ElwelPs  foundry,  Wakefield, 
^^  The  iron  came  from  their  furnace  at  Shelf,  near  Bradford, 
and  was  cast  from  the  air-furnace ;  the  bars  one  inch  square, 
and  the  props  exactly  a  yard  distant.  One  yard  in  length 
weighs  exactly  9  lbs.  or  one  was  about  half  an  ounce  less^  and 
another  a  very  little  more :  they  all  bent  about  an  inch  before 
they  broke. 

lbs. 
'*1.  The  first  bar  broke  with    ....    963 

"  2.  Bar  broke  with 958 

''  3.  Bar  broke  with 994 

"  4.  Bar  made  from  the  cupola,  broke  with  864  . 
**  Bar. equally  thick  in  the  middle,  but  thel 
ends  formed  into  a  parabola,  and  weigh-  >-874/* 
ed  6  lbs.  3  oz.  broke  with    .     .     •     .1 
This  gentleman  made  many  other  experiments. .    He  con- 
cludes from  the  whole,  that  cast  iron  is  from  34-  to  4^  times 
stronger  than  oak  of  the  same  dimensions,  and  from  5  to  6t 
times  stronger  than  deal. 
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With  respect  to  the  twist  to  which  bars  or  shafts  placed  in 
an  upright  position  are  liable,  between  the  wheel  which  drives 
them  and  the  resistance  they  have  to  overcome,  he  observes  that 
a  cast  iron  bar  an  inch  square  and  fixed  at  one  end,  and  6S1 
pounds  suspended  by  a  wheel  of  S  feet  diameter  fixed  on  the 
other  end,  will  break  by  the  twist :  though  some  have  required 
more  than  1000  lbs.  in  similar  situations  to  break  by  the  twist. 
The  strength  to  resist  the  twisting  strain  is  as  the  cube  of  like 
lateral  dimensions. 

191.  A.  Professor  Robison  found  by  many  trials  that  a  prism 
of  white  marble  an  inch  square  and  a  foot  long,  bears  about 
500  lbs. :  and  that  a  cylinder  of  an  inch  in  diameter  loaded  to 
one-fourth  will  carry,  if  of  iron  135  hundred  weight,  of  rope 
«S,  oak  14,  fir  9. 

Professor  Uobison  also  collected  from  the  experiments  of 
Muschenbroek  and  others,  a  table  of  the  absolute  strengths  of 
several  substances :  from  which  the  following  is  selected.  The 
specimens  are  supposed  to  be  prisms  or  cylinders  of  one  square 
inch  transverse  area ;  and  to  be  stretched  or  drawn  lengthwise 
by  suspended  wrights,  gradually  increased  till  the  bars  were 
torn  asunder.  The  avoirdupois  pounds,  which  on  a  medium 
of  many  trials  effected  this,  are  set  against  each  name.  # 
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Gold,  cast 
Silver,  cast 
Copper,  cast 
Iron,  cast 
Iron,  bar 
Steel,  bar 


lbs. 
22,000 
42,000 
34,000 
60,000 
70,000 
.  1^5,000 


lbs. 
Tin,  cast  ....  6,000 
Lead,  cast  ....  860 
Regulus  of  antimony     1,000 

Zinc 2,600 

Bismuth     ....    2,900 


It  is  a  circumstance  deserving  notice  that  almost  all  the 
metallic  mixtures  have  greater  tenacity  than  the  metals  them- 
selves. The  change  of  tenacity  depends  much  on  the  relative 
proportions  of  the  ingredients ;  yet  the  law  is  extremely  vari- 
able, differing  much  in  different  metals.  The  proportions  of 
constituent  parts  selected  are  those  which  produce  the  greatest 
strength. 


lbs. 

2  parts  Gold  with  1  of  rilver  .    .     . 

.    .     28,000 

6  Gold,  1  copper      .     .     .     , 

.    60,000 

6  Silver,  1  copper     .    ,     .     , 

.    .    48,600 

4  Silver,  1  tin       .     .     .     .     . 

.     .     41,000 

6  Copper,  1  tin    ....     , 

.    .    60,000 

Brass,  of  copper  and  tin  . 

.     .    61,000 
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S  Tin,  I  lead lO^fiOO 

8  Tin,  l.zinc  .......    10,000 

4  Tin,  1  re^ulus  antimony      •     •     12,000 

8  Lead,  1  zinc 4p,oOO 

4  Tin,  1  lead,  1  zinc     .     .    .     .    18,000 
These  mixtures  are  of  considerable  use  in  the  arts.    The 
mixtures  of  copper  and  tin  are  especially  important  in  the  fabric 
of  great  guns.     By  mixing  copper  whose  strength,  at  greatest, 
does  not  exceed  87,000,  with  tm,  which  in  like  manner  is  less 
than  6000 ;  a  metal  is  produced  whose  tenacity  is  almost  double 
that  of  copper,  at  the  same  time  that  it  is  harder  and  more 
easily  wrought :  it  is,  however,  more  fusible.    It  appears,  also, 
that  a  very  small  addition  of  zinc  almost  doubles  the  tenacity  of 
tin,  and  increases  the  tenacity  of  lead  five  times.     An  addition 
of  from  one-fourth  to  one^third  of  lead  doubles  the  tenacity  of 
tin.     These  are  economical  mixtures,  and  afibrd  valuable  in^, 
formation  to  plumbers,  as  to  the  manner  of  augmenting  the 
strength  of  water-pipes.    By  having  recourse  to  these  tables, 
also,  the  engineer  can  proportion  the  thicknesa  of  his  pipes,  of 
whatever  metal,  to  the  pressures  they  are  intended  to  sustain. 


Locust  tree 
Jujeb    .     . 
Beech  and  oak 
Orange 
Alder    . 
£lm 

Mulberry 
Willow 
Ash  . 
Plum  . 
Cedar  . 
Ivory  . 
Bone     • 


Sdly.    WOODS,  &c. 

lbs. 

20,100  Elder     .     . 

18,500  Pomegranate 

17,800  Lemon .     . 

15,500  Tamarind  . 

18,900  Fir  .     .    • 

13,200  Walnut      . 

12,500  Pitch  pine 

12,500  Quince  .     . 

12,000  Cypress      . 

11,800  Poplar  •     • 

*     4,880  Horn     .     . 

16,270  Whalebone 

5,260  Tooth  of  sea^lf 


lbs. 

10,000 

9,760 

9,1^60 
8,750 
8,330 
8,180 
7,650 
6,750 
6,000 
5,500 
8,750 
7,500 
4,076 


These  numbers  express  something  more  than  the  utmost  co* 
heskm;  the  weights  being  such  as  will  very  soon  tear  the  rods 
asunder.  It  will  be  found  generally  that  y  of  these  weights 
will  senfflibly  impair  the  strength  after  acting  a  considerable 
while ;  and  that  i  is  the  utmost  thiat  can  remaiin  permanently 
suspended  from  the  rods  with  safety.  Wood,  nowever,  of 
straight  fibre,  such  as  fir,  will  bear  a  greater  proportional  load 
than  other  timber. 

The  strength  of  some  metals  is  doubled  or  tripled  by  the 
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operation  of  ibi^ng  and  wire^drawing;  and  the-cohesive  as  well 
as  the  repulsive  force  of  wood  is  often  increa^  b^'  moderate 
compression.  Oak  will  suspend  much  more  than  fir,  but  fir 
will  support  twice  as  much  as  oak ;  the  curvature  of  the  fibres 
of  oak  appears  to  be  the  reason  of  thie  difference ;  yet  oak  has 
b^en  known  to  support,  with  safety,  more  than  2  tons  for  every 
square  inch.  Stone  will  support  from  250  to  850  thousand 
pounds  on  a  foot  square,  brick  300 ;  and  sometimes  they  are 
practically  made  to  support  one-sixth  as  much.  Stone  is  said 
to  be  capable  of  bearing  a  much  greater  weight  in  that  position 
with  respect  to  the  horizon  in  which  it  is  found  in  the  quarry, 
than  in  any  other  position. 

190*  Having  thus  given,  in  addition  to  the  theoretic  propo- 
sitions, the  results  of  experiments  made  at  different  times  by 
various  persons,  it  remams  to  exhibit  a  few  examples-  of  the 
practical  application  of  the  whole. 

.  I.  Let.it  oe  required  to  find  what  weight  suspended  from  the 
middle  of  an  oak  beam  (supported  at  each  end)  will  break  it ; 
the  length  of  the  beam  being  8  feet,  its  end  a  square,  and  each 
side  six  inches. 

According  to  Mr.  Banks's  experiments,  a  bar  of  oak  an  inch 
square  and  a  foot  long  lying  on  a  prop  e^t  each  end,  will  break 
with  660  lbs.  on  its  middle,  taking  the  lowest  number.  And 
in  all  cases  where  we  make  such  comparison  of  strength,  the 
breadth  multiplied  into  the  square  of  the  depth  and  divided  by 
the  product  qfthe  length  and  weight  must  be.  a  constant  quan^ 
tity:  that  is,  taking  b,  d,  Z,  and  w,  for  .the  breadth,  depth, 
length,  and  weight,  used  in  the  experiment,  and.B,  d,  l,  w, 

those  proposed  in  the  example,  we  have  -r— ^  i=  •^.  Helice  w  = 

;j^f  which  in  the  preseht  instance  gives  w  :^  —  =: 

178201bs.    .     .     *  '     ;     '     .       . 

II.  Let  the  l^n^th  of  the  beam  be  as  above,  the  breadth-  3 
inches,  and  the  weight  17820,  what  must  be  the  depth  of  the 
beam  ? 

Here  b,  d,  /,  and  w,  also  l,  and  w,  are  as  in  the  preceding 

example.     From  the  general  equation  we  obtain  d  =  y--%— 

^_,      .1x1x8x17820         r>      ^jr-      i_  1 

-  ^     3xix660~  =  8 .  45  inches,  nearly. 

Cor.  The  latter  beam,  though  as  strong  as  the  former,  is 
1>ut,  little  more  than  y  of  it  in  size. 

.  III.  Required  the  breadth  of  a  bar  of  iron  8  feet  Iddg,  and 
4  inches  in  depth,  to  sustain  the  same  weight  at.  its  middle 
point  P 
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Here  b^d,  7,  l,  w,  as  before,  w  n  2190,  d  =:  4;  and  from 
the  theorem  b  =^^  =    ,,,,,,^,^     =  407  inches,  nearly. 

IV.  Required  the  length  of  a  piece  of  oak  an  inch  square, 
so  that  when  propped  at  both  ends  it  may  just  break  with  its 
own  weight  ? 

Here  we  adopt  the  notation  in  art.  184.  cor.  2.  and  have 

/=!,  »  =  |-of  a  lb.  1/ =  660 lbs.     Then  L=:/v^^^ii*  =  67-46 

feet,  nearly. 

V.  Find  the  length  of  an  iron  bar  an  inch  square,  that  it 
may  break  with  its  own  weight,  when  it  is  supported  at  both 
ends. 

.    Here  I  as  before,  u  =  2190,  w  n  3.     Hence  l  =  i  V 

=  88  •  223  feet,  nearly. 

Cob.  It  might  have  been  supposed  this  result  should  exceed 
the  preceding  one :  but  it  must  oe  considered  that  while  iron  is 
only  4^  times  stronger  than  oak,  it  is  about  7|-  times  heavier. 
.  Vl.  When  a  weight  w  is  suspended  from  e  on  the  arm  of  a 
crane  abode  (fig.  3.  PI.  IX.),  it  is  required  to  find  the  pres- 
sure at  the  end  d  of  the  spur^  and  that  at  b  against  the  upright 
post  AC. 

Here,  by  the  nature  of  the  lever  — w  =:  the  pressure  at  d  in 

the  vertical  direction  j>g:  but  the  pressure  at  d  in  the  di- 
rection DB  will  be  to  the  vertical  pressure  as  db  to  dg  :  hence 

DG  :  DB  : :  — w  :  — '- —  w.      And    the    hm'izoBtal    pressure 

CJ>  BO  •  CD  '^ 

against  the  upright  post  ca  at  b,  will  be  to  that  in  directiimi 
DB,  as  GB  to  db;  therefore  db  :  gb,  or  db  :  cd  :  :  — • —  w  : 


xc  xc 

— w  =  — w. 

DO  BC 


Mr.  Banks  gives  the  following  among  other  instances  of  the 
use  of  this:  "  Given  ec  =  18  feet,  bc  =:  6,  DC  =  6'  7,  db  = 
9,  w  =  4.  Required  the  pressure  on  the  spur,  and  the  hori- 
zontal pressure  against  the  upright.  1.  — [ — ^w  =  10  •  74, 
the  pressure  against  the  end  of  the  spur  in  direction  db.  The 
pressure  against  the  post  is  — • —  =  — p-  rr.  8.  In  this  ex- 
ample, let  AC  and  ce  be  oak  beams,  each  10  inches  square, 
and  the  spur  db  6  inches'  square.     The  strength  of  eg  is 

.1000 


10-6 


-,  or  94j;  which  multiplied  by  660  gives 3 1132 pounds,  which 


suspended  at  e  would  break  the  beam  ce  kt  d.     The  length  of 
the  upright  AC  is  12  feet,  and  has  its  strength  expressed  by 

VOL.  I.  K 
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^^ ;  which  muttifylied  by  660,  product  dSOOO  pounds,  the 

weight  wbkb  w6uld  breftk  it  Irt  Jl«  But  — ~ —  zt  6S364, 
the  pressure  at  b,  being  7^4  pounds  more  than  the  beam  AC 

G  X  G  X  G 

CAh  support.     The  strength  of  the  6pdr  bi>  is  — ^—  r=  24, 

which  multtpli^  by  3  gives  48  tons  for  the  strength,  or  I075S0 

pounds.    But  5~^w  15:  ^^ygry —  ==:  83688 pottods^  wkich 

is  SS883  pounds  less  than  the  force  requisite  to  break  the  spur. 
From  the  above  it  appears  that  the  upright  ac  is  the  weakest 
part ;  but  from  th^  principles  already  expluiied,  the  ingenious 
mechanic  will  easily  proportion  the  parts  so  a^  to  be  equally 
strong." 

Vll.  ^^  Left  kb  be^  rfeqiurad  to  make  a  crane  of  cast  iron  to 
bear  4  ewt.  but  tl^ijt  may  be  perfectly  safe  let  it  be  cakailafeMl 
fdr  10  owt*  and  let  aq  =x  cb  =c  c^  feet,  also  bc  -x  qj>  2^  H  foot. 

^^  Let  the  tkickoMS  of  the  iron,  be  half  an  inch,  and.  put  t  aes 

depth  of  CK.    Hien  as  1  :  2190  : :  ^  :  11^,  from  which  we 

find  the  thickness  ;v  =:  1*78  inches.  The  preassure  upoti  the  spur 
at  B,  in  the  direction  nd  =  11^  pounds;  the  length  of  the 
spuris2-l«feet,dndag'tto  (15)  :  db  (412)  ::  1120  :  1583 for 
the  pressure  iii  the  dlf^ccidfi  Db.  As  a  bar  1  inch  square,  and 
1  fiiet  kng,  will  bebr  1<5  tons,  or  3S600  poundf)  (at  the  end), 

•we  say  as  1 :  83600  : 2  -j^ '  ^*^'  ^^  ^^^"^^  ^®  *°^  ^  *®  ^^^ 
of  the  prop  or  spur  =  -46385  of  an  inch.  Next,  for  the  upright 
we  have  -^^  =:  =  11^  pounds,  the  pressUlre  agamdt  b, 

then  as  t  :  8190  9 :  ^  (the  squ^e  of  t4m  breadth)  :  MSO 

pounds,  the  same  as  C£,  as  they  are  of  the  same  length,  and  the 
*i^Bddth  will  ^  ihfi  same,  tft»t  te  1*1«  Ifaiihw.*' 


«U?t»LEMENT  TO  CHAP.  V. 

(A.)  What  bar  bera  tdvaiiced  in  thU  chapter  It  prindpally  an  whiUaon  df Hit 
pnnciplM  orGameo,  who  assumed  a  perfect  and  e^ualngiaity  of  tbe-fibi^t  thftough- 
git;  ll^s^inf  <^e  tQ  that  mat  maa  te  tvtafai  bis  tb^Diy  ia  aama  of  our  ti«attsc|. 
For  the  sake  of  comparison,  however,  as  well  as  for  th#  general  instruction  6f  tfae 
«»d«it^  w€  ttMy  beta  present  an  abridfed  ytew  of  diinire&t  tbeorf^i  fitoni  r^tauriOt. 


I    III  n 
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Lei  fi  prismiitlc  mlid,  tuob  9a  io  t|ie 
margin,  be  fixed  at  one  extremity  in 
a  wifU,  and  k9a4^  m  Ui*  Qther  with  a 
weight  which  tends  to  break  it  in  the 
aiH:^  MJNW;  if  th«i»  b«  aa  eqiii* 
librium  between  the  weight  and  the  re- 
siAtimoe  of  4ie  aalidi  that  weight  is 
ttkw  6>c  tb^QWAHira  of  the  leaisuiiccu 

If  the  weight  act  perpendicularly  to  the  section,  as  »,  tending  to  pull  asunder  tbt* 
solid,  the  resistance  i$  faid  to  be  aksQluie:  if  it  act  in  a  direction  parallel  to  the  sec- 
tion, and  t^ndiag  to  break  the  solid  crosswise,  or  transversely,  as  o^  the  tesisunce  i« 
said  to  be  Witi^he. 

1^  Fao«.  |f  tha  ooeilkieni  k  express  the  tenacity  of  each  element  of  the  sectioit 
KRSH,  and  this  section  being  tcfiMrad  to  the  axis  ad,  about  wiueb  k  is  siippe^ 
to  be  fljymmetrical,  if  a?  bo  the  absdsaa,  and  y  the  orjinate  of  any  point  in  its 
perimeter ;  the  absolute  resistance  of  this  section,  or  the  wdght  r,  which  is  in  equi^ 
librium  with  it,  wiU  be  expressed  thus*  p  »  '2kfyi,  For  the  elementary  trapezium 
«/^««2yi;  and  its  tenacity  =:i2Aryi.  Wherefore,  the  resultant  or  the  whole  teoaeity 
of  the  area  mrsk,  to  which  the  forcn  f  is  to  be  equal  and  opposite^  will  heQkJpr* 

Cob.  Wherefore,  in  homogcpcoas  solids,  the  absolute  rvsistanoe  is  proportionid  to 
Ihciir  aeetiOBs*  made  by  planes  perpendicular  to  the  diawiag  £E>ree. 

V»  Paor.  The  proeeding  notation  being  rciaiaed,  if  tho  Isogtb  of  the  solid  ac  «  0, 

the  rHMtive  rtfiikmce  of  the  section  mbsn  will  be  expressed  by  a  weight  q»  in  equi- 

2k 
n^rmm  with  it,  such  that  o  =  — ^/xyi.    For  the  weight  q  tends  to  break  the  solid  in 

the  section  hssv;  making  It  turn  about  the  lowest  boundary  us,  and  it  acts  with  the 
moment  q  «  c.  Now,  the  tenacity  of  the  elementary  trapezium  tfgh^  which  »  ifeyi', 
resists  this  force  wkh  a  moment  »  2kxyje ;  wherefore^  the  sum  ^  the  moments  for 
the  whole  section  will  be  »  'Jkfxyx,  d\xU  in  order  that  there  may  be  an  equilibrium, 
this  sum  ought  to  be  equal  to  the  moment  of  the  weight  Q.    Wherefore,  q  » 

—Ayr.  - 

Cmu  1.  Let  the  solid  be  of  the  form  of  a  parallelepiped,  as  beams  usually  are; 
let  its  depth  ad  »  a,  its  breadth  mh  »  b,  and  its  length  ac  k  c.    Then  a  >• 

-^ — ;  whence,  the  relative  resistances  of  beams  are  in  a  ratio  compounded  of  their 

breadths,  the  squares  of  their  depths,  and  the  inveise  ratio  of  their  lengths,  aa  bcfiuc 
shown. 

Oe«.  S.  The  ^following  is  the  ratio  of  the  absolute  to  the  relative  resistance; 
'  :  a : :  ^yi  s  fi^yx.  Wherefore,  in  beams,  the  absolute  is  to  the  relative  resistance, 
as  the  length  to  the  half  of  the  depth. 

Cmu  a.  Together  with  the  we^t  a.  the  weight  of  the  solid  ksdf,  tends  to  break 

it  in  the  section  mksn.    If  this  weight  is  to  be  taken  into  account,  which  we  shall 

eaU  ▼,  it  must  be  understood  to  be  applied  at  the  centre  of  gravity  of  the  solid,  thnt 

ii^  At  the  bisection  of  its  length.     It  acts,  therefore,  with  the  moment  j^vr^ 

*2k 
Hpicc^  the  equation  of  equilibrium  will  be  q  -*•  Iv  ■-  — fiyi* 

c 

8.  QnitiiQg  Qalileo'a  aupi^sition  of  the  absolute  rigidity  of  the  fibres,  LeOmit^ 
^j£i»  SrudTlipf.  X6B^)t  propojBes  another  hypothesis,  which  seem^  better  to  suit 
\fi4m  CQiB|«s^d  of  flexible  fibres,  capable  of  bcwg  lengthened  by  strotching.  WbiUt 
tjbe  wdght  Q  exerts  a  force  to  turn  the  section  about  its  lowest  nde  b,^,  the  elec^ciu^ 
contiguous  to  this  aide  are  not  affected  by  it;  4he  others  are  more  and  more  |stroi)gly 
drawn,  according  to  their  distance  frbm  rs.  According  to  Leibnitz,  their  resistance 
ii  piqportional  to  the  separating  force  whieh  they  suibr ;  whence,  if  Ir  be  put  for  the 

kx 
««siaMMMe at.thevpper  sideKK,  the  reuptanee at  tffmWhe^  -^.     Thevefiiee,  the 

«km«n(aiy  ivapezium  rfgh  will  resiat  with  the  moment  —   •  .i-V-     Eqpatir^,  ^ 
More,  the  sam  of  these  moments  with  the  moment  qc  ofthe  weigH  according    to 
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thii  bypotbesU,  we  have  q  «-  — fjL'^ySt'  Hence,  the  ratio  of  the  absolute  to  the  re- 
lative resistance  becomes  r  :  q  : :  acfySt  :  fa^ii  that  is,  in  beams,  as  the  length  to 
a  third  of  the  depth. 

Wherefore,  in  this  hypothesis,  the  proportion  between  the  relatiye  resistances  of 
beams,  assigned  before*  also  obtains. 

4.  The  hypothesis  of  Leibnitz  being  assumed,  the  solid  ought  to  bend  a  Uttle  before 
it  breaks.  The  figure,  which  it  assumes,  in  the  state  nearest  to  rupture,  is  that  of 
an  elastic  lamina,  bent  by  a  weight. 

4.  For  let  abcd  be  the  profile  of  the  solid,  and  let 
it,  by  the  weight  q,  be  bent  into  the  position  M,iade.  Let 
the  curve  Amc  be  referred  to  the  axis  at,  calling  the 
co-ordinates  ap,  x't  and  pm,  ^,  and  retaining,  in  other 
respects,  the  former  notation.  Let  the  point  n  be  inde- 
finitely near  to  m,  and  let  the  sections  mh^  nk^  made  per- 
pendicularly to  the  curve  Amc,  meet  in  k.  Then  rn  » 
km  ss  M,  the  radius  of  curvature  of  the  curve  Ante  at  the 
point  m* 

Let  us  now.  consider  the  equilibrium  of  the  weight  q 
with  the  tenacity  of  the  section  mfty  which  from  the  po- 
sition mi,  parallel  to  nk,  is  drawn  into  the  position  mh,  by  the  stretching  of  the 
fibres.  Whilst  the  weight  q  tends  to  make  the  section  mh  turn  about  the  point  m, 
removing  it  continually  more  and  more  from  th^ position  mij  and  thus  pulling  asunder 
the  already  elongated  fibres  of  the  solid,  every  one  of  these  fibres  resists,  according 
to  Leibnitz,  with  a  force  greater  in  proportion  as  its  distance  is  greater.  Hence,  in 
the  point  f,.the  resistance  will  be  proportional  to  ey ;  and  because  k»  :  nm  :i  me:  eq^ 
if  we  consider  the  small  arc  nm  of  the  curve  as  constant,  eq  will  be  proportional  to 

me  X  h. 

—    or  to  — .    Wherefore,  if —  denote  the  resistance  at  the  point  t,  where  x  sa  a, 

Kfi  a  R 

hx 

the  resistance  at  the  point  e  will  be  equal  to  «— -.    Hence,  the  resistance  of  the  ele- 

an 

hx 
meptary  trapezium  corresponding  to  the  point  e  will  be  —  •  2^ir,  and  its  moment  of 

an 

hx 
rotation  about  the  point  m  will  be  —  •  23cyx,  Lastly,  the  sum  of  the  moments  for  the 

whole  extent  of  the  section  nihy  will  be  — fs^x. 

Let  us  next  observe,  that,  so  long  as  the  solid  is  supposed  to  be  prismatic,  having 

'Ih 
all  its  sections  equal  and  similar,  the  quantity  — fafiyx  is  constant  for  the  whole 

eurve;  whence  the  expression  yir^x  is  the  same  for  all  the  sections.     Putting,  there- 
fore, e  far  this  constant  quantity,  —  will  be  the  moment  of  the  resistance. 

R 

On  the  other  hand,  the  moment  of  the  weight  q,  referred  to  the  point  m,  about 
which  the  rotation  tends  to  take  place,  is  ■■  q(c  —  ^).    Wherefore,  — *Q(<?— y'); 

« 

which  is  exactly  the  known  equation  of  the  elastic  lamina,  bent  by  a  weight. 

5.  Pkof.  If  a  solid  (as  in  the  first  fig.),  be  placed  upon  two  immoveable  propfl^ 

which  sustain  the  extreme  sections  mrsn,  u'iiVn',  and  if,  from  the  middle  point  x, 

there  hang  a  weight  t,  just  heavy  enough  to  be  upon  the  point  of  breaking  the  solid, 

in  the  section  mrsn ;  the  resistance  of  the  solid,  or  the  weight  t,  which  is  in  equi- 

%1c  '    ' 

fibrio  with  it,  will  be  expressed  thus,  t  »  ^^fxyx.    For  each  of  the  props  sustains 

c 

the  half  of  the  weight  t  ;  wherefore,  the  equilibrium  will  subsist,  if,  t^ie  two  props 

having  been  remov^,  we  suppose  to  be  substituted  for  them  two  forces,  each  equal 

to  the  half  of  t,  which,  acting  upwards,  tend  to  break  the  solid  in  the  middle  section 

mrsN.    The  moment  6f  each  of  these  forces  will  be  ^  •  |c',  or  \tc.     This  moment 

ought  to  be  equal  to  the  moment  of  the  resisUnce,  which  Is  2kfxyi.    Therefore^ 

T  ■■  — 'Jxyk. 


CHAP.  V.   STRENGTH  AND  STRESS  O^  WOOD  AND  IROK.    133 

COft.  1.  Wherefore,  t  n  4q;  bo  that  a  solid,  supported  at  its  two  extremities,  can 
sustain  four  times  the  weight,  which  it  could  sustain,  if  it  were  fixed  in  a  wall,  at  one 
end  only;  and  this  weight,  in  the  case  of  beams,  is  aa  the  breadth,  and  as  the  square 
of  the  depth,  directly,  and  as  the  length  inversely. 

Coft.  2.  If  the  weight  t  does  not  hang  from  the  middle,  but  from  another  point, 
as  H,  putting  ah  «  2,  and  seeking,  in  the  same  manner  as  before,  the  equihbriiim  of 
the  weight  with  the  resistance  of  the  section  corresponding  to  the  point  h,  there  will 

2cft 
be  found  »  —  — r/^i*    Hence,  the  further  the  point  of  suspension  u  is  from 

X  IC  ""  Xf 

the  middle,  the  greater  is  the  weight,  which  the  beam  can  sustain ;  this  weight  varying 
in  the  inverse  ratio  of  the  rectangle  ah  •  hc. 

Coa.  3.  If  the  weight  v  of  the  beam  itself  is  to  be  taken  into  account,  it  must  be 
considered  that  each  of  the  props  sustains  the  half  of  it.  Hence,  substituting  for 
each  of  the  props  an  equal  force,  in  a  contrary  'direction,  it  will  be  found  that  this 
weight  acts,  on  the  middle  section,  with  the  momentum  ^vc.  But,  as  there  is  op- 
posed to  this  force  the  weight  of  the  half  of  the  beam,  included  between  the  sections 
1IK81I,  mrsn^  which  may  be  supposed  to  be  applied  at  the  bisection  of  their  distance 
asunder,  and  which,  therefore,  acts  with  a  moment  «=  |vc,  the  moment,  arising  from 
the  weight  v,  remsuns  equal  only  to  }vc.     Thus,  the  equation  of  equilibrium  gives 

2k 

T  +  ^v  ^ Jj^i.     It  will  be  sufficient,  therefore,  to  add  to  tlie  load  t,  the  half  of 

c 

the  iveight  of  the  beam. 

RESISTANCE  OF  SOLIDS  TO  COMPRESSION. 

6.  SorposE  a  prismatic  solid  to  stand  vertically  on 
the  ground,  upon  which  it  firmly  rests  in  ab,  and  to 
be  loaded,  at  the  top,  with  the  weight  o.  Here,  if 
the  parts  were  perfectly  homogeneous  and  rigid,  the 
action  of  the  weight,  pressing  the  sections  of  the  solid 
one  against  another,  would  aid  the  tenacity  rather  than 
disturb  it.  To  explain,  therefore,  how  it  happens,  in 
reaKty,  that  columns  break  under  heavy  weights,  we 
must  recur  to  that  flexibility,  of  which  the  fibres  of 
solids,  more  or  less,  partake,  and  recall,  upon  this  oc* 
casion,  the  hypothesis  of  Leibnitz*    Bvery  httle  defeet 

of  homogeneity  may  then  cause  the  column,  giving  way  in  one  part  or  another,  to 
bend,  and  to  verge  to  a  state  in  which  it  all  but  breaks.  We  shall  proceed  to  trace 
briefly  the  steps  of  Euler,  (Menu  de  VAcad.  de  Berlirh  1757.^ 

7.  PftOF.  When  the  prismatic  column  aboc  bends  under  the  weight  o,  placed  upon 
it,  the  curvature  Amc,  which,  in  the  state  nearest  to  rupture,  it  will  assume,  will  be 
that  of  an  elastic  lamina,  fixed  vertically,  and  bent  by  a  weiglit  placed  on  its  top. 

Let  cpe  j/,  pm  »  ff't  the  radius  of  curvature  to  the  curve  Amc  at  m,  or  cm,  »  k 
If  we  reason  as  b^re  concerning  the  equilibnum,  between  the  weight  o  and  the  te- 

X 

nacity  at  the  section  m/t,  we  shall  find  the  moment  of  the  resistance  to  be  = ; 

where  x  is  equal  to  the  quantity fi^jfif  which  is  constant  throughout  the  whole 

of  the  curve.    On  the  other  hand,  the  moment  of  the  weight  is  =  o  X  i'W  -  ajf\ 

Whence  we  have  the  equation «  cy',  which*  is  exactly  the  equation  of  the  ver- 
tical elastic  lamina. 

Coa,.  I.  Hence  it  follows,  that,  when  the  inflexion  is  very  small,  the  equation  of 

the  curve  Amc,  in  finite  terms,  will  be  tf'  ^f'  ^m.jc'-/  -^ — ,  where  the  con^ 
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staut  quaDtityy*r£|)rtMntt  ihe  UogUi  r<  of  Ui«  greatest  sweQ  of  the  incurrated  co- 
lumn,  which  will  fall  in  the  point  of  bisection  «f  the  oolamn. 

Cea.  3.  It  ako  foUowi^  that,  in  order  to  htre  forte  enough  to  bend  the  column  by 
tver  so  BmaH  a  qnaotity,  the  wMbX  g  must,  at  the  least,  be  e^ual  to  — ^ .  Whence 

the  formula  may  be  taken  as  an  adequate  expression  of  the  resistance  of  the 

column:  v  being  =  3  •  141593. 

Coa.  3.  Let  the  column  be  of  the  form  uf  a  parallelepiped,  and  let  the  height  AC 
s=  c  let  AB  —  0,  and  let  the  other  dimension,  which  fs  not  expressed  in  the  figure, 
be  ^  6.  Attention  must  be  paid  to  the  difference  between  these  two  dimensions  a 
and  6,  the  first  of  which  is  posited. in  the  plane,  over  \i'hich  the  curvature  of  the  co- 
lumn fies,  the  other  is  perpendicular  to  that  plane.  Now  fhe  transverse  section  of 
such  a  column  being  a  rectangle  of  the  sides  a^  h,  we  shall  h&ve^i^^ir  csa  \a^,  and 

therefore  £  »  ^a'^k.    Substituting  this  value  in  the  formula  ,  which  is  the 

general  expression  fc'i  the  resistance  of  columns,  we  shall  ha%'e  — ; ^;  and,  hence, 

the  resistance  is  proportional  to  the  square  of  the  dimeneion  a,  to  the  simple  dimen- 
sion 6,  and  it  is  inversely  as  the  square  of  the  height  c  of  the  column. 

If  the  sections  of  the  columns,  which  are  compared  with  one  anotlier,  be  similar,  as 

h  will  then  be  proportional  to  a,  the  resistance  will  be  proportional  to .      Thus 

the  we^ht,  which  a  cylindrical  colMoan  can  sustain,  will  be  in  a  ratta  eotepevnded  ef 
the  cube  of  the  diameter,  and  af  the  iflversa  ratio  of  tlie  square  of  the  height. 

8.  These  supplementary  inquiries  cannot,  probably,  be  more  tisefvily  terminated 
than  by  pnesenting  Mr.  TredgM$  Tables  efihe  Specyk  Cchesion  of  S*Astance»» 

The  standard  degree  of  coheston  assumed  in  these  tabies  is  that  ^plate^gUut^  whtoli 
is  vegardai  as  iba  unit,  tha  other  substances  being  atraogar  or  weaker  in  ^aportion 
as  they  are  above  or  below  1 .  If  any  of  the  aumbera  in  these  tables  be  raiUtiplied  by 
9420,  the  product  will  express  liie  force  in  avoirdttpois  pounds  that  would  tear  asitader 
a  bar  of  the  respective  substance  an  iftch  square.  The  strength  of  woods  of  tilia  aame 
kinds  is,  H  will  be  observed,  extr^naely  variable^  depending  aa  the  a^  the  oatone  af 
the  soil,  aod  the  situation  and  the  climate  where  they  are  grown, 

TABLE  I.    WOODS. 

Lance-wood 8-«8l  B^(LaunH) 1-647  Saul,ofBeiigal..,    rs/b 

LocusUtrec.fc  ....  iMg5                .      to 1*066  Flam, (Fruihis) . . .   f«57 

J«Juhe(2tnphtti)  .  8*006        Tbak  (Tectona  to.*    1^206 

Ash  (Fraxinus.)                        grandis.)  Willow,  (SaUx) ..  .   1.357 

^Red,  seasoned  ... .    I*a9f  Jvra,«easoned...  .  1*609  WillDW,drf ...  .w»  IJ'BOII 

Ash 1.804  Pegu,  seasoned ..  .  1'400 

White,  seasoned  . .   1-509  Malabar,  seasoned  .  l-3p5  Mahooant. 

A«h 1-274  Alder  (BaU  Alnus)  1-50$ 

Oax  (Onerous)...    1-891  Mulberry  (Morus) .  1-492  (Swietenia). 

,M£^estTesuh  1-861  1.221     Spanish 1-28^ 

r — »   '*836  Elm  (Uhnus)  ....  1.432  Citron    (Otreum)     1-357 

Diy,  cut  4  years..   1«707         Fins  (Pious)  to..  OB68 

Provence,  season.*    1  -559  Pitch  pine 1  -398  Chxsnut,  sweet 

English,  seasoned  .1-509  Fir '.....  1 .380  (Fagus  castanea. ) 

^« 1*481  Fir  (strongest)....  1-318  100  years  in  use.. .    1-291 

•  Its  colour  brown,  and  it  was  liard  and  large-veined. 
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Fir,  strong  red  . . .   J  •! 72 

Fir,  Memel,  season.  I*l»i4 

Fir,  Russian 1*0«!? 

Fir...... 1*0«1 

Fir 1039 


9  • 


Oak,  Fr.  sees.*  ..  1-450 
iVovencc,  seueo.f  1*444 
i^«ve«ce,  seaseaed 

yoirtg... 1»S63 

Oak,  dry 1'274 

Baltie,  seasoned ...  I  •&  1 1 
Oak,  lowest  result .   1-146 

, 1-107 

English 1*085 

Oalt 1*076     ]Rr,B!g«,. ......  6<^^ 

French,  unseuooed  1<M     Fir,  Americaa....  ^^2 
White     American,  Fir 0*903 

seasoned 1-009     — ,  yallow  deal ....   0-900 

Oak... 14X99     Fir,  weakest.. ...  fO'87d 

French,  nQM^sfiiied  0^960     I^rch,  Scottk»  «ta* 

Oak ,•»,..  0-955         sonei  ........  O^^lf 

English  .,..,«»^»   0*9M     Fltoii  pioe #^30 

Dantzic « » ,  0*81 8     Larch, fieafech,  yety 

Beeeh  (Fi^gus  i^  dry  ., ,  W45 

iftaiicus)..*,  ...   J^8D     ilh  Scotch  (P. 8y(<» 
Arbutu%  frpm^ ...    | *$4^        vesttis)  .  ^ . . . . ^  0«i7l  1 
«!..  .  <0'814     FiTV  white  deal...  .  4)^455 
Of«S0e(Aunntiwn)  1'764    3iB8or,Qf  Bcng*l.»  1<MS 
to..    1-629 


Pitch  fiine 1-284  JfWntilne     (Jasmin- 
Pine  (Fin  dvlfwA)  1-^4        p;^)., t*3ff{ 

Larch  (Picus  to..   1-^49 

Larix) M  7^  PomegrtLftWfe  tu- 


nica)   w   ^Ml 

to..   0-*5$ 
Tamarisk    (t^ttii- 

riscus) M94 

to..   0-.732 
^A«tx  (Acer.) 
Kerway... ......    M«3 

Elder  iSambucus).  1-086 
Lemon  (Limon)  . .  1  -004 
Quince  (Cjrdenli)  «*Ma 
to..  <H624 
Cypreii    (Oupeaa- 

stta) *  - .  k  *  •  0^32 

to..  tVMC 

Poplar  tBan.tafta)   M» 

to.,  ^488 

f^>kr    (P.  nigm) 

lafteralcolMaioaiof 

tile  aaimiil  ita^  <^lfil^ 

Cfdlir,.^. .-»...  <HJ28 


TABLE  n.    COMPARATIVE  STUB^aXH  OF  MITAI^ 
(A)  and  (/)  mark  the  highest  and  lowest  result  obtained  from  each  kind  of  iron. 


Specific  Cohesion. 


Razor  temper  . , .  ) 5*927    Bar,  fine-grained,,  4*3P6    Ww*  ».,.,..-».  5<J7P 


Soft 1^739 

Iaon. 

Wire 12-004 

Grerman  bar,  mark 

BR(A) 9-880 

Swedish  bar  (A)..      9*445 
German  bar,  mark 

L(A) 9-119 


,  medium  fine. 

ness 3*618 

— ,  coarse-grain- 
ed   2-172 

Cast  Iron. 

French 7-470 

German   7*250 

French,  soft 6*754 


Cast 


2171 


Wire 9-108    English 5-520 

Bar 8*964    French ...   5*412 

Liegebar(A) 8-794    4-540 

Spanish  bar 8*685    English,  soft 4*334 

Bar 8-581     French  gray 4*000 

Bar.... 8-492  Gray,    of   Cruzot, 

Oosement  bar  (A) .  8*  1 42        2nd  fusion 3*257 

Cable 7*752  Gray,    of   Cruzot, 

German  bar,  mark 

L(0 7*382 


Tin. 

Wire .  / 0-7568 

Cast,         English 

block 0-706 

yidem 0-565 

,  Banca  ....  0*8906 

,  Malacca  .  •  0*342 

Bismuth. 

Cast 0*345 

0*3193 


Zinc. 

Wire 2-394 

Patent  sheet 1-762 

1st  fusion 3-202     Cast,         Goslar, 

from 0-3118 


German  bar,  com- 
mon < 

Swedish  bar. 

Oosement  ^  {}) 
bar  •• 


% 


COPPSR. 

7*339    Wire 6-606 

Cast,  Barbary ....  2-396 
7-296    ,  Japan 2*152 


to..  0-2855 

LSAD. 

Milled 0*3538 

Wire 0-334 


•  This  specimen  lay  six  months  in  water  after  it  wns  cut,  and  was  afterwards  dried. 
When  the  U'v\\  was  made,  it  had  been  cut  four  years. 
•|-  Middle-aged  timber,  fine-veined,  light  and  pliant. 
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•  Vg^  Gtoti  tu  I« 

BvofbestquiOity  7<006 

Liege  bur  (/)....  6*621 
German  bar,  mark 

BR(/) 6*514 

Bar* 6-480 

Bar  of  good  qui^ 

lity 5-839 


^^eeifie  Cehtrion. 
PI.  Gftwt  €W  !• 
FLATOrUM. 

Wire 5-995 

Wire 5*625 

SiLTXK. 

Wire 4-090 

Cast 4S42 


Spmific  CohenoH. 
Ft.  GkMU  tt»  I. 

Lead  wire  ......  0*2704 

Wire 0*2704 

Cait,  English  . . .  0-094 

Antimony,  cast ..  0*1 126 


TABLE  IIL    COMPARATIVE  STRENGTH  OF  MARBLE,  IVORY, 
AND  OTHER  MISCELLANEOUS  SUBSTANCES. 


'  Specific  Coherion. 

GkU8€U  I. 

Hemp  fibres  glued 

together 9*766 

Paper  strips  glued 

together 3*184 

iTory.... 1*765 

i^ate^  Welsh,  (clay 

slate) 1*358 

Plate-glass 1*000 

Maibk  (white)..  .  0-955 
Horn  of  an  OK ...  •  0*950 


Specific  Cohegion. 
Gkuaeu  I. 

Whalebone 0*814 

Bone  of  an  ox  ... .  0*559 

Hard  stone  -)*  of 
GiTry O'2S0 

Portland  stone, 
(comnact  lime- 
stone)   o-oss 

Soft  stone  :|:  of 
Givry... 0*041 

Brick  from 0*031 


Specific  CohetUm. 
CUus  as  1* 

Brick  to 0-030 

Brick  from  Dork- 
ing  ,ii  .0-029 

Stone,  bomogene^ 
ous  white,  of  a 
fine  grain    ....   0*023 

Plaster  of  Paris..   0-0077 

Mortar  of  sand 
and  lime,  16 
years  made.  • . .  0O054 


On  this  important  sulgect  I  beg  to  refer  for  the  fullest  and  most  correct  information 
to  Barlow's  Essay  on  the  stret^^  and  stress  of  Timker^  Tredgold*s  Prindfks  qf 
Carpentry  J  and  his  Treatise  on  Iron, 


*  This  is  the  mean  result  of  thirty-three  experiments, 
-f*  This  stone  was  hard,  of  a  red  colour,  and  the  beds  distinctly  marked. 
X  This  stone  was  white»  rather  soft,  and  the  beds  not  distinctly  marked.    These 
plumbers  were  calculated  from  experiments  on  the  transverse  strength. 


CHAP.  VI.  CORDS,   ARCHES,   AND    DOMES.  1S7 


CHAPTER  VI. 


ON  CORDiS^   ARCH£Sy  AND   DOMES. 

193.  We  have  already  spoken  of  the  use  of  cords  in  their 
connexion  i¥ith  the  lever,  the  pulley,  and  the  axis  in  peritro- 
chio:  but  they  are  sometimes  used  in  a  manner  more  compli- 
cated than  what  we  have  ^et  considered,  and  are  by  some 
authors  regarded  as  a  distinct  machine  under  the  name  of 
Funicular  machine.  We  shall,  therefore,  treat  of  them  a  little 
more  particularly,  and  consider  them  as  perfectly  flexible, 
without  gravity,  and  reduced  to  their  axes,  unless  the  contrary 
is  stated.  The  tension  of  a  cord  is  the  force  which  acts  at  one 
end  of  it  when  the  other  is  fixed,  or  it  is  equivalent  to  that 
force:  thus  in  the  case  of  the  equilibrium  of  powers  applied  to 
a  physical  point,  if  we  regard  that  point  as  fixed,  the  tension 
of  each  cord  is  precisely  the  force  applied  at  each  cord  to  move 
the  point :  but  if  the  equilibrium  does  not  obtain,  as  when,  for 
example,  a  cord  has  two  unequal  powers  acting  at  its  extremi- 
ties, trie  tension  is  the  least  of  the  two  forces,  for  the  tension 
will  obviously  be  the  same  as  if  the  one  of  the  extremities  were 
fixed,  and  the  least  of  the  two  forces  acted  solely  at  the  other 
end. 

194.  When  three,  f(jur,  or  more  powers,  act  at  the  extremi- 
ties of  different  cords,  all  united  at  one  node,  the  conditions  of 
equilibrium  will  be  the  same  as  we  have  exhibited  in  Chap.  II. 
between  arts.  46,  and  70.  whether  the  cords  are  all  situated  in 
one  plane,  or  several.  But  if  two  forces  c,  c'  (fig;  3.  pi.  I.) 
act  at  the  extremities  of  a  cord  cpc'  passing  through  a  ring  at 
p  fastened  to  a  cord  op,  and  retained  by  a  power  o,  the  condi- 
tions of  equilibrium  are  these : 

1.  The  line  op  when  produced  must  bisect  the  angle  cpd, 
%  The  forces  c,  c'  must  be  equal  to  each  other.  For,  if  the 
angles  cpd,  c'pd,  are  unequal,  the  cord  will  slide  alons  the 
ring ;  and  this  condition  combined  with  that  of  the  parailelo* 
gram  of  forces  requires  the  equality  of  c,  and  c'.  This  bein^ 
premised,  we  proceed  to  a  few  useful  problems. 

195.  Prop.  Given  the  length  \  of  a  cord  eah,  and  theposi- 
tion  of  the  points  e,  h,  to  which  its-ends  arejixed^  and  suppose 
a  given  weight  p  hangs  by  a  cord  ap,  the  latter  cord  running 

J'recly  along  the  former  by  a  ring  at  the  end  a  (fig.  4.  pi.  IX.), 
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to  determine  the  positian  of  the  whole  wTien  in  equilibrioy  and 
the  tension  of  the  cord  eah  at  its  extremities. 

Draw  through  e  the  horizontal  line  eg,  and  through  H  the 
vertical  fk.  Since  al  divides  the  angle  eah  into  two  equal 
parts,  if  EA  produced  meet  fk  in  K,  we  shall,  because  of  the 
parallels  la,  fe,  have  k  =  eal  =  lah  =  ahn  ;  therefore  the 
triangle  hak  rs  isosceles,  and  ka  =  ah  ;  also  ek  =:  ea  +  ae  = 
EA  +  AH=  /.  If,  there6»*e,  with  e  as  a  centre  and  radius  =  I, 
we  cut  the  vertical  fk  in  k,  and  on  the  middle  point  n  of  hk 
erect  the  perpendicular  ka^  it  will  intersect  the  line  ek  id  a, 
the  point  whare  the  ring  will  rest  in  equililMrio. 

Tba  analytical  »dution  of  the  remaining  part  of  the  proUem 
is  by  no  raeans  difficult.  Thu$,  put  kv  zz  h,  the  angle  eah  r: 
9ay  and  let  the  tensions  of  the  cord  at  the  points  of  fiusp^ssioe 
B5  H,  be  p',  F^'.  Then,  since  p'  roust  be  equal  p^,  and  £Al  rr 
ImAR^  we  hav<e  (art.  41.  oon)  p  :r  Sp'  cos  «.   In  the  i%ht-angled 

triangle  efk,  we  have  sin  ekf  =:  sin  a  =  —  :z  -r .  Em- 
ploying  this  value  in  the  equation  p  =z  ^p'  cos  ^,  there  arises 
P  =  gp/  v^\  whence  p'  =  —5^,=  J;;^^^'  ^"  ^"^- 

tion  which  gives  the  tension  of  tlie  cord  at  e  or  ir. 

CoE.  1.  The  distances  ha  and  ea  may  he  easily  found  when 
required :  for,  since  the  relative  positions  of  e  and  H  are  given, 
FH  is  known  as  well  as  ef  ;  and  because  fk  =  ke  cos  a,  it  is 

known  also :  hence  nk  is  known,  being  — ^^ ,  and  we  hare, 

by  siTO.  tri.  KF  :  ke  :  :  KN  :  KA  (=  ah)  :  :  nf  :  ae. 

Cob.  2,  The  locus  of  all  the  points  a  is  an  ellipse  whos^ 
£901  are  e,  h,  and  transverse  axis  zz  h 

CoR.  S.  When  h  falls  in  tlie  horizontal  line  gg,  it  will  be 

45A  rr  AH. 

196w  Paop*  Given  the  toeigkt  r  attached  to  thepoiati  a  qfta 
cord  *a)hi>ch  passes  over  two  Jixed  puUeys  in  given  posiiions  8 
and  G,  the  given  v^eights  t,  q,  hanging  ai  the  extrgmiiiis  of  the 
corif  to  determine  the  position  of  ac  and  a  ji  when  the  wJuie  is 
in  cfmlibrio,  (fig.  5.  pi.  IX.) 

At  a  convenient  distance  fraoi  b  and  c,  draw  the  vertical  da 
to  represent  the  weight  r  (fig.  fiL),  and  form  the  triangle  doe 
such  that  the  sides  ae  and  de^  sfaali  be  to  ^a^  as  the  weights  t, 
and  Of  respectively  to  r.  From  the  point  b  draw  ba  pamllel 
to  ea^  aoo  fvova  the  point  c  draw  ca  parallel  to  de^  then  will 
cab  be  the  position  in  which  the  cord  will  rest  in  cquijibi'io. 
For,  if  we  take  any  distance  ajd  in  tlic  vertical  ag  to  represent 
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11,  and  complete  the  parallelbgriuii  aeot^  we  iSee,  by  the  simi- 
litude  o£  the  triangles  ade,  ade^  that  be  and  or  ou^bt  to  re- 
present the  tensions  of  AC  ^aad  as.,  and  that  in  this  |K>iition 
they  are  in  equilibrio  with  the  weight  R. 

By  means  of  the  known  sides  of  the  triangle  ade,  we  may 
calculate  the  three  aogles :  then,  drawing  the  horizontal  line 
BGf  the  angle  <^bc  will  t)e  given,  since  the  poiats  b  and  c  are; 
the  angle  gba  k  known  also,  b^ng  the  complement  of  gab  or 
doe  I  and  die  angle  cba  =z  c^ba  —  obc,  wiJl  be  therefore  known : 
thu^  in  the  triangle  cab  we  know  the  side  cb,  and  the  angles 
CAB,  CBA  (and  consequently  the  third  angle),  from  which  we 
may  compute,  with  ease,  the  sides  ca  and  ab. 

Cor.  1.  When  p  z=  a,  the  triangle  oife  becomes  isosceles,  by 
which  means  the  computation  is  much  simplified* 

CoR.  2*  When,  besides  having  p  ==  a,  we  have  b  and  c  in 
tlie  boriisontal  line,  the  process  is  still  farther  simplified.  In 
this  case  AC  and  ab  wiU  be  -equal  to  each  other;  the  triangle 
a<fe  will  be  isosceles,  aod  eia^  similar  to  boa.  We  shall  mo 
have  ^=:  V(flfe2— tw*)  a  v/(jp*-iE«)t  so  that  if  Bobe  putc^icif 
and  GA  zz  x^  we  shall  express  oi  :  iV  :  :  ao  :  gb  thus, 

fR :  ^(p«-.^R*)  : :  ^ :  |rf,  whence  x  =  ':7~^=  3V(4i^^- 

197.  Prop.  To  determme  the  conditions  of  equilibrium  in 
ike Jiuucular  polygon  when  many ^fitrces  are  ading  ai  different 
points  of  the  cord,  hut  in  tlie  same  plane. 

Let  pnn'n",  &c.  (fig.  7.  pi.  IX.)  be  tlie  polygon  pi'oposecl, 
beins-  k<?pt  in  equilibrio  I\y  the  powers  p',  p",  .  .  •  p",  acting  in 
the  directions  pn,  p'n,  p''n',  &c.     And  call  t^  t-,  t\  &c.  tlic  re- 
spective tensions  of  the  parts  of  the  cord  pn,  nn',  n'n^',  &c. 
Now,  since  the  equihbrium  obtains  in  the  system,  it  must  ne- 
cessarily have  piece  in  each  portion  of  the  polygon  separately^. 
Hence  p,  p',  aim  t'^  must  be  in  equilibrio  about  the  node  N ; 
and  ^  must  be  tlie  resultant  of  the  eoropooent  fon^es  p,  f'  ;  the 
force  which  acts  on  the  point  n'  in  direction  if'jf ,  is  liieiefore 
equivaleat  to  the  two  forces  p,  y,  acting  simultaneously  at  n  ; 
and  the  node  N^'  is  acted  upon  as  though  it  were  solicited  fay 
the  four  forces  p,  p',  p'',  f,  in  directions  respectively  parallel  to 
PN,  p'n,  p''h',  n'^n'.     In  like  manner  it  may  be  sliown  tliat  the 
node  li"  is  kept  in  equilibrio  in  tlie  same  way  as  it  would  be,  if 
subjected  to  the  simultaneous  action  of  the  powers  p,  p',  p",  t^\ 
i'\  in  directions  pandlel  to  pn,  p'w,  pV,  &c.     And  so  on 
througtK)ut.     Hence  it  follows,  that  when  a/unu^dar  poiygon 
is  sustained  in  equilibrio  by  any  number  vfjbrces  whatever y  if 
zee  transport  tJtese  poners  parallel  to  their  respective  directions, 
so  as  all  to  exert  their  energies  upon  one  point,  it  will  be  kept 
in  equilibrio  bf/  their  tomUncd  action^ 
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Cor/  1 .  The  result  just  obtained  corresponds  with  that  which 
was  deduced  in  Chap.  II.  (art.  86.)  with  regard  to  forces  acting 
at  difibrent  points  of  solid  bodies:  consequently  the  other 
theorems  given  there  may,  when  required,  be  applied  to  the 
case  before  us. 

Cor.  2.  If  we  neglect  the  two  extreme  forces  p,  P",  and 
reason  upon  the  others  as  in  the  proposition,  it  is  clear  we  may 
conceive  all  of  them  applied  at  the  same  point  (provided  they 
make  respectively  the  same  directions  with  any  assumed  axe 
ax),  without  at  all  altering  the  magnitude  of  their  resultant : 
and  hence  as  that  resultant  is  destroyed  by  the  two  powers  p, 
p**,  it  must  necessarily  pass  through  the  p(nnt  of  concourse  o 
of  the  directions  pn,  p^n'-'. 

Cor.  3.  If,  therefore,  a  cord  aeb  (fig.  10.  pi.  IX.)  fixed  at 
two  points  A  and  b,  have  all  its  points  solicited  by  any  forces 
whatever  in  the  same  plane,  it  will  assume  a  plane  curvature : 
and  the  point  of  intersection  o  of  two  tangents  will  fall  upon 
the  direction  of  the  resultant  of  all  the  forces  applied  to  the 
viirious  points  of  the  cord.  And  if  we  transfer  these  forces 
parallel  to  their  directions,  so  as  to  apply  them  all  at  the  point 
o,  their  resultant  being  resolved  into  two  others  actins  accord- 
ing to  the  directions  ao  and  ob,  we  shall  thence  oDtain  the 
effort  exerted  upon  each  of  the  fixed  points. 

CoE.  4.  The  case  of  the  last  corol.  applies  obviously  to 
gravity :  for,  on  the  one  hand,  this  force  exercises  its  action  oft 
all  the  {>oints  of  the  cord,  and  on  the  other,  these  efforts  may 
be  assimilated  to  the  weight  distributed  throughout  the  length 
of  the  heavy  cord.  Hence,  the  curve  thus  formed,  and  known 
by  the  names  o^  funicular  curve^  chainette,  or  catenary^  is  a 
plane  curve. 

Cor.  5.  In  the  catenary  the  total  eflbrt  exerted  on  the  fixed 
points  A  and  b,  is  the  whole  weight  of  the  cord :  if,  therefore, 
at  the  point  of  concourse  o  of  the  two  tangents  to  the  curve  at 
A  and  B,  a  weight  equal  to  that  of  the  cord  were  sustained  by 
two  threads  ao,  bo,  void  of  gravity,  the  points  a  and  b  would 
be  acted  upon  in  the  same  manner  as  they  are  by  the  action  of 
gravity  upon  the  cord  aeb  ;  viz.  the  powers  p,  p',  necessary  to 
retain  either  the  heavy  cord  aeb,  or  the  equal  weight  at  o, 
would  be  the  same  in  both  cases.  As  the  resultant  is  the  weight 
of  the  cord,  if  we  erect  upon  o  an  indefinite  perpendicular  o£, 
it  will  pass  through  the  centre  of  gravity  (art.  106.  IV.),  and 
the  forces  Exerted  upon  a  and  b  will  be  proportional  to  the 
sines  of  the  angles  boe  and  aoe  (art.  48.):  thus,  if  w  be  the 
cMitire  weight  of  the  cord,  we  have 

w  :  p :  p' :  :  sin  aob  :  sin  i^ob  :  sin  aoe. 

Cor.  6.  The  same  will  obtain,  wherever  the  points  a  and  b 
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11,  aad  complete  the  paraUelbgram  ±%9ir,  we  aee,  by  the  simi- 
litude o£  the  triangles  aos,  ode,  that  be  acnd  i»w  ought  to  xe- 
present  the  tensiom  of  ac  and  aj,  and  that  in  tftos  |)ositicm 
they  are  in  equilibrio  with  the  weight  E. 

By  means  of  the  known  sides  of  the  triangle  adf,  we  may 
calculate  the  three  aagles :  tlien,  drawing  the  horizontal  line 
B6,  the  angle  <«^bc  will  be  given,  sinoe  the  points  b  and  c  are; 
the  angle  €^ba  is  known  also,  b^ng  the  complement  of  gab  or 
doe ;  and  tlie  angle  cba  n  g»a  *-  obc,  will  be  therefore  known : 
thu%  in  the  trtaagle  cab  we  know  the  ode  cb,  and  the  angles 
cab,  cba  (and  consequently  the  third  an^e),  from  which  we 
may  coimpute,  widi  ease,  the  sides  ca  and  ab. 

Cor.  1.  When  p  n  q,  the  triangle  (wfe  becomes  isosceles,  by 
which  means  the  computation  is  much  simplified. 

CoR.^  When,  besides  having  p  =  a,  we  have  b  and  c  in 
the  horizontal  line,  the  process  is  stili  farther  sunplified.  In 
this  case  AC  and  ab  will  be  equal  to  each  other;  the  triangle 
ode  will  be  isosceles,  and  eta,  similar  to  BtiA.  We  shall  &o 
have  d  =  ^{ai^^<d^)  a  v/(ap«- j-n*);  so  that  if  bg be  put=:|i/ 
and  GA  m  or,  we  shall  express  ai  :  ie :  :  ag  :  gb  thus, 

fn :  ,/<P^-^R*) : :  ^ :  |rf,  whence  x  =  ^^^^  uv^th^Y 

197.  Prop.  To  determine  the  conditions  of  eguilibrium  in 
iiejimiciiiar  p^lffgOTi  txAen  many  fiyrces  care  acting  ai  different 
points  of  the  coru^  hut  in  tJie  same  plane* 

Let  pnw'n",  &c.  (fig.  7.  pi.  IX.^  be  tlie  polygon  proposed, 
being  hept  in  equilibrio  by  the  powers  p',  p",  .  .  .  p",  acting  in 
the  directions  pn,  p'n,  p''n',  &xr.  And  call  ^  t\  i\  &c»  tl*e  re- 
spective tensions  of  the  parts  of  the  cord  pn,  nn',  n'n",  8cc. 
Now,  since  the  equilibrium  obtains  in  the  system,  it  must  ne- 
cessarily have  pl^ce  in  each  portion  of  tlie  pdygoa  separately. 
Hence  P,  y,  aiid  /(,  must  be  in  equ^ULbrio  about  the  node  n; 
and  /^  must  be  tlie  resultant  of  the  component  forces  p,  p';  the 
farce  which  acts  on  the  point  u'  in  direction  2f'j7,  is  tiienefbre 
equivaleat  to  the  two  forces  p,  y,  acting  simultaneously  at  n  ; 
and  the  node  iSi"  is  acted  upon  as  though  it  were  solicited  by 
the  four  forces  p,  p,  p'',  ^',  in  directions  respectively  parallel  to 
PN,  p'n,  p''n',  n''n'.  In  like  manner  it  may  be  sliown  tliat  the 
node  n"  is  kept  in  equilibrio  in  the  same  way  ass  it  would  be,  if 
subjected  to  tne  simultaneous  action  of  the  powers  p,  y,  p",  p*'", 
<'",  in  directions  parallel  to  pn,  p'lf,  pV,  &c.  And  so  on 
throughout.  Hence  it  follows,  that  when  aftmiadar  potygon 
is  sustained  in  equilibrio  by  any  number  xyfjbrcts  whatever ^  if 
zee  transport  these  powers  parallel  to  their  respective  diredJons, 
so  as  all  to  exert  their  energies  stpon  one  point,  ii  will  be  kept 
in  equilibrio  hj  their  tomUncd  aciiwu 
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where,  it  is  obviows^the  more  the  cord  is  stretched,  tlie  greater 
the  angle  aob  becomes,  and  the  more  nearly  the  angle  eob  ap- 
proaches  to  a  right  angle :  so  that  the  cord  can  only  be  stretched 
0tr«ght  horizontally,  when  Ais  analogy  obtains,  p :  w :  :  1  :  0, 
that  IS,  when  t  is  infinite.  Thus,  however  small  the  weigbt  is^ 
it  will  cause  the  cord  to  be  cnrved,  unless  it  be  placed  verti* 
crily:  w1h<^  ys,  indeed,  a  cireumstanoe  experienced  daily. 

198.  Prop.  To  investigate  tie  most  vs^frd  eqitatmis  of  the 
rimpk  catenarian  curve. 

Let  AMC  (fig.  11.  pi.  IX.)  be  a  cord  uniformly  thick  through- 
out, inextensime,  and  perfectly  flexible,  fixed  at  the  two  giren 
points  A,  c,  and  solicited  by  gravity  in  every  point.  Taking  the 
origin  of  the  rectangular  co-ordinates  in  a,  and  estimating  the 
a?,  ^,  &c.  horizontally,  and^,  y,  &c.  vertically, 'we  shall  have  for 
any  point  m  in  the  curve  ap  =:  x,  pm  =  y,  am  n  z.  The  ten- 
sions exerted  at  a  and  m  according  to  the  tangents  ad,  md, 
give,  weight  of  am  :  tension  at  A  :  :  sin  a  dm,  <»*  »in  adf  : 
sin  IDM  (cor.  5.  art.  197.);  where,  since  the  tension  at  a  is 
constant,  and  the  weight  of  the  arc  am  is  proportional  to  its 
length,  the  first  ratio  m  the  analogy,  iszz  z  :  a^  a  being  a  con- 

stant  quantity,  yet  undetermined.  Moreover,  sin  idf  z:  — t-  ,  cos 
iDF=— ,  and  denoting  the  angle  iad  by  5,  we  have  sin  adf  =:  sin 

(IDF  —  IDA)  = r^ :  therefore  k  :  a  :  :  x  &m  s-^y  cos  s  : 

Xf  whence  we  deduce  the  fluxional  equation. 

(I.)  XX  zz  ax  sin  s  —  a}  cos  s. 

In  order  to  eliminate  one  of  these  variables,  we  regard  x  as 
constant,  and  thence  obtain  —  sje*  =  j^',  in  which  b  zz  aoos  s. 

Hence,  substituting  ^/(^+^)  for  k,  we  get  —  xy  =  ^r^^r  - 

here  x  being  constant,  the  fluent  of  the  second  member  is  evi- 
dently 6v^0^*+i*);  that  o£  the  first  member  is— yi-,  or  its  cor- 
rect fluent  ex  —yx ;  we  have  therefore  {c  —y)  i-  =  6  ^/(**  +>•.) 

But  -J-  being  the  tangent  of  the  angle  formed  by  tfie  axe  ax 

and  the  tangent  to  ike  curve  at  every  point,  if  we  makey  =:0, 

«  • 

we  thence  have  -? — tan  s  zz  *°  *  :  this  condition  gives  c=:a, 
and  therefore 

(^,)      .      .      .      ,      -j-^  — . 

Now,  since  -j-  expresses  the  tangent  of  the  angle  formed  by 
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AX  and  tb«  curve  or  its  tangent  at  any  point,  in  order  to  find 
the  point  where  the  curve  is  parallel  to  ax,  or  the  lowest  point 
of  tne  curve  where  the  tangent  is  horizontal,  we  must  make 

-J-  =  0,  and  this  will  give  yzza-^b  zz  hb^  aad  from  the  equa. 

(I.)  it  gives  ztzamas.  To  determine  the  relations  of  the 
curve  to  BH  as  an  axis,  call  bl,  x,  and  ln,  y  ;  then,  comparing 
these  new  co-ordinates  with  the  fbrmer,  we  have  y  :r  a  —  6 — x, 
and  X  =r  AH  —  Y.  Substituting  these  values  m  equa.  (2.)  there 
drives 


-r-tr  ^^-^ — j-^ — ^ :  consequently  T  iir  --^ 


±to 


X+&)a-.fi9] 


"  >f  ■t*  "liftxS  *     Taking  the  fluents  of  this  equation,  we  have 

Y=:  ±i  Hyp.log.  [ft -f  X  v'Cx*  +  25x)  +  Hyp.  log.  rf]. 
Now  supposing  y  rr  0,  it  will  give  x  2=  0,  and  Hyp.  log.  d  =z 
±  h  Hyp.  log.  B,  whence  we  obtain  the  fbllowmg  correct 
fluent : 

(3  ) .  .  Y  sr  ±  b  Hyp.  log,  (■■i^T.t....^^  "*"    ^j  iz  ±  k  Hyp. 

feg^  \ L d. 

This  equation  shows  that  the  vertical  axe  passfaig  through 
the  point  where  the  tangent  b  horizonul  is  a  diameter^  since 
to  e&sh  value  of  x  there  are  two  equal  axid  op^site  values  of  y. 

Other  algebraic  though  not  finite  eKprasiions  for  the  ordinate 
¥  d^gbt  be  easily  obtained ;  but  there  will  no  particular  ad« 
vanti^  arise  from  pursuing  that  part  of  the  initestigationi  wte 
therefore  merely  exhibit  cme  more  equation  which  sbws  natu* 

rally  from  the  one  just  given ;  it  is  this,  Yt=  ±  ft  Hyp.  log.  ^^~. 
The  fluxioha!  equation  y  =r    //^     *km\  P^^s  v^Cx*  +  Y^  =: 

vf  ^^?\n  ,  the  fluent  of  whicdi  is  bn  ==  v'(2ix  +  xx)  =  z : 

ffem>  this  equation  we  obtain 

(4.) X  r::  -  H-  -v/(ft*  +  ««). 

WheR  we  Wdold  aemstruet  the  catenaiy,  we  must  consider  as 
the  po^l^'of  suspension  a  and  c,  and  the  !en]^h  abtc 
of  (be  ceafd ;  it  ^11  be  nec^sary  to  determine  the  posiuon  and 
fefigth  of  RH,  that  is,  to  find  ah  and  bh,  or  kr  and  bh,  ak  and 
e*  DWng  Ijiven,  and  to  know&e  value  of  the  constant  quantity 
ft^  In  order  to  this  we  apply  the  equation  (S.)  to  tiie  point  a, 
fttlM^tltiiig^  for  X,  B»— ^,  mi  fcft  y,  ak  -  ah  — ^,  and  then  in- 
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troduoe  this  value  of  x  into  equation  z  =  >/(2ix + x*).  Again, 
in  the  equation  of  the  curve  we  put  first  x'=.0^  yzzO,  then  xzi 
AK,  and  y^FCK ;  and  in  the  equation  z=:  \/(^x  +  x«),  we  put  x 
zzAK,  and  zzzamc  ;  by  these  means  we  obtain  three  equations 
comprising  only  known  quantities  and  the  three  unknown  ones 
b,  AH,  BH,  whence  each  of  the  unknown  quantities  may  be  de- 
termined. 

If  the  points  a,  c',  are  in  the  horizontal  line  ax,  we  have  ah 
=:  HC,  and  arc  ab  =  arc  bc'  =:  f  abc'.  In  this  case  we  retain 
the  origin  at  the  point  b,  and  making  zzzjabc',  in  the  equation 
x=  —ft  ±  v/  (6^  4-z*),  the  value  of  x  thence  resulting  being  sub- 
stituted in  the  equation  of  the  curve,  in  which  also  y  will  =  ^ac, 
the  equation  itself  will  then  contain  only  one  unknown  quantity 
ft,  the  determination  of  which  will  become  a  matter  of  compa- 
rative facility :  though  it  must  still  be  by  a  method  of  approxi- 
mation, because  the  curve  is  transcendental. 

Cor.  1.  Instead  of  gravity,  if  any  other  force  exerts  its 
energy  in  like  manner,  acting  equally  upon  every  point  of  the 
flexible  line,  the  same  curve  will  be  produced :  thus,  for  ex- 
ample, if  the  wind  be  supposed  equable,  and  blow  according  to 
right  lines  parallel  to  a  given  line ;  the  cord  thus  inflated  by  the 
wmd  will  assume  the  shape  of  the  catenary :  for,  since  all  tnings 
obtain  with  respect  to  this  other  force,  as  we  have  supposed  m 
relation  to  gravity,  the  results  must  obviously  be  similar. 

Cor.  2.  If  the  forces  acting  upon  every  point  of  the  curve, 
instead  of  being  exerted  in  parallel  lines,  were  always  exercised 
in  directions  perpendicular  to  the  curve,  the  forces  exercised 
at  every  point  would  be  inversely  as  the  radii  of  curvature  at 
those  points :  if,  therefore,  the  forces  were  equal  to  each  other 
throughout,  the  radius  of  curvature  would  then  be  constant, 
and  the  curve  would  be  a  circular  arc. 

Cor.  3.  Suppose  that,  instead  of  the  ends  of  the  cord  or 
chain  being  fixed  by  pins  at  a  and  c',  the  said  chain  passes  over 
pulleys  there,  as  at  c,  b,  (fig.  5.),  and  hangs  down  vertically  (as 
CQ,  Bp)  though  without  any  other  than  its  own  weight,  and 
that  the  equilibrium  is  constituted  by  the  equal  and  contrary 
operation  of  the  portions  of  chain  or  cords  hanging  respectively 
between  and  beyond  the  pulleys  at  a  and  c' :  then,  putting  bh 
=:  8,  the  half  arc  amb  =  o*,  and  taking  /3  so  that  it  shall  be  to 
bm,  as  the  tendon  at  b  to  the  weight  of  the  part  bm  ;  o*  will  be 
to  |3  +  I  as  the  weight  of  the  part  ab  to  the  tension  at  a  :  this 
latter  tension  being  eaual  to  the  weight  of  the  part  hanging,  ver- 
tically beyond  a,  ana  the  weights  of  any  two  portions  of  the 
chain  being  as  their  length,  it  rollows  that  /3  +^  will-express  the 
length  of  each  portion  of  the  chain  that  hangs  vertically.  Con- 
sequently, 2/3  +  2^+^  will  be  equal  to  the  whole  length  of  the 
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chain.  Let  that  be  denoted  by  l,  the  distance  ac',  by  Sd,  find 
the  number  2-7J 82818  whose  hyperbolic  logarithm  is  1,  by  n  ; 
then,  by  the  nature  of  the  curve,  we  shall  have  fi  +  8  zz 

>N      +  N  /  i/3,and  <r  =  \n      -  n  /f/3.  Whence 

2/3n  =:l.  Therefore  d  and  l  bein^^ven,  j3  may  be  found, 
and  of  course  5  and  o-  by  the  two  prec^ng  equations. 

Cor.  4.  d  being  given  and  ^  supposed  variable,  the  fluxion 

of  /3n        is  /3n ^  Dj^N        ,  which  will  be  =  0,  when 

its  fluent  is  a  minimum;  in  which  circumstance  it  appears  that 
/3  —  D,  Therefore,  substituting  d  for  j3  in  the  value  of  l,  it 
appears  that  the  length  of  the  shortest  chain  which  can  possibly 
rest  suspended  in  the  manner  above  described  is  ^nd  or 
5-4365636  d. 

• 

CoK.  5.  It  farther  appears,  by  making  the  same  substitution 
in  the  values  of  j3  -f-^  and  o-,  that  when  the  minimum  length 
of  chain  is  suspended  in  that  manner,  the  two  exterior  vertical 

parts  of  the  chain  will  each  be  ^d  (n  +  —  )r:l»5430806D; 

semi-arc  ab  =:  bc'  =  Id  (n )  i=  1«1702012  d  ;  and  bh  = 

^D  (N+— )  -D  =  -6430806  D. 


M 

O 


^      .  .     . 

Cor.  6.  Since  jSn     is  a  minimum  when  equal  to  nd,  it 
is  obvious  that,  l  being  greater  than  2nd,  |S  in  the  equation 

T 
S/3n     =  L  will  have  two  real  and  po^tive  values,  one  less  and 
the  other  greater  than  d  ;  and  consequently  the  chain  will  then 
rest  in  two  different  positions  on  the  pulleys  ^. 

IL      ON   ARCHES  AND   PIERS. 

199*  The  ccwstruction  of  arches  is  one  of  the  most  important 

*  In  the  Phil.  Trans.  No.  231,  or  New  Abridgment,  VoL  IV.  there  is  e  curious 
paper  on  the  catenary  by  Dr.  David  Gregoiy,  in  which  is  given  an  elegant  construc- 
tion of  the  curve  by  means  of  the  parabola  and  equilateral  hyperbola,  besides  the  quad  • 
ntove  and  cubature  of  various  parts  of  the  otttnariaa  spMe,  and  Hs  scdids'bf  totatfam^ 
See  also  4he  supplement  to  this  chapter. 

VOL.  I.  t 
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and  difScaU  branches  of  Architecture,  {Nuticukirly  '^en  con* 
sidered  in  relation  to  the  erection  of  bridges  over  bread  and 
rapd  rivers :  it  comtnonly  imposes  the  double  task  of  Mending 
the  handsome  forms  and  the  oecorations  of  the  ordinary  aivhi* 
tecture  with  the  firmness  and  durability  whicih  ought  always  to 
be  found  in  works  destined  not  merely  for  the  accommodation 
of  the  public,  but  in  many  cases  for  its  safety.  The  theolry  of 
arches,  when  pursued  to  the  extent  its  importance  and  utility  de- 
mands^ would  itself  fill  a  volume ;  but  all  that  we  shall  attempt 
in  this  place  will  be  a  concise  view  of  the  leading  pardcularsf, 
IMoording  to  the  most  simple  and  obvious  theory. 

Defs.  By  an  .arch  we  here  mean  an  artful  disposition  of 
several  stones,  or  bricks,  or  other  suitable  materials,  the  under 
part  of  which  is  in  n  bow-like  form,  their  weight  plxxluciiig  » 
mutual  pressure,  so  that  they  not  only  support  each  other,  but 
may  be  made  to  carry  the  most  enormous  loads.  Other  pn«- 
ticuhrs  relating  to  ah  arch,  the  defining  of  winch  is  necessary 
here,  may  be  soon  'learnt  by  turning  to  fig.  1.  pi.  X.  Thus* 
ASSESS  is  the  ponderating  arch ;  a  or  b,  the  sprinff  of  the  arch  ;' 
D  its  crown ;  ab  its  span.;  cd  its  height  or  versed  ane,  or  rise  r 
AnB  the  intradoSy  or  the  lower  surface  of  the  arch  (often  called 
the  arch) ;  s'es  the  extrudbs,  'bekig  in  bridges  the  superior 
surface,  or  the  roadway^;  <f^,  v,  the  Jlnnks  or  hamet;  Itie  spaces* 
above  these  are  /called  the^  spandrels ;  the  pprtions  of  wec^ges 
which  lie  in  a  course  contiguous  to  the  intraaos  are  called  oou^- 
m9V(,,olr  archstotitBi;  tti4t  wbidi  is  at  Bis  called  the keg^^icne^; 
the  walls  or  masses  pqst,  pVs'^',  built  to  support  the  arches, 
and  from  which  they  spring  m  ihar  bases,  are  ^itner  oallcd 
piers  or  abutmerUs ;  piers  when  they  stand  between  two  nei^h- 
Douring  arches,  abuiments  when  they  support  the  arches  which 
are  oontiguous  to  the  shore :  the  part  of  the  piear  frem  wtifSi 
an  arch  springs  is  called  ihQ  imposts  the  curve .foitne^-  l^-ihei 
upper  sides  of  the  voussoirs  the  archivoU  ;  and  the  lines  fs^ 
Fs,  about  the  flanks,  in  which  a  break  is  most  likely  to  take 
place,  are  called  jbm^^  ofj^aedure.  The  other  terniB  we  shaji. 
use  will  need  no  explanatiott. 

When  we  reflect  upon -the'  immense  quantily  of  beaPvyinuH 
terials  suspended  in  the  mr  in  a  large  arch,  and  compare  it  with 
the  JNOsall  odiesion  Miinch<  the  Amest  cement  can  give  to  such 
Uk  edifice,  we  shall  be  convinced  that  its  parts  are  not  kept  to- 
gether b  V  the  force  of  the  cement ;  the  stahWty  of  die  whole  is 
Uie  result  of  the  just  balance  and  equilibration  of  all  its  parts, 
liie  ^{mnciples  of  lliis  eota^ratbn  we  rfiidt  now  exhibit : 
prepiij^i^  that  ijiey  ace  louaded  upon  the  bypotfaeisis  of  the' 
prndepitiiig  matter,  papusiay  ypon. the  wusaoirt  in  dbe  vertiaali 
direetion,  and  that  we  here  pay  no  n^rd  tomiy-SRid}  prcswire 
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mother  directions  which  may  be  occasioaed  by  fiUi^g  up  the. 
spandrels  with  rubble,  &c. 

200.    1(  we  conceive  a  vault,  or  arch  in»  equilibrio  to  be 
composed  .of  a  series  of  very  small  hard  spheres,  of  polished' 
SfurfaceSy  touching  one  another,  and  the  centres  joined  by  right 
hnesj  being  in  fact  an  inverted  simple  catenary;  and  that  the. 
spheres  are  so  connected  that  they  cannot  yield  to  any  other 
impulsion  than  that  of  ^avity,  it  is  plain  the  equilibrium  will 
not  be  disturbed  by  sucn  inversion  or  the  curve ;  no  part  of  the 
curve  will  be  thrust  outward  or  inward  by  other  parts,  but  die. 
whole  will  be  supported  if  the  feet  are  firmly  fixed :  for  ^ince, 
the  situation  of  the  points  of  the  catenary  is  the  same,  and  their. 
respective  incUnations  to  the  horizon,  whether  in  the  original  or. 
inverted  position,  the  curve  being  in  both  instances  in  a  vertical, 
plane,  and  the  action  of  gravity  me  same,  the  relative  conditions 
are  the  same,  and  therefore  the  arch  will  keep  its  figure  un-. 
changed  as  well  in  one  situation  as  the  other. 

Thus  also  when  arches  oif  other  figures  are  supported,  it  is, 
a^  Dr.  David  Gregory  justly  observed^  "  because  in  their  thick- 
ness  some  catenaria  is  tncliided  s"^  as^  ror  example,  if  a  quantity, 
of  heavy  but  flexible  materials  fixed  only  at  the  points  p,  p'  (fig. 
12.  pi.  IX.)^  when  left  to  the  sole  action  of  gravity,  should  ar^ 
range  itself  into  the  shape  of  the  dotted  lines  fadbp'  in  a  ver* 
tical  plane ;  then,  if  the  whole  were  completely  inverted,  the^ 
points  p,  f';  being  still  fixed,  the  equilibrium  would  be  retained 
nptwithstanding  the  inversion :  the  arch  with  the  matter  above 
it  would  stand  as  in  the  upper  part  of  the  same  figure ;,  ar(4 
the  corresponding  parts  of  the  nanging  and  of  the  standing 
arch  would  be  similarly  situated  with  regard  to  the  forces  from 
which  the  equilibrium  is  derived.  Here,  too,  there  would  be 
no  point  of  contrary  flexure  in  the  intrados;  and  this  we  suppose 
throiighout. 

Wl.  Hence  what  was  deduced  at  Cor.  8.  art;  197.  may  be 
transferred  to  the  present  case;  that  is,  the  weiglU preasing 
vponomf  point  c  wiU  be  redprocaUy  as  the  radius  ^curvature 
at  that  po%nt,  ami  the  square  of  the  sine  of  tike  angle  made  by 
the  curvCy  or  its  tangent,  and  the  vertices. 

If  therefore  a  weight,  as  a  wall  or  mass  of  masonry,  be  ipr 
cumb^it  on  the  intrados  pvcp'  (fi^.  IS.)  in  a  vertical  (uane^and 
all  tl^e. parts  be  kept  in  equilibno,  then  the  height  ci  on  any 
poifiU  c,  is  reciprocally  as  the  radius  of  curvaturCy  and  cvbe  of 
tfie  sine  of  the  angle  in  which  the  vertical  cuts  the  curve  in  ihaf 
pointy  or  reciprocally  as  the  radius  of  curvatureyqnd  directly  a§ 
the  cube  of  the  secant  of  the  curve' s^  inclinatipn'  to  the  horizon. 

For  the  weight  on  the  indefinitely  small  |xvtion  of  tb^  curve 
ce  heimg  inversely  as  r  x  sin^dci,  or  r  x  sin  ^d!ci  (r  being  th« 

L  2 
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radius  of  curvature  at  c),  and  the  weight  of  the  column  crfi,  as 
ic«wr=:ic  ►  ce  •  sin  (f  ci  nic  •  sin  did ;  because  ce  is  given :  there- 

^  •       T         •        I  J  1  seeded' 

fore  ic  •  sm  dci  oc  — 7-^—^  and  ic  a  ,   .u,^^  ^  — ;; — • 

202.  Tliis  method  of  deducing  the  fundamental  theorem  of 
equilibrated  arches  from  inverted  catenaries  either  simple  or 
complex,  suggests  an  easy  popular  mode  of  ascertaining  the 
shape  of  a  duly  balanced  arch,  when  the  span,  height  and  shape 
of  trie  roadway  are  given ;  a  method  which,  we  believe,  was  first 
practised  by  M.  de  la  Hire.     Let  it  be  proposed,  for  example, 
to  determine  the  form  of  an  arch  which  shall  have  the  span  pp', 
and  the  height  ev  (fig.  IJ^)  and  which  shall  have  a  roaaway  in 
the  position  add  above  it.     Let  the  figure  padbp'  be  inverted 
as  represented  by  the  dotted  lines :  then  let  a  chain  of  suitable 
length  and  uniform  thickness  be  hung  at  the  points  p,  p',  so  that 
when  it  assumes  the  shape  of  the  simple  catenary  it  shall  hang 
a  little  below  the  lowest  point  v.     divide  pp  into  20,  30,  or 
more  equal  parts,  as  in  the  points  1,  2,  8,  &c.  and  let  vertical 
lines  through  the  points  1,  2,  3,  &c.  intersect  the  curve  pvp'  in 
the  corresponding  points  1,  2,  3,  &c.    Then  take  pieces  of  an- 
other uniform  chain  whose  links  are  tolerably  numerous,  and 
hang  on  at  the  points  1,  2,  8,  &c.  of  the  chain  suspended  from, 
p,  p'.    Cut  or  trim  these  pieces  of  chain  till  their  lower  ends  all 
coincide  with  the  inverted  roadway  adb  :  the  greater  lengths 
which  are  hun^  on  in  the  vicinity  of  p,  p',  will  draw  down  that 
part  of  the  chain,  and  so  cause  the  part  which  hung  below  v, 
to  rise  to  its  assigned  position.     This  process  will  give  us  an 
arch  of  equilibration,  but,  as  Dr.  Robison  remarks,  some  far- 
ther modifications  may  be  necessai'y  to  make  it  exactly  suit  the 
specified  purpose.     It  is  a  balanced  arch  for  a  bridge  which  is 
so  loaded  that  the  weight  of  the  arch  stones  is  to  the  weight  of 
the  matter  with  which  the  haunches  and  crown  are  loaded,  as 
the  weight  of  the  chain  pvp*,  to  the  sum  of  the  weights  of  all 
the  little  bits  of  chain,  very  nearly.    But  this  proportion  is  not 
known  beforehand ;  we  must,  therefore,  proceed  thus :  Adapt 
to  the  curve  produced  in  this  way  a  thickness  of  the  voussoirs 
as  great  as  may  be  thought  sufficient  to  ensure  stability ;  then 
compute  the  weight  of  the  voussoirs  and  the  weight  of  the 
gravel,  stones,  &c.  which  fill  up  the  haunches,  &c.  to  the  road- 
way.    If  the  ratio  of  these  two  weights  be  the  same  with  that 
of  the  corresponding  weights  of  chain,  we  may  rest  satisfied 
with  the  curve  now  found :  but  if  different,  it  may  easily  be 
calculated  how  much  must  be  added  to,  or  taken  from,  each 
piece  of  chain,  in  order  to  make  these  ratios  equal ;  and  thus 
shall  we  at  length  asoMain  with  sufficient  accuracy  the  shape 
of  the  curve  required,  which  may  be  readily  transferred  mm 
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the  vertical  wall,  or  framing,  near  which  the  diains  were  sus- 
pended, to  any  other  situation. 

As  it  may  be  satisfactory  to  some  persons  to  have  this  the- 
orem deduced  independently  of  the  catenary,  we  shall  demon* 
strate  the  same  things  from  the  consideration  that  the  voussoirs 
are  so  many  frustums  of  wedges  whose  sides  are  perpendicular 
to  the  intrados,  each  of  which  being  urged  by  its  incumbent 
weight,  endeavours  by  this  force  to  split  the  arch. 

203.  Peop.  Thejbrce  of  a  votbssoir  depending^  on  the  mag'' 
niiudeqfthe  anglejbrmed  by  its  sides,  the  impemng  force,  and 
the  resistance  to  be  overcome,  is  on  ihe  first  account  directly  as 
the  radius  of  curvature  of  the  arch  at  that  point,  on^the  second 
as  the  square  of  the  sine  cfthe  angie  included  between  the  tangent 
rfthe  curve  at  the  given  point  and  the  vertical  passing  through 
that  point,  and  on  ihe  third,  as  the  sine  of  the  same  angle. 

1.  Let  EABF,  eabf,  be  two  similar  concentric  curves  (fig.  2. 
pi.  X.),  and  AB,  ab,  two  voussoii-s  similarly  situated,  whose  sides 
perpendicular  to  the  curve  converge  to  the  centre  c.  Th6 
forces  of  these  voussoirs,  considered  as  portions  of  wedges,  are 
inversely  as  the  sines  of  the  half  vertical  angles  (L64,  165.  cor. 
1.),  or,  because  each  wedge  occupies  an  equal  portion  of  its  re- 
spective arch,  directly  as  the  radii  of  curvature. 

2dly,  Let  nh  be  the  invariable  breadth  of  the  voussoirs  on 
the  arch  eaJbf,  Gg  uh  the  incumbent  weight,  which,  since  gh  is 
supposed  given,  is  as  the  breadth  hk,  or  as  the  sine  of  the  angle 
hnk :  by  the  resolution  of  the  force  ga  into  two  hn,  hk,  .uie 
latter  is  the  force  impelling  the  voussoir  to  split  the  arch,  which, 
since  ^h  is  given,  varies  as  the  sine  of  Bgm,  or  hnk :  wherefore, 
the  force  impelling  the  voussoir  is  as  the  square  of  the  sine  of  hnk. 

3dly,  The  wedge  impelled  in  a  direction  perpen^cular  tp 
the  curve  tends  to  split  the  arch,  and  therefore  to  move  one 
segment  about  the  fulcrum  e,  the  other  about  the  fulcrum  yi 
Hence  the  force  of  the  voussoir  acting  on  the  levers  uf,  ue, 
bring  as  either  of  the  perpendicularsyp,  ^o,  is  as  the  ape  of  the 
angle^p  or  hsJc. 

We  have  supposed  the  centre  of  curvature  of  the  arches  at 
the  points  a,  a,  in,  to  be  at  c:  but  this  is  merely  to  prevent 
the  figure  from  being  too  complex,  and  makes  no  alteration  in 
the  nature  of  the  demonstration. 

Cor.  Hence,  if  the  height  of  the  wall  incumbent  on  anjr 

Joint  H  of  the  intrados  is  inversely  as  the  cube  of  the  sine  ot 
Bk  into  radius  of  curvature  at  that  point,  or  directly  as  cube 
of  the  secant  of  the  angle  formed  by  Ah  and  the  horizon,  and 
inversely  as  the  radius  of  curvature,  all  the  voussoirs  will  tend 
to  split  the  arch  with  equal  forces,  and  will  be  in  perfect  equi- 
libnum  with  each  otiier. 
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£04.  Pbop.  Given  the  initados,  to  find  the  cprrespoHding 
extrados. 

In  fig.  12,  pi.  IX.  where  pvp'  is  the  intrados  and  adb  the 
required  extrados,  v  and  d  being  the  respective  vertices,  put 
A  =  Dv,  JT  rr  ftv  the  abscissa,  y  zz  ftc/the  ordinate  to  liny  point 
c,  a  =  CI  the  requisite  altitude  at  that  point,  and  %  =  the  arc 

vc :  then,  by  the  last  prop,  and  cor.  acx  »  while,  by  si- 

inil^r triangles,  we  have  y  :  «  :.:  1  (radius :  -— =  sec  d'cAr;  and 
ffielfefofe  (05  a  «*  -r  R^\  But  in  every  curve  whose  ordinate  is 
referred  to  an  axis  the  radius  of  curvature  is  R  :i:  -cv — r^. 
(Simpson's  Fluxions,  vol.  i.  p.  74;   Dealtry's  Fluxions,  ^r^. 


•  ••      •  •• 


102.1;  whence  a  a  ?^  ■.  '  ~,  or  a  =  fc  •  ^^  .  ^^  ,  whete  c  is  a 

constant  quantity,  the  value  of  which  may  be  determined  by 
taking  the  expression  for  the  given  line  a  at  the  vertex  of  the 
curve. 

Ewampk.  To  find  the  extrados  of  a  circular  arch.  Let  0 
be  the  centre  of  the  circle,  and  the  several  lines  in  fig.  3.  pi.  X» 
being  represented  as  above,  while  po  =:  ov  =:  r ;  then,  if  we 

• 

make  ^  invariable,  we  have  x  zzr  —  \/(r^—y^)i  x  =:  J^^_  , 
an3  9c  rr.-  /^.,.     Hence  ci,  or  a,  oy  c  •  ^^T"'^*^  ,  becomes  c  • 

tic  Cl^ 

--^T-^  7Zi — :^:i  •  and  this  when  ^  m  0,  or  at  the  vertex  where 
A  =:  a,  gives  A  = — ,  or  c  z:  Ar :  and  consequently  the  general 
value  of  CI,  or  a  =:  7- — -rr,  becomes  a  =  a  •  r — ^— r-  =  dv  • 
=  A  X  cube  sec.  of  elevation. 


Heneift  thii^  simple  calculus :  to  the  logarithm  of  a  add  thrice 
the  log",  sec.  of  elevation,  llie  sum  rejecting  3  (in  the  index)  is 
the  log.  of  a. 

Hence  also  flows  a  neat  construction :  draw  the  vertical  lei 
>  intersecting  the  horizontal  diameter  in  s:  join  c  aild  the  ceiltre 
o,  and  on  oc  let  fall  from  s  the  perpendicular  ST :  dfew  rt 
parallel  to  po^  and  join  zo :  make  cu  =  by,  and  parallei  to  z6 
draw  ux ;  then  is  ex  —  ci.  For,  by  the  similar  triangles  we 
have 


CO  :  cs  :  :  cs  :  CT  =  — 

CO 
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C8  :  CT  : :  cr  :  cz  =: 
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andi>T:ci :  :ctt:  co?: :  cz:co: :  — ~-:co libs': co*::oA*: of*. 

Tiie  taarve  bia  yans  up  to  «»  infinite  b^^t  #bo«rd  tlie  mriflig 
cf  die  «reh,  if  ii  {»  scmi^retiiikr ;  and  this  must  evidently  be 
the  ease  with  every  ciirre  thftt  springs  at  i^ht  angles  to  the 
horizontal  line.  But  for  a  noderate  dt^^oice  on  esoh  <^  the 
vert^  the  extrados  w*fl]  ^UH)^lne  a  shape  tba,t  m^j  answer 
tolerably  well  for  a  roadway. 

SCHOLIUM. 

206.  When  the  intrados  is  elliptic,  the  extrados  is  of  the  sf  me 
kind  as  for  the  circle :  but  when  the  longer  axe  is  horizontal,  the 
^lipsis  may  take  a  straight  line  at  top  more  safely  than  the  a|icle, 
because  the  extrados  runs  out  farther  from  the  Terte?,  before  it 
takes  its  rapid  rise.  In  the  cycloidal  arch  of  (BcjuiKbration,  the 
extrados  resembles  that  of  the  circle  and  flat  ellipse ;  approach- 
ing, however,  more  nearfy  to  a  right  line  about  the  vertex,  aiid 
extending  farther  from  it  before  it  bends  upwards.  If  the  in- 
tnidos  IS  parabolic  the  exti*ad6s  is  an  equal  atid  riraikr  curve,  at 
any  given  distance  from  the  intrados :  but  in  the  hyperbola  the 
extrados  approaches  continually  nearier  to  the  intrados.  Hence, 
in  some  cases  it  may  be  quite  convenient  to. have  arches  seg- 
ments near  the  vertex  of  very  large  jwirabdas.  The  reader 
may  find  the  in viestigations  of  these  particulars  in  Dr.  Huttpn^s 
Principles  of  Bridges,  or  in  the  first' volume  of  his  *^  Tracts," 
or  somewhat  differently  in  vcJ«  ii.  pf  my  editifm  of  IjEuttpn's 
"  Course  of  Mathematics,*  lately  published :  we  nieisely  glance 

£06.  PsoB.  If  aiBDiB  (fig.  4  pi.  X.)  &«  iAe  axfra^  and 
9!rt>  ike  uOmdos  ef  em  equmrqM  m(^  md  if  4mf  mim/m- 
<tfve»f&cal  Umt  bf,  dt,  ac,  ifc.  be  drawn  from  the  mfi  fvrve 
to  tke  MJm;  imd  ihue  Unes  he  dMded  in  a  ^»»  ratto  imihe 
fi6iiHt.*i  9,  i,  i,  h,  Him  tht  ourve  dimm  Arwt^  the^  pvnte 
fifdimtWK  <w»«  Mba  Jbe  a  pnper  >estradw,  the  im«4  ^vntamd 
-hOaiem  it  and  As  inimedife  being  du^MlMced,  atweUasih^t 
■eommmedibetmioea.AasuBtmdrvoif. 
.  Foe,  .Miice  tl»  whote  k  kapt  w  M|«ia»bw»  hy  ife^  .^erUftri 
pressures  of  the  superincumbent  mass  on  the  intradc^  w#|i9<nts 
ft  Pf  V,  5«c  axe  sustebed  i»  eqiHjfbpo  by  tjj?  pressips  <tf  the 
parts  EF^  Dv,  ic,  &C.  bearing  upon  them :  if,  therefore,  these 
fines  be  divided  in  e>  d,  «,-8bc.  so  that  %t:  w  : :  dv  idy :  -iC : 
«c,Ac  all  in  the  same  conetont  ratio,  th«»  aed^  beipgowi. 
adered  as  the  extrados,  Ae  arc^  wiU  sffll  bc  m  e«[i^1ibne; 
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because  the  load  on  the  intrados  beine  everywhere  lesseoed  in 
a  constant  ratio,  its  tendency  to  breaK  the  arch  will  be  every- 
where in  a  constant  ratio  to  its  preceding  tendency  to  cause  a 
rupture,  and  the  equilibrium  can  be  no  more  destroyed  in  the 
one  case  than  in  the  other.  And  the  same  kind  of  reasonins 
would  apply  if  aedib  were  above  aeoib,  or  if  the  weight  and 
density  of  the  materials  between  the  extrados  and  mtrados 
should  be  changed  throughout  in  any  constant  ratio* 

Cor.  Hence  we  may  in  many  cases  give  the  extrados  a 
pretty  regular  and  practicable  form,  by  diminishing  the  thick- 
ness over  the  crown :  and  hence  appears  one  great  advantage 
of  iron  as  a  material  for  bridges,  since  its  requisite  thickness  at 
the  crown  is  much  less  than  that  of  stone. 

207.  Prop.  Having  given  the  extrados  of  an  equilibrated 
ci/9'ch,  tojind  the  intrados. 

Let  ADB  (fig.  5.  pi.  X.)  be  the  extrados  proposed  to  which 
the  intrados  pvp'  is  to  be  adapted ;  ov  being  the  common  axis 
of  both  curves :  from  c  and  c,  corresponding  points  equi-distant 
from  the  axis,  draw  the  ordinates  cA,  ch.     Put  Dv  (the  thick- 

ness  of  the  arch  at  the  crown)  zz  a^nhzz  x,  vh  =  /r,  the  equal 
ordinates  cA  =  ch  =r  y,  and  the  arch  vc  =  z»     Then,  by  the 

•     ••  •••  ••*  at* 

general  form  (204.)  cc  a-^"^"^^"^    =   ^^Z^^  .  c,  where  c  is  a 

constant  quantity  found  by  taking  the  actual  value  of  cc  in  v 
fhe  vertex  of  the  curve.     But  it  is  manifest  that  cc  =z  dv  +  vh 

—  i)A=:a+  iT— x:  consequentlyaH--^  — xzic  -'^'^~*'^    —  cy  x 

flux.  of-:-.   If.  then,  we  substitute  the  true  value  of  x  in  terms 

of  ^  (which  is  given  because  the  form  of  the  extrados  is  known), 
the  equations  thence  resulting  will  contain  only  x  and  y  with 
their  first  and  second  fluxions,  and  known  quantities;  and  from 
this  the  real  relation  of  x  and  y  must  be  struck  out  by  such 
means  as  seem  most  naturally  to  apply  to  any  proposed  instance. 
This,  however,  in  many  cases  will  be  a  matter  of  considerable 
difikulty :  we  shall  here,  therefore,  solely  trace  the  process  in 
the  most  useful  instance,  which,  happily,  admits  of  a  compa- 
ratively simple  investigation.  We  advert  to  the  case  in  which 
the  ewtrados  is  a  straig^  horissontal  line^  which  shall  be  now 
considered. 

Retaining  the  same  notation,  we  have  n/*  =:  x  =  0,  and  con- 
sequently  a  +  ^  =  ---  x  flux,  of  A-.    Assume  y  =  -^»  whence 

w :;:  ~,  fuid  -r- x flux,  of  ~=  -^  that  is^a+x  zz  ■  ^*    , 
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and  of  course  ax^xx  =.  cuu:  taking  the  fluents  of  this  we 
have  x^  +  Qax  =  cu%  and  u  =  \/— — .     But  because  y  = 

—it  is  also  =:y-rV    "*"  ^  —  *• — ^r—.    The  fluent  of  this 

expression  isy  =  ^^ ex  hyp.  log.  (2^*  +  Sarj;  +  2  >%/(j?*-|-2ad7). 
Now  at  the  vertex  where  irziO,  we  havens  >/c,x  hyp.  log.  9a, 
so  that  the  corrected  fluent  is 

3/=  ^/^c  X  hyp.log. J -} 

We  have  yet  to  ascertidn  the  constant  quantity  c,  in  order 
to  which  we  may  proceed  thus :  when  h  arrives  at  o  we  have 
x=:vozz  hj  and  ^  =  or  =  5 ;  substituting  these  in  the  last 

equation    it   becomes    A  =  v^  c  x  hyp.   log.  '— — ^ — ^ 

and  consequently   V  c  =:  A  -^  hyp.  log,  5  +  ^  ^ V+^^w- 

Hence,  then,  we  at  length  obtain  this  general  value  of  ^, 
that   is,  y  zz  h  X  hyp.    logt±fjLyULt — I  -i.  hyp.  log. 

a 

Comparing  these  equations  with  equa.  (3)  art.  198.  it  will  be 
seen  that  when  A/c=:a,  the  intraaos  pvf'  is  the  catenaiy, 
although  the  extrados  is  a  horizontal  right  line:  but  this  will 
require  an  immense  thickness  at  the  crown ;  for  if  <r =40,  and 
y=50,  we  shall  have  a=:S6-88,  which  is  more  than  7  the  span 
of  the  arch,  and  more  than  ^  of  its  height. 

As  an  example  of  the  use  of  the  preceding  formuke,  we  sub- 
join a  table  calculated  by  Dr.  Hutton,  for  an  arch  whose  sppn 
IS  100,  height  40,  and  thickness  at  the  crown  6 :  which  will 
answer  for  any  other  arch  whose  span,  height,  and  thickness^ 
ure  related  to  eadi  other  in  like  manner,  by  dianging  all  the 
values  of  dh  and  oh  in  a  constant  ratio. 
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Bomi  r. 


HC 
0 

DH 

'"11 

ttc 

i8l 

tm 

flc 

DH 

&000 

10-881 

36 

21-774 

2 

&0S5 

28 

10-858 

87 

22-948 

4 

6144 

S3 

11-368 

38 

24-190 

6 

6-3S4 

24 

11-911 

39 

25-505 

.8 

6-580 

25 

12-489 

40 

26-894 

10 

6-914 

26 

13106 

41 

28-364 

la 

7-380- 

«7' 

18-761 

42 

29-919 

13 

rsn 

28 

14.457 

43' 

31-563 

14 

7-8»4 

S9 

15196 

44 

38-299 

16 

8-120 

30 

15<980 

45 

85- 135  : 

16 

8-430 

31 

16-811 

46 

37-075 

17 

8-766 

32 

17-693 

47 

39126 

18 

9168 

33 

18-627 

48 

41-298 

19 

9-517 

.  34 

.19-617 

49 

43581 

20 

9-934 

35 

20-665 

50 

46000 

'  ^08.  J^ROP.  To  determine  the  magnitude  of  tM  pi^s,  or 
abutments^  that  they  may  sustain  the  arch  in  equiliMo^  inder 
pendentJy  of  other  arches. 

In  order  to  give  a  solution  to  this  probtem  Ane  nii»it  assume 
some  particnlars  as  having  been  determined  by  adeipate  e9&> 
{xrimentB  and  admeaisurefnent:  for  we  do. not  cansid«*  tbe 
{Iters  as  pisms  standing  upon  their  bases  and  resisting  the  pras- 
sare  of  the  aiches,  thougn  upon  such  an  hypothesis  it  mnild 
be  easjT  to  lay  down  rales  for  the  determination  of  the  centnro 
^gravity  botn  of  the  arch  and  the  piers,-  but,  since  the  stones, 
&c*  ot*the  wall  above  the  voussoirs  are  bonded  in  with  those  cf 
the  pier,  the  pier  will  by  tliese  means  become  augmented^  and 
ithe  weight  of  tbe  arch  diminished.  We,  theisfore,  i^egafd  the 
piers  as  extending  to  ih^jomtSi^fnactfure  (art.  199.)  and  dMt 
portion  of  the  arch  which  ^  is  comprised  between  those  joints 
as  a  ponderating  body  resting  in  a  state  of  equilibrium  upon 
those  joints  as  upon  two  inclined  planes.  Let,  then,  fs,  f's' 
(fig.  1.  pi.  X.),  be  the  joints  of  fracture,  6  the  centre  of  gra- 
vity of  the  pier  QTSFBP,  g  that  of  the  half  arch  defs,  and  lei  go 
the  perpendicular  from  g  upon  fs  be  produced  till  it  meets  the 
horizontal  line  q'q  in  i :  draw  oh  perpendicular  to  Qa'  and  oh 
perpendicular  to  gi :  and  let  the  mass  of  the  semi-arch  desf 
be  represented  by  a,  that  of  the  pier  by  p,  and  the  force  of 
gravity  by  g :  the  weight  of  the  former  will  then  be  ^a,  and  of 
the  latter  gp.     The  magnitude  of  the  pier  is  generally  com- 
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pated  on  the  suppiwitibn  that  the  preSBur^  of  ilie  anli  hil^  «•  ten- 
dency to  make  the  pier  turn  upon  a  as  a  cientre  or  fnlcniiii ; 
and  thiB  hypothesis  is  often  conasteni  with  faet :  but  when  die 
haffht  CD  is  small  compared  mth  the  qsan,  the  weight  of  die 
arcfl  has  a  strong  tendency  to  nMike  the  pier  slide  along  the  ht^ 
rizontal  line  pi;  we  shall,  th^efore,  state  the  conlntidtts  <£ 
equilfbrium  on  this  suppoaitkm  ^so,  Fiifst)  sdjpposiiig  the  bidr 
sblely  capable  of  turning  upon  a  as  a  centra  dr  rotation:  theft 
will  the  case  be  the  same  as  if  the  body  dvjbt  #hjDse  wei^t  h 
gAy  by  pressing  upon  the  fac^  rs,  tended  to  nxWe  the  mass 
vst^QP  upon  the  fulcaram  q.  But  (art.  156.)  the  we%ht  ^a  is 
to  its  pressure  upon  fs^  as  sine  of  aiigle  incloded  between  £D 

and  Fs,  to  sine  of  angle  erq,  that  is  sin  i :  rad, : :  gA  :  -~^ 

=  pressure  of  half  arch  upon  the  joint  of  fracture.  Now  g 
being  the  centre  of  gravity  of  the  half  di^cft,  the  pressure  it 
occasions  is  exerted  in  the  direction  gi :  and  g  being  the  cent^ 
of  gravity  of  the  pier,  the  force  resulting  from  its  weight  acts 
in  the  vertical  direction  gh ;  therefore  in  the  casfe  OTequiH- 
brium,  we  must,  by  the  nature  of  the  lever^  have,  pressure  on 

SF  X  qA  =  weight  of  pier  x  qh,  that  is,    ^^^'>  QArzgp*  qh, 

whence  we  readily  obtain 

(I.)     ....     ~=-^.smi. 

This  equation  comprises  the  conditions  of  the  equilibrium  df 
rotation  (art.  190  about  the  point  a ;  and  we  inay  find  by  its 
means  any  one  of  the  five  quantities  it  contains,  when  the  other 
four  are  given. 

When  the  arch  springs  vertically  from  rectanffula*  piers, 
whose  height  and  breadth  are  R  and  b  respectively^  the  pre- 
cedilig  theoM^m  reduces  V6 

(i.)     .     i    .     .     HAcot  i=sb4-4hbS 

Id  the  setond  case,  in  "^hich  we  suppose  the  pier  hibV  slide 
^Ibn^  in  liie  horizontal  direction,  let  J^  be  a  forc^  wttich  is 
exerted  horizontally  in  opposition  to  the  motion  of  trimdation : 

then  fo  acting  in  the  directioh  ik  must  counterbalance  ^^ 

acting  along  hi.    H^re  ^i  being  to  ik  as  radius  to  cos  t,  W^ 

shall  haVe,  rad  :  cos  i : : '—  iff ;  whence  ^a  -    j  '    itz  Ji?, 

'  nn  !♦    •^  ^  cos  I.  «A    ' 

and  for  an  equation  including  the  conditions  of  the  equilibrium 
of  trat)slation  we  have 

(II.)    ....  -l  =  ^.^!i!^  =  ^tani. 

V*A.;      .      •      '      •      p  g         cost.  'g 
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As  to  the  pofiitioii  of  the  joints  of  rupture,  and  of  the  centres 
of  gniTity  of  the  semi-arch  and  pier,  they  may  in  most  cases  be 
determined  with  tolerable  accuracy,  thus:  having  drawn  on 
pasteboard  the  arch  and  proposed  pier,  upon  a  pretty  large 
scale,  and  described  the  voussoirs  of  the  arch,  of  the  intended 
thickness,  draw  from  the  middle  of  the  key  vousscnr  a  tangent 
to  the  intrados,  and  produce  it  till  it  again  meets  the  middfe  of 
a  voussoir,  as  at  f,  from  which  point  draw  fs  perpendicular  to 
the  intrados ;  it  will  be  nearly  the  position  of  a  joint  of  fracture. 
Next,  cut  the  pasteboard  through  at  the  several  outlines,  and 
find  by  some  of  the  methods  described  in  art.  106,  the  centres 
of  ^vity  of  the  two  parts  desf,  stqpp.  With  regard  to  the 
ratio  of  A  to  p,  it  may  always  be  found  pretty  nearly,  either  by 
weighing  or  measui^ng  the  pieces 'of  pasteboard  which  re- 
present them;  and  the  distances  qh,  qA,  and  angle  i,  will 
De  ascertained  by  the  construction.  If,  when  these  values  of 
A,  p,  &C.  are  introduced  into  the  equations,  the  first  members 
are  kss  than  the  second,  the  piers  will  be  large  enough  to  en- 
sure the  equilibrium :  if  otherwise,  some  of  these  particulars 
must  be  changed  until  that  takes  place. 

This  mode  of  considering  the  subject  suggests,  that  to 
diminish  the  thrust  of  the  arch,  or  increase  the  stability  of  the 
pier,  the  commencement  of  the  flanks  ought  to  be  loaded ;  and 
that  the  thickness  of  the  voussoirs  near  the  key  ought  to  be 
lessened  considerably:  in  short,  to  make  the  arch,  instead  of 
having  a  uniform  thickness  throughout  its  whole  extent,  to  be 
yery  thick  at  its  ori^n,  and  at  the  key  to  be  no  thicker  than  is 
necessary  to  resist  the  pressure  of  the  flanks :  for  by  such  a  pro^ 
cedure  a  part  of  the  force  which  teqds  to  move  the  pier  is 
thrown  upon  that  which  resists  being  overturned,  and  the  latter 
will  gain  a  great  advantage  in  point  of  stability. 

208  A.  Prof.  Given  the  thickness  at  the  crown  ofa/th  arch^ 
the  relation  between  the  intrados  and  the  extrados^  and  the 
height  of  a  rectangular  pier ;  to  find  the  height  of  the  pier,  and 
the  height  or  versed  sine,  en,  of  the  arch,  so  that  the  materials 
employed  shall,  be  a  minimum, 

A  general  solution  of  this  problem  is  not  a  matter  of  easy 
accomplishment.  But  the  principles  to  be  employed  may  be 
exemplified,  in  a  comparatively  simple  case.  Let  that  be 
taken,  then,  in  which  the  extrados  and  the  intrados  are  both  pa- 
rabolas. The  quantity  which  is  required  to  be  a  minimum  will 
be  A-f-HB.     If  the  intrados  be  a  parabola  represented  by  the 

equation  y^  = — x,  and  the  extrados  another  parabola  defined 
in  like  manner  by  'y*  n  ^^^  j  of,  the  thickness  at  the  crown 
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and  at  the  spring  being  t :  then  we  shall  have 

A-^S+t)  (a+t)  -  ^-^t  {a+b+t). 
The  equation  for  the  minimum,  therefore,  wiU  be 

Flux.  I  ^  (a+b+t)  +  HB  }  =0. 

This  being  effected,  supposing  a  and  b  variable,  gives 

Regarding  die  arch  as  a  wedge  without  friction  reposing 
upon  the  imposts,  the  equation  for  the  equilibrium  of  rotation, 
is,  as  we  have  just  seen, 

HA  cot  IirSB+^HB*. 

But  we  have  cot  irz— r-  =  -gj. 

Substituting,  therefore,  the  values  of  cot  i  and  a,  and  tat^ng 
the  fluxions,  there  results 
^btna-^  {at+bt'\'t^)  b+4^b  (2a+6+0  «  +  3HB*a  +  6HOBB. 

Substituting,  also,  in  this  equation  for  b  the  preceding  value 
of  it,  we  have 

^bfn  =  ^—{a'\'b  +  t]  +  4ftB  (2a  +  i+0  +8HB«-4a;?B :  and 

this,  combined  with  the  equation  of  equilibrium,  will  give  the 
quantities  b  and  a. 

It  might,  perhaps,  be  imapned  that,  cateris  paribus^  there 
exists  a  height  a  which  will  ensure  a  minimum  for  b  ;  but  it  is 
not  so.     B  diminishes  as  a  augments. 

If  it  be  required  to  determme  the  dej^endence  of  the  thrust 
upon  the  variation  of  fl,  and  to  ascertain  if  there  be  a  minimtm, 
the  fluxion  of  a  cot  i  must  be  put=:0.    In  the  same  example 

the  quantity  to  throw  into  fluxions  is  |i<  (1  +  —  +  -jj-),  a 

quantity  which  diminishes  in  proportion  as  a  increases,  and 
which  has  for  a  limit  ^bt ;  such  is  the  minimum  thrust,  which 
obtains  when  a  is  infinite. 

H  we  would  know  when  the  tangential  thrust,  or  the 
pressure  on  the  imposts,  is  a  minimum,  we  shall  then  have 

fluxion  of  -A-  =0,  or  (a  -4-)-  =  0,  or  fluxion  of  f  ^  (tf  +  6  +  i) 

4£+J^_  ^^^^  ^j^.^j^  ^j^^^^  ^jy  y^  (^^^^ 

III.      OF   DOMES. 

209.  Def.  a  dame  or  cupola  is  a  roof  of  a  spherical, 
spheroidal,  or  conoidal  form,  resembling  a  bell,  or  an  inverted 
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cup.  It  is  a  speciea  of  arebf  or  nauUipf  >  ti^  erecj^oa  qf  w^ich, 
like  the  formerj,  is  a  sriefttiSc  aft  depending  ypon  the  prindples 
ofequilibriuni. 

An  elegant  accoi^nt  of  the  theory  of  domes  is  given  by  Dr. 
Robison,  in  the  Si^pplement  to  the  Encyclopedia  Britannica : 
an  abstract  qf  which  will  be  here  given,  chieny  in  the  doctor^s 
own  words. 

Prop.  To  determine  the  thickness  qfa  dome  vaulting  when 
ike  curve  is  given^  or  the  curve  when  the  thickness  is  given. 

"  Let  b5a  (fig.  7.  pi.  X.)  be   the  curve  which  produces 
the  dome  by  revolving  round  the  vertical  axis  ad.     We  shall 
suppose  this  curve  to  be  drawn  through  the  middle  of  all  the 
arch-stones,  and  that  the  coursing  or  horizontal  joints  are  every 
where  perpendicular  to  the  curve.     We  shall  suppose  (as  is 
always  the  case)  that  the  thickness  kl^  hi,  &c.  of  the  arch- 
stones  is  very  small,  in  comparison  with  the  dimensions  of  the 
arch.     If  we  consider  any  portion  haA  of  the  dome,  it  is  plain 
that  it  presses  opi  the  course,  of  which  hl  is  an  arch  stone,  in  a 
direction  be  perpendicular  to  the  joint  hi,  or  in  the  direction 
df  the  next  superior  element  ^b  of  the  curve.     As  we  proceed 
downwards,  course  after  course,  we  see  plainly  that  this  direc- 
tion must  change,  because  the  weight  of  each  course  is  sUper-^ 
added  to  that  ofthe  portion  above  it,  to  complete  the  pressure  on 
the  course  below.    Through  b  draw  the  vertical  line  bcg,  meet- 
ing j3i,  produced  in  c.  We  may  take  be  to  express  the  pressure  of 
all  that  IS  above  it,  propagated  in  this  direction  to  the  joint  kl. 
We  may  also  suppose  the  weight  of  the  course  hl  united  in  6, 
and  acting  on  tne  vertical.     Let  it  be  represented  by  Sf.     If 
we  form  the  parallelogram  &F6C,  the  diagonal  ie  will  represent 
the  direction  and  intensity  of  the  whole  pressure  on  the  joint 
KL.   Thus  it  appears  that  this  pressure  is  continually  chan^ne 
its  (Erection,  ana  that  the  line,  which  will  always  coincide  witb 
it,  must  be  a  curve  concave  downward.    If  this  be  precisely 
the  curve  of  the  dome,  it  will  be  an  equilibrated  vaulting; 
but  so  far  from  being  the  strongest  form,  it  is  the  weakest,  and 
it  is  the  limit  to  an  infinity  of  others,  which  are  all  strmgep 
thiMi  it.    This  will  appear  evident,  if  we  suppose  that  ba  does 
not  coincide  with  the  curve  a&b,  but  passes  without  it.     As  we 
suppose  the  arch-stones  to  be  exceedingly  thin  from  inside  tp 
outside,  it  is  plain  that  this  dome  cannot  stand,  and  that  the 
weight  of  the  upper  part  will  press  it  down,  and  spring  the 
vaulting  outwaras  at  the  joint  kl.     But  let  us  suppose,  on  the 
other  hand,  that  ba  falls  within  the  curvilineal  element  is. 
This  evidently  tends  to  push  the  arch-stone  inward,  toward  the 
axis,  amd  would  cause  it  to  slide  in,  anoe  the  joints  are  sup- 
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posed  poRfeeftly  sniooth  and  sliapij^v  3ut  6^190  tibi^  tfil^ 
place  eqaaHf  in  every  alopfe  of  Uiia  course^  Aey  nmsl  all  .ab^( 
oD  each  tfthcr  in  the  veetical  jointly  ^queezii^  them  firoMy^o- 
^ther.  Tbnr^fore,  resolving  the  thifust  do  into  twp,  on^  af 
wttoh  is  perpendicular  to  thej<»nt  kl,  and  the  otiber  pa»U4 
ta  it,  we  see  that  this  last  thrueit  is  witbst^MMl  hy  the  y^ttJic$i 
joiiits  all  around,  and  there  r^nains  only  the  thrust  in  th# 
darectkm  of  the  curve,  Si^h  a  dome  must  therefore  be  &|ner 
dian  an  ecpiilibrated  dome,  and  cannot  \)e  so  ea^ly  broken,  by 
oiierloadin^  the  upper  part.  Wheli  the  curve  m  concave  up? 
wards,  as  m  the  lower  part  of  the  figure,  the  line  bg  iilifay^ 
ialls  belomr  5b,  and  the  point  c  below  ^^  When  the  cnry^  i4 
fSORcaise  downieards,  as  in  the  upper  port  of  the  %Ure^  l/(ii 
poaifs  above,  or  without  &jb.  The  curvature  may  be  ^ 
sbnipt,  that  even  Vol  shall  pass  without  W^^Bifid  %h^  point  ef 
it  awve  ^.  It  is  also  evident  that  the  force  which  thus  bj^ds 
the  stones  of  a  horizontal  course  together,  by  pDsbiqg  th^Hi 
towards  the  axis,  will  be  greater  in  fla^  domes  tfaan  in  thofiff 
that  are  more  convex;  that  it  will  be  sliill  ^eater  in  a  eone; 
s^ttd  greater  still  in  a  curve  whose  ofMivexity  is  tmmad  iniirardsi 
for  io: this:  last  case  the  line  ba  will  d^iate  mo^t  remarkably 
&om  the  curve.  Such  ;a  dome  wiU  ^and  ^(li^ving  polished 
joinlis)  if  the  curvesprings  from  thie  bfii«e  with  any  elQvatioo^ 
however  smalL;  nay,  since  the  friction  pfuwp  "pieces  lofsjtoue  is 
nat  leas  tiban  half  their  mutual  pi^ssui^a,  silqb  ^  gome  wil) 
sfttndr  though  the  tangent  to^the,f;urve.At  the  b0|to«i  shoi;^ 
beiioiifaHital,.  psovided  ^|it  th^  hQiizQnM  (hcti^t  jbe  doMU^t^ 
M^^  o£  the  dome,  wbk^  ma^ea^ily  belH^jpase  if  itd^  mt 
rise  high.   ■  .  ^  •  ■  •'-'.) 

<*  Thus  we  see  that  the  stabUiW  qf  ft.  (ib^me  d<^epd3  w  ^ry 
diffitseoA  ,prinG^»ies  from  tltot  j^f-fi  ^m^hqi^  «ccb,  mi^  is^  m 
g^ea4tnt|digneater.  Jt diffof^titlsc^iniimrth^rveiryimpi^^ 
cwBumstance^  viz/dthat  it  ^ay  be  opep.  ip  the  njiddle :  for\^e 
uppermost  course,  by  tending  eqiHtlly  ip  every  part  to  slids 
in  towards  the  axis,  presses  all  together  in  the  vertical  joints, 
axid  'ai^ts  on  the  next  course  like  tbe  key^stane  of  a  common 
«t€^,  'Ttiefeforean'ttrcli ei6«(]QiiKbtatioif,'/wlii(fti  is^the  wei^Deat 
of^all;  may 'be  i^ptfii  ill!  the  middle,  sMi  oariy  at  tojp  anotlier 
btflcKng,  «ueh  as  a'  ktntei^v  if  its  weigblr  dpnot  exceed  that  of 
tbe.ci^ula^  segment  of  tlve  dome  that  is  omitted.*  A  greater 
load  than  this  would  indeed  break  the  dome,  by  causing  it  to 
fP^S  up  in  soipe  of  the  lower  courses ;  but  this  load  may  b^ 
increased  iff  the  curve  is  flatter  than  the  curve  of  equilibration : 
and  any  loiad'  whaliever,  whitth  wU  vat .  onisb  the  afeonea  to 
{MvdiBtf;  ifliajjrflfei  sat  on  m  trfDica1».'0Dne,  sirrflaiia:x]onie  fioamedby 
»mk»vs$  thnt  isroonwx  towan^theintis  f;pit>wkd  ahr^a  tlaif/die 
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foundation  be  effectually  prevented  from  flying  out,  either  by  a 
hoop,  or  by  a  sufficient  mass  of  solid  pier  on  which  it  is  set. 

*^  We  have  seen  that  if  fto,  the  thrust  compounded  of  the 
thrust  bcy  exerted  by  all  the  courses  above  hilk,  and  if  the 
force  Jf,  or  the  weight  of  that  course,  be  everywhere  coin- 
cident with  &B,  the  element  of  the  curve,  we  shall  have  an 
equilibrated  dome ;  if  it  falls  within  it,  we  have  a  dome  which 
will  bear  a  greater  load ;  and  if  it  falls  without  it,  the  dome 
will  break  at  the  joint.  We  must  endeavour  to  get  analytical 
expressions  of  these  conditions.  Therefore  draw  the  ordmates 
ftW',  bdb",  cdc".  Let  the  tangents  slU  b  and  6"  meet  the  axis 
in  M,  and  make  mo,  mp,  each  equal  to  be,  and  complete  the 
parallelogram  monp,  and  draw  oa  pei*pendicular  to  the  axis, 
and  produce  &f,  cutting  the  ordinates  m  £  and  e^  It  is  plain 
that  MN  is  to  MO  as  the  weight  of  the  arch  hkJi  to  the  tarust 
be  which  it  exerts  on  the  joint  kl  (this  thrust  being  propagated 
through  the  course  of  hilk)  ;  and  that  mq,  or  its  equal  bCf  or 
^dy  may  represent  the  weight  of  the  half  ah. 

^'  Let  AD  be  called  x,  and  db  be  called  y.  Then  6e=jr, 
and  ec  =  y  (because  be  is  in  the  direction  of  the  element  /36)« 
It  is  also  plain,  that  if  we  make  y  constant,  BC  is  the  second 
fluxion  of  0?,  or  bc  =  jr,  and  be  and  be  may  be  considered  as 
equal,  and  taken  indiscriminately  for'  x.  We  have  also  bc  =: 
^/(;r«+y*).  Let  d  be  the  depth  or  thickness  hi  of  the  arch- 
stones.  Then  d  \/  (i^^-fyO  ^'^  represent  the  trapezium  hl  ; 
and  since  the  circumference  of  each  course  increases  in  the 
proportion  of  the  radius  y,  c^  v^(^^+y^)  ^1  express  the 
whole  course.  Ify*be  taken  to  represent  the  sum  or  aggregate 
of  the  Quandties  annexed  to  it,  the  formula  will  be  analogous 
to  the  nuent  of  a  fluxion,  and  f  du  ^/Ix^-^-y^)  will  represent 
the  whole  mass,  and  also  the  weiffnt  ot  the  vaulting,  down  to 
the  joint  hi.  Therefore  we  have  tnis  proportion/ cfy  ^^  C^+i*) 
:  cfy  V  {x*  +  jr*)  =  be  :  6f,  =  be  :  cg,  =  ^{2 :  cg,  =  ;r  :  CG. 

Therefore  ca  =  ^^^ 

^^  If  the  curvature  of  the  dome  be  precisely  such  as  puts  it 
in  equilibrium,  but  without  any  mutual  pressure  in  the  vertical 
joints,  this  value  of  og  must  be  equal  to  cb,  or  to  Xf  the 
point  G    coinciding  with  b.     This    condition  will   be    ex* 

pressed  by  the  equation  J\}^  ^L.  =  *>  or,  more  con- 
veniently, by^jg^^g^-  =  T  •    ^^^  ^^  ^^^  P^^  ^^y 

a  tottering  equilibrium,  independent  of  the  friction  of  the 
joints  and  the  cohesion  of  the  cement.  An  equilibrium^  ac- 
companied by  some  firm  stability,  produced  by  the  mutual 
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pressure  of  the  vertical  joints,  may  be  expressed  by  the  formula 

some  variable  positive  quantity,  which  increases  when  jt  increases. 
This  last  equation  will  also  express  the  equilibrated  dome,  if  t 

be  a  constant  quantity,  because  in  this  case  —  is  =:  0*. 

t 

.    «  Since  a  firm  stability  requires  that  ^f^'^f^f^  shall  bd 

greater  than  ir,  and  c&  must  be  greater  than  cb  :  hence  we 
learn,  that  figures  of  too  great  curvature,  whose  sides  descend 
too  rapidly,  are  improper.     Also,  since  stabihty  requires  that 

we  hav€-=^ — IT""^  greater  ihmfify  -/(*«  +y%  we  learn 

that  the  upper  part  of  the  dome  must  not  be  made  very  heavy. 
This,  by  diminishing  die  proportion  of  6r  to  ic,  diminishes 
the  angle  cboy  and  may  set  the  point  o  above  b,  which  will  in- 
fallibly spring  the  dome  in  that  place.  We  see  here  also,  that 
the  algebraic  analysis  expresses  that  peculiarity  of  dome-vault- 
ing,  that  the  weight  of  the  upper  part  may  even  be  suppressed. 

«The  fluent  of  the  equation      ^^  ^(f^  *  >\    =  4-  +  1 

is  most  easily  found.  It  is  hj*ek/  v^(^«  +  y«)  =  l*  +  zt, 
-where  l  is  the  hyperbolic  logarithm  of  the  quantity  annexed  to 
it.  If  we  consider  y  as  constant,  and  correct  the  fluent  so  as 
to  make  it  nothing  at  the  vertex,  it  may  be  expressed  thui^ 
^fdy  v^(^^  +  f)  -  i^a  =1  Lx  '-'  hy  +  L^.     This  gives  us 

i^/^t^l  =  ^±.t,  and  tberefore/^!±i!^  =  t  f . 

"  This  last  equation  will  easily  give  us  the  depth  of  vaulting, 
or  thickness  d  of  the  arch,  when  the  curve  is  given.     For  its 

fluxion  is i ^z= : — ,  and  a  =     ■  a^    -rTr.  which  is 

all  expre^ed  in  known  quantities;  for  we  may  put  in  place  of 
t  any  poiyer  or  function  of  x  or  of  w.  and  thus  convert  the  ex- 
pression into  another,  which  will  «tiil  be  applicable  to  all  soits 
of  curves.  ^  - 

"  Instead  of  the  second  member  -r-  H-  t—  we  might  employ 

•^,  where  p  is  some  number  greater  than  unity.     This  will* 
evidently  give  a  dome  having  stability;  because  the  original 

formula  -tt^'^/  2 1" ^?  will  then  be  greater  than  x.     This  vriU 

VOL.  I.  M 
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givedrr— ^j-T^T^y     Each  of  these  foiros  has  its  advantages 

when  applied  to  particular  cases.    Each  of  them  also  gives 

d  r=  ■  .  yj-^U\  when  thfe  curvature  is  such  as  is  in  precise  equi- 

librium.  And,  lastly,  if  d  be  constant,  that  is,  if  the  vaulting 
be  of  uniform  thickness,  we  obtain  the  form  of  the  curve,  be- 
cause then  the  relation  of  j^  to  ;^  and  to  y  is  given. 

^^  The  chief  use  of  this  analysis  is  to  discover  what  curves 
are  improper  for  domes,  or  what  portions  of  given  curves  may 
be  employed  with  safety.  Domes  are  generally  built  for  or- 
nament ;  and  we  see  that  there  is  great  room  for  indulging  our 
fancy  in  the  choice.  All  curves  which  are  concave  outwards 
will  give  domes  of  great  firmness:  they  are  also  beautiful. 
The  Gothic  dome,  whose  outline  is  an  undulated  curve,  may 
be  made  abundantly  firm,  especially  if  the  upper  part  be  con- 
vex and  the  lower  concave  outwards. 

*^  The  chief  difficulty  in  the  case  of  this  analysis  arises  from 
the  necessity  of  expressing  the  weight  of  the  incumbent  part,  or 
fdy^iji^  +y")-  This  requires  the  measurement  of  the  oonoidal 
surface,  which,  in  most  cases,  can  be  had  only  by  approxitafi&- 
tion  by  means  of  infinite  serieses.  We  cannot  expect  that  the 
generality  of  practical  builders  are  familiar  with  this  branch  of 
mathentatics,  and  therefore  will  not  engage  on  it  here;  but 
content  ourselves  with  giving  such  instances  as  can  be  under- 
stood by  such  as  have  that  moderale  mathematical  knowledge 
which  every  roan  should  possess  who  takes  the  name  of  en- 
gineer. 

*'  The  surface  of  any  circular  portion  of  a  sphere  is  very 
easily  had,  being  equal  to  the  circle  described  with  a  radius 
equal  to  the  chord  of  half  the  arch.     This  radius  is  evidently 

"  In  order  to  discover  what  portion  of  a  hemisphere  may  be 
employed  (for  it  is  evident  we  cannot  employ  the  whole)  when 
the  thickness  of  the  vaulting  is  uniform,  we  may  recur  to  the 

equation  or  formula  "^^^/^"-^^  —fdy  •(**  +  y%  Let  a 
be  the  radius  of  the  hemisphere.     We  have  *  —  ,/^^    ..and 

*  =  (Sm^-  Substituting  these  values  in  the  formula,  we 
obtain  the  equation^*  •(a«-^)  zzAj^g^- .  We  easily  ob- 
tain the  fluent  of  the  second  member  =  a'  — ««\/(a«r-y«),  and 
y  =  a>/(— J-f-  ^5.).     Therefore  if  the  radius  of  the  sphere  be 
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1,  the  half  breadth  of  the  dome  must  not  exceed  ^{  ^i-\-  ^/^),, 
or  0  •  786,  and  the  hjcight  will  be  •  618.  The  ateh  from  the 
vertex  is  about  51°  49^.  Much  more  of  the  hemisphere  cannot 
stand,  even  though  aided  by  the  cement,  and  by  tne  friction  of 
the  coursing  joints.  This  last  circumstance,  by  giving  connex* 
ion  to  the  upper  parts,  causes  the  whole  to  press  more  verti- 
cally on  the  course  below,  and  thus  diminishes  the  outward 
thrust ;  but  it  at  the  same  time  diminishes  the  mutual  abutment 
of  the  verticaljoints,  which  is  a  great  cause  of  firmness  in  tlie 
vaulting.  A  Gothic  dpnie,  of  which  the  upper  part  is  a  portion 
of  a  spnere  not  exceeding  45°  from  the  vertex,  and  the  lower 
part  is  concave  outwards,  will  be  very  strong,  and  not  ungracefuL 
^^  Persuaded  that  what  has  been  said  on  the  subject  convinces 
the  reader  that  a  vaulting  perfectly  equilibrated  throughout  is 
by  no  means  the  best  form,  provided  that  the  base  is  secured 
from  separating,  we  think  it  unnecessary  to  ^ve  the  investigation 
of  that  form,  which  has  a  considerable  intricacy,  and  shaU 
merely  give  its  dimensions.  The  thickness  is  supposed  uni- 
form. The  numbers  in  the  first  column  of  the  table  express 
the  portion  of  the  axis  counted  from  the  vertex,  and  those  of 
the  second  column  are  the  length  of  the  ordinates. 


1 

AD 

DB 

AD 

DB 

AD 

DB 

0-4 

100 

610-4 

1080 

2990 

1560 

3.4 

200 

744 

1140 

3442 

1600 

U-4 

300 

904 

1200 

3972 

1640 

26-6 

400 

1100 

1260 

4432 

1670 

62-4 

500 

1336 

1320 

4952 

1700 

91-4 

600 

1522 

1360 

5336 

1720 

146-8 

700 

1738 

1400 

5756 

1740 

9SS4i 

800 

1984 

1440 

6214 

1760 

326-6 

900 

2270 

1480 

6714 

1780 

476-4 

1000 

2602 

1520 

7260 

1800 

'*  The  curv*  formed  according  to  these  dimensions  will  not 
appear  very  graceful,  because  there  is  an  abrupt  change  in  its 
curvature  at  a  small  distance  from  its  vertex;  if,  however^  the 
middle  be  occupied  by  a  lantern  of  equal  or  of  smaller  weight 
than  the  part  wnose  place  it  supplies,  the  whole  will  be  elegant, 
and  free  from  this  defect" 

Professor  RobisoQ  concludes  with  observing,  that  "The 
conne:idon  of  the  parts  arising  from  cement  and  from  friction 
has  a  great  effect  on  dome-vaulting.     In  the  same  way  as  in 

h2 
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common  arches  and  cylindrical  vaultings  it  Enables  an  overload 
on  one  place  to  break  the  dome  in  a  distant  place.  But  the 
resistance  to  this  eflFect  is  much  greater  in  dome-vaulting,  be- 
cause it  operates  all  round  the  overloaded  part.  Hence  it 
happens  that  domes  are  much  less  shattered  by  partial  violence, 
such  as  the  falling  of  a  bomb,  or  the  like.  Large  holes  may 
be  broken  in  them  without  much  affecting  the  rest;  biit,  on 
the  other  hand,  it  greatly  diminishes  the  strength  which  should 
be  derived  from  uie  mutual  pressure  in  the  vertical  joints. 
Friction  prevents  the  slidin^-in  of  the  arch-stones  which  pro- 
duces this  mutual  pressure  in  the  vertical  joints,  except  in  the 
very  highest  courses,  and  even  there  it  greatly  diminishes  it. 
These  causes  make  a  great  change  in  the  form,  which  gives 
the  greatest"  strength ;  and  as  their  laws  of  action  are  but  very 
imperfectly  understood  as  yet,  it  is  perhaps  impossible,  in  the 
present  state  of  our  knowledge,  to  determine  this  form  with 
tolerable  predsion.  We  see  plainly,  however,  that  it  allows  a 
greater  deviation  from  the  best  form  than  the  other  kind  of 
vaulting ;  and  domes  may  be  made  to  rise  perpendicular  to  the 
horizon  at  the  base,  although  of  no  great  thickness ;  a  thing 
which  must  not  be  attempted  in  a  plane  arch.  The  immense 
addition  of  strength  which  may  be  derived  from  hooping,  largely 
compensates  for  all  defects ;  and  there  is  hardly  any  bounds  to 
the  extent  to  which  a  very  thin  dome-vaulting  may  be  carried, 
when  it  is  hooped  or  framed  in  the  direction  of  the  horizontal 
courses.  The  roof  of  the  Halle  du  Bled  at  Paris  is  but  a  foot 
thicH,  and  its  diameter  is  more  than  SOO,  yet  it  appears  to  have 
abui^dant  strengtli.^  * 


SUPPLEMENT  TO  CHAP.  VI. 

Summary  of  f?ie  properties  of  the  catenary,  •a^ith  their  application  to  Bridges  of 
Suspension.    By  Davies  Gilbert,  Esq.  M.P.  FJtS. 

Ltt  ana  constant  force,  estimated  in  length  of  the  chain,  which  acts  horizontally  on 
B,  the  apex  of  the  curve,  fig.  1 1.  pi.  IX. 
ar  a  the  length  of  chain  or  periphery  of  the  curve,  between  itt  apex  i,  amd  the 

point  of  section,  by  any  ordinate  xc : 
y  ss  the  ordinate : 
a  s  the  absciss. 

Now  the  curve  befng  sustained  in  equilibrio  by  these  forces* 
By  the  weight  of  the  chain  acting  perpendicularly  downwards ; 

*  They  who  wish  farther  to  pursue  this  interesting  cUfs  of  investigations,  may  ad- 
vantageously turn  to  the  first  vol  of  Dr.  Hutton's  •^  Tracts,"  8vo ,  the  article  Akcb 
in  the  Pantologia,  the  instructive  article  Bbidob  in  the  Edinburgh  Encyclopsedla, 
Bossut*s  **  Recherches  sur  TEquilibre  des  VoAtes,**  and  Berard's  valuable  **  Statique 
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By  the  force  at  b  acting  faorizontaUy ;  and 
By  the  tutpenaion  acting  in  the  direction  of  the  curve  at  c ; 
These  forces  must  be  represented  in  magnitude  and  direction^  by  the  incre- 
mental triangle ;  therefore 
if  I  y  I  I  %i  Of  coDiequently  x^  i  y^  i  :  sfl:  cfl 

ifl+y^,i  i«:  :  (fi+afl  i  «• 
Butx>-»- jr^  a  s*  in  all  curves;  therefore 

!•:.«•:  :  «»+  a«  :  «••     And  i  «=  — -_—__. 


^o«+a« 

/No.  1.  X-  v'fl'  +  z'-a 

Equation  A   ' 
Again, 

J  No.  2.  »  a  \/2«r  +  a* 

#  No.  3.  a  =        . 

V                                2x 

X  :  j  :  i  z  I  a,  consequently  ax  s»  zjf  •••  y  « 

substituting  from  Eq.  A»  No.  2. 
ax 

y  •      ...' 

V2ax  +  afi,    And 

y  ^  a  X  hu  „        """"  =■  a  x  Al.        ^       • 

or  by  substituting  its  valttc  for  a  from  Equation  A,  No.  I,  and  dividing 
by  ar  +  X. 

tf       s       Jv 

Equation  B y-^a  x  Al. 

z  —  a 

Thus  far  agrees  with  what  has  usually  been  given. 

Nowf  it  is  obvious,  as  there  are  not  any  arbitrary  quantities,  that  all  catenaries  must 
agree  in  specie,  differing  in  magnitude  alone ;  and  since  two  Equations  only  can  be 
deduced  from  the  genera)  properties  of  the  curve,  and  there  are  four  unknown  quan- 
tities, no  one  of  them  can  be  exhibited  in  terms  of  any  other,  unless  some  new  Bqua- 
tion  is  introduced;  as  in  the  case  of  a  maximum  or  minimum,  or  of  an  assunAed 
idation  in  magnitude  between  either  two  of  the  four  quantities. 

The  maximum,  with  reference  to  the  subject  of  this  inquiry,  will  evidently  take 
place,  when  the  force  of  suspension  at  p  acquires  a  rate  of  proportional  increase  equal 


6  y 

to  that  of  y,  or  if  6  represent  this  force,  when  —  «  -^.     Bat  S*  «  o^  +  2* 

€fl  +  2ax  +  ae* Eq.  A,  No.  3. 

•  • 

h  ^  a  +  X  ;•  h  ^  i.    And —  -^  consequenUy 

a  +  X       y 

i  :  y  :  :  a  -^  Xi  y.    But 

i  :  y  :  :  z  :  a    therefore 

A  ^  X  2  ■4*  O 

y  ss  a  X  .    But  y  <B  a  x  hh* .— — —  consequently 

z  a  —  « 

n  -i-  J?  z  ^  X 

B  Al.  • •    Or  subatituting  for  z  from  Equa.  A,  No.  2. 


2  2  — ar 


a  +  a?  .      ^Oiax  +  a?«)  +  a?       ,  . . 

an  him     >  ^ and  therefore 


s/  2o.r  +  X*  's/(2ax  +  J^^  —  ar 

/;; TL      r    '^\2ax  +  i*)  +  X 

V  2ax  +  j?«  X  Al.— 77 '  —  X  —  a  •-  0. 

\\2ax  +  «•)  —  » 

The  expression  may  now  be  simplified  by  assuming  a  ^  U 

Then  V2x  +  x*  x  Al.    ,,^    ■    Jr a?  -  1  -  0*     From  whence,  by  ap- 

v(2a:  -k-  cfi)^  X 

proximations,  it  will  be  found,  that  x  «  0.81  very  nearly. 

a  and  x  being  now  given^  2  will  be  found  from  Equation  A,  and  y  from  Equation  B. 
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The  four  quantities  and  b  will  tWcfora  itand 

»  ^  0'81 Log  9«9084850 

d  s  1 

y  =  M995 Log  0*0790003 

ar  =»  1-5087 Log  0-1786029 

*  «  1-81 Log  0.2576786 

Angle  of  suspension  56»*28%  as  deduced  UHrough  the  iacremental  triangle 
from  a,  z,  and  b. 
By  applying  these  deductions  lo  a  span  of  560  feet,  equal  to  that  of  the  proposed 
bridge  across  the  Menai  Strait, 
a  =  233-4  Feet"| 

Of  =>  189*1  Feet  I      Where  all  the  quantities  must  be  considered  as  feet  of  the 
y  ■■  280     Feet  J-  suspending  chains,  augmented  proportionally  in  weight  by 
X  «■  352*2  Feet  (  the  horizontal  bridge,  and  by  th6  media  of  suspension. 
h  -  422*5  FeetJ  ^  >  -r  r 

It  is  obvious,  from  these  ralues  of  j?  andy,  that  the  curvature  is  never  likely  in  any 
practical  instance  to  meet  the  theoretical  maximum. 

When  X  is  small  in  comparison  of  ar,  a  nauch  easier  method  may  be  used  than  that 
by  approximation,  and  sufficiently  near  to  the  truth. 

y  has  been  found  equal  to  a  x  hh, ;  but  when  x  is  small  in  comparison  of 

a,  the  /iL.  of win  not  differ  much  from then 

Z  ^  X  z 

X  z^  -^  x^ 

jr  e  2(1  _.  ;  but  a  » ,    Equa.  A,  No.  3, 

z  2x  * 

si*  -^  X*         X  z*"-  X* 

y  UT  2  X  '•'  ^^ X \' y  «  ■  \*yz  ^  sfl  —  A»ora:'«-y«  ^ 

«•.    By  completing  the  square,  &e. 

x^ty  +%/iy*  +  xK    By  using  this  value  for  z^  in 

««  —  flj« 
a  « Equa.  A,  No.  S:, 

JSX 

zy 
a  Bz  -- — ,    And  since  6*  »  a*  +  «« 
2x 

2x 
Now  assign  to  x  and  y  their  respective  values  25  and  280  feet,  as  they  are  given 
hr  the  Menai  Bridge ;  the  quantities  will  then  be  found, 
a  »  1580  Feet 
a?-      25 
y  =»    280 
z  -    282*5 

b  »  1605    or  about  5*7  X  i^  4  the  weight  of  the  chains,  bridge,  &c.  or  three 
times  their  weight  nearly. 
The  angle  of  suspension  10°  8'* 
If  Af  be  now  doubled,  or  x  and  y  are  taken  in  the  proportion  of  50  to  280,  the 
quantities  will  be, 
a  «  808 
a?  -    60 
y  »  280 
z  «  288*0 
*  =  858 

The  angle  of  suspension  190  39'. 
In  this  case  the  values  of  a  and  b,  representing  the  strains  at  the  apex  of  the  curve 
and  at  the  point  of  suspension,  «re  veiy  nearly  one-half  of  the  former.     And  from  the 

equations  a  -  -^  and  6  =  ;.  x     ^^^^  t  f±  {t  appears,  that  a,  and   conse- 

quently  b,  must  increase  or  diminish  in  the  reciprocal  proportion  to  x,  as  y  is  supposed 
eonstant,  and  z  is  found  Ui  differ,  when  xiMUbot  50  hy  no  more  than  aiew  feet.   If 


CHAP.  VI,  CHAIN   BRIDGE,   &C.  167 

theie  relations  of  j?  and  y  are  taken  as  the  bases  of  calculation  by  the  strict  forms,  the 
results  will  remain  substsntially  the  same,  and  this  general  conclusion  may  safely  be 
deduced  from  the  whole.  Tfiat  xvith  reference  to  the  strength  and  tttfety  of  appended 
bridges,  in  all  cases  likely  to  occur  inprtictice,  their  points  of  attachment  cannot  be 
too  lefty,  nor  consequently  the  curvature  of  the  chains  too  great. 

The  greatest  span  of  a  catenarian  arch,  ciqpable  of  being  formed  by  iron  or  steel,  on. 
the  supposition  of  these  metals  supporting  the  utmost  degree  of  tension  theoretically 
assigned  to  them,  may  be  estimated  in  the  following  manner : 

If  the  tenacity  of  iron  be  taken  at  50,000  pounds  for  a  square  inch,  and  the  specific 
gravity  of. iron  at  7  -8,  the  modulus  of  tenacity  will  be  148 1 4  feet.  Put  this  equal  to 
b,  in  the  expression  for  a  maximum,  then  y  will  be  found  »  9817  feet,  and  conse- 
quently the  whole  span  or  9y  a  19634  feet,  about  3*7  miles,  but  then  x  «  6629 
feet,  or  \*2S  miles. 

Steel,  being  supposed  to  have  three  times  the  tenacity  of  iron,  will  extend  all  their 
movements  threefold. 

When  X  and  y  are  equal  to  each  other,  they  will  be  1  •  16  very  nearly,  a  being  unity, 
and  z  »  1*914. 

If  a  as  unity,  and  x,  y,  and  z  are  taken  indefinitely  great, 

z  =  i  -t-  X 

y  a.  hh.  (I  +  2.r) 
b  ^  z 
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INTRODUCTORY    DEFINITIONS    AND    REMARKS..* 

210.  Dynamics  is  that  brandi  of  Mechanics  which  has  for 
its  object  the  action  of  forces  on  solid  bodies,  when  the  result 
of  that  action  is  motion ;  and  in  which,  since  all  motion  occupies 
some  portion  of  time,  we  introduce  time  into  our  investigations. 
This  department  of  science  presents  a  wide  and  varied  field  of 
discussion,  and,  when  viewed  in  its  full  extent,  exhibits  many 
questions  of  considerable  difficulty:  we  shall  not  attempt  to 

five  the  whole  of  these,  as  such  a  procedure  would  draw  us  far 
eyond  the  limit,  which  must  be  assigned  to  this  part  of  the 
work ;  but  shall  select  those  chiefly  which'  appear  necessary  as 
a  preparation  to  the  knowledge  of  the  powers  ^r^nd  efiects  of 
machmery.  t 

211.  The  sum  of  the  material  particles  of  which  a  body  is 
composed,  is  what  we  denote  by  the  word  Mass.  This  mass 
depends  on  the  volume  of  the  body  and  that  which  we  call 
Density.  We  have  already  observed  (art.  10.)  that  density  is 
directly  as  the  quantity  of  matter,  and  inversely  as  the  magnitude 
of  the  body ;  but  it  will  not  be  improper  to  deduce  concisely^ 
the  general  theorem  which  comprises  this  relation.  To  this 
end  It  must  be  considered  that  as  all  bodies  are  penetrated  with 
a  great  number  of  void  spaces  or  pores,  their  quantity  of  matter 
is  not  proportional  to  their  volume;  but  under  the  same  volume 
there  will  be  more  or  less  matter  as  the  particles  are  nearer  or 
further  asunder ;  and  we  say  that  a  body  has  a  greater  or  less 
density,  according  as  there  subsists  a  greater  or  less  proximity- 
between  its  moleculse.  Thus  we  say  a  body  is  more  dense  than 
another  when  in  an  equal  volume  the  former  contains  more 
matter  than  the  latter :  we  say,  on  the  contrary,  that  it  is  less 
dense  or  more  rare  (for  density  and  rarity  are  reciprocal  quali- 
ties) when  in  an  equal  volume  it  cx)mprises  less  matter.  The 
density  serves,  therefore,  to  judge  of  the  number  of  material 
particles  when  the  volume  is  known :  thus,  we  may  regard  the 
density  as  representing  the  number  of  equal  moleculse  m  a  dc- 
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.terminate  volume;  as  when,  for  exan^ple,  we  say  that  gold  is 
19  times  denser  than  water,  we  wish  to  be  understood  that  g(Jd 
contains  19  times  the  number  of  particles  that  water  does  in  the 
same  space. 

Smce  we  represent  the  density  as  expressing  the  number  of 
moleculae  in  a  determinate  volume  which  we  assume  as  the  unit 
.^magniiude ;  it  is  obvious  that  to  obtain  the  mass,  or  the  total 
number. of  maleculse,  of  any  body  of  which  the  magnitude  is 
known,  we  must  take  the  rectangle  of  the  density  and  magnitude. 
Thus,  if  ^we  represent  generally  the  body  or  mass  by  b,  its 
volume  or  magnitude  by  m,  and  its  density  by  d,  we  shall  have 
B  =  MD :  whence  it  will  be  easy  to  compare  the  masses,  the 
magnitudes,  and  the  densities  of  bodies. 

In  similar  bodies  the  masses  are  as  the  densities  and  cubes 
of  the  diameters,  or  depths,  or  lengths,  or  of  any  like  linear  di- 
mensions. Hence,  if  l  denote  the  lineal  dimension,  we  readily 
deduce  these  general  proportions :  .      '; 

B  oc  MD  a  dl'.  '  ,     , 

M  a  —  a  L*. 
D  a  —  a  --. 
--  La  y-^  a  ^M. 

212.  Force^  according  to  our  definition  (art.  17.),  is  that 
which  causes  a  change  m  the  state  of  a  body ;  or,  it  is  that 
which  either  moves  or  t^ds  to  move  a  body :  forces,  as  wc; 
there  observed,  are  no  further  known  to  us  than  by  their  effects ; 
it  is  only  therefore  by  the  effect  any  force  produces  that  we  can 
measure  it.  Now  the  effect  of  a  force  is  to  give  to  every  ma- 
terial particle  of  a  body  a  certain  velocity :  if,  therefore,  all  the 
parts  of  a  body  receive  the  same  velocity  (as  we  suppose  here), 
the  effect  of  the  moving  cause  has  for  its  measure  the  product 
of  the  velocity  into  the  number  of  moleculae  moved,  or  the 
product  of  the  velocity  and  mass :  AJbrce  iherefbrt^s  propor- 
tional  to  the,  velocity  which  it  can  impress  on  a  knonsm  fnass, 
and  that  mass  conjointly. 

Def.  Momentum^  or  Quantity  ofMotiony  is  the  rectangle  of 
the  mass  of  a  body  and  its  velocity. 

Constequently,  Jferc^5  are  measured  by  the  quantities  of  mo^ 
tion  they  are  capable  of  producing. 

Thus,  if  F  denote  the  motive  or  moving  force,  b  the  body 
moved,  and  v  the  velocity  imparted  to  it,  we  have  f  a  bv. 

From  this  we  deduce  v  a— ,  and  b  oc  — :  therefore,  1.  The 

,3  ▼  - 
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velocity  of  a  body  in  motioUy  is  as  the  mooing  Jbrce  directlyj 
tmd  the  mass  inversely.  Sdly,  The  body  or  mass  is  as  the 
mxmngjbr^e  directly^  and  the  velocity  irwerseh/. 

If  now  two  bodies  be  represented  by  b,  andf  6,  the  forces  by 
li^hich  they  are  moved  by  f,  and^  and  the  velocities  imparted 
to  them  by  v  and  i;,  we  have  f  a  by,  andy*a  bv.  Let  b  be 
supposed  equal  to  6,  then  wiil  f  a  v,  andy*oc  vx  hence,  wh^n 
the  masses  are  equals  the  moving  Jbrces  are  as  the  velocities* 
Agaiti,  supposing  v=t;,  we  have  f  a  b  andy*a  4:  therefore, 
when  the  velocities  are  equal,  the  moving  Jbrces  are  as  the 

masses.     Lastly,  making  f==^  we  have  —  Ob,  and  —  aft: 

consequently,  'wJien  the  mooing  Jbrces  are  eqtial,  the  velocities 
ar^  in  the  inverse  ratio  of  the  masses. 

213.  The  several  deductions  in  the  preceding  article  depend, 
manifestly,  upon  our  having  assumed  a  just  measure  of  moving 
force :  we  say,  that  forces  are  measured  by  the  quantities  of 
motion  they  are  capable  of  producing,  and  that  these  quantities 
of  motion  are  proportiotial  to  the  products  of  the  masses  and 
their  velocities.  It  follows,  therefore,  that  when  these  products 
are  equal,  the  quantities  of  motion,  or  the  equivalent  forces,  are 
equal :  but  equal  forces  acting  in  opposite  directions  produce 
an  equilibrium  (art.  S5.) ;  so  that  if  bodies  which  move  with 
equal  quantities  of  motion  (according  to  our  definition)  in  op- 
posite directions,  are  in  equilibrio  after  thev  meet,  such  a  fact 
being  proved  will  at  the  same  time  evince  tne  truth  of  the  fore- 
^ipg  deductions.  In  order,  then,  to  show  the  truth  of  this 
pfinciple,  we  extract  a  paragraph  from  M.  Laplace'^s  Exposi' 
fion  du  SystSme  du  Mondcj  L.  III.  Ch.  3. 

'^  The  most  simple  case  of  the  equilibrium  of  many  bodies, 
is,  that  of  two  ph  vacal  points  which  rencounter  with  Velocities 
equal  and  directly  contrary.  Their  mutual  impenetrability, 
that  property  of  matter  in  virtue  of  which  two  bodies  cannot 
occupy  the  same  place  at  the  same  instant,  evidently  annihilates 
tb^ir  velocities,  end  reduces  them  to  the  state  of  rest.  But,  if 
Jtvo  bodies  qf  different  masses  strike  each  other  with  opposite 
velocities^  whai  is  the  relation  of  the  velocities  to  the  masses  in 
the  case  of  equilibrium  ?  To  resolve  this  problem,  imagine  a 
system  of  contiguous  physical  points,  ranged  on  the  same  right 
hne,  and  animated  with  a  common  velocity  in  the  directioB  of 
that  line ;  conceive,  in  like  manner,  a  second  system  of  conti- 
guous material  points,  disposed  on  the  same  right  line,  and  ani- 
mated with  a  common  velocity  and  contrary  to  the  preceding, 
in  such  a  manner  that  the  two  systems  striding  mutually  sbidl 
be  in  equilibrio.  It  is  obvious  that  if  the  first  system  were 
cpipposed  of  only  one  material  point,  each  point  oi  the  second 
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ajrstem  would  exiinguisbin  the  fcint  struck  a  part  of  its  veloaty 
equal  to  tbe  veloci^  of  tbe  system ;  the  velocity  of  the  pcnut 
struck  ought  tbereiore  iu  tbe  case  of  equilibrium  to  be  equal  to 
the  product  of  tbe  velocity  of  the  second  system  by  tbe  number 
of  its  i>oiQts,  and  we  may  substitute  for  thefirst  system  one  point 
dngly  incited  to  a  velocity  equal  to  this  product.  We  may  like- 
wise substitute  for  the  second  system  a  material  point  animated 
with  a  velocity  e^ual  to  the  product  of  the  first  system  by  the 
number  of  its  points.  Thus,  instead  of  these  two  systems  we 
haye^  two-points  which  bring  themselves  to  an  equihbrium  by 
striking  with  contrary  velocities^  of  which  the  one  will  be  the  pro- 
duct of  tbe  velocity  of  the  first  system  by  the  number  of  its  points, 
and  the  other  will  be  the  product  of  the  velocity  of  the  points  of 
the  second  system,  by  their  number :  these  products,  therefore, 
must  be  equal  in  the  case  of  equilibrium." — "  This  product  of 
the  mass  by  the  velocity  we  name  Quantity  (rfmotwi ;  it  is  this 
also  which  we  mean  by  the^rc^  of  bodies :  for  the  equilibrium 
of  two  bodies  or  of  two  systems  of  material  points  which  strike 
each  other  in  contrary  directions,  the  quantities  of  motion,  or 
the  forces  opposed,  fliust  be  equal,  and  of  consequence  the  ve- 
locities must  DC  reciprocals  to  the  masses.*** 

214.  We  must  not  omit  observing,  that  about  a  century  ago 
there  was  a  warm  dispute  among  the  mathematicians,  in  order 
to  determine  whether  we  ought  to  consider  the  force  of  bodies; 
in  motion  proportional  to  the  velocity  or  to  the  square  of  the 
velocity :  it  is  easy,  from  what  has  preceded,  to  reduce  this 
question  to  a  simple  enunciation  which  will  remove  all  diffi^ 
culty.  The  word j^ce  denoting  any  cause  of  which  the  nature 
is  unknown,  and  of  which  the  e&cts  are  the  only  things  "we  can 
measure,  it  is  evident  that  by  the  term  measure  of  force,  we  can 
onlv  mean  that  of  its  effects :  now  tbe  effects  may  be  conridered 
under  different  aspects,  each  comporting  with  a  species  of 
measure  particular  and  conformable  to  its  nature.  If  we  con- 
sider the  effect  of  the  force  as  consisting  in  the  destruction  of  a 
certain  sum  of  obstacles  or  of  quantities  of  motion,  this  sum 
must,  as  above  shown,  be  expressed  by  Bv-|-iv-|-&c.  that  is,  it 
is  proportional  to  the  velocity  dmply.  But  if  we  consider  the 
eTOct  of  the  force,  not  with  relation  to  the  sum  of  the  obstacles, 
but  to  their  number,  this  number  will  depend  upon  the  space 
passed  over,  that  is,  upon  the  time  and  the  velocity  at  each  in- 
stant, and  as  will  appear  further  on,  will  be  represented  by  inv^, 
or  will  be  proportional  to  the  square  of  the  velocity  when  all 
the  obstacles  are  equal,  as  when  equal  solicitations  of  gravity 
furnish  constant  obstacles  to  a  rising  body*  The  same  may  he 
represented  rather  differently,  thus :  let  a  certain  force  p,  such 
for  instance  as  would  propeJ  a  body  b  with  a  velocity  u,  be  ca- 
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pable  hy  its  instantaneous  action  of  raising  a  mass  u  whose 
weight  is  w  to  a  certain  height  h  ;  and  let  g  denote  the  force 
of  gravity,  while  i  is  an  evanescent  element  of  time.  Then 
that  which  has  been  employed  to  rdse  w  to  the  height  h  will 
be  equivalent  to  wh,  this  oeing  the  effect  produced.  But  H 
being  a  space  run  over,  may  be  expressed  by  the  product  of  a 
velocity  V  and  a  time  t;  and,  on  the  other  hand,  we  have  w 

=:  ^M,  =:  5?I,  where  gt  is  manifestly  the  velocity  V  which 

would  be  generated  by  gravity  in  the  element  of  time  t.  Con- 
sequently, WH  =  A —  X  VT  z:  V Vm  -?- = w*m  -t-,    u    being    the 

mean  proportional  between  the  velocities  v  and  v' :  and  since 

T  and  t  are  homogeneous  quantities,  we  shall  have  wh  oc 
M2i^,  the  ori^nal  force  being  thus  resolved  into  the  product  of 
a  mass  by  the  square  of  a  velocity,  conformably  to  the  notion 
attached  by  most  foreigners  to  the  term  vis  viva.  This  force 
is,  notwithstanding,  measured  by  the  product  bu  above:  so. 
that  the  warm  discussions  on  the  question  whether  the  forces  of 
bodies  in  motion  ou^ht  to  be  estimated  by  the  product  of  a  mass 
into  its  velocity,  or  oy  the  product  of  the  mass  into  the  square 
of  its  velocity,  are  reduced  to  a  dispute  about  words.  Provided 
we  always  reason  conformably  to  either  definition  once  adopted, 
the  adoption  being^  regulated  bj  the  nature  of  the  individual 
inquiry,  the  conclusions  will  always  be  the  same ;  the  different 
measures  being  reducible  to  the  same  ori^n. 
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CHAPTER  I. 


ON   MOTION,   UNIFORM   AND  VARIABLE. 

S15.  The  motion  of  a  physical  point^^  or  of  a  body,  is  tmifbrm 
(art.  15.)  when  it  moves  always  in  the  same  manner,  or  when 
it  passes  over  equal  spaces  in  any  equal  intervals  of  time  what^ 
ever.  This  motion,  the  most  simple  of  all,  and  the  most  easy 
to  conceive,  probably  exists  in  no  part  of  nature,  but  is  only  a 
pure  abstraction  of  tne  mind :  it  is,  notwithstanding,  important 
to  consider  it,  because  motions,  were  it  not  for  obstructions, 
would  in  general  be  uniform  (art  ^1.),  and  because  it  conduces 
greatly  to  the  analysis  of  all  other  motions. 

That  affection  of  motion  which  we  call  velocity  being  mea- 
sured by  the  space  uniformly  described  in  a  given  time  (art.  15.) 
is  in  fact  a  measure  of  motion  itself,  and  is  that  which  cha- 
racterises each  species  of  uniform  motion :  it  is  customary  in 
mathematical  discussions  to  fix  upon  a  small  period  of  time,  a 
second,  for  example,  as  a  unit,  and  to  call  the  velocity  of  a 
m&vin^  body  at  (wy  instant  the  space  which  the  body  would 
descrwe  un^ormly  during  a  unit  of  time. 

Hence  it  follows,  that  in  the  uniform  motion  of  a  body,  tlie 
spaces  run  ovet*  are  proportional  to  the  times  employed.  For  if 
it  describe  v  feet  in  one  second,  it  will  describe  Sv  feet  in  two 
seconds,  3v  feet  in  three  seconds,  and  tv  feet  in  t  seconds,  T 
being  any  number  whole  or  fractional.  This  bein^  granted,  we 
may  now  state  a  proposition  from  which  the  whole  doctrine  of 
uniform  motions  will  readily  flow. 

916.  Prop.  WJien  bodies  have  different  uniform  motions^  the 
spaces  described  are  proportional  to  the  times  and  velocities 
Jointly, 

Let  V  and  v  be  the  velocities  of  the  two  bodies  s  and  ^,  T 
and  t  the  times  of  their  motions,  s  and  s  the  spaces  described, 
likewise  let  ^  be  the  space  described  by  b  in  the  time  t  : 

Then  s  :  ^  : :  v  :  i^ 
^ : s : :t  :t 
And,  comp.  s  :  s :  :  tw  :  tv.     That  is  s  oc  tv. 

Cor.  I.  The  velocity  is  as  the  space  divided  by  the  time :  for 

the  preceding  expression  gives  v  a  — .     Or,  since  the  same 
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will  hold  in  any  corresponding  indefinitely  minute  portions  of 
the  space  and  time,  we  shall  have  v  =  -r-. 

CoR.  2.  The  velocities  of  two  bodies  momng  uniformly  are 
directly  as  the  spaces  and  inversely  as  the  times :  for  we  have 

8  S 

V  IVIZ' —  :  -r- 

T  t 

CoE.  3.  In  equal  times  the  velocities  are  proportional  to  the 
spaces  run  over :  for  t=^,  gives  y  :v  :  is  :  s. 

CoR.  4.  J^'  the  velocities  are  equal,  tJie  spaces  passed  met 
ate  proporttonal  to  the  times:  for  vr=t;,  gives  s^=*t,  or  s  : 
s ::  t:t, 

CoR.  6.  If  the  spaces  passed  over  are  equaly  the  velocities  are 

reciprocally  as4he  times :  for  when  s=s,  we  have  y  :  v: :  — 
1 

Cor.  6.  Since  the  areas  of  rectangles  are  in  the  ratio  com- 
pounded of  the  ratios  of  their  sides,  if  the  bases  represent  th^ 
velocities  of  two  motions,  and  altitudes  the  times,  the  areas 
will  represent  the  spaces  described. 

CoE.  7.  Since  it  has  been  shown  that  the  forces  which  give 
motion  to  bodies  are  proportional  to  their  quantities  of  motion, 
and  these  to  the  rectangles  of  the  masses  and  velocities  (art. 
Sl^.),  that  is,  F  a  Q  a  Bv ;  we  may,  by  combining  this  with  the 
present  proposition,  have  the  following  formulae  of  relation  o>f 
the  six  quantities,  force  f,  momentum  or  quantity  of  motion  q« 
mass  or  quantity  of  matter  b,  time  t,  space  s,  and  velocity  v ; 
the  forces  being  supposed  instantaneous  or  impulsive,  and  the 
motions  uniform : 

FaaOcBva-^. 
Q  a  p  a  Bv  a  — 

T 

p  Q         FT         or 

B  a  —  a  —  oc —  a — . 

.  8  M  18 

T  a  —  a — a — • 

T  P  Q 

TP  TQ 

&  a  TV  a  —  a — . 

B  B 

_      8  P  Q 

T  a  —  a—  a—. 

T  B  B 
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217.  We  have  before  said  that  we  know  nothing  more  d£ 
forces  than  by  their  effects  in  moving  bodies :  we  call  those 
equal  forces,  however  different  they  may  be  in  their  iiature, 
which  give  to  bodies  equal  momenta,  or  which,  when  the  bodiei^ 
are  equal,  give  to  them  equal  velocities ;  and  we  say  that  forces 
are  greater  or  less,  when  they  give  to  bodies  greater  or  less  nio- 
menta,  or  when  they  impress  upon  equal  bodies  greater  or  kss 
velocities.  Therefore,  when  difierent  forces  act  upon  equal 
bodies,  the  forces  are^  caeteris  paribus,  proportional  to  the  te-* 
locities  imparted :  the  velocity,  then,  being  proportional  to  the 
force,  these  two  quantities  may  be  represented  the  one  by  the 
other,  and  all  which  we  have  established  in  Chap.  I.  of  the  first 
Book  on  the  composition  and  resolution  of  forces  may  be  ap- 
plied to  the  composition  and  resolution  of  velocities.  Hence 
It  might  seem  unnecessary  to  give  here  the  demonstration  of 
the  roost  extensive  proposition,  as  it  relates  to  velocities  and 
directions ;  but,  since  it  may  be  proved  satisfactorily  in  small 
compass,  and  admits  of  two  or  three  useful  deductions,  we  are 
unwilling  to  omit  it. 

Prop.  The  sAmultaneoas  action  of  two  impulsive  forces  P, 
p',  on  a  body  a,  which  would  impress  upon  it  separately  the  ve- 
locities y^  y',  in  the  directions  Ac,  ac/,  will  cause ^that  body  to 
move  uniformly  over  the  diagonal  of  the  parallelogram,  whose 
sides  are  in  the  directions  of  those  forces. 

Imagine. that  the  body  a  (fig.  6.  pi.  X.)  is  placed  on  a  plane 
Kcd  which  moves  uniformly  in  the  direction  ac'  with  such  a 
velocity  as  in  each  unit  of  time  will  carry  it  over  a  space  equal 
to  the  line  ac':  it  is  certain  that  this  body,  considered  with  re- 
lation to  the  plane  on  which  it  is  placed,  has  no  motion  ;  yet  if 
a  spectator  nxed  immoveably  out  of  that  plane  observe  the 
bociy  a,  he  will  attribute  to  it  a  motion  equal  and  parallel  to 
that  of  the  plane.  Now,  if  we  conceive  that  any  impuMve  force 
whatever,  p,  acts  upon  the  body  a  in  the  direction  pac,  and 
impresses  upon  it  such  a  velocity  that  in  a  unit  of  time  it  would 
pass  over  a  space  equal  to  ac,  there  can  be  no  doubt  that  if 
the  body  were  acted  upon  by  this  force  only  it  would  be  found 
at  the  pcnnt  c  at  the  termination  of  the  unit  of  time.  But 
since,  in  consequence  of  the  motion  of  the  plane,  the  line  ac 
advances  towards  c'b  by  a  motion  uniform  and  parallel,  so  that 
it  would  really  coincide  with  c'b  at  the  end  of  a  unit  of  time, 
it  is  obvious  that  the  point  c  will  then  coincide  with  the  point 
B,  and  that,  of  consequence,  the  body  a  which  partakes  of  the 
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motion  of  the  plane  ought  to  be  found  in  b  at  the  end  of  the 
first  unit  of  time.  We  may  prove,  in  like  manner,  that  at  the 
^nd  of  any  part  or  multiple  whatever,  T,  of  this  unit,  the  body 
A,  animated  with  the  same  velocity  ac,  ought  to  run  over  a 
proportional  space  ac=t  x  ac,  while  the  comiQOil  motion  con- 
strains the  line  ac  to  pass  parallel  to  itself  over  a  distance  ac/ 
=TXAc'.  This  line  coincides,  theteforej  with  c'ft,  and  con- 
sequently b  is  the  place  of  the  body  a  at  the  end  of  the  time  t. 
And  it  IS  manifest  that  all  the  points  5,  5,  that  may  be  de- 
termined by  the  same  reasoning,  are  found  on  the  same  diagonal 
AB,  since  ac  :  cb  :  :  ac  :  cb.  The  body,  a,  therefore,  actuially 
describes  the  diagonal  ab.  But,  besides  this,  its  motion  along 
this  line  must  be  uniform:  for  Ab  :  ab  : :  ac  :  ac  : :  t  x  ac  : 
AC  : :  T  :  1 ;  that  is  to  say,  a&  is  to  ab  as  the  time  employed  in 
passing  through  a6  to  that  occupied  in  passing  over  ab.  Con- 
seq^uently  the  motion  of  the  body  a  along  the  diagonal  ab  is 
jimiform.  Since  a  body  at  rest  on  a  moveable  plane  has  the 
same  motion  as  the  plane,  it  is  clear  that  if  the  plane  were  at 
rest,  but  that  the  body  moved  uniformly  according,  to  the  right 
line  p'  Ac',  with  the  velocity  ac'  equal  to  that  which  would  be 
impressed  upon  it  by  the  force  p',  and  received  at  the  point  A 
fk]Gtm  the  force  p  a  velocity  ac  in  the  direction  pac,  it  would 
describe  uniformly  the  diagonal  ab  of  a  parallelogram  formed 
upon  the  sides  ac,  ac',  which  represent  the  velocities  of  the 
body  in  those  respective  directions,  while  the  diagonal  ab  re- 
presents its  new  velocity,     q.  e.  d. 

218.  We  may  likewise  show  that,  if  a  body  be  acted  on  by 
two  similar  variable  Jbixe%  (for  tJie  same  time)  whose  directions 
and  magnitudes  are  expressed  by  the  adjacent  sides  of  a  pa- 
raUelogram  concurring  in  the  bodyy  it  will  describe  the  diagonal 
of  the  parallelogram. 

Let  the  forces  act  by  impulses,  iit  the  beginning  of  equal  par- 
ticles of  time,  and  let  ac',  c'c',  c'c',  and  ac,  cc,  cc,  be  the  re- 
lative magnitudes  of  corresponding  impulses.  Then,  by  the 
action  of  the  two  first  impulses  the  body  will,  by  the  preceding 
article,  describe  the  diagonal  a6;  and  by  the  next  two  the 
diagonal  ^b,  of  the  partulelogram  dd  whose  sides  bd\  bd,  are 
equal  and  parallel  to  the  representatives  of  those  new  impulses; 
but  the  forces  are  similar,  therefore  the  parallelograms  cc',  dd'j 
are  similar ;  and,  having  parallel  sides  and  a  common  point  b^ 
they  exist  about  the  same  diagonal  ab.  The  same  may  be 
«hown  for  a  third  pair  of  impulses :  and  so  on,  ad  libitim^  Let 
now  the  particles  of  time  be  evanescent  and  the  forces  incessant, 
and  the  same  demonstration  will  obtain. 

CoE.  If  the  forces  by  which  the  body  is  urged  in  the  dir 
rections  ac,  ac',  be  npt  similar,  it  will  move  in  some  curve  lin^ 
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wbdne  nature  will  depend  on  ttie  relation  of  the  forioes.  Of  tbi& 
numy  instances  will  occur  as  we  proceed. 
.  219.  There  remiuns  another  general  theorem,  which  it  will 
not  be  tiniiss  to  exhibit  in  this  place;  viz.  If  a  number  of 
bodiea  be  moving  in  any  manner  whatever^  and  an  ^qAalJbrce 
act  on  each  particle  of  matter,  in  the  same  or  parallel  directions f 
their  relative  motions  zviU  not  be  affected, 
.  The  motion  of  any  btody  a  (fig.  8.  pi.  X*)  with  respect  to  an« 
other  moving  body  b,  is  compounded  of  the  real  motion  of  A 
and  the  opposite  to  the  real  motion  of  b  :  for,  let  a  move  uni- 
fprmly  from  a  to  c,  while  b  moves  uniformly  from  b  to  d  ;  draw 
A£  equal  and  parallel  to  bd,  join  ab,  eg,  dc,  and  ed.  The 
motion  of  a  with  regard  to  b  consists  in  its  change  of  position 
and  distance.  If  wnile  a  had  described  ae,  b  described  bd, 
there  would  be  no  change  of  relative  place  or  distance :  but  a  is 
now  at  c,  and  nc  is  its  new  direction  and  distance :  therefore, 
the  relative  (art  1%)  or  apparent  motion  of  a  is  £C.  Let  the 
parallelogram  acfe  be  completed :  then  it  is  evident  that  the 
motion  £C  is  compounded  or  bf,  which  is  equal  and  parallel  to 
AC,  the  real  motion  of  a;  and  of  e  a,  the  equal  and  opposite 
to  BD,  the  real  motion  of  b. 

Now,  let  the  motions  of  a  and  b  sustain  the  same  change ;  let 
the  equal  and  parallel  motions  ag,  bh,  be  compounded  with 
the  motions  ac  and  bd  :  or,  suppose  forces  to  act  at  once  on 
A  and  B,  in  the  parallel  directions  ag,  bh,  and  with  equal  in- 
tensities :  on  either  supposition  the  resulting  motions  will  1be  Ac', 
Bi/,  the  diagonals  of  the  parallelograms  agc'c,  and  bhi/i). 
Then,  constructing  the  figure  as  before,,  we  see  that  the  relative 
motion  is  e'c',  and  that  it  is  equivalent  to  eg  botH  with  respect 
to  magnitude  and  direction. 

Here  we  may  again  remark  the  constant  analogy  between  the 
composition  of  motions  and  that  of  forces.  In  the  former  the 
rielative  motions  of  things  are  not  changed,  whatever  common 
motion  be  compounded  with  them  all :  and  in  the  latter  the 
relative  motions  and  actions  are  not  changed  by  any  external 
force,  however  considerable,  when  equally  exerted  on  all  the 
moleculae  in  parallel  directions. 

By  means  of  this  it  is  that  we  account  for  the  circumstance 
of  the  evolutions  of  a  fleet  in  a  uniform  current  being  the  same, 
with  relation  to  the  several  ships,  and  produced  by  the  same 
means,  as  in  still  water:  also,  that  the  motions  and  operations 
in  a  ship,  sidling  smoothly  and  regularly  along,  are  performed 
in  the  same  manner  as  though  the  vessel  were  at  rest:  and  again, 
universally,  of  all  bodies  included  in  a  given  space  (for  instance, 
those  bh  the  surface  of  the  earth,)  their  motions  amongst  them- 
selves will  be  the  same,  their  congress  the  same,  the  force  of  their 

VOL.  r.  ^ 
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percusnon  the  same,  and  all  their  mntaal  ofierations,  whether 
the  space  they  occupy  is  at  rest,  or  whether  it  moves  in  a  tra^ 
jectory  compounded  of  the  diurnal  and  annual  motions  about 
the  centre  of  the  solar  system ;  or  lastly,  whether  these  are  com- 
bined with  a  motion  about  some  far  more  distant  centre  of 
force*. 

220.  Pkop.  Given  the  velocities  v,  V,  with  which  two  bodies 
move  in  the  same  line  and  towards  the  same  point,  and  the  di- 
stance s'  of  onejrom  the  other  at  the  commencement  of  their 
motion,  to  find  ifie  time  and  place  of  their  rencownter. 

If  any  point  a  be  assumed  as  a  fixed  point  in  a  line, 
from  which  we  would  estimate  any  distances  upon  that  line 
through  which  a  body  passes ;  then,  if  ^  be  the  distance  from 
this  fixed  point  to  the  point  where  a  body  commences  its  mo- 
tion, or,  as  we  may  call  it,  the  initial  space,  the  general  equa- 
tion for  uniform  motions  will  become  s'ss^+x'r;  let  this  be 
the  equation  for  the  body  which  commences  its  motion  at  the 
distance  y  before  the  other  body;  let  also  s=:5+tv,  be  the 
equation  for  that  other  body,  in  which  we  have  s=0,  and  con- 
sequently s=TV.  Here  the  spacea  being  both  estimated  frcnn 
the  same  point  a,  and  the  times  of  moving  being  equal,  we  have 
s=s',  and  t==t':  we  have  therefore 

(I.)  ....  ti=t'=:^,  and  s=rs'=:-^. 

These  equations  manifestly  solve  the  problem. 

221.  Prop.  Let  it  be  proposed  to  fiwd  at  what  time  the  two 
movinff  bodies  wiU  be  at  any  given  distcmce  nfrom  eaxih  other ^ 

In  this  case  it  will  be  necessary  to  have  s— s'=  ±d,  where 
we  put  the  double  sign  ±,  because  the  bodies  may  be  at  the 
distance  d  from  each  other  either  before  or  after  their  ren- 
counter: that  is,  we  may  either  have  sys',  or  s<s'.  Now 
from  this  equation  of  condition  conjointly  with  the  preceding 
ones  we  obtain  the  following : 

(11.)  .   ..T=:^ T,  .  .  .    SZZV' — -7,    . .  .    s'  = r-. 

222.  Prop.  Having  two  bodies  moving  uniformly  in  the  pe- 
rimeter of  any  complete  curve,  to  find  their  points  of  rencounter. 

Supposing  the  curve  to  be  rectified,  it  is  obvious  that  the 
solution  to  this  problem  will  be  comprised  in  the  equations  I. 
art.  220.  But  besides  the  point  of  meeting  which  may  be 
found  thus,  the  bodies  may  have  several  others,  since  they  may 
continue  to  run  along  the  curve  and  pass  again  and  again  over 

*  Those  who  are  desirous  of  pursuing  further  the  theory  of  apparent  and  relative 
motions,  particularly  as  it  regards  the  phenomena  of  the  motions  of  the  planets,  are 
referred  to  Chap.  IX.  of  my  TreatUeon  Attronomy. 
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the  flame  points,  and  in  the  course  of  this  motion  have  many  dif- 
ferent points  of  meeting :  now,  in  this  state,  the  first  point  of  ren- 
counter is  taken  as  a  new  point  of  departure,  and  we  may  con- 
sider the  two  bodies  as  distant  from  each  other  the  whole  pe- 
rimeter p  of  the  curve.  Here  p  will  obvioudy  coiTespond  with 
*'  in  equa.  I.  above,  and  the  instant  of  the  second  rencounter 

will  be  distant  from  that  of  the  firet  an  interwal  t'=:— ^^  • 

we  have,  therefore,  estimating  the  time  from  the  origin  of  the 

motion  to  that  of  the  second  rencounter,  t  = j — ^-r-  = 

^j— ;^.    Reasoning  in  the  same  manner,  for  the  third  rencounter 

we  shall  have  t  =:  ^3^;  and  in  general  the  nth  rencounter  will 

happen  at  the  end  of  a  time  T=*  "*"_"-. 

In  like  manner  we  obtain  an  equation  for  the  time  employed 
by  the  second  body  in  reaching  the  nth  point  of  rencounter: 
and,  comparing  the  two  equations,  we  find 

(UL)  .  .  .  s-y/-±^^, 8'  =  !ii%:±>. 

If  several  bodies  move  uniformly  over  the  same  curve,  we 
have  similar  equations  for  each  of  them,  which  must  be  com- 

Eared  two  by  two ;  and  the  nth  rencounter  of  the  first  and  third 
ody  will  be  given  by  the  equation 


TZS- 


Thus,  to  find  the  point  where  three  bodies  will  meet,  it  is 
necessary  to  make  this  value  of  t  equal  to  the  former,  which 
furnishes  this  equadon 

^ zz^ ,  or  ^ := • 

y-V'  T«y/  ^*'+n-l  ^-^ 

The  problem  in  this  case  obviously  becomes  indeterminate  i, 
but  as  the  values  of  n  and  n'  must  be  whole  numbers,  the 
number  of  solutions  is  less  considerable  than  might  at  first  be 
supposed.  The  matter,  however,  need  not  be  pursued  in  this 
place. 

2S3.  To  give  an  exainple  of  the  use  of  some  of  these  equa- 
tions :  Suppose  that  we  have  a  clock  s/iowing  the  hours^  minuieSf 
and  seconds:  we  may  conceive  the  extremides  of  the  three 
hands  as  three  moveable  points  moving  over  the  same  circum- 
ference; the  determination  of  the  rencounter  two  and  two,  or. 
of  all  three  of  the  hands,  will  not  be  attended  with  any  difficulty. 

N* 
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For  ptHting  v^  v',  v",  the  respective  velocities  of  tiie  second  ^ 
roinvtey  4iiid  hour  hands ;  taking  also  the  minute  for  the  unit  d[ 
time,  and  the  perimeter  for  the  unit  of  space,  we  thence  have 
l>  =  1,  V  =  1,  v'  =:  ^  v"  =rir^;  and  the  preceding  formulae 
give 

For  the  ren- 1  second  and  minute  hands  t  =  rr . 

counter  2  and V                          ,,       ,                720(j"+n'— i) 
2  of  the    .     .    1  "^^r  ^"d  second  hands        t  — — ^. 

Rencounter-  ^  gQ  (^ + ^_ , ) _  720  (*" -fti^--]) 

of    all    three  > 55 — j^ • 

hands     .     .     > 

If  therefore  we  put  for  ^  and  /  their  values,  which  are  the 
distances  of  the  hands  at  the  commencement  rf  the  time,  we 
shall  resolve  the  problem  completely,  if  we  satisfy  these  equa- 
tions by  means  01  any  whole  numbers  w,  w',  whatever. 


II.    ON   MOTIONS  UNIFORMLY   VARIED. 

2S4.  A  body  which  has  received  only  a  single  impulsion 
will,  according  to  the  first  law  of  motion,  persevere  in  its  mo- 
tion with  the  same  velocity  and  in  the  same  direction  it  had  at 
the  first  instant :  but  if  it  receives  a  new  impulsion,  either  in 
the  same  direction  or  in  a  direction  contrary  to  the  first,  it  will 
then  move  with  a  velocity  equal  to  either  the  sum  or  the  dif- 
ference of  the  two  velocities  which  it  received  successively. 
If,  therefore,  we  conceive  that  at  successive  intervals  of  time 
the  body  receives  new  impressions,  either  in  the  same  or  con- 
trary directions,  it  will  be  transferred  to  different  parts  of  space 
with  a  varied  or  unequable  motion ;  its  velocity  will  be  difierent 
at  the  commencement  of  each  interval  of  time.  In  variable 
motions  the  velocity  undergoing  repeated  changes,  it  is  usual  to 
estimate  it  at  an^  time  whatever  by  the  space  it  is  capable  of 
pas^ng  over  dunng  a  unit  of  time,  if  its  motion  for  that  interval 
continued  the  same  as  at  the  instant  where  we  would  consider 
the  velocity.  Or  in  variable  motions,  the  velocity  of  a  body  at 
any  determinate  instant  is  the  space  which  it  would  run  over  in 
every  unit  of  time,  if  at  that  instant  the  action  of  the  pow^ 
ceased,  and  the  motion  became  uniform. 

DsFS.  We  call  in  general  any  force  which  acts  on  a  body  so 
as  to  make  it  vanr  its  motion  an  a4xelerating  Jbrce :  when,  in 
equal  intervals  of  time,  it  acts  equably,  or  the  velocity  under- 
floes  equal  mutations,  we  call  it  a  constant  or  uniform  acce* 
derating  forcty  or  a  constant  retarding  Jorce,  according  as  it 
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tends  to  augment  or  diminish  the  actual  velocity  of  tbeaoving 
body. 

When  a  single  body  is  acted  upon  by  a  constant  force,  these 
are  four  quantities  wluch  become  the  objects  of  mechaDical  coQi- 
sideration^  viz.  the 9pace  described,  the  time  of  description,  the 
velocity  acquired,  and  the  force  which  produces  it ;  any  three 
of  which  being  given,  the  other  may  be  ascertained.  But 
when  different  forces  act  upon  bodies  of  different  masses,  these 
are  two  additional  quantities  for  consideration,  making  in  die 
whole  six  kinds  of  magnitudes  which  affect  the  discussion. 

2S5.  Prop.  7%e  celockies  generated  in  equal  bodies  by  the 
action  of  constant  forces  'are  in  ike  compound  ratio  ^  the 
forces  and  times  of  acting. 

For,  when  the  times  are  the  same  the  velocities  generated 
eadi  instant  are  as  the  forces  of  acceleration,  and  consequently 
the  velocities  generated  at  the  end  of  equal  times  are  as  those 
forces;  and  if  the  forces  are  the  same  the  velocities  generated 
are  as  the  times  wherein  the  forces  act;  because,  when  the 
force  is  given,  equal  velocities  are  generated  in  equal  times,  and 
consequently  the  whole  velocities  acquired  are  as  the  times 
wherem  the  given  force  acts:  wherefore,  both  times  and  ac- 
celerating forces  being  different,  the  velocities  generated  will 
be  as  the  forces  and  times  of  actioo,  jointly. 

Cor.  1.  The  momenta  generated  in  unequal  bodies  are  also 
conjointly  as  the  forces  and  their  times  of  action.  This  is  evi- 
dent, because  momenta  in  unequal  bodies  may  be  substituted 
for  proportional  velocities  in  equal  bodies,  throughout  *  the 
whole  reasoning. 

Cor.  2.  The  momenta  lost  or  destroyed  in  any  times  are 
likewise  conpintly  as  the  retarding  forces  and  their  times-  of 
action.  For,  whatever  momenta  any  force  generates  in  a  given 
time  would  an  equal  force  destroy  m  an  equal  time,  by  acting 
in  a  contrary  direction. 

And  the  same  is  true  of  the  increase  or  decrease  of  motion, 
by  forces  that  cSther  conspire  with,  or  oppose,  the  motions  Of 
bodies. 

Cor.  8.  The  veilocities  generated  or  destroyed  in  any  tim€s 
are  directbf  as  the  forces  and  times^  and  reciprocally  as  the 
bodies  or  masses.  For,  since  the  compound  ratios  of  the  bodies 
and  their  vdodties  are  as  those  of  the  forces  and  times,  the  ve- 
locities are  as  the  forces  and  times  divided  by  the  bodies. 

226.  Prop.    In  motions  tmi/brm/y  acceleratedy  when  •  the 
force  and  body  are  given^  the  wpace  described  during  a  certain 
time  is  the  hmfqfthat  whkh  the  body^  m&oing  uniformly  with 
the  last  acquired  velocity ,  would  describe  in  an  equal  time^ 

Since  the  velodties  are  as  the  times  of  description,  when  the 
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body  and  force  are  given,  the  velodties  which  a  ^ven  body  is 
found  to  have  sucoes^vely  for  the  duration  of  each  consecutive 
interval  form  an  arithmetical  progression,  g,  %g^  %g^  &c.  of 
which  the  last  term  is  gt  or  v,  the  number  of  terms  b^ng  t, 
that  is  to  say,  being  marked  by  the  number  of  solicitations  of 
the  aoceleratinff  force.  And  since  each  of  the  velodties  is 
nothing  else  than  the  space  which  the  body  would  describe 
uniformly  during  the  corresponding  interval,  the  total  space 
describea  during  the  time  t  will  therefore  be  the  sum  oi  the 
terms  o£  this  arithmetical  progression ;  which,  because  g  and  v 
are  the  extremes  and  t  the  number  of  terms,  will  be  expressed 
by  il  (g+v)»  Or  if  ^  be  the  total  space  described  by  the  body, 
then  will  s  zz  ^t  {ff -\- v).  Conceive  now  that  the  accelerating 
force  acts  (as  bynyp.)  without  intermission,  or,  which  comes 
to  the  same,  ima^ne  that  the  time  t  is  divided  into  an  indefinite 
number  of  infinitely  small  parts,  or  instants,  and  that  at  the 
beginning  of  each  instant  tne  accelerating  force  gives  an  im- 
pulsion to  the  body.  Then  ff  being  infinitely  minute  in  rela- 
tion to  Vf  which  is  the  velocity  acquired  dunng  the  indefinite 
number  of  instants  denoted  by  f,  must  be  omitted  in  the  equa^ 
tion  ^=1^  (^+v)»  which  will  become  simply  ^zr^/v,  the  space 
actually  described. 

This  granted,  imagine  that  at  the  end  of  the  time  t  the  ac- 
celerating force  ceases  to  act,  then,  by  the  first  axiom,  the  body 
will  persevere  in  its  motion  with  the  velocity  v  it  has  acquired : 
but  m  uniform  motions  the  spaces  described  are  as  the  times 
and  velocities  jointly  (art.  £16.),  therefore  the  body  moving 
with  the  velocity  v,  during  the  time  /,  will  describe  a  space 
Jzztvi  which  is  evidently  double  the  space  ^tv  describea  by 
the  body  in  an  equal  time,  by  the  constant  action  of  the  ac- 
celerating force.     0*  £.  D. 

227.  Prop.  The  spaces  described  by  a  body  unifiymdy  ac- 
celerated  are  as  the  squares  of  the  times. 

Since  the  velocities  acquired  increase  as  the  time  expired,  if 
^  be  the  velocity  at  the  end  of  one  second,  then  the  velocity 
acquired  after  a  number  /  of  seconds  will  her(pt;  thus  we  have 
«;=:^^  The  equation  s=z:^vi,  found  in  the  preceding  article, 
becomes  therefore* =49/*.  If,  in  like  manner,  we  represent 
another  space  by  s,  which  is  described  by  uniform  acceleration 
during  the  time  t,  we  shall  have  s=i^T*.  Hence  we  see  that 
5 ;  8 :  :  ip/« :  ^^t^  : :  ^  :  t«.     q.  e.  d. 

Cor.  1,  Because  the  velocities  acquired  are  as  the  times,  we 
have  also  thespaces  described  as  the  squares  of  the  velodties. 

CoR,  2,  Tnerefbre  either  the  velocities  or  the  times  are  as 
the  square  roots  qfthe  spaces  describedjrom  the  commencement 
of  the  motion^ 
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Cor.  8.  All  that  has  been  shown  here  applil»  equally  to 
motions  umfbrmhf  retarded ;  provided  that  by  the  times,  we 
mean  those  which  are  to  leli^ae  before  the  extinction  of  the 
velocity,  and  by  the  spaces  those  which  remain  to  be  described 
until  the  body  is  brought  to  rest.  Similar  prapositioos  have, 
therefore,  been  applied  to  the  motions  of  balls  reiosted  by  banks 
of  earth,  blocks  of  wood,  &c.  See  Dr.  HuUon^s  Select  Ex- 
erdses,  and  Atwood  on  Motion. 

Cor.  4.  The  velocity  f  which  wtU  be  acquired  ai  the  end  of 
a  second  is  that  which  the  accelenUingJbrce  can  generaie  in  a 
second  chosen  as  a  unit  of  time  ;  it  is  therefbre  a  measure  of  the 
accelerating  Jbrce^  a/nd  may  (^course  be  safely  substitutedjbr 
thai  force  in  any  of  our  subsequent  investigations. 

SCHOLIUM. 

228.  In  general,  when  the  circumstances  produced  by  the 
operation  oiany  kind  of  accelerating  or  retarding  force,  as  that 
of  gravity,  are  computed  or  otherwise  ascertamedj  the  ana- 
logous circumstances  produced  by  any  other  constant  force 
may  be  readily  inferrea ;  it  will  simply  be  requisite  to  compute 
the  effects  of  gravity  by  the  theorems  in  art.  227,  applied  to 
some  decisive  experiment ;  and  then,  by  some  eaually  decisive 
experiment  assign  the  relation  of  the  other  accelerating  force 
to  that  of  gravity,  and  take  all  the  other  circumstances  in  the 
same  ratio.  Instances  of  this  may  be  seen  in  arts.  267,  366, 
369,  &c. 

229.  As  it  is  sometimes  necessary  to  consider  the  effect  of 
accelerating  forces  upon  bodies  already  in  motion,  it  will  be 
worth  while  to  deduce  a  general  formula  for  that  purpose.  To 
this  end  let  g  represent,  as  in  art.  226.,  the  velocity  due  to  the 
acceleration  dunng  each  unit  of  time,  gt  will  then  be  the 
total  velocity  acquired  at  the  end  of  the  time  t :  then,  if  we 
denote  by  v  the  velocity  which  the  body  has  at  the  commence- 
ment of  the  time,  and  by  v  the  velocity  at  the  end  of  the  time  t, 

we  have  v=:t?-|-^.  But  vr:-?-,  botii  in  uniform  and  va- 
riable motions,  the  force  or  corresponding  velocity  being  sup- 
posed constant  for  the  indefinitely  small  time  t*r    Therefore 

jL^v-{gty  and  taking  the  correct  fluents,  we  have 

i 

(IV.)  .  .  .  s:=:s+vt+igt^. 
Here  the  constant  quantity  s  evidently  represents  the  initial 
space,  viz.  the  distance  between  the  pointof  departure  and  that 
in  relation  to  which  we  consider  the  several  positions  of  the 
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numng  body :  for  tszO,  gives  &=«•  If  the  vebcity  v  be  in  a 
dioecbon  contrary  to  the  operation  of  the  acoeleffating  force, 
then  the  second  term  vt  will  be  n^gaiive. 

280.  The  general  equation  given  in  the  last  article  may  be 
.  readily  constmcted  t  for  it  is  pkdn,  from  the  theory  of  conic 
sections,  that  its  locus  is  a  comnioii  parabola.    For,  changing 
s  into  w+a,  and  t  intoy-f-i^  we  have 

x^a = s  +  ry +i*+4^  (y+i)*' 
Then,  determiiiing  the  constant  quantities  a  and  by  by  the 
equations 

V  +  hg^Oy  and  a  =^ +«d ^igb\ 

we  thence  fitid  6=: ,  aiis^—  and  the  equation  (IV.) 

in  the  last  article  will  become  y^^:—  x^  which  is  an  equation 

to  a  parabola  whose  parameter  is  — • 

Now  the  nature  of  the  motion  being  supposed  ^ven^  and 
the  constant  quantities,  s^  v,  g^  being  known,  if  ae  (fig.  1.  pi. 
XI.)  is  the  line  passed  over  by  the  moveable  body,  and  we 
take  ABn:^,  the  initial  space  b  will  be  the  point  of  departure. 
Here  it  results  from  the  preceding  values  of  a  and  b,  that  if  we 

make  ca'= ,  en  zi* ,  and  then  construct  on  df  as  an 

axis  a  parabola  Dumrn!,  whose  vertex  is  d,  and  parameter 

— ,  it  will  be  the  curve  required ;  or  that  in  which  the  ordinates 

AP,  Ap^  &c.  mil  represent  the  times,  and  the  corresponding 
abscissas  pm,  pm,  &c.  the  spaces. 

If  we  draw  a  tangent  br  to  the  point  b  of  the  parabola,  it 
will  form  with  at  an  angle  ebn,  of  which  the  tangent  will 
be^  =  17.  Moreover,  if  we  set  off  from  any  point  p  in  at,  the 
axis  of  the  times,  two  consecutive  seconds,  or  units  of  time, 
"PPf  pp^9  and  draw  to  the  corresponding  points  m,  w,  of  the 
locus,  the  tangents  Mr,  Tnr',  we  shall  have  wmv-l-^^j  nV^v 
-hg  (^4"I)>  ftJ^d  consequently  nV—nrzzg'.  Or,  we  may  find 
the  length  of  ^  by  another  method:  for,  ance  pm=:5+^^+ 
igl\  and  pmz:$  +  v  (,i  +  l)  +  ig  (<+l)S  therefore  mnzzv  l- 
g^+igi  but  fiTzzv-^-gty  whence  wr=^g,  and  Zmrzzg. 

Cor.  When  * =0,  a  coincides  with  b  :  and  when  vnO,  b 
coincides  wiUi  d,  and  kn  vanishes. 

III.   variable  motions  in  general. 

^1.  When  a  movii^  body  is  subjected  to  the  ener^  of  a 
force  which  acts  on  it  without  interruption,  but  in  a  dilfer^it 
manner. at  eadi  instant,  the  motion  is  called  in  general,  variable 
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motion*  We  have  instanoes  of  viuiable  motions  in  the  unbend- 
ing of  springs :  although  the  velocity  continues  to  be  augmented^ 
yet  the  degrees  by  which  the  {augmentation  proceeds  are  di- 
minishing. It  is,  the  same  with  r^ard  to  the  aegrees  by  which 
the  motion  of  a  ship  arrives  at  uniformity :  the  action  of  the 
wind  on  the  ^ails  diminishes  in  prc^rtion  as  the  vessel  acquires 
greater  velocity,  because  the  action  of  the  wind  varies  as  the 
oi&refice  between  its  velocity  and  that  of  the  sail  on  which  it 
acts. 

The  different  natures  of  constant  and  variable  accelerating 
ibrc^^  and  th&x  corresponding  motions,  have  been  illi^stratra 
hy  I>r.  Hutjton  in  the  following  manner.  "  Let  two  weights, 
w,  Wji^e  connected  by  a  thread  passing  over  a  pulW  at  a,  b,  or 
,c  (%s.  2,  9,  4,  pi.  XI.);  and  let  the  weight  w  descend  pec- 
pendicularly/down,  while  it  draws  the  smaSer  weight  up  up  the 
fine  Ao^  or  be,  or  of,  the  first  bdng  a  stra%ht  inclined  plane? 
and  the  other  two  curves,  the  one  convex,  and  the  other  con- 
cave to  the  perpendicular.  Then  the  small  weight  w  will 
always  make  some  certain  resistance  to  the  free  descent  of  the 
large  weight  w,  and  that  resistance  will  be  constantly  the  same 
in  every  part  of  th6  plane  ad^  Ae  difficuljty  to  draw  it  up 
being  the  same  in  every  point  of  it,  because  every  part  of  it  has 
the  same  inclination  to  the  horizon,  or  to  the  perpendicular ; 
and  consequendy  the  accessions  to  the  velocity  of  the  descending 
^e^ht  yv  will  be  always  equal  in  equal  times ;  that  is,  in  this 
case  w  descends  by  a  uniformly  accelerating  force.  But  in  the 
two  curves  be,  cf,  the  resistance  or  opposition  of  the  small 
weight  w  will  be  constantly  altering  as  it  is  drawn  up  the 
curves,  because  every  part  of  them  has  a  different  incIinatioEk 
to  the  horizon,  or  to  the  perpendicular :  in  the  former  curve 
the  direction  becomes  more  and  more  upright,  or  nearer  per- 
pendicular, as  tiie  small  weight  w  ascends,  and  the  opposition 
It  makes  to  the  descent  of  w  becomes  more  and  more,  and 
consequently  the  acces»ons  to  the  velpcity  of  w  will  be  always 
less  and  less  in  equal  times;  that  is,  w  descends  by  a  de- 
creasing acoelerating  force;  but  in  the  latter  curve  cv,  as  to 
aseends,  the  direction  of  the  curve  becomes  less  and  Idss  upright^ 
and  the  oppodtion  it  makes  to  the  descciit  of  w  becomes 
always  less  and  less ;  and  consequently  the  acMSes^ioDs  to  the 
velo^ty  of  w  will  bp  always  more  ana  more  in  equal  times ; 
that  is,,w  descends  by  an  increasing  accelerating  ifbrce.  So 
that  fljtbough  tl|e  velocity  continuaUy  increases  in  all  these 
C9$es,  yet  whilst  it  increases  in  a  oopstant  ratio  to  the  times  of 
motion,  in  the  plane  ad  ;  the  velocity  increases  in  jbl  Jess  ratio 
than  the.ticoie  it  ascended  up  b^  sa^d  m  a  greater  ratio  than  die 
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time  increases  in  the  other  curve  cf.'*  HuttotCs  Math.  Diet. 
art.  Acceleration. 

The  prindples  necessary  for  the  determination  of  the  cir- 
cumstances of  variable  motions  are  easily  deducible  from  what 
has  been  done  with  respect  to  uniform  motions,  and  those 
which  are  uniformly  accelerated  or  retarded,  as  will  be  seen  in 
the  next  proposition. 

2S2.  Prop.  To  find  the  fundamental  equations  which  ofply 
to  variable  motions. 

In  whatever  manner  any  motion  is  varied,  if  we  conader  it 
with  relation  to  evanescent  instants,  we  may  conceive  its 
velocity  to  be  invariable  during  any  such  indefinitely  minute 
interval.  But  when  the  motion  is  uniform  the  velocity  is 
expressed  by  the  quotient  of  the  space  5,  described  during  the 
interval  of  time  /,  divided  by  that  time  (216.) :   Therefore, 

when  the  velocity  is  only  uniform  for  the  evanescent  instant  f, 
the  velocity  must  be  expressed  by  the  indefinitely  small  space  5, 
described  during  this  instant,  divided  by  the  instant  itselr.    We 

have,  therefore, 

• 

(I.) . . .  x;  =  -L  or  *  =  wf, 

i 
The  equation  v  zzft  (art.  227.)  which  expresses  the  relation 
of  the  velocities  to  the  times,  in  motions  uniformly  accelerated, 

gives  ^  =  — ;  that  is  to  sfty,  when  the  accelerating  force,  or 

rather  the  qu&ntity  (p  by  which  it  is  measured  (227.  cor.  4.),  is 
constant,  it  has  for  its  expression  the  quotient  of  the  velocity 
V9  which  it  generates  during  a  certain  time  tf  divided  by  that 
time:  therefore,  if  the  accelerating  force  ^  acts  diiferently  at 
each  instant,  we  imagine  it  to  be  constant  only  for  the  evane- 
scent instant  tj  in  which  it  would  generate  the  velocity  v,  and 
consequently, 

(II.)  . . .  ^  =  -:-,  or  »  =  ft. 

In  the  equation  9  =r  ^^  we  understand  ^  to  denote  the  velo- 
city that  the  accelerating  force  generates  m  the  moving  body 
during  a  determinate  unit  of  time,  as  a  second,  by  an  action 

continued  and  always  equal.  In  the  equation  v  =  f/,  we 
ought  to  understand  the  same  thing.  But  it  is  necessary  to 
observe,  that  the  accelerating  force  being  supposed  variable, 
the  quantity  p  which  represents  the  velocity  wnich  it  would  be 
capable  of  generating  if  it  acted  as  a  constant  accelerating  force 
during  a  second  is  difierent  for  every  instant  of  its  motion. 
Thus  we  easily  conceive  that  when  the  accelerating  force  be- 
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comes  smaller,  the  velodty  whieh  it  will  be  capable  of  generat- 
ing in  a  second,  by  its  action  repeated  uniformly  dunng  each 
instant  of  this  second,  must  be  smaller,  and  vM  vend. 

The  two  preceding  equations  readily  furnish  a  third,  whidi 
may  often  be  advantageously  adopted :   for,  from  the  equa* 

s  zz  vt^  we  deduce  ^  =  t-  :  substituting  this  value  of  t  in  the 

V 

equation  v  =  f  ^,  we  readily  find 

(III.)  ..  <ps  =  VVy  or  ^  =  -r. 

Again  employing  the  same  equations,  since  v  =  <pty  and 
vi  z:  Sf  we  have  by  multiplication  vtv  =  <pts ;  whence,  striking 
out ./,  there  remains  vo  =  fs.     But  vozzi  (yoYy  consequently, 

(IV.) .  .  fi  n  |(otV. 

In  the  reasoning  by  which  we  found  the  equations  v  zz  <pt^ 
we  have  considered  the  velocity  as  increasing.  If,  therefore, 
cases  arise  in  which  the  velocity  diminishes,  its  fluxion  wiU  be- 
come negative,  and  the  equations  v  zz,  <pij  and  ^s  =  vo^  in  order 
to  accommodate  them  to  all  cases  which  may  arise,  must  be 

-written  with  the  double  sign :  viz.  ±vzz^t,  and  (fszz  dtvv,  the 
superior  ogn  obtaining  when  the  motion  is  accelerated,  and  the 
lower  one  when  it  is  retarded. 

*         •  •  • 

The  equation  5  =  t;^,  or  t;  =  — ,  being  fluxed  gives  .v  = 

/ -M :  if  this  value  be  substituted  for  v  in  the  equation  (pi=z±: 
V,  it  will  become 

(v.)...?^*=±(iy. 

And  this  equation  must  be  employed  when  i  is  supposed 
variable :  but  if  we  imagine,  as  it  is  often  right  to  do,  that  t 

is  constant,  we  have  ft=^  ±-r ;  wherefore 

t 

.. 

(VI.)  .  .  ffi  =  ±8,  Ot  f  =  A-. 

SCHOLIUM. 

9SS.  According  to  whatever  law  the  motions  of  bodies  may 
be  varied,  we  may  construct  curves  as  loci  of  the  equations 
which  comprise  the  relations  of  the  dmes  and  spaces:  but 
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^sjaa^e  there  wUl  be  as  xnaxiy  kinds  of  cuiveB  as  there  may  ame 
equations  comprising  the  law  of  the  variations,  it  will  be  im- 
possible to  attend  to  them  minutely  hareu  All,  therefore,  that 
will  be  remarked  in  this  place  is,  that  when  the  motion  is 
accelerated,  the  corresponding  curve  will  present  its  convexity 
to  the  axis  of  the  time ;  while,  if  the  motion  is  retarded,  the 
concavity  of  the  curve  will  be  presented  to  that  axis ;  and  if 
in  any  instant  whatever  the  motion  becomes  uniform,  the  curve 
will  then  degenerate  into  a  right  line,  which  will  t)e  a  tangent 
to  that  point  of  the  curve  which  corresponds  with  the  instant 
of  time  m  which  the  tmiformity  of  the  motion  commences. 

^34.  As  the  formula  ^  =:4-  is  of  the  utmost  importance  in 

the  theory  of  varied  motions,  and  as  the  manner  in  which  we 
have  deduced  it  above  has  been  sometimes  objected  to;  we 
shall  here  present  a  more  rigoroiis  demonstration  of  the  same, 
M^hich  was  first  given  by  the  celebrated  D'Alembert,  and  is 
deduced  from  the  known  theory  of  curves. 

Let  AP,  AP',  &C.  represent  tlie  times,  and  pm,  p'm',  &cJ 
the  spaces  de^ibed  (fig.  6.  pi.  XI«):  caii  ap^  t,  pm,  Si  and 
imagine  the  three  ordioates   pm,  p'm',  pV,   to  be  infinitely 

near  to  each  other ;  make  /  constant^  or  pp'  zz  p'p",  and  p'm'  = 
s.  This  done,  it  is  evidmt  that  km'  z=  s  will  be  passed  over  in 
the  time  pp'  =  ^,  and  that  qm''  =  «,  will  be  run  over  in  the  time 
p'p"  =  tz  now  there  are  two  hypotheses  respecting  the  accelera- 
tion which  has  place  in  the  spaces  Sy  s,  which  we  ought  to  di- 
stinguish with  great  care.  1.  The  augmentation  of  the  velocity 
which  obtains  in  these  spaces  may  be  gradually  acquired  during 

the  instant  ty  viz.  the  motion  may  be  continually  ao^lerated 
from  p  to  p',  and  from  p'  to  p".  2dly,  The  augmentation  of 
the  velocity  which  takes  place  in  the*  space  km  may  be  given  it 
all  at  once  in  m',  in  such  a  manner  that  km  will  be  described 
by  a  uniform  motion ;  in  like  manner,  the  augmentation  which 
obtains  in  <iM".may  be  reckoned  to  be  acquired  all  kt  once  in 
m",  so  that  qm"  be  described  by  a  uniform  motion,  &c.  In 
this  second  hypothesis,  the  motipn  is  made  as  it  were  by  small 

leaps,  which  take  place  at  the  end  of  each  instant  i,  the  motion 
retaining  its  uniformity  during  that  instant. 

The  efiect  produced  at  the  termination  of  t  is  the  same  on 
either  hypothesis:   the  effect  consisting  in  running  over  the 

sjpacGS  «,  8,  &c*  But  it  is  Bot  the  same  with  regard  to  what 
takes  place  during  the  existence  df  each  instant :  for,  aceording 
to  the  one  or  the  other  hypothesis  the  elements  mm',  vfwy 
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&c.  aie  diffisent  In  the  firsts  where  the  aooekntion  of  the 
motoon  is  oonoeived  to  be  always  takhig  place  thrcftighout  the 

instant  ty  the  corresponding  element  of  the  curve  is  a  real  curve 
M^M^,  M'nM",  &c  different  from  the  cords  mm',  m'm",  &c.  In 
the  second,  the  motion  being  considered  as  uniform  during  the 

instant  ty  the  elements  m^^m',  m'tim",  &c.  become  rectilinear,  and 
differ  not  from  the  cords  mm',  m'm",  &c.  Let  us  first  show 
what  results  from  the  former  case. 

Draw  to  the  point  m'  of  the  curve  the  rigorous  tangent  m'e, 
then  will  the  space  qr  be  that  which  the  body  would  run  over 

during  the  instant  ty  if  the  velocity  acquired  at  the  point  m' 
were  continued  uniformly ;  the  space  rm"  will  be  that  run  over 
in  virtue  of  the  acceleration  which  obtains  between  p'  and  's^y 
and  the  space  nr  will  be  that  passed  over,  in  consequence 
during  the  time  p'cZ;  we  will  examine  the  relation  which  exists 
between  nr  and  m"e  with  regard  to  the  times  p'd,  p'p''.  The 
arc  m'm'',  being  in^itely  small,  may  be  considered  as  iqpper* 
tainittg  to  any  curve  whatever,  and  of  consequence  to  a  para- 
bola ;  where,  by  the  property  of  this  curve,  m'r  being  a  tangent, 
we  have  the  proportion  nri  m"r  : :  p'd*  :  p'p^*;  for,  by  Hutton^^ 
Conies,  Prop.  ix.  Parab.  nr  :  m"r  :  :  mV*  :  m'e*,  and  it  is  ob- 
vious, that  mV*  :  m'r*  : ;  p'<i*  :  p'p"*.  Therefore  the  spaces  «r, 
m"r,  are  as  the  squares  of  the  times  p'<i,  pV,  employed  in  de- 
scribing them ;  therefore  during  the  instant  p'p"  =  t,  the  motion 

is  uniformly  accelerated.  Whence  we  have  m"e  =  9t^,  *  being 
a  constant  quantity  during  the  instant  p'p"  ;  but  it  is  different 
in  the  succeeding  mstants. 

If  we  prolong  the  cord  mm'  to  x,  we  have  Qx  =:  km'  =  s, 

•     •     •  • 

and  xm"  =z  qm"  —  qx=:s  — *=:*;  but,  by  a  well-known  general 
property  of  curves,  xm"  =:  ^m"r  (see  Emerson  on  Curve  Lines, 

book  ii.  pr.  2.),  therefore  m"r  :=  -H- ;  and,  substituting  this  in 

the  equation  m"r  =:  'Pi*,  we  have  *  =  -^,    This  expression  de- 

notes  that  the  space  which  will  be  described  in  a  unit  of  time, 
in  virtue  of  the  uniform  acceleration  which  has  place  during 

the  instant  t,  is  equal  to  -;-.     Thus  we  see,  on  the  first  hypo- 

thesis,  the  means  of  measuring  the  acceleration  at  each  instant. 

In  the  second  hypothesis  the  motion  being  uniform  during 
the  instant  ft',  and  the  element  of  the  curve  Mgn'  coinciding 
with  the  tide  km'  of  the  inscribed  polygon,  if  the  body  eon^ 
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tinaes  to  be  vaaved  with  tfae  velodty  acquired  in  Bf',  the  ^ece 

yMch  it  wHl  describe  daring  the  following  instant  will  be  ox, 

since,  in  this  case,  the  tangent  ought  to  be  the  prolongation  of 

the  infinitely  little  side  mm'.     Hence  it  follows,  that  the  space 

passed  over  during  the  instant  pV  in  virtue  of  the  acceleration 

which  has  place  at  the  point  m,  is  xm'',  which,  as  we  have  seen, 

... 
is  =:  Sm^'r  zz  s  zz  2*/*,     If  we  make  2*  =  ^,  we  have,  for 

the  measure  of  the  acceleration,  the  equation  <p  =  -^,  (p  ex- 

pressing  here  the  double  of  the  space  which  would  be  run  over 
m  a  unit  of  time,  in  virtue  of  the  acceleration  of  the  first  hy- 
pothesis. Now  the  double  of  that  space  is  precisely  the  velo- 
city acquired  by  a  like  acceleration  (art.  2S6.) ;  therefore  (p  ex- 
presses the  velocity  that  the  moving  body  would  acquire  in  a 
unit  of  time,  if  the  motion  continuedto  be  uniformly  accelerated 
by  the  quantity  with  which  it  was  augmented  during  the  in- 
stant p'p"  in  the  hypothesis  of  the  rigorous  curve ;  therefore, 
the  formulae  obtained  by  the  two  methods  are  identical. 

We  see,  therefore,  that  whether,  supposing  the  curve  rigor- 

OU8,  the  acceleration  is  measured  by  — ,  or,  supposing  it 

•  * 
polygonal,  it  is  measured  by  -^  ;  either  of  these  measures  is 

indifferent,  provided  that  we  always  estimate  by  the  same  the 
different  effects  which  we  would  compare.  The  space  described  . 
by  the  moving  body  is  the  same  on  either  hypothesis,  that  is  to 
say,  qh''  dunng  the  instant  pV;  only  in  the  first  q&  is  run 
over  in  virtue  of  the  motion  previously  acquired,  and  rm''  in 
virtue  of  the  acceleration ;  while  in  the  second  these  are  qx  and 
xm".  It  is,  otherwise,  easy  to  assign  a  direct  reason  why  the 
elementary  space  run  over,  in  the  hypothesis  of  the  polygonal 
curve,  is  the  double  of  that  described  on  the  supposition  that 
the  curve  is  rigorous :  namely  this ; — in  the  first  case  the  body 
acquires  all  at  once  the  increment  of  its  velocity,  while  it  is  ol>- 
tained  in  the  second  by  a  uniform  acceleration;   it  ought, 

therefore,  during  the  same  time  t,  to  describe  a  double  space. 

235.  Having  now  deduced  the  chief  formulae  in  variable 
motions,  it  remains  for  us  to  present  an  example  or  two  of  their 
use  and  application. 

I.  Suppose  that  a  material  point,  or  very  small  globe,  placed 
at  A  (fig.  7.  pi.  XI.)  is  solicited  by  two  forces ;  the  one  tending 
to  make  it  move  from  a  towards  b,  with  a  motion  uniformly 
varied;  the  other  tending,  on  the  contrary,  to  push  it -back' 
from  A  towards  n :  the  circumstances  of  the  motion  of  the  glo- 
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buk  are  required,  cm  the  suppoation  that  the  repulsive  power 
impresses  upon  it  an  accelerating  force  varying  inversely  as  the 
distance  from  the  point  b.  Let  ab  =  a,  an  =  «  =:  the  space 
passed  over  at  the  end  of  the  time  t ;  the  accelerating  lorce 
which  arises  from  the  repulsion  from  a  towards  d  will  be  n: 

— —,  m  being  a  constant  quantity  depending  upon  the  law  ac- 
cording to  which  the  repulsive  force  acts.  Lastly,  let  ^  zr  the 
constant  accelerating  force  which  arises  firom  the  impulsion  of 
the  moving  point  from  a  towards  D.  The  force  accelerating 
the  motion  which  we  consider  as  being  the  difference  of  these 
two  forces,  we  bftve  by  the  equation  (S32.  V L)  which  gives 

To  find  the  fluent  of  this  equation,  we  must  multiply  by  i, 

whence  will  arise  —  x  ( —  i  =  w  =  -^ —  ffs ;  and  conse- 

i      \  i  J  «  +  '     ® 

quently,  by  a  well-known  form,  ^z;*  =  wjhl  •  (a-f  *)— ^*+c. 
Where,  since  at  the  point  a  we  have  v  =  0,  and  s  =  0,  we  con- 
clude that  en—  wiH'L  •  a.     Therefore 

v=  ±  v/(2mH.L  •  -^  —  2gs). 

This  equation  determines  the  velocity  that  the  moving  body 
has  when  it  has  rqn  over  the  space  s :  here  if  we  put  for  v  its 

value -i-  (art.  282.  i.)  and  find  the  coiTesponding  fluent,  we 
i 

shall  obtain  the  time  t  in  terms  of  the  space :  but  this  is  some- 
times attended  with  considerable  diflScuIty. 

The  problem  just  resolved  finds  its  application  in  a  case 
which  we  shall  now  state :  if  a  heavy  body,  as  a  piston,  is 
forced  into  a  cylinder  or  vertical  tube  bd,  open  only  at  the  ex- 
tremitv  B,  which  the  piston  closely  fits,  ana  if  the  part  ab  is 
full  ot  a  compressed  elastic  fluid,  or  of  an  expansive  vapour ; 
then,  not  considering  the  friction  of  the  piston  against  the  sides 
of  the  tube,  it  is  obvious  that  this  piston  will  be  subjected  to 
the  action  of  gravity  which  tends  to  make  it  descend,  and  im- 
presses a  constant  accelerating  force  g^  and  at  the  same  time  to 
the  repulsive  force  of  the  elastic  fluid :  but  this  fluid  having 
less  spring  as  it  is  less  compressed^  viz.  as  the  piston  is  farther 
distant  from  the  extremity  b,  the  accelerating  force  thence 
arising  varies  inversely  as  the  distance  of  the  moveable  piston 
from  the  bottom  of  the  tube. 

We  have  an  example  of  this  species  of  motion  in  the  balls  of 
gunsy  and  pieces  of  cannon,  driven  by  the  inflammation  of  the 
powder :  this  produces  instantaneously  a  great  quantity  of  an 
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aeriform  fluid,  of  which  the  repulnve  force  i&  inversely  as  the 
space  iii  which  it  is  contained.  We  here  neglect  the  conndor». 
tion  of  the  weight  of  the  ball,  since  it  has  but  little  effect  upon 
flie  velocity  up  to  the  mouth  of  the  piece,  the  weight  being  no- 
thing in  theory  when  the  axis  of  the  piece  is  horizontaL  We 
therefore  make  g  =  0,  or,  which  amounts  to  the  same,  we  con- 
sider at  the  commencement  of  the  calculation  the  accelerating 

fiwrce  as  = :  consequentlj^, 

Making  s  to  equal  the  distance  of  the  point  a  from  the  orifice^ 
this  equation  gives  us  the  velocity  witti  which  the  ball  issues 
from  the  piece. 

If  the  weight  of  the  powder,  and  of  the  ball,  be  taken  into 
the  computation,  it  will  of  course  become  more  intricate :  the 
general  principle,  however,  is  still  the  same.  These  particulars^ 
with  other  minutise  affecting  the  investigation,  are  considered 
by  Dr.  Hutton,  in  an  excellent  solution  which  may  be  s^n  m 
tbe  3d  volume  of  his  8vo.  Tracts. 

2S6.  II.  Let  there  be  at  d  (fig.  7.)  a  material  point,  or 
globule,  solicited  by  an  accelerating  force  varying  inversely  as 
uie  square  of  the  dfistance  of  the  moveable  from  the  point  b  ; 
it  is  required  to  find  the  equation  of  its  motion. 

Put  BD  =  a,  DM  =:  5  =  the  space  passed  over  at  the  end  of 
the  time  t:  when  the  globule  has  arrived  at  n,  its  distance 

from  B  will  be  a  —  ^,  and  the  accelerating  force  is  ■  _  .  ,  m 

bein^  again  a  constant  quantity  which  depends  upon  the  nature 
of  this  force ;  viz.  its  magnitude  at  a  unit  of  distance  from  the 
centre  of  attraction.  Here,  then,  we  have  from  the  equation 
at  232.  vi. 


s  m 


<■ 


(«-,)• 


Multiplying,  as  before,  by  8,  we  obtain  —  ><(  -^ )  =  ^  •" 

;-^;  ;  whence  v^  zz  —^  -f  c.  Supposing  that  at  the  origin 
p  the  globule  were  not  animated  with  any  velocit}',  we  should 
have  at  the  same  time  5  =  0,  and  v  =:  0;  therefore  c  r^  *-  '^ . 
Substituting  this,  and  reducing,  we  have 

,2m  ,    s 

a  fl— # 

Now,  to  obtain  from  this  equation  of  the  relations  between 
V  and  s  that  which  obtains  between  s  and  ^,  we  must  substitute 
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-7-  for  v:  then  taking  the  reciprocal  of  the  expression,  mul- 

tiplying  by  s,  and  the  quantity  affected  with  the  radical  by 
a  -  *,  we  have  i  =  V-i-  x  ^Hl i,  where  the  last  factor 

is  equivalent  to  ^J^Zl — s  +  \a  x f The  first  term 

has  for  its  fluent  \/  {as—s^) :  that  cf  the  second  is  found  by 

transforming  s  into  ^a  •-  z\  it  is  then  ^a  x  arc  (cos  =  —  )  : 
consequently 

t  =  V^  X  I  V{as-'S^)  +  ia.  arc  (cos  =  '^^)  \ 

This  requires  no  correction^  because  »  ought  to  be  nothing 
at  the  same  time  that  t  is. 

The  preceding  values  of  v  and  t  resolve  the  problem  pro- 
posed in  the  most  general  manner,  comprising  all  the  particular 
circumstances  of  the  motion:  we  remark^  for  example,  that 

^  =  AT,  gives  V  —QO  ^  and  t  =  v'-—  x  iait^  where  ir  is  the  cir* 

cumference  of  the  circle  whose  diameter  is  unity :  the  first  of 
these  expressions  indicates  that  the  velocity  of  the  moving  point 
is  infinite  at  the  centre  of  attraction ;  which  is  natural  to  con^ 
ceive,  because  the  force  is  so  much  the  more  intense  as  the 
moveable  is  nearer  the  centre.     The  second  expression  is  pro- 

portional  to  a  v^  a,  or  a  ;  whence  it  follows,  that  the  times 
employed  by  two  bodies  in  descending  from  repose  to  tfie  centre 
qf  attrcLction  are  respectively  as  the  square  roots  of  the  cubes  of 
the  heishts  fallen  from. 

In  the  case  where  bodies  fall  by  their  own  gravity  towards 
the  earth,  the  attracting  body  being  considered  as  a  point  with 
regard  to  the  distance  5,  we  shall  have  mzz&S^  (art.  S42.)  and 

t  =z  .785398  a  V—, 

237.  III.  It  is  required  to  determine  the  circumstances  of 
velocity,  time,  and  space,  with  relation  to  a  body,  which  moves 
from  quiescence  in  consequence  of  an  attracting  force  which 
varies  directly  as  the  distance  from  the  centre  of  force. 

Let  the  point  from  which  the  body  commences  its  motion  be 
p  (fig.  6.  pi.  XL),  and  let  pc=a,  its  distance  from  c  the  centre 
of  force ;  let  v  n  the  velocity  at  any  variable  distance  AC  =  s, 
and  at  any  distance  d  from  c  let  f  be  the  force  compared  with 
that  unit  of  force  whose  representative  is  m.     Then,  by  the  na» 

VOL.  I.  o 
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ture  of  the  problem,  it  will  he  d  :  s :  :f:  =^,  the  force  at  the 

distance  *,  compared  with  unity,  or  "*^-  will  be  that  force  with 

respect  to  the  measure  tw,  corresponding  with  (p  in  our  equa- 
tion ^2*  iii*  Hence,  since  v  increases  as  s  decreases,  we  shall 
have 

•  mfs    • 

a 

This  equation  gives  us  t;'  =  —  ^^^  +  c-  ^^^^  ^^^^  vzzO^ 
s  =  Uy  and  0  =  -  —^  a^  +  c ;  therefore  c  —  ^«® ;  and  con- 
sequently v^zz^  X  (a""  5*),  and  i;  =  V^  X   ^C^*-**). 

Hence  then,  if  with  centre  c  and  radius  cp,  the  quadrant  pdb 
be  described,  and  at  the  point  A  whose  distance  from  c  is  =:  5, 
the  ordinate  ad  be  drawn,  because  ad  =  ./(cd*  — ca*)  =2 

\/(a^— ^*),  ^e  shall  have  »  =  ad  \/^.     So  that  the  velocity 

corresponding  to  any  space  pa  moved  over,  is  as  the  sine 
ad  of  the  circle  answering  to  the  versed  sine  pa,  the  radius 
being  PC. 

In  order  to  find  t,  we  must  adopt  the  equation  (1)  or 

iv=:  "Si  whence  arises  ^  =:  —  ~  =  v^— ^  x  — ^tt— rr--      Now, 

if  K  =  arc  PD,  we  have  k  :  —  5  :  :  a  :  ^/  (a^  —  5«) ;  therefore 
,  ""* — =  — ,  and  consequently  tzz  —  V-2. :    the    fluent    of 

this  expression  is^^  — ■^a/-7;=: —  a/— ^;    which    wants    no 

^  a  ^  mf       CP        mf 

correction,  because  when  ^  ~  0,  ;s;  =  0,  So  that,  while  the 
velocity  at  any  point  a  is  as  the  corresponding  sine  ad,  the 
time  (^descent  to  that  point  is  as  the  arc  pd.     When  a  arrives 

ate  we  have ^n —  v^— .=  i-ir  a/t-?,  for  the  time  of  fallinff 

to  the  centre.  Hence,  from  whatever  altitude  cp  the  body 
begins  to  fall  towards  the  centre,  its  whole  time  of  descent  will 

be  the  same, —  being  in  all  cases  =  ^ir  =  1 '570796,  a  constant 

quantity. 

CoE.  If  a  body  be  acted  upon  by  a  force  which  is  every 
where  as  the  distance  from  c,  the  time  of  its  descent  to  that 
centre  from  any  point  p  is  to  the  time  in  which  it  would  de- 
scend through  that  same  space,  if  impelled  by  half  the  first  force 
uniformly  continued,  as  tne  circumference  of  a  circle  to  four 
diameters.     For,  on  the  first  supposition  the  time  is  as  the 
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quadrantal  arc  pb  ;  and  on  the  latter  the  time  is  as  ^pc  ;  and 
PB  :  2pc  : :  circumf. :  8pc  or  4  diameters. 

238.  On  tlie  supposition  that  the  earth  were  a  homogeneous 
sphere,  the  force  of  attraction  to  which  any  body  below  its 
surface  would  be  subjected  varies  as  the  distance  from  the 
centre :  if,  therefore,  a  perforation  were  made  in  a  right  line 
from  the  surface  to  the  centre,  the  circumstances  of  a  body 
falling  from  the  surface  will  be  determined  from  the  preceding 
investigation.  In  this  case  d,  the  distance  at  which  the  effects 
of  the  force  are  known,  would  be  —  20935^00  feet,  and  y* the 
effect  of  gravity  compared  with  unity,  or  mf^  compared  with 
the  assumed  measure  m,  would  be  represented  by  32^  feet,  the 
velocity  acquired  by  a  falling  body  after  one  second.     Hence, 

when  the  body  has  fallen  to  o,  we  shall  have  v  =  cb  v^-/- 
=:  d  v'y  =  Vn!fd-9J5Q50  feet,  or  4-9148  miles  per  second, 

for  its  velocity  there:   and  t  =  1.670796  V^  =1267^'  = 

gl«7^«,  for  the  time  of  falling  to  the  centre. 

239.  We  close  the  subject  of  variable  motions  with  observing, 
that  if  the  velocity  %?  be  as  any  power  w  of  5  the  space  de- 
scribed, the  time  may  be  found  by  the  method  of  fluxions ;  for, 

•  • 

since  i;  is  as  s",  and  t  as  — ,  it  will  also  be  as  — ;  consequently  t 

1— • 
^. |-c,  the  correction.     The  application  of  this  theorem 

to  any  cases  which  the  student  wishes  to  |)ursue  must  be  left 
to  his  own  industry.  It  has  been  our  object  to  exhibit  here 
only  two  or  three  of  the  most  useful  examples,  to  show  the 
utility  of  the  doctrine  of  variable  forces:  it  is  now  time  to  ad» 
vert  to  other  topics. 


o2 
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CHAPTER  IL 


ON  THE  DESCENT  AND  ASCENT  OF  HEAVY  BODIES,  IN  VER- 
TICAL lines;  THE  MOTION  OF  PROJECTILES;  DESCENTS 
ALONG  INCLINED  PLANES,  AND  CURVES;  THE  VIBRATIONS 
OF    PENDULUMS,  &C. 

240.  The  motion  of  heavjr  bodies  at  or  near  the  surface  of 
the  earth  occupies  an  extensive  portion  of  the  theory  of  me- 
chanics ;  and  its  numerous  applications  to  the  various  purposes 
of  life  render  it  highly  worthy  the  attention  of  the  student. 
At  the  beginning  of  Chap.  III.  of  our  first  Book  we  made  a 
few  such  observations  on  the  nature  of  gravity  as  were  requi- 
site in  discussing  the  subject  of  the  centre  of  inertia :  in  addition 
to  what  was  there  stated,  we  present  a  remark  or  two,  more 
immediately  connected  with  the  business  before  us.  Gravity 
being  that  force  which  solicits  all  bodies  to  descend  in  vertical 
lines,  or  those  which  are  perpendicular  to  the  surface  of  the 
earth,  it  would  follow  that,  if  that  surface,  as  composed  of 
land  and  sea,  were  perfectly  spherical,  the  directions  of  gravity 
would  all  concur  at  its  centre.  The  earth,  however,  is  not 
perfectly  spherical ;  yet  is  its  variation  from  that  shape  so 
trifling,  that  with  respect  to  the  objects  we  now  mean  to  con- 
sider, it  need  not  be  regarded.  We  observed  in  art.  106,  that, 
in  most  mechanical  inquiries,  the  directions  of  gravity  may  be 
considered  as  parallel :  that  it  may  be  seen  to  what  extent  this 
remark  may  be  applied,  let  it  be  considered  that  a  circle  whose 
radius  is  20935200  feet  (art.  238.)  will  have  more  than  6000 
feet  for  the  measure  of  a  minute  of  a  degree,  and  upwards  of 
100  feet  for  that  of  a  second;  so  that  the  directions  qfgramty 
at  two  places  an  the  eartKs  surface^  a  mile  asunder^  will  nab 
vary  one  minute  from  parallelism. 

As  to  the  magnitude  of  the  gravitating  force,  strictly  speaking, 
it  is  difierent  at  difierent  distances  from  the  equator,  and  at  dif- 
ferent distances  from  the  centre  of  the  earth :  but  the  quantities 
of  these  difierences,  so  far  as  they  depend  upon  the  variety 
of  situation  on  the  earth's  surface,  are  very  small,  (286.)  and 
need  not  yet  be  attended  to ;  and  the  difierences  resultmg  from 
different  distances  from  the  centre  of  the  earth  will  not  be  sen- 
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sible  in  any  cases  we  shall  have  to  connder  here  with  regard  to 
falling  bodies.  Thus,  if  two  bodies  were  situated,  the  one  at 
the  surface  of  the  earth,  and  the  other  at  a  mile  above  it,  the 
difference  in  the  attractions  to  which  they  would  be  subjected 
would  be  3966* -3965%  or  7931  compared  with  3965%  or 
nearly  one  part  in  2000  of  the  whole  attraction :  so  that  as  a 
mile  IS  gi*eater  than  any  altitude,  or  any  depth  from  the  surface, 
with  regard  to  which  we  shall  have  to  trace  the  effects  of  fall- 
ing or  rising  bodies,  we  may  consider  the  force  of  gravity  as 
constant.  We  consider  therefore  this  force  as  acting  incessantly, 
and  acting  equally  at  each  instant  upon  every  particle  of 
matter.  Now  it  is  clear  that,  if  every  particle  of  a  body 
receive  the  same  velocity,  the  aggregate  of  the  body  will  move 
with  the  same  velocity  as  would  have  been  impressed  upon  a 
single  molecule :  consequently  the  velocity  which  gravity  im- 
presses upon  any  mass  whatever  does  not  depend  upon  the 
magnitude  of  that  mass ;  but  is  the  same  with  respect  to  the 
smallest  mass  as  the  greatest.  It  is  true,  we  do  not,  when 
bodies  of  different  masses  and  densities  descend  through  the 
air,  observe  them  all  to  fall  from  the  same  heights  in  equal 
times ;  but  this  is  occasioned  by  the  resistance  of  the  medium, 
and  when  that  is  taken  away,  as  in  the  receiver  of  an  air-pump, 
the  most  dense  and  the  most  rare  bodies  fall  through  equal 
spaces  in  equal  times.  These  premises  being  admitted,  we  may 
readily  establish  the  ensuing  proposition. 

241.  Prop.  The  chief  properties  of  motion  delivered  in  arts. 
5B26...230,  with  respect  to  constant  forces,  have  place  in  the 
motions  (^bodies  descending Jreely  in  consequence  of  the  action 
of  gravity. 

This  is  evident  from  the  preceding  remarks,  granting  the 
assumption  that  gravity  is  a  constant  force :  for  it  is  no  more 
than  saying  that  the  laws  which  are  shown  to  obtain  with 
regard  to  constant  forces  in  general,  apply  directly  to  any 
individual  constant  force  proposed. 

Or,  if  we  adopt  the  universally  received  hypothesis,  that  the 
gravitating  force  towards  the  earth  varies  inversely  as  the  square 
of  the  distance  from  its  centre,  we  may  deduce  the  truth  of 
this  proposition  from  what  was  done  in  art.  236.  in  relation  to 
that  species  of  variable  motion.    Retaining  the  notation  of 

that  article,  we  have  v  =  V-^  X  ^/-^zj^  and  t  =  ^/—  x 

■  ,^""* —  $ :  in  which  equations,  in  order  that  they  may  apply  to 

the  case  of  heavy  bodies  falling  at  or  near  the  surface  of  the 
earth,  we  suppose  a  tp  represent  the  radius  of  the  earth,  and 
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that  Sf  the  space  described,  is  indefinitely  small  compared  with 
a;  the  first  equation  then  becomes »=^^—^,   and   consequently 

i  n  y!  ■•    Now  if  ^  be  the  value,  or  representative,  of  the 

accelerating  force  at  the  distance  a  from  the  centre  of  the  earth, 
we  have  m  :  ff  :  :  d^ :  1,  whence  mzzga^.  This  value  of  m  put 
for  it  in  the  last  given  expression  for  v  makes  it  become  v  zz 

V9gs :  hence  tz=.^x /-^^  =:;7^  =  ^"J- >    and    conse- 

quently  s  =  fg<*.  This  value  of  s  agrees  exactly  with  that  at 
art.  9Sn,  the  general  representative  9  of  the  accelerating  force 
in  that  expression  being  here  supplied  by  g^  the  particular 
representative  of  the  force  of  gravity  at  the  earth"*s  surface. 
Gravity  may,  therefore,  be  regarded  as  impressing  on  falling 
bodies  a  constant  accelerating  force;  and  the  proposition  is 
true. 

S42.  We  must  now  ascertain  the  real  value  of  ^,  the  measur€^ 
of  the  force  of  gravity  on  the  earth's  surface :  this,  as  we  have 
already  remarked,  varies  at  different  distances  from  the  earth's 
equator ;  but  it  will  be  sufficient  at  present  if  we  determine 
it  for  some  one  place,  London,  for  example.  Now,  it  is  found 
by  means  of  accurate  experiments  with  the  pendulum  (art. 
5^71.),  and  by  other  means  which  need  ijot  here  be  described, 
that  a  heavy  body  in  the  latitude  of  London  falls  nearly  16-,-'^ 
feet  in  the  first  second  of  time  from  its  quiescent  state,  and  has 
then  (art.  J226.)  acquired  a  velocity  which,  if  uniformly  con- 
tinued, would  carry  it  over  twice  16  -j-V>  or  82j^  feet  in  the  next 
second ;  but  the  action  of  gravity  upon  the  body  continuing, 
the  motion  will  be  such  that  at  the  end  of  the  next  second  of 
time  the  body  will  altogether  have  passed  over  2^  or  four 
times  16  XT  feet  (art.  227.),  that  is,  64  -f  feet ;  and  will  have 
acquired  a  velocity  (art.  29,5.)  of  twice  32  ^,  or  64  -J-  feet  per 
second :  and  in  a  similar  manner  will  the  force  of  gravity  operate 
in  the  succeeding  seconds ;  so  that 

If  the  times  in  seconds  be  1,         2,         3,         4,         &c. 

The  vel.  acq.  in  feet  will  be  32^,  64},  96-1,  128*,  &c. 
The  spaces  in  the  whole  times  IQ—^  64|,  144|,  257y,  &c. 
The  spaces  for  each  second       l&j-V>     48^,  80^^,  112-,^,  &c. 

Thus,  then,  the  action  of  gravity  continues  to  change  the  state 
of  the  body :  at  the  end  of  the  first  second  from  quiescence  it 
had  impressed  u{x>n  it  a  velocity  which,  if  continued  uniformly, 
would  carry  it  through  32  *  feet  in  the  next  second :  but  the 
solicitations  of  gravity  being  still  exerted  on  the  body,  it  ac- 
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tually  describes  48^  feet,  and  acquires  a  velocity  of  64y  feet ; 
at  the  end  of  the  third  second  it  has  acquired  a  velocity  of  96| ; . 
and  at  the  end  of  the  fourth  a  velocity  of  128|.  feet.  Now 
128|— 96|-  =  96i-64|.  =  64f-32^  =  32^,  is  the  invariable 
difference  of  the  determinations  to  motion  at  the  end  of  each 
successive  second  of  time :  consequently  32^  feet,  being  a  con- 
stant quantity  naturally  arising  from  the  free  motions  occasioned 
by  gravity^  is  a  just  indication  and  proper  measure  of  its  con* 
stant  intensity  upon  bodies  subjected  to  its  operation ;  that  is, 
gy  in  our  theorems,  is=32|.  feet.  The  space  passed  over  in  the 
first  second  may,  it  is  true,  be  used,  because  it  is  the  half  of 
8^^,  and  because  halves  have  the  proportion  of  the  wholes :  but 
it  should  not  be  forgotten  that  this  is  only  half  the  true  mea- 
sure of  gravitating  force. 

243.  Hence,  if  Dodies  simply  fall  from  a  quiescent  state,  not 
being  projec^.ed  downwards  by  any  additional  force,  the  ve- 
locities acquired  will  be  as  the  times,  and  the  whole  spaces 
described  as  the  squares  of  either ;  in  such  manner,  that 

If  the  times  be  as  the  Nos.         1,  2,  3,     4,     5,     6,  &c. 

The  velocities  acq.  will  be,  as     2,  4,  6,     8,  10,  1^,  &c. 

The  whole  spaces,  as  1,  4,  9,  16,  25,  36,  &c. 

The  space  for  each  time,  as         1,  3,  5,     7,    9,  11,  &c. 

Their  constant  differences,  2,  2,  )?,     2,     2,       &c. 

The  latter  answering  to  82^,  the  value  of  g.  And  if,  while 
this  value  of  ^  is  retained,  we  put  t?  for  the  velocity  acquired 
at  the  end  of  any  time  /,  and  s  for  the  space  described  from 
quiescence  during  that  time,  we  shall,  by  comparing  the  latter 
equations  in  art.  241.  with  the  general  formula  in  art.  228., 
have  the  following  general  equations  for  the  free  descent  of 
beavy bodies;  viz. 

/—  "^     ~~     /      ^*      —      ^' 


To  these  theorems  reference  must  be  made  in  all  cases  where 
great  accuracy  .is  required  ;  but  in  many  practical  instances  the 
fraction  ^  msLV  be  dropped,  and  the  computation  much  faci- 
litated by  taking  g=32  feet :  the  theorems  may  then  take  this 
form: 
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^44.  Defs.  The  height  due  to  a  given  velocity  is  the  height 
from  which  a  body  must  fall  freely  to  acquire  that  velocity ; 
and  the  velocity  due  to  a  given  height  is  the  velocity  which  a 
body  will  have  acquired  after  descending  freely  through  that 
height. 

it  will  now  be  easy  to  solve  the  common  questions  relating 
to  the  descent  of  heavy  bodies.  Thus^  if  it  were  required  to 
find  the  velocity  due  to  a  given  height  400  feet,  and  the  time 
of  falling  through  it;  we  should  have  t3=:8v^*=:8x20=160 

feet :  and  t  =—-  =-^  z:5  seconds,  the  time  of  descent. 

S45«  But  if  the  body,  instead  of  falling  from  quiescence  be 
impelled  vertically  with  any  initial  velocity  v,  we  shall  then  have 
the  equation  IV.  art.  229.  for  that  comprehending  the  circum- 
stances of  its  motion,  in  which,  if  we  reckon  the  initial  space 
=0,  we  shall  have 

5:rv^  +  ^%  or  szzyt—^t^ 
according  as  the  velocity  is  impressed  downwards  or  upwards, 
^  being  estimated  in  the  direction  of  that  velocity.  In  the 
second  case  we  have  vzzy^gt^  as  is  evident,  because  the 
velocity  impressed  by  gravity  downwards  is  gt  at  the  end  of 
the  time  t.  From  this  expression  it  appears  that  the  body  con- 
tinues to  rise  so  long  as  v  exceeds  gt ;  and  at  the  point  where 
y^gt  the  body  will  have  attained  its  greatest  elevation :  lastly, 
when  v  becomes  less  than  gt^  v  will  be  negative ;  that  is,  the 
body  is  descending  again,  because  the  initial  velocity  has  been 


ya 


extinguished  by  gravity.     The  maximum  of  elevation  is         , 

and  the  time  employed  to  attain  it  is .     The  body  will 

descend  from  the  state  of  rest  at  its  greatest  height  according 
to  the  preceding  lafws,  and  the  equation  of  its  motion  will  be 
5zi^2^  estimating  the  spaces  downwards.     At  the  end  of  the 

time  t  =— the  body  will  have  run  over  the  space  — ;  thus  it 

will  employ  to  te-descend  to  the  point  of  departure  the  same 
extent  of  time  as  it  took  to  mount  to  its  greatest  height :  and 
finally,  at  the  termination  of  its  fall  it  will  have  acquired  th^ 
Velocity  V  of  projection. 
Hence  we  see, 
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1st.  That  a  heavy  body  thrown  upwards  vertically  with  any 
velocity  will  lose  equal  velocities  in  equal  times. 

2d.  That  the  heights  to  which  bodies  projected  upwards  will 
rise,  before  their  motions  are  extinguished^  are  as  the  squares 
of  the  initial  velocities,  or  as  the  squares  of  the  times. 

3dly.  That  those  heights  are  the  halves  of  the  spaces  which 
they  would  uniformly  describe^  in  the  same  time,  with  the  initial 
velocities. 

4thly.  If  a  body  be  projected  upwards  with  the  velocity  it 
acquired  in  any  time  by  descending  freely,  it  will  lose  all  its 
velocity  in  an  equal  time ;  it  will  ascend  to  the  height  from 
whence  it  fell,  and  will  describe  equal  spaces  in  equal  times 
both  in  rising  and  falling,  but  in  an  inverse  order ;  it  will  also 
have  equal  velocities  at  any  one  and  the  same  point  of  the  line 
described,  both  in  ascending  and  descending. 

We  may,  therefore,  find  to  what  elevation  a  body  thrown 
vertically  has  arisen,  when  we  know  the  time  elapsed[  between 
the  commencement  of  its  motion  and  its  return  to  the  point 
from  which  it  was  projected.  For  example,  a  body  thrown 
vertically  upwards  returns  at  the  end  of  18  seconds ;  it  there- 
fore occupied  9'  in  ascending ;  consequently  a  =  16<*  =  16  x 
81  =  1296  feet  nearly  the  height  to  which  it  ascended;  and 
t^  =  32^  =  32  X  9  =  288  feet  per  second,  the  initial  velocity. 

So,  again,  it  will  be  easy  from  the  same  principles,  to  tell, 
when  a  body  is  projected  vertically  upwards  with  a  given  velo- 
city and  continues  to  be  operated  upon  freely  by  the  force  of 
gravity  for  a  given  time,  whether  it  be  above  or  below  the  point 
of  projection  at  the  end  of  that  time.  1.  Suppose  the  initial 
velocity  to  be  50  feet  per  second,  and  the  time  four  seconds* 
Then  v^  —  igt^  =  200  -  2674-  =  —  57^- ;  consequently,  at 
the  end  of  the  proposed  time  the  body  would  be  57-3-  feet  below 
the  point  from  which  it  was  projected.  2.  But  if  the  time  had 
been  3  seconds,  we  should  have  had 

v^  -  igf"  =  200  —  144|.  =  65i; 
where,  since  v^  is  the  greatest,  the  difference  shows  the  height 
at  which  the  body  is  above  the  point  of  projection  at  the  end  of 
the  given  time. 

Lastly :  Suppose  that  at  the  same  moment  a  body  begins  to 
fall  from  quiescence  from  the  point  d  (fig.  7.  pi.  XI.),  another 
body  is  projected  upwards  from  b  with  the  velocity  due  to  the 
height  Bc ;  it  is  required  to  find  the  point  N  at  which  the  two 
bodies  would  meet.  Let  cb  be  denoted  by  a,  db  by  d,  and  dn 
by  jr.    Then  will  cd  =  a  —  d,  and  on  =  a  -  d  +  or.    Time  of 

descendiriff  through  dn  =  v' — .     Time  of  ascending  through 

o 

.         .  ,  .1  \  ,  2a  -  .  2(a—d+a:) 

»N  (  —  time  down  cb  —  time  down  CNjz:  // —  —  v 
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These,  by  the  nature  of  the  problem,  must  be  equal,  that  is, 

or  ^x  z:  ^a  —  \/(a  —  d  +  a:) 

and  a  —  d+arrro  +  x  —  2  Vo^» 
Whence  2  >/flra?  ==  dL  and  x  :r  --— . 

'  4a 


SCHOLIUM. 

S46.  The  equation  expressing  the  conditions  of  falling  bodies 
has  for  its  locus  the  common  parabola ;  being  in  fact  the  same 
as  the  locus  for  constant  forces,  the  construction  of  which  we 
have  already  explained  in  art.  ^0. 

The  true  theory  of  falling  and  rising  bodies  was  first  given 
by  Galileo,  who  may,  indeed,  be  looked  upon  as  the  father  of 
the  science  of  Dynamics :  his  discoveries  on  these  topics  were 
published  in  a  work  entitled  Dialoghi  delle  Scienze  nuove^  &c. 
printed  for  the  first  time  at  Leyden,  in  1637.  His  method  of 
investigation  (excepting  that  he  represents  the  spaces  described 
by  the  motions  of  bodies  to  be  areas,  which  is  rather  unnatural) 
is  very  elegant :  and  as  he  deduces  the  laws  of  their  motions 
from  two  theorems  only,  we  shall,  for  the  satisfaction  of  the 
student,  insert  them  here. 

Theor.  I.  7%^  time  in  wJiich  any  space  is  passed  over  by  a 
tkovmg  body,  with  a  motion  uniformly  accelerated Jrom  rest,  is 
equal  to  the  time  in  which  the  same  space  would  be  parsed  over 
In/  the  same  moveable^  carried  with  a  uniform  velocity  which  is 
half  the  greatest  and  ultimate  velocity  rfthejbrmer  uniformly 
accelerated  motion. 

Let  the  line  ab  (fig.  8.  pi.  XI.)  represent  the  time  in  which 
the  space  cd  is  described  by  a  moveable^  with  a  uniformly 
accelerated  motion  from  quiescence  at  c,  and  let  the  velocity 
acquired  at  the  end  b  of  the  time  ab  be  represented  by  the  line 
EB,  drawn  at  pleasure  to  ab,  and  join  ae.  Divide  ab  into  any 
number  of  equal  parts,  and  through  the  points  of  division  draw 
as  many  lines  parallel  to  eb  ;  these  will  represent  the  increasing 
de^ecs  of  velocity  after  the  first  instant  a.  Bisect  be  in  f, 
and  draw  fg,  ag,  parallel  to  ba  and  bf  respectively :  then  will 
the  parallelogram  agfb  be  equal  to  the  triangle  aeb,  and  the 
sides  GF,  A£,  bisect  each  other  in  i.  For  if  the  parallels  in  the 
triangle  aeb  be  extended  to  gf,  the  aggregate  of  all  those  in 
the  quadrilateral  will  be  equal  to  the  aggregate  of  those  in  the 
triangle  aeb;  those  in  the  triangle  ief  being  equal  to  those  in 
GAi,  and  those  in  the  tra[K?zoid  aifb  being  common.     Now, 
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sitice  all  and  each  of  the  instants  of  the  time  ab  answer  to  all 
and  each  of  the  points  of  the  line  ab,  and  since  parallels  drawn 
irom  these  points  comprehended  in  the  triangle  aeb  represent 
the  increasing  degrees  of  augmented  velocity,  while  the  parallels 
comprised  within  the  parallelogram  represent  in  like  manner  as 
many  degrees  of  equable  velocity,  it  appears  that  as  many  mo* 
mcnta  or  effects  of  velocity  were  produced  in  the  accelerated 
motion  according  to  the  increasing  parallels  of  the  triangle  aeb^ 
as  in  the  uniform  motion  according  to  the  parallels  of  the  quad- 
drilateral  gb  :  the  deficiency  in  the  first  half  of  the  motion,  re- 
presented by  the  triangle  agi,  being  made  up  by  the  super- 
numerary triangle  ief  in  the  latter  half  of  the  time.  It  is 
manifest,  therefore,  that  those  spaces  will  be  equal  which  will 
be  passed  over  in  the  same  time  by  two  moveables,  one  of 
which  moves  with  a  velocity  uniformly  accelerated  from  rest, 
but  the  other  with  an  equaole  motion  according  to  a  velocity 
which  is  half  the  greatest  velocity  of  the  accelerated  motion. 

Theor.  II.  If  a  motoeable  body  deacendfrom  rest  with  a  uni^ 
Jbrmly  accelerated  motion^  the  spaces  it  passes  over  in  any  times 
whatsoever  are  to  each  other  a^  the  squares  of  those  times. 

Let  the  line  ab  (fig.  9.  pl.  XI.)  represent  an  interval  of  time 
from  any  first  instant  a,  m  which  take  any  two  times  ad  and 
A£ ;  and  let  hi  be  a  line  in  which  the  moveable  descends  from 
rest  at  the  point  h  witli  a  uniformly  accelerated  motion ;  the 
space  HL  being  passed  over  in  the  first  time  ad,  and  the  space 
HM  in  the  time  ae  :  then  is  the  space  hm  to  the  space  hl  in 
the  duplicate  proportion  of  the  time  ae  to  the  time  ad.  Draw 
the  line  ac,  making  any  angle  with  ab,  and  from  the  points  d 
and  E  draw  the  parallels  do,  ep  ;  the  former  representing  the 
velocity  acquired  at  the  end  of  the  time  ad,  and  the  latter  the 
velocity  acquired  at  the  end  of  the  time  ae  :  then,  it  is  mani- 
fest, from  the  last  theorem,  that  the  spaces  mh  and  lh  are  the 
same  which  with  equable  motions  whose  velocities  would  be  as 
the  halves  of  pe,  and  od,  would  be  passed  over  in  the  times 
£A  and  DA.  Now  it  has  been  demonstrated  (art.  216.)  that  of 
bodies  carried  with  an  equable  motion  the  spaces  passed  over 
are  in  proportion  to  each  other  in  the  ratio  compounded  of 
that  of  the  velocities  and  that  of  the  times :  but  here  the  ratio 
of  the  velocities  is  the  same  as  that  of  the  times  (for  that  pro- 
portion which  the  half  of  pe  has  to  the  half  of  od,  the  same  has 
PE  to  OD,  and  the  same  has  ae  to  ad),  therefore  the  spaces  are 
in  a  duplicate  ratio  of  the  times,  or  hm  :  hl  :  :  ae*  :  ad^. 

Hence,  it  is  manifest,  that  the  ratio  of  the  spaces  is  likewise 
the  duplicate  of  the  ratio  of  the  ultimate  velocities;  that  is, 
HM  :  HL  :  :  pe*  :  OD^ 

Cob.  1.  Hence,  if  there  were  how  many  soever  equal  times 
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taken  successively  from  the  first  instant  of  motion^  as,  for  ex- 
ample, AD,  DE,  £F,  FG,  in  which  are  passed  over  the  spaces 
HL,  LM,  MN,  Ni ;  thosc  spaces  will  be  to  one  another  as  the 
uneven  numbers,  viz.  1,  3,  5,  7 :  for  this  is  the  ratio  of  the 
excesses  of  the  squares  of  the  lines  exceeding  one  another 
equally,  the  excess  of  which  lines  is  equal  to  the  least  of  them  t 
whilst,  therefore,  the  velocities  are  increased  according  to  the 
simple  series  of  numbers  in  equal  times,  the  spaces  run  through 
in  tne  same  times  increase  according  to  the  series  of  the  un<* 
even  numbers. 

Cor.  2,  Hence  again,  it  is  inferred,  that,  if  from  the  begin- 
ning of  the  motion  any  two  spaces  are  taken,  passed  through 
in  any  times,  those  times  shall  oe  to  each  other  as  either  of  the 
said  spaces  is  to  a  mean  proportional  between  them. 

247.  Galileo  likewise  shows  that  the  same  laws  of  accelera- 
tion obtain  in  the  motion  of  bodies  along  inclined  planes ;  and 
he  illustrates  the  conformity  of  his  theory  with  nature  by  a 
relation  of  some  of  his  experiments.  "  We  took,''  says  he, 
**  a  prism  of  wood  about  twelve  yards  long,  half  a  yard  wide, 
and  about  three  inches  thick ;  in  which  thickness  we  made  a 
very  straight  groove  a  little  more  than  an  inch  wide,  and  to 
render  it  very  smooth  and  sleek  we  glued  within  it  a  piece  of 
vellum  polished  as  much  as  possible.  In  this  groove  we  let  fall 
a  ball  made  of  the  hardest  brass,  round,  and  well  polished. 
Then,  elevating  one  end  of  this  prism  at  pleasure  a  yard  or  two 
above  the  plane  of  the  horizon,  we  let  the  ball  descend  along 
the  groove,  observing,  in  the  manner  I  shall  tell  you  presently, 
the  time  spent  in  its  fall  from  top  to  bottom. 

*'  We  repeated  this  often,  in  order  to  be  certain  of  the  quan-i> 
tity  of  time  spent  in  the  descent ;  and  in  these  times  we  never 
found  any  difference  worth  mentioning,  not  even  the  tenth  part 
of  a  second :  this  being  thoroughly  established,,  we  let  the  same 
ball  descend  but  a  fourth  part  of  the  length  of  the  groove,  and 
measuring  the  time  of  the  descent  we  found  it  to  be  exactly 
the  half  of  the  other :  and  then  making  trial  of  the  other  parts, 
by  comparing  the  time  of  its  descent  through  the  whole  length 
with  the  times  in  which  it  ran  through  i^,  ^,  ^,  or,  in  a  word, 
with  the  time  of  its  running  through  any  part  of  its  length,  by 
experiments  nearly  a  hundred  times  repeated,  we  always  found 
the  spaces  run  through  to  be  to  one  another  as  the  squares  of 
the  times ;  and  this  in  all  inclinations  of  the  plane,  i,  e.  o{  the 
groove  in  which  the  ball  was  made  to  descend.  We  also  ob- 
served the  times  of  the  descents  along  different  inclinations  to 
retain  the  same  proportion  to  one  another  which  we  shall  find 
demonstrated  and  assigned  to  them. 

"  Now,  as  to  the  measuring  of  time,  we  hung  on  high  a  large 
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vessel  of  water,  which,  by  a  very  small  hole  through  the  bottom, 
emitted  a  small  thread  of  water,  which  was  received  by  a  small 
cup,  all  the  time  the  ball  was  falling  through  the  several  parts 
of  the  groove :  then  the  small  portions  of  water  thus  collected 
were  weighed  every  time  in  a  very  exact  pair  of  scales,  and  the 
differences  and  proportions  of  the  weight  exhibited  to  us  the 
differences  and  proportions  of  the  times,  and  that,  as  I  said 
before,  so  accurately,  that  those  trials  often  repeated  never 
differed  any  thing  worth  speaking  of.**     Dial.  III. 


II.       ON    THE    MOTION    OF    PROJECTILES,    IN    VACUO. 

248.  It  is  not  our  intention  to  enter  at  all  largely  into  the 
subject  of  gunnery :  but  merely  to  present  a  brief  view  of  the 
theory  of  the  motion  of  bodies  any  way  projected  from  the  sur- 
face of  the  earth  in  an  unresisting  meaium,  and  then  to  add 
a  few  remarks  on  the  disparity  between  this  theory  and  the 
circumstances  attending  bodies  actually  projected  into  the  atmo^ 
sphere.  In  our  discussions  on  this  subject  we  shall  pay  no 
regard  to  the  motions  of  the  earth,  nor  to  the  variation  either  in 
the  direction  or  magnitude  of  the  force  of  gravity :  for  we  are  to 
determine  the  path  of  the  projectile  with  respect  to  the  surface 
of  the  earth ;  and  the  force  of  gravity  upon  any  Jxxiy  that  can 
be  projected  by  human  contrivances  is  at  all  times  so  nearly 
equal  and  in  parallel  directions  (art.  240.)  that  it  would  be  a 
useless  refinement  to  attend  to  the  deviations  from  equality  and 
parallelism.  When  bodies  are  projected  either  directly  upwards 
or  directly  dormiwards,  the  circumstances  of  their  motion  may 
be  ascertained  by  means  of  the  theorems  in  art.  245 :  we  shall 
now  consider  the  circumstances  resulting  from  their  being  pro- 
jected obliquely ;  observing  that  the  theorems  we  shall  deduce 
are  only  so  far  of  consequence  as  that  they  show  what  would 
be  the  nature  of  the  motion  of  balls  and  shells  fired  from  pieces 
of  ordnance,  in  free  space. 

249.  Prop.  The  line  described  by  a  heavy  body  thrown  in 
any  direction  not  perpendicular  to  the  horizon  is  a  parabola. 

Let  the  body  be  projected  from  the  point  b  in  the  direction 
BH  (fig.  11.  pi.  XI.)  with  the  velocit)'  it  would  have  acquired 
by  falling  from  a  to  b,  then  will  the  continual  action  of  gravity 
cause  the  body  to  be  continually  deflected  from  the  line  so  as 
to  describe  a  curve  line  concave  towards  the  horizon.  Produce 
AB  both  ways  as  to  k  and  x ;  and  through  any  two  points  v 
and  G  of  the  curve  draw  ve,  gk,  parallel  to  bh,  and  vc,  gh, 
parallel  to  ab  the  direction  of  gravity.  Now  it  follows  from 
the  composition  of  -motions,  that  the  body  will  arrive  at  the 
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Soint  V  of  the  curve  in  the  same  time  that  it  would  have 
escribed  the  right  line  bc  by  the  uniform  projectile  motion 
alone,  or  the  vertical  be  by  the  force  of  gravity  alone ;  and  in 
like  manner  the  body  will  have  arrived  at  g  in  such  time  as  it 
would  have  uniformly  described  the  line  bh  with  the  original 
velocity  at  b,  or  the  vertical  bk  by  falling  freely.  But  the 
motion  along  bh  being  uniform,  we  have  bc  :  bh  :  :  ^  •  bc 
t  •  bh  (the  letter  t  denoting  the  time  of  describing  bc,  bh,  Sz;c.) 
:  :  ^  •  BE  :  ^  •  bk  :  and,  because  the  motion  along  bk  is  uni-> 
formly  accelerated,  we  have  be  :  bk  :  :  ^*  •  be  :  ^'  •  bk  :  :  bc*  : 
BH- :  :  Ev- :  kg*.  Therefore,  the  curve  bvg  is  such  that  the 
abscissae  be,  bk,  are  as  the  squares  of  the  corresponding  or- 
dinates  Ev,  kg  ;  or  that  the  parts  vc,  gh,  of  the  parallel  lines 
are  as  the  squares  bc,  bh  of  the  intercepted  parts  of  the  line 
BH :  and  consequently  the  curve  is  a  parabola  to  which  bc  is  a 
tangent. 

Cor.  1.  The  horizontal  line  And  drawn  throiigh  the  point  A 
is  the  directrix  of  the  parabola :  for,  let  be  be  taken  =  ab. 
Then  ^  •  be  r:  ^  •  ab;  but  bc  is  described  in  the  same  time 
with  the  velocity  acquired  by  falling  through  ab  ;  therefore 
(arts.  2J^6.  242.)  bc  =  2ab,  and  ev  -=:  2be  :  and  hence  ev^ 
=  4be*  =  4  X  be  X  ba  —  be  X  4ba:  so  that  4ab  is  the 
parameter  of  the  parabola  bvg,  and  consequently  hud  is  the 
directrix,  because  ab  is  one-fourth  of  the  parameter  of  the 
diameter  bk« 

CoE.  2.  The  times  of  describing  the  different  potations  bv, 
VG,  of  the  curve^  are  as  the  corresponding  parts  bc,  ch,  qftlie 
tangent  at  b,  or  the  intercepted  parts  ad,  \>d^  of  the  directrix. 
For  <  •  BV  =  ^  •  Bc,  and  /  •  vg  =  ^  -  CH,l)y  the  demon,  of  the 
prop,  and  because  D(f  cuts  the  three  parallels  bt,  vc,  gHj^  bc  is 
to  CH,  as  AD  to  Dt/. 

Cob.  3.  The  velocity  estimated  horizontally  is  uniform, 

CoR.  4.  The  velocity  of  the  projectile  at  cmy  point  g  of  the 
curve,  estimated  in  the  direction  of  the  tangent  to  the  parabola 
at  that  pointy  is  as  the  secant  of  the  angle  contained  between 
that  tangent  and  the  horizon.  For  the  motion  in  the  hori- 
zontal direction  Ad  is  uniform ;  and  Ad  is  to  tg  as  radius  to 
the  cosecant  of  hgt,  or  secant  of  the  angle  included  between 
the  horizon  and  gt; 

CoE.  5.  The  velocity  at  the  point  g  in  the  direction  tg  is 
equal  to  thai  which  a  heavy  body  would  acquire  by  falling 
freely  from  the  directrix  through  do.  For,  let  the  points  a^f 
be  equidistant  from  a  and  d,  but  indefinitely  near  them,  and 
draw  the  verticals  ab^fg:  conceive  these  to  approach  towards 
AB,  do,  and  ultimately  to  coincide  with  them ;  then  will  b6  be 
ultimately  to  ^g  as  the  velocity  in  the  curve  at  b  to  the  velocity 


!, 
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at  o.  But  B^  :  Gg* : :  RH  :  TG  : :  vel.  at  b  :  vel.  at  o ;  and,  by 
the  nature  of  the  parabola  bh^  :  to*  :  :  ab  :  Jg  :  also  ab  is  ta 
do  as  the  square  of  the  velocity  acquired  by  falling  through  ab 
to  the  square  of  the  velocity  acquired  by  falling  through  da 
(art.  ^27.  cor.  1.) :  but  the  velocity  in  bh  or  in  the  point  b  of 
the  parabola  is  =  the  velocity  acquired  by  falling  through  ab 
(by  nyp.) ;  therefore  the  velocity  m  tg,  or  in  the  point  g  of 
the  curve,  is  =  the  velocity  acquired  by  falling  through  </g. 

Cor.  6.  The  velocity  in  the  vertical  direction  at  any  point  6 
of  the  curve  is  to  the  origlnai  projectile  velocity  at  b  as  ^hg  ta 
BH.  For  the  times  in  bh  and  hg  being  equal,  and  the  velocity 
acquired  by  falling  freely  through  ho  being  such  as  would 
carry  the  body  unuorraly  over  2hg  in  an  equal  time;  we  have 
(art.  216.  cor.  3.)  bh  to  2ho^  as  the  projectile  velocity  at  b  to 
the  vertical  velocity  at  G, 

^0.  Defs.  The  height  due  to  the  original  velocity  of  the 
rojectile,  as  ab  (fig.  11.)  or  ca  (fig.  12.),  is  called  the  Impetus, 
n  our  general  theorems  it  will  be  denoted  by  i. 

The  distance  ab  (fig.  12.)  between  the  point  of  projection 
and  the  point  where  the  body  falls,  measured  on  the  plane  ab, 
is  called  the  Jmplitiuie,  Random,  or  Range :  it  will  be  repre- 
sented by  R. 

Some  authors  restrict  the  word  Amplitude  to  the  range  on  a 
horizontal  plane. 

The  angle  dab  made  by  the  axis  of  the  ^un,  or  the  tangent 
to  the  curve  at  a,  and  the  direction  of  the  object  at  b,  is  called 
the  angle  of  Elevation  above  the  plane  ab  :  it  will  be  denoted 
by  E. 

The  angle  DBA'inctuded  between  the  vertical  db  (passing 
through  the  object)  and  the  plane  ab,  is  called  its  angle  of  po- 
sition :  we  represent  it  by  p. 

The  angle  zab  made  by  the  vertical  za  (passing  through  the 
point  of  projection)  and  the  direction  of  the  piece,  is  called  the 
zenith  dista/nce :  it  will  be  denoted  by  z. 

251.  Prop.  To  give  a  general  view  of  the  relative  situation 
and  properties  of  svch  lines  as  are  most  usefkd  in  considering 
the  motions  of  projectiles : — 

Let  a  bodjT  be  projected  from  b  (fig.  13.  pi.  XI.)  in  any  di- 
rection BC  with  tne  velocity  acquired  by  falling  through  ab  : 
this  body,  by  art.  249.  will  describe  a  parabcJa  bvpm.  Produce 
AB  both  ways  till  oa  =z  ab  =  bk  ;  and  with  centres  a,  b,  and 
radius  ab,  describe  the  semicircle,  odb,  ahk  :  then  with  'axis 
AB  and  semiaxis  ge  =:  ab  =  ad,  describe  the  semi-ellipse  aeb  ; 
and,  witli  focus  b,  vertex  a,  diameter  ab,  and  tangent  ad,  pa* 
rallel  to  the  horizon,  draw  the  semiparabola  aps.  This  done, 
we  observe 
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I.  The  horizontal  line  adl  is  the  directrix  qf  every  parabola 
which  can  be  described  by  a  body  projjectedfrom  b  with  the  ve- 
locity acquired  by JbMng  through  ab.  This  is  evident  from  the 
foregoing  proposition,  and  the  usual  definitions  of  the  directrix. 

II.  The  semicircle  ahk  is  the  loctts  qfaU  tJieJbci  qf  these  pa- 
rabolas. For  BA,  the  distance  of  a  point  b  of  any  parabola  from 
the  directrix  ad,  is  equal  to  bf,  its  distance  from  the  focus  f 
of  that  parabola :  consequently,  the  foci  of  all  the  parabolas 
which  pass  through  b,  and  have  ad  for  their  directrix,  must 
be  in  the  circumference  of  the  circle  whose  centre  is  b  and 
radius  ab. 

III.  ij^BC,  the  line  qf  direction,  cut  the  upper  semicircle  in 
C9  and  the  verticcU  cf  be  drawn  intersecting  the  lower  semicircle 
in  F,  then  is  f  thejbcus  qfthe  parabola,  which  is  described  by 
the  body  whose  impetus  is  ab,  and  initial  direction  bc.  For,  if 
AC,  BF,  be  joined,  then  is  acfb  evidently  a  rhombus,  and  the 
angle  ABF  is  bisected  by  bc  :  consequently,  the  focus  is  some- 
where upon  the  line  bf.  But  it  is  also  upon  the  circumfer- 
ence of  AHK ;  and  must,  therefore,  be  at  f,  the  point  where 
they  intersect. 

When  c  is  in  the  superior  quadrant  of  odb,  f  is  in  the  su- 
perior quadrant  of  afk  :  and  when  c  is  in  the  inferior  quadrant 
of  ODB,  as  when  bc  is  the  initial  direction,  then  the  focus  /of 
the  corresponding  parabola  bvm  is  in  the  inferior  quadrant 

of  AUK. 

IV;  The  semieUipse  aeb  is  the  locus  qfthe  vertices  qfall  tlie 
parabolas^  and  the  vertex  v  qfany  one  qf  them  bvpm  is  in  the 
point  where  this  ellipse  intersects  the  vertical  cf.  For,  let  this 
vertical  intersect  the  horizontal  lines  ad,  ge,  bn,  in  d,  a,  n  :  then, 
it  is  manifest  that  Afl  =  ^Nd  ==  NX,  and  that  Xv  =  ^6c  =  ^nf; 
therefore,  a9  —  Xv  =  ^(nA  —  nf),  or  9v  zi  ^-Of;  consequently 
flv  =  4^vf,  and  v  is  the  vertex  of  die  parabola. 

The  vertex  is  at  v  or  v,  in  the  upper  or  lower  quadrant  of 
the  ellipse,  according  as  the  focus' is  in  the  upper  or  lower  qua- 
drant of  the  semicircle  ahk. 

V.  If  from  the  point  qf  projection  b  die  line  bfp  be  drawn 
through  thejbcus  of  any  one  qf  the  parabolas,  as  of'&yyL,  ctd" 
ting  the  parabola  aps  in  p,  then  tmll  the  curve  bvm  touch  the 
curve  APS  in  p.  For,  if  we  draw  fSz  parallel  to  ab,  cutting  the 
directrix  oz  of  the  parabola  aps  in  z,  and  the  directrix  ab  of  the 
parabola  bvm  in  ^,  then  will  pb  =  pz,  by  the  nature  of  the  pa- 
rabola :  but  bf  =  BA  =  Ao  =  & ;  therefore,  pb  —  bf  :r  pz — $z, 
or  PF  =  p^,  and  the  point  p  is  in  the  parabola  bvm.  And  sinco 
the  tangents  to  bpth  parabolas  in  p  oisect  the  angle  zpb,  they 
coincide;  consequently  the  two  parabolas,  having  a  common 
tangent  in  p,  touch  each  other  at  that  point. 


CHAP.  II.  PBOJECTILE   MOTION.  ^09 

Cor.  All  the  parabolas  which  can  be  described  by  a  body 
projected  from  b,  with  the  velocity  acquired  by  falling  from  a 
to  B)  will  touch  the  concavity  of  the  parabola  aps,  and  ]ie 
wholly  within  it. 

VI.  p ' «  the  most  distant  point  of  the  line  pb  which  can  be 
struck  by  a  body  prmected  from  b  with  the  velocity  due  to  the 
height  AB.  For,  if  tne  direction  be  more  elevated  than  bc,  the 
focus  of  the  parabola  which  the  body  would  describe  will  lie 
between  f  and  a,  and  the  parabola  will  touch  aps  in  some  point 
between  a  and  p ;  so  that,  being  wholly  within  the  parabola 
APS,  it  must  intersect  the  line  bp  m  some  point  nearer  to  b  than 
p  is.  If,  on  the  contrary,  the  direction  is  less  elevated  than  bc, 
the  parabola  described  by  the  projectile  will  touch  aps  in  some 
point  below  p,  and  will,  theirefore,  cut  bp  in  some  point  not  so 
far  distant  from  b  as  p. 

VII.  The  parabola  aps  is  the  focus  of  the  greatest  ranges  on 
any  planes  bp,  bs,  Sfc,  and  no  point  lying  without  this  parabola 
can  be  struck  while  the  initial  velocity  remains  unchanged. 

VIII.  To  produce  the  greatest  range  on  any  plane  bp,  the 
line  of  direction  bc  must  bisect  the  angle  o^^Jbrmed  by  tJiat 
plane  and  the  vertical:  for  in  this  case  the  parabola  described 
by  the  body  touches  aps  in  p,  and  its  focus  is  in  the  line  bp; 
consequently  the  tangent  bc  bisects  the  angle  obp. 

Cor.  On  a  horizontal  plane  the  greatest  range  is  made  when 
the  elevation  is  45^  or  half  a  right  angle.  And  that  greatest 
range  is  4  times  the  Imght  of  the  parabola  which  produces  it. 
Because^  the  parameier  i«  4  t%me&  the  distance  from  the  focus  to 
the  vertex. 

IX.  A  point  M  in  any  plane  bs,  lying  between  b  and  s,  may 
be  struck  unth  two  directions  bc  and  bc  ;  and  these  directions 
are  equidistant  from  the  direction  Bt  which  gives  the  greatest 
random  on  that  plane.  For,  with  centre  m  and  radius  ml  (the 
nearest  distance  to  the  directrix)  let  a  circle  LF^be  described; 
it  will  manifestly  either  touch  or  cut  the  circle  ahk  in  two 

Eoints  F  and^  which  are  the  foci  of  two  parabolas  bvm,  bvm, 
aving  the  directrix  al,  and  diameter  abk.  Here  the  intersec- 
tions of  the  circle  odb  with  the  verticals  fc,  Jc^  determine  the 
•directions  bc^  bc,  of  the  tangents.  Now,  draw  id  parallel  to 
BS,  and  join  tB^  cc,  i/;  then  is  ob^  =  ^obs,  and  b^  the  direction 
which  produces  the  greatest  range  on  the  plane  bs:  but  ff 
being  a  chord  of  the^circles  descnbed  about  the  centres  b  and 
M,  is  perpendicular  to  bm  ;  as  is  likewise  cc  to  a^  ;  and  arch 
ct  =  arch  ct\  and  therefore  the  angle  cb^  =  angle  CBt. 

CoR.  On  a  horizontal  plane,  the  ranges  are  equal  at  angles 
of  direction  equidistant  from  45^;  as  at  40^  fnd  60^^  S5*  and 
65®,  &c.  the  impetus  being  given, 
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X.  Every  velocity  of  projection  has  a  corresponding  set  of 
parabolas f  with  their  directions  and  ranges y  and,  caeteris  par 
ribus,  the  ranges  on  any  plane  are  as  the  sgtcares  of  the  initial 
velocities.  For,  every  magnitude  of  velocity  has  an  impetus 
AB  corresponding  to  it :  and,  as  the  height  due  to  any  velocity 
increases  or  diminishes  in  the  duplicate  ratio  of  that  velocity,  it 
is  obvious  that  all  the  ranges  with  a  given  direction  will  vary 
in  the  same  ratio. 

S5S.  Prop.  To  exhibit  the  relations  between  all  the  circum^ 
stances  of  velocity y  elevation^  position,  range,  greatest  height, 
and  time. 

Suppose  a  ball  or  shell  projected  from  a  (fig.  12.  pi.  XI.) 
with  the  velocity  due  to  the  height  ca,  in  order  to  strike  the 
mark  b  situated  in  the  given  line  ab.  Make  az  =  4ac,  and 
draw  BD  parallel  to  it,  or  perpendicular  to  the  horizon.  On  za 
describe  a  circular  segment  zad  containing  an  angle  zda  =:  A 
DBA,  and  draw  ad  to  the  intersection  of  this  circle  with  bd  : 
then  will  a  body  projected  from  a,  in  the  direction  ad,  with  the 
velocity  due  to  the  height  ca,  strike  the  object  b.  For,  pro- 
duce CA  downwards  tillBF  drawn  parallel  to  da  meets  it  in  F; 
and  join  zd  :  then,  it  is  manifest  from  the  construction  that  the 
angles  adz  and  dba  are  equal,  as  likewise  azd  and  dab  ;  that 
AB  touches  the  circle  in  a,  and  that  the  triangles  zad,  ADBi, 
are  similar. 

Hence  bd  :  da  :  :  da  :  az 

And  DA®  ri  BD  •  az 

Consequently  bf^  =:  af  •  az  ==  af  •  4ac  : 

Therefore  a  parabola  which  has  af  for  a  diameter,  and  az  its 

parameter,  will  pass  through  b,  and  this  parabola  will  be  the 

path  of  the  projectile. 

But  when  bd  cuts  the  circle  zda,  it  cuts  in  two  points  D9  d; 
so  that  there  are  two  directions  which  will  solve  tne  problem. 
If  bV  only  touch  the  circle  in  d'  there  is  but  one  airection, 
and  ab'  is  the  maximum  range  with  this  velocity.  If  the  ver- 
tical through  b  does  not  meet  the  circle,  the  problem  is  impos- 
sible ;  the  initial  velocity  being  too  small.  When  bV  touches 
the  drcle,  the  two  directions  ad'.  Ad!,  coalesce  into  one,  pro- 
ducing the  greatest  range,  and  bisecting  the  axtgle  zab  ;  and 
the  other  two  directions  ad,  Ad,  producing  the  same  range  ab, 
are  equidistant  from  ad';  agreeaUy  to  Nos.  viii.  ix.  of  the  pre- 
ceding article. 

Now,  to  deduce  the  relations  acquired,  let  us  confine  our  at- 
tention to  the  direction  ad  in  the  figure ;  where  we  see 

That  AZ  :  y4D  :  :  sin  ads  :  rin  asd  :  :  fin  osa  :  tin  aab  : :  sin  r  c  sin  x 

AD  :  DB  :  :  dn  dba  :  sin  dab  :  : sin  p  :  sin  x 

DB  :  AB  :  :  sin  dab  :  sin  adb  :  t     .    •    .    .    •    •     sin  x  :  sin  z  ~ 
Therefore  comp.  az  :  ab  :  :  sin  ^r  •  sin  x  :  tin  <fe  •  ib  1 : 1  sin  tp :  bIq  b  •  sin  ■• 
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Or  4i  :  R  : :  sin  'p  :  flin  £  *  sin  X, 
whence  4i  •  sin  e  •  sin  z  =  r  •  sin  'p. 
This  equation  obviously  comprises  the  relations  of  £,  i,  p^  r, 
and  z.  - 

Let  us  next  detennine  the  time  of  flight ;  which  is  equal  to 
the  time  of  describing  ad  uniformly,  or  of  falling  through  db. 
Now,  since  ab  :  db  : :  sin  adb  :  sin  dab  :  sin  z  :  :  sin  e,  we 

have  DB  =  — jTj^ — .     Here  db  is  equal  to  *  in  the  general 
equation  s  =  f^  (art.  243.) :  therefore  *^""  =  igt^ ;  and 

ft  •  sin  s 


consequently  ^  = ./ 

Lastly,  to  find  the  greatest  height  (h)  of  the  projectile  above 
the  plane ;  draw  from  o,  the  middle  point  of  ab,  the  line  ^Tt 
parallel  to  bdJ:  then,  by  a  well-known  property  of  the  pa- 
rabola, QF  =  PT,  or  QT  =  2(iF ;  and  by  similar  triangles  au  : 
QT  :  :  AB  (=  2aq)  :  bd  =  2qt  =:  4ap  =:  4h.  But  ab  :  bd  : : 
nn  z  :  sin  £  :  :  r  :  4h  ;   consequently  4h  •  sin  z  ;=:  r  •  sin  e, 

•I  ft  •  sin  X 

and  H  = 


4  sin  z 

Let  us  now  take  from  the  general  equations,  art.  248.  the 
value  of  V  =  \^^gs,  from  which,  because  «  =  i  in  the  present 
case,  and  f  =  vi  we  shall  have  v  n  y^^gi ;  and  comparing  this 
with  the  preceding  equations  in  this  article,  we  may  throw  to- 
gether the  general  theorems  relating  to  projectiles,  thus : 

PKOJECTILES,   QK   OBUQUE   PLANES. 

sUiBsiiii.  iinxiins      .         g  tin  %     .         4riiii 

R  = r-r— ■  4 1  =--— r-r-  V«  =  -^. T*  =  — : H. 

sin  ^    '  ^  sin  ^  2  sin  ft  sin  x 

^r\  •  ^        g'^  itslnv  2  sin  r     ,  t 

^^                          Ssinxsinz        2  8inE  sin*^® 

_^   2  sin  ft         2i   ^^    2  sin  ft         ^^      ^  2  sin  » ft  2h 

""     sin?     '^^  ^sinp        *"         ^sins  ^* 

sin  X  sin  >x  sin  ^x        ^        «      o 

4  sm  z  sin  •?  2g  sin  ^r  "^ 

^^       sin  •»  _''*«_   ^ "" ''      «-_""**' 

4sinxsins  Qg  Ssin^x  sui*x 

And  from  many  of  these  the  angle  of  elevation  may  readily  be 
found  *^. 

*  The  case  m  vhich  the  plane  on  which  the  hall  £tBs  dees  not  pass  through  the 
pekifc  of  pr<jection»  though  not  oonsideved  above,  is  very  easily  coostructed.  Let  B 
be  the  point  from  whieh  the  ball  is  projected,  ex  the  inpettts  (the  figure  may  be 
Madiiy  eoeceived  and  drawn),  en  the  plane,  whether  horizontal  or  indioed  (and  not 
passing  difough  b)  on  which  the  ball  is  to  fall,  and  xd  the  direction  in  which  it  is  pro- 
jected Iron  X.  Braw  xr  making  the  angle  xsr  «•  xxc,  and  upon  it  Uke  xr  »>  xc;. 
tlMB  IB  reTtdesUy  the  fbcua  of  the  parabolic  trajectory  of  the  balL  Draw  from  f  ft 
Une  n  to  meet  oh  peEptBditiilvly  hii,  and  ptoduce  H  till  {f «  ir.    Through  cdn» 

pS 
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S53.  When  the  plane  ab  is  horizontal,  the  angle  dba  =  v 
=^  90^,  and  its  sine  radius;  also  angle  zad  =  z,  becomes  r= 
cdmp.  E ;  therefore,  since  sin  e  cos  e  =  2  sin  2  e,  sin^  e  =:  2 
vers  sin  2  e,  and  sin  -7-  cos  =  tan,  the  preceding  theorems  will 
assume  the  following  shape  when  applied  to 

projectiles,  on  horizontal  planes. 
B  =  4i  sm  E  cos  E  =:  Si  sm  xe  zh v*  r=  — —  z: . 

g  2  tan  ■         tan  x 

T  =  2  sin  K  ^/^  =  ^^^^^2=^  =  ^^"v=2vi^. 

g  g  ff  g 

,   ^  •     o  vers  sin  2k      ,  _        ^ 

u  =  -^  tan  £R  =  I  Sin  *B  =  — 5 v*  =  ^gr*. 


8  sin  3E  *ig         16  vers  sin  2b  sin  «£  ^    2  vers  sin  2x 

And  from  many  of  these,  again,  the  angle  of  elevation  may  soon 
be  found.  Here  too,  as  in  the  instance  of  falling  bodies,  g  may 
be  taken  =  8:^,  without  leading  to  any  important  error. 

Cor.  1.  In  horizontal  ranges,  if  e  =  45^,  we  have  r  ==  4h 
=  Si :  consequently,  the  maximum  range  ofii  a  horizontal  plane 
is  equal  to  double  the  impetus ,  or  tojimr  times  the  greatest 
height  of  t/ie projectile  above  the  plane;  the  impetus  being,  in 
that  case,  double  the  greatest  height.     Vide  No.  viii.  art.  SdO. 

Cor.  ^.  When  e  =  45°,  its  sine  is  =  \^i;  therefore  t  = 

2  ^/-^  'j^iV^i  nearly  =  '85356  ^i  nearly. 

CoR.  3.  When  the  initial  velocity  is  given  in  feet,  and  e  = 
45^  we  have  T*  nearly  =:  -A  y  rr  -044194  v. 

The  expressions  in  this  and  the  former  corollary  may  be 
useful  to  the  bombardier  in  cutting  the  fuzes  of  his  shells  to 
proper  lengths,  so  that  they  may  just  burst  at  the  very  instant 
they  come  to  the  object  fired  at. 

Cor.  4.  When  the  elevation  is  15°,  we  have  sin  2e  =  sin 
30°  =  i :  consequently,  R  =  sin  2e  2i  =  ^  x  2i  =  i.     That 

CK  an  indefinite  perpendicular  to  ac,  it  will  be  the  directrix  of  the  parabola.  ^  Produce 
ir  upwards  to  meet  the  directrix  in  k  ;  and  on  ca  set  off  from  x  towards  a,  xx  a  mean 
proportional  between  xr  and  x/  From  x  let  fall  kp  perpendicularly  to  ca,  it  will 
maet  «h,  in  f,  the  point  where  the  parabolic  cunre  will  intersect  that  line,  as  required. 
For,  because  by  construe,  xx*  ^  xr  *  mf,  it  follows  that  xx  is  a  tangent  and  ^Jfa,  se- 
cant to  tlie  circle  that  passes  through  the  points  x,  r,/:  consequently,  since  rr,  and 
J)ft  are  equal,  it  follows  that  both  oh  and  xr  pass  through  the  centre  of  the  circle ; 
and  thence  that  r  is  that  centre,  that  xr  s  ff,  and'F  a  point  in  the  parabola.  The 
formulae  ihat  are  deducible  from  this  construction,  simple  as  it  is,  are  rather  too  com- 
plex for  insertion  in  the  present  note:  though  the  computation  requisite  for  any  par- 
ticular example  may  he  readily  enough  drawn  from  the  diagram. 
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is,  at  an  elevatwn  oflSf^^  the  range  on  a  horizonial  plane  is 
equal  to  the  impetus* 

Cor.  5.  When  the  elevation  i$  75^  the  horizontal  range  is 
equal  to  the  impetus.  For  15^  and  75^  are  equidistant  from 
45^,  and  therefore  the  ranges  at  those  elevations  are  equah 

Cor.  6.  In  many  cases,  where  in  appearance  a  body  has  not 
received  any  impulsion,  but  is  abandoned  to  the  sole  action  of 
gravity,  the  body,  notwithstanding,  describes  a  parabola  like  a 

{>ro]ectiIe.  This,  for  example,  is  the  case  with  a  body  let  fall 
irom  the  top  of  a  ship's  mast  when  the  vessel  is  in  motion.  If 
we  notice  the  point  on  the  deck  where  the  body  falls,  we  shall 
find  it  no  further  distant  from  the  mast  than  it  would  have 
been  had  it  fallen  from  the  top  when  the  ship  was  at  anchor ; 
so  that  with  regard  to  the  mast  the  body  has  described  a  right 
line  parallel  to  it :  but  with  respect  to  a  spectator  situated  at 
rest  out  of  the  vessel,  it  has  really  described  a  parabola,  ab- 
stracting, as  in  the  case  of  projectiles,  from  the  resistance  of  the 
air.  For,  when  the  body  is  abandoned  to  the  action  of  gravity, 
it  has  the  same  velocity  as  the  vessel  has,  since  they  were  pre- 
viously moving  on  together :  its  actual  motion  is,  therefore,  the 
same  as  though  the  vessel  were  immoveable,  and  the  body  were 
projected  horizontally  with  a  velocity  equal  to  that  with  which 
the  vessel  moves,  and  in  the  same  direction. 

Other  corollaries  which  fiow  naturally  from  the  preceding 

ropositions  and  theorems  may  be  deduced  by  the  student  at 

is  leisure. 
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ON   THE   RICOCHET. 


^4.  Def.  The  "Ricochet  is  a  motion  by  which  a  projectile, 
after  having  struck  any  obstacle  whatever,  is  so  reflected  as  to 
recommence  a  motion  similar  to  that  which  it  had  at  first.  The 
word  signifies  duck-and-drake,  or  rebounding ;  because  when  a 
ball  has  this  motion  it  goes  bounding  along,  striking  the  ground 
several  times,  like  the  bounding  of  a  flat  stone  along  the  surface 
of  water,  when  thrown  almost  horizontally.  In  Ricochet  firing 
the  ball  is  projected  with  small  charges,  and  at  elevations  gene- 
rally between  3  and  7  degrees.  Wnat  little  we  shall  advance 
on  this  species  of  projectile  motion  will  be  chiefly  illustrative. 

I.  .The  less  the  angle  of  elevation  at  which  the  ball  is  pro- 
jected, the  more  (cateris  paribus)  is  it  in  the  state  for  the  ri- 
cochet :  for  then  the  force  of  projection  being  exercised  inore 
entirely  in  the  horizontal  direction,  will  take  much  more  time 
before  it  is  extinguished  by  the  resistance  of  the  air  and  other 
obstacles.  If  the  {)rojectile  were  entirely  void  of  elasticity,  and 
the  surface  on  which  it  falls  were  horizontal,  and  inflexible^ 
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there  would  then  be  no  riooehet :  becQuae,  the  velocity  of  the 
projectile  when  it  arrives  at  c  (fig.  1.  pi.  XII.)  aocordine  to 
any  direction  mc,  may  be  decomposed  into  two  others :  of  which 
the  one  qc  perpendicular  to  the  surface  will  be  simply  destroyed 
without  any  restitution,  the  body  having  no  springiness;  while 
the  other  velocity  pc  subsists  alone  (abstractuig  from  fricUon 
and  the  air''s  resistance),  and  the  boidy,  instead  of  bounding, 
will  slide  along  cz. 

II.  But  if  there  should  be  a  prominence  ce  (iig.  2.  pi.  XII.) 
at  the  point  c  where  the  body  strikes  the  surface,  the  motion 
according  to'MC  will  then  hie  decomposed  into  a  motion  qc 
perpendicular  to  the  surface  ce  of  this  obstacle,  and  aaotha* 
PC  m  the  direction  of  that  surface,  by  which  the  moveable  will 
advance  in  the  direction  pe,  and  may  describe  after  quitting 
the  point  £  a  new  curve  of  the  same  nature  with  that  which  it 
would  desmbe  if  it  were  projected  from  the  gun  at  s  with  the 
same  velocity ;  and  this  in  such  manner,  that  after  it  is  elevated 
to  a  certain  point  it  may  again  descend  and  strike  the  earth  in 
a  new  point  i,  where  it  may  recommence  a  similar  motioa  if 
the  circumstances  are  similar :  and  so  on. 

III.  If  the  obstacle  is  flexible  or  moveable,  as  the  earth, 
water,  &c.  there  may  be  a  ricochet  even  when  the  surface  is 
perfectly  horizontal.  For  the  moveable  tends  by  its  vertical 
velocity  qc  (fig.  3.  pi.  XII.)  to  plunge  itself  more  or  less,  ac- 
cording to  we  nature  of  the  obstack;  while  with  the  velodty 
represented  by  pc  it  ploughs  its  way,  and  forms  a  furrow  of 
which  the  depth  continues  to  increase  till  the  vertical  velocity 
QC  is  extinguished.  Then,  by  virtue  of  the  velocity  remaining 
in  the  horizontal  direction,  it  thrusts  before  it  the  matter  which 
opposes  it,  and  becomes  gradually  turned  towards  the  side 
where  it  has  the  least  resistance :  thus,  in  its  return  from  its 
greatest  depth,  the  cavity  of  the  furrow  operates,  with  respect 
to  the  body,  in  the  same  manner  as  the  obstacle  ce  (fig.  2.)  in 
the  preceding  case.  Now  as  the  facility  of  the  escape  from 
the  eart)i  or  other  obstacle  is  the  greater  (oBt.  par.)  as  the  total 
d^th  of  the  furrow  is  less,  and  as  this  depth  depends  on  the 
vertical  velocity  qc,  which  will  be  always  smaller  as  the  an^ 
MCP  is  smaller,  or  as  the  angle  of  projection  is  smaller,  we  see 
how  the  &cility  of  the  riox^het  depends  upon  the  angle  of  pro- 
jection being  small. 

IV.  The  ricochet  likewise  depends  mueh  upon  the  figure  of 
the  projectile.  If  we  want,  for  example,  a  ricoctiet  on  the  water, 
and  the  projectile  were  globular;  in  order  to  this  the  velocity 
MC  must  be  such  that  the  vertical  velocity  ac  may  be  entirely 
oonsumed  before  the  v^tical  diametar  of  the  sphere  is  ^om^ 
{dclaly  kntnersed :  for,  if  once  it  is  covered  with  wi^r,  the 
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renstance  of  the  fluid  will  act  equally  on  all  sides  the  direction 
of  the  projectile,  in  such  a  manner  that  it  can  only  be  turned 
in  consequence  of  the  action  of  gravity,  which  willi  therefore, 
be  a  direct  impediment  to  the  ricochet. 

y.  As  the  plunging  can  only  be  made  successively  or  gra- 
dually, i^  is  manifest  that  during  the  time  in  which  it  is  goinff 
on  the  centre  of  the  ball  will  describe  a  curve  line ;  for  the  di* 
rection  in  which  the  re^stance  is  made  changes  continually. 
If,  for  example,  when  the  centre  c  (fig.  10.  pi.  XI.),  after 
having  described  any  track  whatever  pc,  tends  to  move  accord- 
ing to  the  prolongation  ci  of  its  actual  direction,  we  conceive 
two  tangents  bh,  ds,  parallel  to  that  direction ;  it  is  evident 
that  only  the  part  bvl  is  subjected  to  the  resistance ;  and  that, 
the  body  being  spherical,  the  resultant  ok  of  all  the  resistances 
ofiered  to  the  dinerent  points  of  the  surface  bvl  has  a  direo 
tion  which  tends  to  elevate  the  body  above  ci ;  in  such  manner 
that  ciEK  may  be  the  parallelogram  of  forces,  and  c£  will  be 
the  path  the  body  will  take^  instead  of  ci,  abstracting  from  the 
efiect  of  gravity. 

VI.  Lastly,  if  both  the  projectile  and  the  obstacle  are  flexi* 
ble,  or  both  springy,  these  circumstances  will  still  further  con- 
tribute to  the  facility  of  the  ricochet.  To  take  a  very  simple 
instance^^Suppose  diat  the  projectile  only  is  flexible,  and  that 
it  is  perfectly  elastic,  or  restores  itself  with  a  force  equal  to  that 
of  compression;  still  abstracting  from  the  consideration  of 
gravity.  '  At  the  instant  in  which  the  body  moving  in  the  di- 
recticm  ac  (fig.  4.  pi.  XII.)  touches  the  surface,  its  velocity  is 
resolved  into  a  horizontal .  velocity  ac,  which  subsists  always 
the  same  (disregarding  friction),  and  the  resistance  of  the  me- 
dium in  which  the  body  moves:  but  the  vertical  velocity  PC 
tends  gradually  to  compress  the  body  itself,  becoming  gradually 
extinguished,  while  that  represented  by  ac  subsists  unchanged ; 
$o  that  it  is  clear  that  the  centre  c  approaches  the  pluie  hz  by 
degrees  which  are  continually  diminishing,  whilp  the  degrees 
by  which  it  advances  parallel  to  that  plane  remain  constant ; 
i^  tb^efore,  we  conceive  at  every  instant  a  parallelogram  of 
forces  constructed,  of  which  the  horizontal  side  is  to  the  vertif 
cal  side  a»  the  horizontal  velocity  to  that  which  remains  in  the 
vertical  direction,  the  diagonal  of  this  parallelogram,  which 
will  indicate  for  each  instant  the  route  of  the  centre  c,  will  be 
differently  situated,  so  that  the  centre  will  approach  to  zn  by 
describing  a  curve  line  CR  during  the  time  pf  the  compressicm : 
wben  Ihe  compression  ceases  the  centre  c  will  move  for  an  in- 
MaDl  <>n  a  tangent  parallel  to  hz  \  after  which  the  elastic  force 
^  die  body  counteracting  that  of  compression  restores  tp  the 
hodj  gmdmlljr  tb?  'wiwsity  by  which  it  moves  from  the  plane, 
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in  the  inverse  order  of  the  degrees  by  which  it  approached  the 
plane ;  and  so  causes  its  centre  to  describe  the  second  branch 
Ko  of  the  curve,  equal  and  similar  to  CR.  Finally,  when  it  has 
arrived  at  the  point  o,  whose  distance  from  the  plane  hz  is 
equal  to  the  radius  ci,  it  will  move  on  according  to  the  tangent 
OT  situated  in  the  same  manner  as  ac.  Hence,  then,  the 
oblique  stroke  of  an  elastic  body  upon  an  inflexible  and  im- 
moveable plane  is  made  (abstracting  from  gravity)  in  such 
manner  that  the  angle  of  reflexion  is  equal  to  the  angle  of  in- 
cidence, these  two  angles  being  measured  by  those  contained 
between  the  horizontal  plane  and  the  tangents  at  the  extremities 
c  and  o  of  the  curve  described  by  the  centre  during  the  com- 
pression and  the  restitution  of  tne  spring ;  and  this  curve  is 
always  the  smaller  as  the  compression  and  restitution  approach 
the  more  nearly  to  being  instantaneous. 

VII.  If  we  pay  regard  to  gravity,  and  bd  is  the  line  accord- 
ing to  which  the  body  is  projected,  it  will  describe  the  portion 
DC  of  the  parabola  whose  tangent  is  bd  just  when  the  body 
touches  the  plane ;  and  when  the  compression,  &c.  has  ceased 
and  the  centre  arrives  at  o,  it  will  describe  another  portion  so 
of  a  parabola,  equal  to  the  former,  and  similarly  situated. 

VIII.  Friction  likewise  contributes  to.  the  facility  of  the 
ricochet;  because  it  gives  to  the  moveable  a  rotation  which 
enables  it  to  surmount  more  easily  the  different  obstacles  it 
meets  with.  Such  are  the  causes  and  the  principal  circum- 
stances of  the  ricochet :  we  have  attended  to  them  rather  mi- 
nutely, though  popularly,  because  the  principles  here  applied 
may  often  be  directed  by  the  student  to  other  motions  which 
frequently  dccur. 

SCHOLIUM. 

^5.  The  theory  of  the  motion  of  projectiles  just  exhibited 
depends  upon  three  suppositions,  all  of  which  are  inaccurate. 
1st.  That  the  force  of  gravity  is  the  same  in  every  point  of  the 
curve,  ^dly.  That  it  acts  in  parallel  lines.  9dly.  That  the 
body  moves  in  a  non-resisting  medium.  Of  these  suppositions^ 
however,  the  two  first,  as  we  observed  in  art.  248.  produce  no 
^rror  which  deserves  notice:  but  the  third  is  a  source  of 
cojisiderable  difl^rence  between  this  theory  and  experiments; 
particularly  when  the  initial  velocity  of  the  projectile  is  great. 
The  resistance  of  the  air  is  variable,  according  to  the  different 
velocities  and  magnitudes  of  the  projectiles:  on  this  account 
the  trajectory  of  the  projectile  is  not  a  parabola,  nor  any  known 
and  regular  curve ;  its  vertex  is  not  in  the  middle,  but  more 
remote  from  the  point  lof  projection  than  from  the  other  ex- 
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tremity;  and  the  part  of  the  trajectory  through  which  the 
body  descends  is  more  curved  than  that  through  which  it 
ascends*  These  circumstances  are  very  perceptible  to  the 
sight  in  the  motion  of  stones,  arrows,  balls,  ana  shells;  and 
even  m  a  jet  of  water  or  mercury  we  may  trace  the  same  par* 
ticulars,  unless  the  velocity  be  small,  when  the  path  nearly 
coincides  with  a  parabola.  Besides  this,  a  body  projected  with 
any  considerable  velocity  is  not  only  deflected  from  a  parabolic 
path  in  a  vertical  direction,  but  is  made  to  deviate  laterally, 
and  change  the  plane  of  motion :  in  some  experiments  indeed 
this  deviation  has  been  equal  to  ^  or  -f  of  the  actual  range. 
Such  material  discrepances  between  the  theory  and  practice 
have  induced  several  philosophers,  at  different  Umes,  to  in- 
stitute courses  of  expenments,  in  order  to  improve  the  theory 
by  a  comparison  with  their  results:  the  most  extensive  and 
important  of  these  are  the  experiments  by  Messrs.  Robins, 
Thompson,  and  Dr.  Hutton ;  for  accounts  of  them  the  reader 
may  advantageously  consult  Robins^s  Gunnery,  or  Brown's 
Translation  of  Eufer^s  Gunnery,  Phil.  Trans,  for  1778  and 
1781,  and  Hutton's  Tracts.  Dr.  Hutton  has,  likewise, 
touched  upon  this  subject  in  the  second  volume  of  his  Course 
of  Mathematics;  and  as  what  be  has  there  given  contains 
much  practical  information  in  a  small  compass,  we  shall  ex7 
tract  an  article  or  two,  as  peculiarly  appropriate  to  the  subject 
before  us. 

256.  '^  Before  the  propositions  can  be  applied  in  resolyii^ 
the  several  cases  in  the  practice  of  gunnery,  it  is  necessary  that 
some  more  data  be  laid  down,  as  derived  from  good  expe- 
riments made  with  balls  or  shells  discharged  from  cannon  or 
mortal's,  by  gunpowder,  under  different  circumstances.  For 
without  these  those  theorems  can  be  of  very  little  use  in  real 
practice,  on  account  of  the  imperfections  and  irregularities  in 
the  firing  of  gunpowder,  and  tne  expulsion  of  balls  from  guns, 
but  more  especially  on  account  of  the  enormous  resistance  of 
the  air  to  all  projectiles  that  are  made  with  any  considerable 
velocities.  As  to  the  cases  in  which  projectiles  move  with 
small  velocities,  or  such  as  do  not  exceed  ^00,  or  300,  or  400 
feet  per  second,  they  may  be  resolved  tolerably  near  the  truth 
by  tneparabolic  theory  laid  down  above.  But  in  cases  of  sreat 
projectile  velocities  it  is  quite  inadequate,  without  the  help  of 
several  data  drawn  from  many  and  good  experiments.  For  so 
great  is  the  effect  of  the  resistance  of  the  air  to  projectiles  of 
considerable  velocity,  that  some  of  those  which  in  the  air  range 
only  between  2  and  3  miles  at  the  most  would  in  vacuo  range 
about  ten  times  as  far,  or  between  20  and  30  miles. 

*'  The  effects  of  this  resistance  are  also  various,  accdrding 
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to  the  velocity,  the  diameter,  and  the  weight  of  the  projectile* 
So  that  the  experiments  made  with  one  size  of  ball  or  shell  will 
not  serve  for  another  size,  though  the  velocity  should  be  the 
same;  nor  will  the  experiments  with  one  velocity  serve  for 
other  velocities,  though  the  ball  be  the  same.  And  therefore 
it  is  plain  that,  to  form  rules  for  practical  gunnery,  we  ought 
to  have  good  experiments  made  with  each  size  of  mortar,  and 
with  every  variety  of  charge,  from  the  least  to  the  greatest. 
And  not  only  so,  but  these  ought  also  to  be  repeated  at  many 
different  angles  of  elevation,  namely,  for  every  single  degree 
between  80®  and  60®  elevation,  and  at  intervals  of  5®  above  60^ 
and  below  SO'^,  from  the  vertical  direction  to  point-blank.  By 
such  a  course  of  experiments  it  will  be  found  that  the  ^eatest 
range,  instead  of  being  constantly  that  for  an  elevation  of  45**, 
as  in  the  parabolic  theory,  will  be  at  all  intermediate  degrees 
between  45°  and  30®,  being  more  or  less  both  according  to  the 
velocity  and  the  weight  ofthe  projectile ;  the  smaller  velocities 
and  larger  shells  ranging  farthest  when  projected  almost  at  an 
elevation  of  45® ;  while  the  greatest  velocities,  especially  with 
the  smaller  shells,  range  farthest  with  an  elevation  of  about  30^. 

^7.  <(  There  have,  at  different  times,  been  made  certain 
tnnall  parts  of  such  a  course  of  experiments  as  is  hinted  at 
above.  Such  as  the  experiments  or  practice  carried  on  in  the 
year  1773,  on  Woolwich  Common ;  in  which  all  the  sizes  of 
mortars  were  used,  and  a  variety  of  small  charges  of  powder. 
But  they  were  all  at  the  elevation  of  45® ;  ana  consequently 
these  are  defective  in  the  higher  charges,  and  in  all  the  other 
angles  of  elevation. 

**  Other  experiments  were  also  carried  on  in  the  same  place 
in  the  years  1784  and  1786,  with  various  angles  of  elevation 
indeed,  but  with  only  one  size  of  mortar,  and  one  only  charge  of 
powder,  and  that  but  a  small  one  too :  so  that  all  those  nearly 
i^ree  with  the  parabolic  theory.  Other  experiments  have  also 
been  carried  on  with  the  ballistic  pendulum^  at  different  times  ; 
from  which  have  been  obtained  some  of  the  laws  for  the  quan- 
tity of  powder,  the  weight  and  velocity  ofthe  ball,  the  length  of 
the  gun,  &c.  Namely,  that  the  velocity  ofthe  ball  varies  as  the 
square  root  of  the  charge  directly,  and  as  the  square  root  of  the 
weight  of  ball  reciprocally;  and  that  some  rounds  being  fired 
with  a  medium  length  of  one-pounder  gun,  at  15®  ami  4/6^ 
devation,  and  with  S,  4,  8,  and  IS  ounces  of  powder,  gave 
neariy  the  velocities,  ranges,  and  times  of  flight,  as  they  ace 
h^fe  set  down  in  the  following  Table. 
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Powder. 

Elevation 
of  gun. 

Velocity 
of  ball. 

Range. 

Time  of 
flight. 

• 

ox. 

« 

4 

8 

IS 

9t 

IS" 

15 

15 

15 

45 

feet. 

860 
i£30 
1640 
1680 

860 

-    feet. 
4100 
5100 
6000 
6700 
5100 

9» 
IS 
14|. 
16i 
81 

*^  But  «A  we  are  not  yet  provided  with  a  sufiident  number 
and  variety  of  experiments  on  which  to  establish  true  rules  for 
practical  gunnery,  independent  of  the  parabolic  theory^  we 
must  content  ourselves  with  the  data  of  some  one  certain  expe- 
rimented range  and  time  of  flight  at  a  given  angle  of  elevation; 
and  then  by  help  of  these  and  the  rules  of  the  parabolic  theory, 
determine  the  like  circumstances  for  other  elevations  that  are 
not  greatly  different  from  the  former." 

A  copious  and  most  interesting  account  of  the  whole  of  Dr. 
Hutton  s  experiments  may  now  be  seen  in  the  2d  and  3d  vols, 
of  his  8vo  Tracts,  recently  published.  From  these  we  venture 
to  extract,  farther,  the  following  summary  of  important  deduc- 
tions. 

^1,  From  a  general  inspection  of  this  second  oourse  of  these 
experiments  it  appears,  that  all  the  deductions  and  observations 
made  <m  the  former  course  are  here  corroborated  and  strength- 
ened, refi^iecting  the  velocities  and  weights  of  the  balls,  and 
charges  of  powder,  &c«  It  further  appears  also,  that  the  ve- 
locity of  the  ball  increases  with  the  increase  of  chai]ge  onl^  to 
a  certain  point,  which  is  peculiar  to  each  gun,  where  it  is 

Eieatest ;  and  that  by  further  increasing  the  charge,  the  ve- 
rity gradually  diminishes,  till  the  bore  is  (|uite  full  of  powder. 
That  this  charge  for  the  greatest  velocity  is  greater  as  the  gun 
is  longer,  but  yet  not  greater  in  so  high  a  proportion  as  the 
length  of  the  gun  is ;  so  that  the  part  of  the  bore  filled  with 
powder,  bears  a  less  proportion  to  the  whole  bore  in  the  long 
ffuns,  than  it  does  in  the  shorter  ones ;  the  part  which  is  filled 
oeii^  indeed  nearly  in  the  inverse  ratio  of  the  square  root  of 
the  ampty  part. 

^*  3.  It  appears  that  the  velocity,  with  equal  charges,  always 
increases  as  tne  gun  is  longer ;  though  the  increase  m  velocity 
is  hut  very  small  in  comparison  to  tne  increase  in  length;  the 
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velocities  being  in  a  ratio  somewhat  less  than  that  of  the  square 
roots  of  the  length  of  the  bore,  but  greater  than  that  of  the 
cube  roots  of  the  same,  and  is  indeed  nearly  in  the  middle  ratio 
between  the  two. 

^^  3.  It  appears,  from  the  table  of  ranges,  that  the  range 
increases  in  a  much  lower  ratio  than  the  velocity,  the  gun  and 
elevation  being  the  same.  And  when  this  is  compared  with 
the  proportion  of  the  velocity  and  length  of  gun  in  the  last 
paragraph,  it  is  evident  that  we  gain  extremely  little  in  the 
range  by  a  great  increase  in  the  length  of  the  gun,  with  the 
same  charge  of  powder.  In  fact,  the  range  is  nearly  as  the  5th 
root  of  the  length  of  the  bore ;  which  is  so  small  an  increase, 
as  to  amount  only  to  about  a  7th  part  more  range  for  a  double 
length  of  gun.— From  the  same  table  it  also  appears,  that  the 
time  of  the  balPs  flight  is  nearly  as  the  range ;  the  gun  and 
elevation  being  the  same. 

^*  4.  It  has  Deen  found,  by  these  experiments,  that  no  differ- 
ence is  caused  in  the  velocity,  or  range,  by  varying  the  weight 
of  the  gun,  nor  by  the  use  of  wads,  nor  by  different  degrees  of 
ramming,  nor  by  firing  the  charge  of  powder  in  different  parts 
of  it.  But  that  a  very  great  difference  in  the  velocity  arises 
from  a  small  degree  in  the  windage :  indeed  with  the  usual 
established  windage  only,  viz.  about  -^  of  the  calibre,  no  less 
than  between  j-  and  ^  of  the  powder  escapes  and  is  lost :  and 
as  the  balls  are  often  smaller  than  the  regulated  size,  it  fre- 
quently happens  that  half  the  powder  is  lost  by  unnecessary 
windage.^ 

The  valuable  work  from  which  the  above  quotation  is  taken 
will  tend  more  than  any  other  which  has  yet  appeared  to  pro- 
mote the  true  theory  of  gunnery.  Yet,  it  must  be  acknow- 
ledged, that  Dr.  Hutton^s  experiments  and  investigations, 
excellent  as  they  are,  tend  by  no  means  so  completely  as  might 
be  wished  to  the  determination  of  the  actual  path  of  a  military 
projectile.  But  it  is  hoped  that  much  additional  light  will  be 
thrown  upon  this  important  branch  of  inquiry,  in  the  course 
of  the  new  experiments  on  gunnery  recently  dievised,  and  still 
carrying  on  at  Woolwich. 


III.       DESCISNTS  OK    INCLINED  PLANES,  AND  CURVE  SURFACES. 

£68.  Prop.  The  force  which  accelerates  or  retards  the 
motion  of  a  body  upon  an  inclined  plane  is  to  the  force  of 
gravity y  as  the  height  of  the  plane  to  its  length,  or  as  the  sine 
of  the  pkme*s  elevation  to  radius. 

Let  AD  (fig.  5.  pi.  XII.)  be  the  plane,  of  which  the  height 


CHAP.  II.  DESCENTS  O^   INCLINED  PLANES.  ^St 

is  BD,  and  the  length  ad;  and  let  c  be  the  place  of  a  body 
lipon  the  plane.  From  c  draw  the  vertical  cg  to  represent  g 
the  accelerating  or  retarding  force  of  gravity,  according  as  the 
body  is  supposed  to  be  moving  downwards  or  upwards,  and 
complete  the  parallelogram  cegf  :  now  the  fprce  cg  may  ob- 
viously be  resolved  into  the  two  cf,  ce,  of  which  the  former 
being  in  the  direction  perpendicular  to  the  planeis  extinguished 
by  its  reaction,  but  the  latter  being  parallel  to  the  plane  has  its 
entire  effect,  and  is  that  which,  either  directly  cooperates  with 
or  opposes  the  motion  of  the  body  along  the  plane.  But  the 
triangles  adb,  gce,  are  similar,  the  sides  of  the  latter  being 
respectively  perpendicular  to  the  sides  of  the  former :  there- 
fore, GC  :  c£  : :  da  :  db  :  :  rad  :  sin  dab.  And,  if  we  sup- 
pose the  body  at  any  other  point  c',  the  resolution  of  the  forces 
will  again  furnish  the  same  result.  Whence  the  proposition  is 
manifest. 

Cor.  1.  Since  the  accelerating  or  retarding  force,  on  the 
same  plane,  is  in  a  given  ratio  to  that  of  gravity,  which  is  a 
uniform  force,  it  also  is  a  uniform  force. 

Cob.  %  Hence  the  laws  before  laid  down  for  accelerated 
and  retarded  motions  hold  good  for  those  on  inclined  planes : 
thus,  in  descending  along  the  same  plane,  or  planes  equally 
inclined,  the  velocities  acquired  are  as  the  spaces  descended, 
from  quiescence ;  the  spaces  descended  are  as  the  squares  of 
the  velocities,  or  as  the  squares  of  the  times ;  and,  if  a  body 
be  thrown  up  an  inclined  plane,  with  the  velocity  it  acquired 
in  descending,  it  will  lose  all  its  qfiotion,  and  will  ascend  to  the 
height  from  which  it  descended  in  an  equal  time,  and  will 
repass  any  point  of  the  plane  with  the  same  velocity  as  it  passed 
it  in  descending. 

Cos.. 3.  If  h  represent  the  height  and  1  the  length  of  the 
plane,  the  acceleratmg  or  retarding  force  will  be  represented  by 

-J  g\  or,  if  the  angle  dab  be  denoted  by  e^  that  force  will  be 

represented  by  g  sin  e.    Hence  if  we  substitute  this  for  g^  in 
the  values  ox  s  and  v,  in  art.  243.  they  will  become  ^  ==  sin  ^ 
^^%  and  v:=:g  sin  e/=  ^(^gs  sin  e):  and  the  equations  for  t 
will  undergo  similar  modifications.     These  will  enable  us  to 
deduce  some  useful  theorems  as  further  corollaries.  . 
-    CoE.  4.  If  two  bodies  descend  from  the  highest  point  d  of 
the  plane  at  the  same  instant ^  one  descending  along  the  plane 
"DAj  the  other  through  the  vertical  db,  their  coniemporeous 
positions  c  and  i  will  aimays  be  shewn  by  the  intersections  of  a 
line  as  ci  with  the  two  planes,  this  line  being  constantly  per* 
pendicular  to  da.     This  will  appear  by  comparing  the  equa- . 
tion  ^=:^  sin  e^%  for  the  motion  down  the  plane^  with  the  cor* 
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_  ecj^uatkm  sfsz^  gf*  ezpremog  the  vertical  motion : 
fori  if  we  divide  one  of  these  equations  by  the  other,  we  have 

"7^  ^  a1^     which  because  tzzf^  gives  5— s*  An  e;  whence 

J :  s  :  :1  :  me^  that  is,  di  :  dc  :  :  rad  :  sin  dab,  which  indi- 
cates that  Dz  is  the  hypothenuse  of  a  right-angled  triangle^ 
whose  angle  i  is  equal  to  the  elevation  of  me  plane. 

Cor.  5.  If  the  diameter  of  a  circle  be  perpendicular  to  the 
horizon,  and  chords  be  dirawnjrom  either  extremity j  the  time^^ 
of  descent  down  all  the  chords  mil  be  equaly  and  each  equal  to 
the  time  of  free  descent  through  the  vertical  diameter.  Thus 
in  fig.  6.  pi.  XIL  the  angle  at  c  being  a  right  angle,  the  time 
of  running  through  ac  on  the  inclined  juane  is  (by  the  pre- 
ceding oorol.)  equal  to  the  time  of  falling  through  ab  ;  and, 
since  d  and  b  are  right  angles,  the  same  will  be  true  of  the  de» 
scents  through  ad,  and  ae  :  also,  if  ai  be  drawn  parallel  to  cb, 
the  time  of  descent  through  ai  will,  in  like  manner,  be  equal 
to  that  through  ab;  and  because  ai=cb,  and  have  equal 
elevations,  they  will  be  described  in  equal  times :  and  the  same 
may  be  shewn  of  db,  eb,  &c. 

Cqr.  6.  If,  from  any  point  a  in  a  vertical  plane,  any  num* 
ber  of  lines  ac,  ad,  ae,  af,  ag,  &c.  be  drawn  in  that  plane, 
and  bodies  be  let  fall  from  quiescence  at  a  along  these  lines, 
then  at  the  ei^d  of  any  equal  times  whatever  these  bodies  will 
all  be  found  in  the  circumference  of  a  drcle  passing  through  a 
(fig.  7*  pi.  XII.)  Thus,  when  the  body  fallinff  vertically  is  at 
E,  the  others  will  be  at  c,  d,  f,  o,  respectivefy :  again,  when 
this  body  is  at  ^,  the  others  will  be  at  c,  li,  ^  g,  in  uie  circum- 
ference of  a  drcle  touching  the  former  in  a  ;  and,  when  this 
body  is  at  b,  the  others  wiU  be  at  c',  (f,  y,  g',  in  a  third  circle 
touching  the  other  two  in  a  :  and  so  on.  All  which  is  mani- 
fest from  Cor.  5. 

Cob.  7*  And  if  the  lines  diver^ng  from  a  are  not  confined 
to  one  plane,  but  directed  all  around,  then  bodies  descendinfir 
along  these  Unes  will  at  every  separate  instant  of  time  be  aU 
found  in  the  surface  of  some  one  of  a  series  of  spheres,  which 
touch  one  another  in  the  superior  point  a. 

Cor.  8.  If  any  line  ch  (fig.  5.  pi.  XII.)  be  drawn  parallel 
to  the  horizon,  and  if  two  bodies  movejrom  quiescence  at  n, 
tie  one  along  the  inained  plane  da,  the  other  through  the  ver-^ 
ticai  DB,  the  velocity  acquired  by  the  one  at  c  vrili  oe  equal  to 
that  acmdred  by  the  other  ai  h  ,*  those  vdocities  being  esti^ 
mated  oy  the  directions  of  their  respective  motions.  For  the 
equation  comprising  the  conditions  of  velodty  of  the  body 
movinj^  along  da  is  v=  ^/{^  sin  e)  (Cor.  3.),  and  the  corre- 
sponding equation  i<x  the  vertical  descent  is  t/=  ^{^tg^    But 
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in  the  present  instance^  vst/,  therefore  2^s  sm  ezziSgi^^  or  5  sia 
ezzs';  consequently  sf  :s::  ^ne  :  1^  that  is,  dh  :  dc  :  sin  dab  : 
rad. 

Hence  ch  is  parallel  to  the  horizontal  line  ab. 

Cor.  9.  Hence,  since  the  same  might  be  shewn  of  the  cor- 
responding point  c'  of  any  other  plane  ad,  if  several  bodies 
are  letjbll  from  one  point  d,  without  any  impulsion^  and  run 
over  different  planes^  they  will  all  have  acquired  the  same 
velocity  when  they  arrive  at  any  horizontal  plane. 

CoE.  10.  If  two  or  more  bodies  have  equal  velocities  ai  any 
equal  altitudes  c,  h,  dj  their  velocities  will  be  eqtud  at  aU  jother 
equal  altitudes^  a,  b,  a'. 

Cor.  11.  Hence,  also,  the  velocities  acquired  by  descending 
down  any  planes  are  as  the  square  roots  of  tJieir  heights  db. 
Thus,  the  velocity  at  a,  being  the  same  as  the  Velodty  at  b,  is 
asv^DB. 

Cor.  is.  The  time  qf  descent  along  da  is  to  the  time  cf 
descent  throuslh  the  vertical  db  05  da  to  db.    Here  da  =^, 
DB=y,  and  the   equations  are  szz\g  sin  et^,  and  y=|g^*; 
whence,  if  we  convert  these  into  an  analogy;  we  have  t^  i  H^  11 

•  *^' : :  -: — :  db.     But,  in  the  triangle  dab, =  sin  ^  ; 


sm  e  vm  e  ^  ®  '    da 

therefore,  ^* :  ^*  :  :  da*  :  db*,  or  ^ :  ^  : :  da  :  db. 

Cor.  13.  As  the  above  proportion  obtains  whatever  is  the 
inclination  of  the  plane,  it  results,  that  the  times  employed  in 
passing  ooer  various  inclined  planes  qf  the  same  hei^ii  are 
respectively  as  the  lengths  qf  the  planes. 

^59.  Prop.  If  a  body  descend  along  any  number  qf  con» 

tiguous  planes  J  it  will  ultimately  acquire  the  same  velocity  as 

would  have  been  acquired  by  Jailing  perpendicularly  through 

the  height  qf  the  system ;  supposing  no  velocity  lost  on  passing 

from  one  plane  to  another. 

Let  ab,  bc,  CD,  (fig.  8.  pi.  XI  I.)  be  the  contiguous  planes : 

Eroduce  dc,  cb,  the  two  lower  till  they  meet  af  parallel  to  the 
orizon  in  f  and  £  respectively.  Then,  by  Cor.  9*  of  the  pre* 
ceding  prop,  the  velocity  at  b  is  the  same  whether  the  body 
descend  through  ab  or  eb  :  and  therefore  the  velocity  at  c  will 
be  the  some  wnether  the  body  fall  through  abc  or  £C,  which 
is  also,  by  the  same  corol.  equal  to  the  velocity  acquired  by 
falling  through  fc.  Consequently  the  velocity  will  be  the 
same  at  d,  on  this  hypothesis,  whether  the  body  passed  over 
the  system  abcd,  or  through  the  single  plane  fd,  or,  lastly, 
through  the  vertical  fg. 

Cor.  Hence,  comparing  this  prop,  with  corol.  2.  and  11.  of 
the  preceding,  it  follows  that  the  velocities  acquired  in  faUii^ 
dawn  any  systems  of  planes  are  as  the.  square  roots  of  tbeir 
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Tertical  altitudes ;  and  that,  if  the  body  be  projected  from  d 
up  the  planes  with  the  velocity  acquired,  it  will  ascend  through 
this  or  any  other  system  of  planes  (no  part  of  which  is  recUmng) 
to  the  same  perpendicular  height  from  d. 

260.  Prop.  fVTien  a  body  moves  over  a  system  qfplaneSf  the 
velocihf  lost  in  passing  from  any  plane  to  the  succeeding  one 
is  to  the  velocity  it  had  then  acquired,  as  the  versed  sirie  of 
the  angle  made  by  the  planes  to  radius. 

Conceive  that  the  body  after  moving  over  the  plane  ab  (fig. 
9*)  has  such  a  velocity  as  would  carry  it  over  the  space  bf  m 
the  next  second,  or  unit  of  time,  if  the  motion  were  not  ob- 
structed :  from  f  draw  the  line  fd  perpendicular  to  the  second 
plane  bc,  and  complete  the  parallelogram  de,  then  will  the 
velocity  bf  be  resolvable  into  the  two  be,  bd  ;  of  which  the 
former  is  evidently  destroyed  by  the  resistance  of  the  plane, 
and  of  consequence  the  velocity  bf  will  be  reduced  to  the  ve- 
locity BD  on  the  plane  bc.  Now,  with  centre  b  and  radius  bf 
describe  the  arc  fi,  §o  shall  diizbf— BD—the  velocity  lost  at 
the  angle  b  ;  and  it  is  obvious  that  ni  :  bf  :  :  vers,  sin  dbf  : 
rad.     As  in  the  proposition. 


SCHOLIUM. 

261.  When  a  body  falls  freely  by  the  continual  solicitation 
of  gravity,  every  particle  in  it  is  equally  accelerated,  or  every 
particle  descends  towards  the  horizon  with  the  same  velocit}', 
and,  therefore,  no  rotation  will  be  given  to  the  body.  The 
same  may  be  said  when  a  body  descends  along  a  perfectly 
smooth  inclined  plane,  if  that  part  of  the  force  which  is  in  a 
direction  perpenaicular  to  the  plane  be  supported ;  that  is,  if 
a  perpendicular  to  the  plane  drawn  from  the  centre  of  gravity 
of  the  body  pierce  the  plane  in  a  point  which  is  in  contact  with 
the  body.  But  if  this  part  of  the  force  be  not  sustained  b^ 
the  plane,  the  body  will  partly  roll  and  partly  slide,  till  this 
force  is  sustained ;  and  then  the  body  will  slide  wholly.  When 
the  lateral  motion  is  entirely  prevented  by  the  adhesion  of  the 
plane,  the  body  will  keep  at  rest  if  the  vertical  from  its  centre 
of  gravity  fall  within  its  base ;  but  if  it  fall  below  that  base 
the  body  will  roll.  If  the  adhesion  be  not  sufficient  to  prevent 
all  lateral  motion,  the  body  will  partly  roll  and  partly  slide. 
In  all  these  cases  the  space  described,  the  time  of  motion,  &c. 
must  be  ascertained  by  means  of  other  principles ;  the  prin- 
cipal, &c.  of  which  will  be  explained  in  the  chapter  on  Rota- 
tion (art.  316.). 
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£61^.  Prop.  The  times  of  describing  Irvo  si/siems  of  inclined 
planes  abcd,  abed  (fig.  8.  pi.  XII.)»  xohoie  number^  incliiui- 
tionsf  and  ratio  of  tlieir  lengl/iSj  are  the  same^  are  to  each 
other  as  the  square  roots  of 'the  lengths  of  the  systems* 

Because  the  planes  are  equally  inclined  to  the  direction  of 
theforce,  the  time  of  running  through  ab  is  to  that  througl;!  ab 
as  a/ab  to  Vab  (art.  U^S,  cor.  11^.  And  if  bodies  fall  down 
EC,  ecy  then  will  time  in  ec  :  time  \n  ec  :  i  ^ec  :  ^/ec  :  ;  v"  ab 
:  y/ab\  also,  time  in  eb  :  time  in  eb  :  i  \/£B  :  ^/e^  :  :  \/ab  : 
Ajab ;  therefore,  time  in  EC  :  time  in  ec  \  :  time  in  eb  :  time  in 
eb\  and  hence,  the  remainder,  or  time  in  bc  :  remainder,  or  time 
in  bc  \  :'  \/ ab  :  VaA,  by  Euc.  V.  19.  And  since  (by  hyp.)  no 
motion  is  lost  in  passing  from  one  plane  to  another,  the  times 
of  passing  over  bc,  ana  6e,  are  the  same,  whether  the  bodies 
begm  to  move  at  a  and  a,  or  at  k  and  e :  so  that  when  the 
bodies  descend  along  abc,  abc,  it  will  be  time  in  bc  :  time  in 
bc  :  I  v/ab  :  ^^ab.  In  the  same  manner  it  may  be  shown  that 
time  in  cd  :  time  mcdi  i  ^/ab  :  *s/ab.  Hence,  time  in  ab  : 
time  m  ab  :  :  time  in  bc  :  time  in  ic  : :  time  in  en  :  time  in  cd\ 
and  consequently  the  time  in  ab-^-bc  +  cd  :  time  in  a&  +  ic-f  cdi ; 
time  in  ab  :  time  in  ab  :  :  Vab  :  Vab  :  :  a/(ab-1-bc  f  cd)  j 
/^{ab-^-bc+cd). 

Cor.  1.  If  the  lengths  of  the  planes,  and  their  angles  of  in- 
clination abe,  BCF,  be  diminished  indefinitely,  the  limits,  to 
which  these  systems  approximate,  are  similar  curves,  similarly 
posited,  in  which  (as  will  be  seen  in  the  next  prop.)  no  velocity 
IS  lost :  hence  the  whole  times  of  descent  through  these  curves 
will  be  as  the  sqiuire  roots  of  their  lengths. 

Cor.  2.  The  times  of  descents  along  similar  circular  aic&, 
similarly  situated,  are  as  the  square  roots  of  the  arcs,  or  as 
the  square  roots  of  the  radii  of  their  respective  circles, 

26S.  Prop.  If  a  body  faU  from  quiescence  dawn  a  curve 
surface  which  is  perfectly  sm>ooth^  the  velocity  acquired  is  equal 
to  that  which  wotdd  be  acquired  ifi  Jailing  througfi  tlie  same 
perpendicular  height. 

For,  by  art.  5^60.  when  a  body  passes  from  one  plane  ab  (fig. 
9).  to  another  bc,  the  whole  velocity ;  klie  velocity  lost  :  : 
radius  :  versed  sine  of  dbf.  Consequently,  when  the  angle  fbd 
is  diminished  sine  limite,  the  velocity  lost  is  diminished  sine 
limite :  and  if  the  lengths  of  the  planes  as  well  as  their  angles 
of  inclinations  be  indefinitely  dimmished,  the  system  approxir^ 
mates  to  a  curve  as  its  limit,  in  which  there  is  no  velocity  lost: 
wherefore,  the  whole  velocity  acquired  will  be  equal  to  that 
which  a  body  would  acquire  in  falling  through  the  same  ver^ 
tical  altitude.     Art.  259. 

Or,  if  we  apply  the  fluxional  method  to  the  known  properties 
VOL.  I.  ft 
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of  curves  in  eeneral,  the  same  thing  inay  Le  shown  thus.  Sup« 
pose  the  boay  moves  from  quiescence  at  c,  (fig.  10.  pi.  XIL) 
and  that  at  the  end  of  the  time  t  the  constant  action  of  gravity 
has  brought  it  to  the  pcnnt  ic,  in  the  same  vertical  plane  yax. 
On  the  horizontal  axis  ax  let  ap=:x,  and  on  the  vertical  ay 
let  AB=:  A,  the  right  ordinate  to  the  point  u,  that  is,  pm=y,  and 
the  space  described  cm  =5 ;  then  will  the  velocity  of  the  move- 

able  in  the  direction  of  the  element  of  the  curve  at  m  be  -r-» 

t 

Gravity  acting  upon  the  body  at  m  in  the  direction  ui*,  its  force 
must  he  decomposed  into  two  others,  the  one  perpendicular  to 
jthe  surface  in  M  will  be  annihilated  by  its  reaction,  the  other 
will  be  in  the  direction  of  the  tangent  at  m  :  and  as  the  cosine 

• 

of  the  angle  which  this  tangent  makes  with  ax  is  -—orrathet 


y 


—  -r-,  since  s  increases  as  y  decreases,  the  component  of  the 
gravitating  force  in  the  direction  of  the  tangent  will  be  —  ^  -r-; 


thus  we  have  -7-  =  — g  ■?-.     From  this  we  find  ?- w= — gy,or 

po  =  — gy,  because  r  =:  t-  (art.  232.  I.).    Taking  the  fluent 

we  have  it?*=— gy +c.  Now,  at  the  point  c,  wnO,  and  «=*, 
therefore  c=r£*A,  and  consequently  v^z:z9gh-9gy=i^  01-^1/) 
=%  X  BN.  Whence  it  follows,  since  bn  here  =«  in  art.  243. 
that  the  body  has  in  m  the  same  velocity  in  the  direction  of  the 
tangent  that  it  would  have  had  at  n  after  falling  freely  through 
BM.  Thus  also  it  appears  that  the  theorem  exhibited  in  cor. 
9*  art.  268.  is  only  a  particular  case  of  the  p'rindple  just 
deduced. 

Cor.  1.  If  a  hody  be  projected  up  a  curve  (having  no  point 
q^  contrary  flexure)  the  perpendicular  height  to  which  it  will 
rise  is  equal  to  that  through  which  it  must  fall  to  acquire  the 
velocity  of  projection.  For  the  body  will  alwajrs  have  its 
ascending  motion  retarded  by  a  force  whose  intensity  is  equal 
to  that  which  would  accelerate  the  motion  when  descending. 

Cor.  ±  If  Mzm  (fig.  10.  pi.  XII.)  be  a  curve,  whose 
lowest  point  is  z,  and  the  parts  mz,  zm^  equal  and  similar ;  a 
body  by  falling  through  mz  will  acquire  such  a  velocity  as  will 
carry  it  to  in:  and,  since  the  velocities  at  all  equal  altitudes  in 
the  aesoent  and  ascent  are  equal,  the  whole  time  of  the  ascent 
will  be  equal  to  that  of  the  descent. 
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Cor*  3.  The  circumstances  of  the  last  coroUofy  wili  obtain 
in  like  manner^  if  the  body  be  retained  in  the  curve  by  a  string 
which  is  in  every  point  perpetidicular  to  it :  for  the  string  in 
that  case  will  sustain  the  part  of  the  weight  which  in  the  former 
18  sustained  by  the  curve. 

^64  Prop.  The  velocities  acquired  in  descending  throu^ 
different  arcs  of  tlie  same  circle  are  as  the  chords  of  the  arcs^ 
the  tangent  to  ilie  lowest  point  of  each  arc  being  horizontal. 

Let  a  body  fall  througn  the  arc  ad  (fig.  11.  p.  XIL^,  it  will 
(art.  263.)  have  the  same  velocity  at  the  point  d  as  if  it  had 
fallen  through  the  vertical  fd,  af  being  horizontal :  and  a  body 
falling  through  the  arc  bd  will,  for  the  same  reason,  have  a 
velocity  at  d  equal  to  that  which  would  have  been  acquired  by 
falling  freely  through  kd.  Now  if  bodies  fall  successively 
from  rest  at  f  and  e,  the  velocities  acquired  on  arriving  at  d 
will  be  (art.  243.)  as  v/df  and  Vde.  But,  by  a  well-known 
property  of  the  circle,  \/df  :  v^de  ::  ad  :  bd;  and  conse- 
quently the  velocities  acquired  by  falling  through  any  arcs 
ABD,  BD,  of  the  circle  terminating  in  d  the  lower  extremity 
of  the  vertical  diameter,  are  as  the  corresponding  chords  ad, 

BD. 

Cor.  1.  If  we  would  give  to  a  body  on  arriving  at  d  a  velo- 
city double,  triple,  &c.  the  velocity  it  has  at  d,  after  falling 
through  the  arc  bd,  we  have  only  to  set  off  from  d  the  chord 
J}^  double,  triple,  &c.  the  chord  bd  and  abd  will  be  the  arc. 
after  falling  tnrough  which  the  body  will  have  the  required 
velocity. 

Cor.  2.  If  we  wish  the  body  .on  arriving  at  d  to  have  any 
proposed  velocity,  five  feet  per  second,  for  exfimple.^  theaifiao 
by  the  proper  theorem  (art.  243.)  the  height  s  due  to  that  ve- 
locity ;  ana  having  taken  on  the  vertical  cd  a  line  df  equal  to 
this  height,  from  a  point  c  above  f  attach  a  thread  of  the 
length  DC  to  the  body,  and  draw  it  aside  from  the  vertical  till 
it  cut  the  horizontal  line  af  in  a  ;  from  this  place  let  the  body 
fall,  and  it  will  have  at  d  the  proposed  velocity. 

J265.  Prop.  The  accelerating  Jorce  of  a  body^  gravitating  in 
a  circular  arc,  is  to  its  absolute  weight,  as  the  sine  of  its  angu>- 
lar  distance  from  the  lowest  point  ^ihe  circle,  is  to  the  radius. 

Let  M  (fig.  12.  pi.  XII.)  be  the  body  descending  along  the 
arc  MA,  whose  lowest  point  is  a  and  centre  c :  let  me  be  the 
sine  of  the  arc  ma,  and  let  mt  be  a  tangent  to  the  circle  at  u^ 
meeting  the  vertical  aA  produced  in  t»  Then  will  the  accele- 
rating force  of  the  body  at  m  be  the  same  as  if  it  were  placed 
on  the  tafieent  mt^  considered  as  an  inclined  plane ;  and  will, 
therefore,  he  to  its  absolute  weight  as  «t  to  mt  (art.  268.) ;  or, 
because  of  the  similar  triangles  met,  cem,  as  EM  to  cm,  or,  aa 

Q.2 
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the  sine  of  the  arc  am  (the  measure  of  the  angular  distance 
MCA)  is  to  radius* 

Cor.  1.  In  the  same  circle  the  accelerating  force  is  every 
where  as  the  sine  of  the  arc  ma  ;  but  because  the  sine  and  arc 
approximate  to  the  ratio  of  equality  while  the  arc  decrease?, 
the  ratio  of  the  sines  to  each  other  will  approximate  to,  and  be 
ultimately  equal  to,  the  ratio  of  their  corresponding  arcs  to  each 
other.  Therefore,  ultimately,  the  accelerating  force  is  as  the 
arc  MA,  the  distance  of  the  body  from  the  lowest  point  a,  mea- 
sured along  the  circle  in  which  the  body  moves. 

CoR.  2.  Hence  the  times  of  descent  down  unequal  arcs  ma, 
oa,  approximate  to  equality,  while  those  arcs  decrease  in  in- 
Jinitum^  and  ultimately  those  times  will  be  equal.  For,  when 
the  accelerating  force  varies  as  the  distances  (art.  237.)  the 
times  of  descent  will  be  equal  from  whatever  place  the  body 
begins  to  descend. 

266.  Prop.  Things  being  as  in  the  last  proposition,  draiD 
MA  the  chord  of  the  arc  moa;  then  the  accelerating  Jbrce  of 
the  body  upon  the  arc  at  m  will  be  to  the  a>ccelerating  force 
of  the  body  placed  any  wliere  upon  the  chord  ma  ultimately  as 
%  to  1. 

For,  draw  the  diameter  acA,  join  am,  cm,  let  A^  be  a  tangent 
to  the  circle  at  a,  and  mt  a  tangent  to  the  circle  at  m,  those 
tangents  meeting  at  t.  Then,  considering  the  chord  ma  and 
tangent  m^  as  inclined  planes  whose  altitudes  are  equal,  the 
Accelerating  force  on  the  plane  m/  (equal  to  that  on  tne  arc  at 

m)  is  to  the  accelerating  force  on  the  plane  ma,  as  —  to  — , 

or  as  MA  to  yLt\  or,  by  reason  of  the  similar  triangles  ma^, 
Moc,  as  Ma  to  mc,  that  is,  ultimately,  as  ^  is  to  1. 

Cor.  The  time  of  descent  through  the  arc  moa  is  to  the  time 
of  descent  through  the  chord  ma  ultimately  as  8-141593  to  4, 
or  as  the  circumference  qfu  circle  is  to  four  diameters.  For, 
ultimately,  the  length  of  the  arc  and  chord  are  equal,  and  ulti- 
mately the  accelerating  force  of  the  body  on  the  arc  is  every 
where  as  its  distance  from  the  lowest  point  a  (art.  265.  cor.  1.); 
iiut  the  accelerating  force  of  the  body  on  the  chord  is  uniform, 
«nd  equal  to  half  the  first  force  on  the  arc  at  m  by  the  prop. ; 
therefore,  (art.  237.  cor.)  the  time  of  the  descent  through  the 
arc  is  to  the  time  of  descent  through  the  chord  as  the  circum- 
ference is  to  four  diameters. 

Cor.  2.  Supposing  the  periphery  of  a  circle  to  coincide  with 
the  perimeter  of  a  polygon  whose  «ides  are  increased  in  number, 
and  diminished  in  magnitude  in  infinitum,  and  that  the  least 
possible  arc  of  a  circle  coincides  accurately  with  its  chord 
|which  is  the  language  of  indivisibles),  it  would  follow  that  the 
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^iin$3  of  a  bod^s  descent  in  such  an  arc  would  be  equal  to  the 
time  of  descent  down  the  chord :  and  such  is  the  conclusion  of 
Dr.  KeiU  in  his  xvth  Lecture,  and  before  him  of  M.  Parent, 
But  it  appears,  from  the  preceding  corollary,  that  in  fact  these 
times  are  so  far  from  being  equal,  as  Keill  and  Parent  maintain, 
that  the  time  of  descent  down  the  arc  is  less  than  that  down 
the  chord  nearly  in  the  ratio  of  3  to  4.  And  from  the  method 
of  prime  and  ultimate  ratios  applied  to  this  case,  it  is  evident, 
that  while  the  arc  and  chord  approximate  to  equality,  the  times 
of  descending  along  them  do  not  approximate :  for,  by  the 
doctrine  of  limits,  no  part  of  a  curve,  how  small  soever,  can 
ever  be  safely  taken  for  its  chord  ;  but  even  when  they  so  far 
approach  each  other  that  their  lengths  may  be  considered  as 
equal,  the  curve  still  remains  a  curve;  its  inclination  is  different 
from  that  of  the  chord  ;  the  accelerating  force  along  the  curve 
perpetually  varies,  and  that  in  proportion  to  the  distance  of  the 
body  from  the  lowest  point,  while  the  accelerating  force  along 
the  chord  remains  constant;  and  therefore  the  times  of  de- 
scribing these  spaces  arc  unequal,  even  supposipg  the  lengths 
could  be  the  same. 
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267.  Before  we  entirely  quit  the  subject  of  motions  along  in- 
clined planes,  we  shall  briefly  notice  a  general  principle  which 
M.  D*Alembert  first  presented  in  his  Dt/namiquey  pa.  73,  and 
which  is  mentioned  here  because  we  mean  to  show  its  applica- 
tion to  a  part  of  the  subject  now  under  discussion ;  not  meaning  . 
to  follow  it  universally.     His  proposition  iB  this : 

Prop.  **  In  whatever  manner  several  bodies  change  their 
actual  fnotions^  if  we  conceive  thai  the  motion  which  each  body 
would  have  in  the  succeeding  instant,  if  it  were  quite  Ji'ee,  ts 
decomposed  into  two  others,  of  which  one  is  the  mdtion  zvhich  it 
really  takes  in  consequence  o/*  their  mutual  actions,  the  second 
must  be  such,  that  if  each  body  were  impelled  by  this Jmce  alone 
(thai  is,  by  the  force  which  would  produce  the  second  motion), 
all  the  bodies  would  remain  in  eqmlibrio.^ 

This  is  evident :  for  if  these  second  constituent  forces  are  not 
such  as  would  put  the  system  in  equilibrio,  the  other  constituent 
motions  could  not  be  those  which  the  bodies  really  take  in 
consequence  of  their  mutual  action,  but  would  be  changed  by 
the  first. 

The  use  of  this  proposition  will  appear  from  the  following 
examples. 
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I.  Let  there  be  three  bodies  b,  b',  b'',  and  let  the  forces  f^  I'f 
F*,  act  upon  ihem,  so  as  to  give  them  the  velocities,  v,  i/,  t/'^ 
in  any  directions  whatever,  producing  the  quantities  of  motion 
BVy  bV,  b'V,  which  we  may  call  f,  f',  f'',  because  the  momenta 
are  the  proper  measures  of  the  moving  forces.  Let  us  farther 
suppose  that  by  striking  each  other^  or  being  any  way  connected 
with  each  other,  they  cannot  take  these  motions  f,  f',  f'',  but 
really  take  the  motions JlJ^y  f^ .  It  is  obvious  that  we  may 
consider  the  motion  f  impressed  upon  the  body  b  to  be  com- 
posed of  the  motion  f  wnich  it  really  takes,  and  of  another 
motion^.  In  like  manner  f'  may  be  resolved  intoy^,  which  it 
actually  takes,  and  another  ^';  and  again  f"  into  y*"' and  ^*'. 
The  motions  will  be  the  same  whether  b  be  acted  upon  with 
the  force  f,  or  the  constituent  forces  y  and  (p ;  whether  b'  be 
acted  upon  by  f',  or  byy*'  and  f ' ;  and  b"  by  the  force  f",  or 
the  component  forcesy"  and  ^^.  Now,  by  the  supposition,  the 
bodies  actually  take  the  motions^ yy" :  therefore  the  motions 
^,  ^',  <f^  must  be  such  as  will  not  derange  the  motions^ yy : 
that  is  to  say,  if  the  bodies  had  only  the  motions  ^,  (p\  <p^\  im- 
pressed upon  them  they  would  destroy  each  other,  and  the 
system  would  remain  at  rest. 

II.  Motions  upon  double  inclined  planes.  Let  ac,  cb  (fig.  7. 

El.  VI. )?  represent  two  inclined  planes  of  equal  altitudes,  set 
ack  to  bacK  at  bc,  the  angles  of  elevation  being  dac  =  ^,  and 
DBc  =  ef ;  and  let  the  two  weights  w,  w',  united  by  a  thread  w  c  w* 
passing  over  the  pulley  c,  act  the  one  upon  the  other.  Then, 
calling  %0,  wfy  their  masses,  or  their  weights,  let  us  determine 
the  circumstances  of  their  motion. 

At  the  end  of  the  time  t,  w  will  have  a  velocity  v,  and  gravity 

would  impress  upon  it  in  the  instant  t  following  a  new  velocity 

zzg  «in  et  (art.  368.  cxx  8.),  provided  the  weight  w  were  then 

entirely  free :  but  by  the  disposition  of  the  system,  v  will  be  the 
velocity  which  obtains  in  reality.  Then  estimating  the  spaces 
in  the  direction  cw,  as  thfe  body  w' moves  with  an  equal  velocity 
but  in  a  contrary  sense,  it  is  obvious  that  the  decomposition 

may  be  made  as  follows.  At  the  end  of  the  time  ^+^>  we 
have  for  the  velocity  impressed  upon 

W v^g  sin  rt,  whcrcj'"*''-  V  "f^^  ""^"^'^^  ^'"°  ^  **'''*^  ^ 

yg  sin  et— o.  ...  velocity  destroyed. 

W...  -i;+^iin  W,  wherei  T*"***  •••effective  velwjityfnmi  c  towards  ■. 

(v+gnne'i  ... .  velocity  destroyed. 

-  If,  therefore,  gravity  impresses,  during  the  time  ^,  upon  the 
masses  w,  a/,  the  respective  velocities  g  sin  et  —  w,  and  g  sin  *i +», 
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the  r^atem  will  be  in  equilibrio.  The  quantities  of  moUon 
being  therefore  equal,  we  nave 

wg  sin  el-^wvzztx/gsm  e'i-i-txfv. 
Whence  we  deduce  for  the  effective  accderating  force 

Thus  it  appears  that  the  motion  is  uniformly  varied :  and  w^ 
teadily  find  ^ 

(11.) . . .  V  =  — —- — gt. 
("I')  •  •  •  ^  =  — iT^ — •  ie^"' 

Such  are  the  equations  from  which  the  conditions  o£  the  motion 
are  determined.  If  the  two  planes  are  vertical,  then  is  ^=e'=:4:ii'; 
by  means  of  which  we  may  find  the  values  ihat  are  applicable  in 
th.e  subsequent  example. 

III.  Motion  on  the  fixed pnUey*  The  weights  p  and  ware 
united  by  the  thread  paabw  running  over  the  pulley  A  (%.  8. 
pi.  VI.) ;  the  force  of  gravity  ^  which  solicits  them  cannot  pro* 
duce  its  entire  effect,  because  its  action  upon  the  body  p=i» 
counteracts  its  effect  upon  the  other  body  w=zw\     At  the  end 

of  the  time  /-+•/,  the  velocity  of  tt?,  in  the  direction  from  a  to  p, 

will  be  v-f-r,  instead  of  v-f  g^,  which  it  would  have  had  if  the 

weight  had  become  free  at  the  end  of  the  time  / :  thus^^  —  v 
will  be  the  velocity  destroyed.  In  like  manner,  w^  having  the 
same  velocity   but   in   a  contrary   direction,   will   have   the 

velocity  —  (v+t?)  instead  of — (w+g^),  which  it  would  have 
had,  if  at  the  end  of  the  time  t  the  connexion  of  the  two  bpdies 

ceased ;  so  that  gt  +  v  will  be  the  velocity  destroyed.  Then,  as 
in  the  preceding  example,  making  the  momenta  equal,  we  find 
for  the  effective  accelerating  force 

(1.)    ...    ^  IT  -j- =^j^p^^. 

This  being  an  expression  for  a  constant  acoeleBating  force,  we 
conclude,  as  in  the  former  instance,  that  the  motion  is  uniformly 
varied,  and  that  the  circumstances  of  motion  and  of  velocity 
may  be  found  by  the  equations 

(2.)  .  •  •  ^-^^S^ . .  •  (8.)  . .  .5  =  ^^=^^*- 

In  this  investigation  we  have  neglected  the  inertia  of  the 
spring  and  the  puUey. 
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'^  From' formulae  similar  to  these  Mr.  Atwooii  deduced  (in  his 
valuable  treatise  on  the  Motion  of  Bodies)  an  ingenious  method 
.  of  verifying  the  received  theorems  relative  to  the  effects  of  gra- 
vity on*  falling  and  rising  bodies.  He  contrived  a  machine,  in 
which  two  weights  as  w  and  w'  in  our  theorems,  or  p  and  w  in 
the  figure  last  referred  to,  are  connected  by  a  thread  which  runs 
over  a  fixed  pulley  a:  the  last  given  theorems  for  ^,  «,  and  v, 
show  that  by  varying  the  weights  ap,  a/,  we  may  change  the  value 

of  the  fraAion  ^'   .^  and  thus  reduce  the  accelerating  force, 

and  its  consequent  velocity  and  space  in  a  given  time,  in  such  a 
ratio  with  respect  to  those  arising  from  gravity,  that  they  shall 
become  easily  measurable,  and  the  theory  verified.  Mr.  Atwood'*s 
apparatus  has  its  several  parts  so  adapted  as  to  be  susceptible 
of  great  precision :  but  as  this  is  not  the  place  to  enter  into 
detail,  the  reader  may  turn  to  tlie  article  AtwoocTs  Machine  in 
the  second  volume,  where  a  more  full  account  is  given  of  its 
nature  and  use> 

In  finding  the  equations  (2.)  (3.)  above,  we  supposed  that 
each  body  began  to  move  from  quiescence  at  a  point  taken  for 
the  origin  of  the  spaces  denoted  by  s.  But  suppose  this  is  pot 
the  case,  and  that  we  impress  upon  w  an  initial  velocity  of  v 
carrying  it  downward.  This  velocity  must  be  parted  between 
the  two  masses  Wy  zk^,  according  to  tne  same  law  as  if  w  struck 
the  body  a/  at  rest  with  the  velocity  v ;  thus,  the  velocity  common 

to  the  two  weights  would  be r-     We  have  this  value  for 

the  velocity  at  the  end  of  the  time  ^=0;  therefore 

(4.)...o  =  '^-'^""r"^. 

.From  this  we  readily  obtain  s  in  terms  of  t :  and  the  time  may 
be  determined  by  the  equation  wyzz(w — ivf)gt, 

IV.  Motion  on  the  Axis  in  Peritrochio,  Let  the  weight  p 
(fig.  4.  pi.  V.)  be  denoted  by  w,  and  the  weight  why  zs/;  to  de- 
termine the  circumstances  of  the  motion.  Let  the  radius  of 
the  wheel  zzr,  that  of  the  axle  =r :  the  velocity  o(w  at  the  end 

of  the  time  t  will  be  t;  +  ^9  instead  of  v  +  gt,  as  in  the  former 
cases;  that  of*tc^  will  manifestly  be  to  that  of  to  in  the  ratio 

of  R  to  r ;  it  will,  therefore,  be (r+t^)  instead  of  being 

(r  +gt) :  the  velocities  lost  are  therefore  gt  —  i?,  and  gt '  r. 

Then,  making  the  momenta  equal  with  respect  to  the  axle  ef, 
we  find 

/.  V  t;         a.«w— Rrw. 
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Consequently  the  motion  is  uniformly  accelerated  in  this  case 
likewise.  So  that  we  readily  deduce  the  equations  for  the  mo- 
tion of  »  or  p. 

^"•)  •  •  • "  =-s;;rf7Sir^^-  •  •  •  ^"'•>  •  •  •  *  =-;sr+7^-  ^  • 

And  the  velocity  and  space,  with  respect  to  «/,  will  be 

(IV.)  . . .  y  .-=  ,fft  . . .  (v.)  . . .  s  = r.  ifi*^  . 

Thus  much  is  here  offered  on  the  application  of  M.  D'Alem- 
bert's  principle :  the  further  use  of  some  of  these  theorems  will 
appear,  when  we  treat  of  the  maximum  of  machines  in  motion. 
Chap.  VI.* 

IV.    ON    THE    SIMPLE    PENDULUM,  THE  CYCLOIDAL  PENDULUM, 
AND    THE    CURVE    OF    SWIFTEST   DESCENT. 

268.  We  have  already  seen  (art.  263.  cor.  2.)  that  a  heavy 
body  after  having  descended  through  an  arc  Mz  (fig.  10.  pi.  XII.) 
of  any  curve  cz/w,  will,  abstracting  from  the  effects  of  friction 
and  the  air^s  resistance,  mount  up  the  opposite  branch  ztn  till  it 
arrives  at  the  point  friy  whose  distance  from  the  horizontal  line 
AX  is  equal  to  mp,  the  distance  of  the  point  m  from  the  same; 
and  that  the  time  of  describing  zm  will  be  equal  to  that  of 
describing  mz.  Having  at  the  point  m  lost  all  its  motion,  it 
will  begin  to  descend  again  through  mz,  and  at  z  will  have 
acquired  a  velocity  such  as  will  cause  it  to  rise  to  the  point  m 
where  its  motion  first  commenced,  where  again  it  will  be  in  a 
state  of  quiescence;  and  from  this  it  will  move  a  second  time 
through  Mzm,  and  back  again  through  mZM ;  and  so  on  conti- 
nually. Such  will  be  the  motions  whether  the  body  run  over  a 
curve  surface,  in  consequence  of  the  joint  effects  of  gravity  and 
the  reaction  of  the  surface ;  or  whether  it  be  made  to  describe 
the  curve  in  consequence  of  being  fastened  to  a  string  cm 
(fig.  1^.)  whose  centre  c  is  fixed.  If  we  consider  the  thread 
CM  as  inextensible,  and  without  weight,  and  the  body  at  M  as 
a  point  with  respect  to  the  length  of  the  thread,  then  is  the 
system  known  by  the  name  of  the  Simple  Pendulum.  The 
motion  of  such  a  pendulum  in  one  direction  from  a  state  of 
rest,  till  it  begins  to  return  in  an  opposite  direction,  is  called 
a  vibration  or  ian  oscillation ;  and  the  time  employed  in  such 
motion  the  time  of  vibration^  or  of  an  oscillation.  Thus,  if 
the  pendulum  move  from  quiescence  at  m,  the  time  it  oc- 
cupies in  passing  through  the  arc  maw  is  the  time  of  vibra- 

•  Analogous  to  tbis  is  the  principle  proposed  by  Mr.  Bazley,  in  Leybourn*s  Re- 
pository, No.  9.:N.  S. ;  both  being,  indeed,  immediate  and  obvious  conaequences  of 
Newtou*8  3d  law  of  motion. 
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lion ;  and  this,  it  is  manifest,  is  double  tl^  time  emph^ied  in. 
passing  aoer  ma.  This  bein^  admitted  it  would  be  easy  to 
apply  some  of  the  theorems  in  arts.  264.. .266.  tp  the  vibra* 
tions  of  pendulums  in  circular  arcs ;  as  they  would  then  assume 
the  form  below. 

I.  If  a  pendulum  vibrate  in  the  arc  of  a  circle,  the  velocity 
of  the  ball,  at  its  lowest  point,  will  be  as  the  chord  of  th^  arc 
which  it  describes  in  its  descent. 

II.  The  force  which  accelerates  a  pendulum  is  to  the  force 
of  gravity,  as  the  sine  of  its  angular  distance  from  the  lowest 
point  to  i^dius. 

III.  The  times  of  vibrations  in  very  small  circular  arcs  are 
very  nearly  equal. 

IV.  The  time  of  vibration  in  an  indefinitely  small  circular 
arc  is  to  the  time  in  which  a  body  would  fall  through  half  the 
length  of  the  pendulum,  as  the  periphery  of  a  circle  to  its  dia- 
meter. 

V.  The  time  of  vibration  is  as  the  square  root  of  the  length 
of  the  pendulum ;  the  force  of  gravity  remaining  the  same. 

And  from  these  the  whole  doctrine  of  pendulums  vibrating 
in  circular  arcs  might  readily  be  deduced*  But,  as  the  suppo- 
sition that  vibrations  in  ^axsiX  arcs  of  equal  circles  are  all  per- 
formed in  equal  times  is  not  quite  correct,  it  may  be  better  to 
draw  the  chief  properties. of  pendulums  from  a  distinct  investi- 
gation, by  means  of  which  we  may  also  determine  the  magnitude 
of  the  error  which  can  occur  in  vibrations  through  any  assigned 
arc.     This  may  be  accomplished  thus. 

269.  Prop.  To  determine  the  time  of  vibration  qfa  pendu* 
lum  in  any  circular  arc. 

Let  MAtn  (fig.  ISi.  pi.  XII.)  be  the  proposed  arc ;  and  let  the 
radius  or  lengtn  of  the  pendulum  cm  =  /,  ae  =:  6,  Ap  =  x,po 
z=  y,  the  vanaUe  arc  =  s,  the  accelerating  force  or  force  of 
gravity  =  ^,  and  the  velocity  due  to  the  height  £p,  or  (art. 
96S.)  the  velocity  acquired  by  falling  through  mo,  put  zz  v  z^  ^ 

^/[^^(ft— ^)]  (art.  243).  Now  it  is  known,  that  »  =  -?-  (art. 
^2. 1.) ;  and  comparing  these  two  values  of  v  we  find  i  = 

/   .,    '.,-_  y. .     But  the  known  property  of  the  circle  ^ves  for 

the  value  of  the  element  of  the  curve  5  =  -tj^ r,  which 

is  taken  negatively,  because  the  arc  s  diminishes  as  the  tiobe 
augments:  this  value  of « introduced  into  the  preceding  equation 

transforms  it  to  tzz    .,  ^., —  ".    >• — r-  =  -yrp^ — r  x  -Tpz-r^n — tv- 
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=  .rT;  X  (1  -  7-)  X  -777 -^  =  A   %/--  X  -777 r  X  (1  +  • . 

.£.  +  !:5.^  +  »^.ii+l±£:Z.^.&cUhefactor(l^''^'^ 

being  expanded  by  the  binomial  theorem. 

To  obtain  the  time  of  descent  from  m  to  a,  we  must  find  the 
fluent  of  each  term  in  the  series,  in  such  manner  that  they  may 
vanish  when  a?— 6.    Now  we  see  at  once,  that  the  variable  factor 


n 

— X  'x 


of  all  the  terms  of  this  series  will  be  of  the  form  -rr- — > — •  •  that 

wybX'-xx) 

is  to  say,  these  factors  will  be -T^^!^ — -,     .^'^^^  .,  —7^^^^ :,&c. 

•^  i^(bx — xxy    Vibx^xxy    V{bx-^xxy 

Whence  it  enpears  that,  taking  ir  to  1,  the  ratio  of  the  circum- 
ference of  ft'  circle  to  its  diameter,  the  fluents  of  each  of  the 

terms,  taken  between  a:  uzbf  and  jp  zzO^  are  ^,  if-  — -, ne «  '  '     * • 

'  '  '  ,  &c.  Substituting  these  values  in  that  of  /,  it  will  b^ 
come 

This,  therefore,  is  the  time  employed  by  the  body  in  de- 
scending from  M  to  A :  but  with  the  velocity  acquired  at  a 
the  body  would  proceed  along  the  equal  branch  Am  of  the 
curve,  and  would  have  all  its  velocity  extinguished  at  m,  after 
a  time  from  a  equal  to  the  time  of  descent  from  m  to  a  :  conse- 
quently, the  time  of  a  complete  oscillation  will  be  double  the 
former,  that  is, 

The  relation  7-  or  —  expresses  the  versed  sine  of  an  arc  of 

the  same  angular  value  as  am,  having  unity  for  its  radius.  And 
as  the  versed  sines  of  small  angles  are  exceedingly  minute,  the 

series  1  +  ^  •  ^y  +  ^I  •  jpT  +  &c.  will  converge  very  rapidly. 

So  that  in  almost  every  case  the  two  first  terms  will  sufSce,  or 

t  nearly  =:v^ —  x  (1  +  "^);  therefore  the  times  of  vifaa'a- 

tions  in  different  arcs  are  as  8/  +  5,  or  as  8  times  the  radius  -f- 
the  versed  sine  of  the  arc.  Or,  when  the  arc  is  very  smali,  all 
the  terms  but  the  first  may  be  neglected,  and  we  shall  have  for 
the  duration  of  the  oscillation. 
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The  quantity  b  does  not  enter  into  this  value  of  /:  conse- 
quently when  the  %  ibrations  are  made  through  very  small  arcs, 
tneir  duration  may  be  considered  as  not  depending  on  the  niag- 
iiitude  of  the  arc ;  and  the  oscillations  may  be  regarded  as 
isochronal. 

270.  To  determine  the  numerical  error  which  may  be  com- 
mitted bj  assuming  the  isocbronism  of  vibrations  in  small  arcs. 
Jet  us  suppose  the  arc  m  a = 5^ ;  the  length  of  the  oscillation  of  a 

second  pendulum  would  be  expressed  by  1  =  ir  \/  --,or«=:^-- 

on  the  supposition  of  the  arc  b^ng  extremely  small.  The  versed 

sine  of  6^  is  0038053  n  4- :  and  4  -  ^  =  0004757.    As  to  the 

third  term,  it  is  less  than  -0000001.  We  have  thprefore  for  the 
time  employed  by  the  pendulum  in  moving  throW^h  an  arc  of 
twice  5**,  1  +  (1  X  '0004757)  ;  and  the  time  of  oscillating 
<h rough  an  arc  of  10^  differs  not  from  an  oscillation  in  an  infi* 
nitely  small  arc  more  than  '0004757.  This  multi[)lied  into 
'86400,  the  seconds  in  24  hours,  gives  nearly  41 -j^^^  seconds.  So 
that  a  pendulum  of  the  same  length  as  that  which  vibrates  in 
seconds,  through  infinitely  small  arcs,  would  lose  about  41'  per 
day,  if  it  descnbed  arcs  of  6°  on  each  side  the  vertical  ca.  If 
xhe  arcs  described  on  each  side  of  the  vertical  were  only  1°,  of 
which  the,  versed  sine  is  '0001523,  it  would  be  found  by  a  simi- 
lar process  that  the  daily  retardation  would  be  about  1^' .  And 
for  tialf  a  degree  on  each  side  it  would  be  about  y  of  a  second. 

Or,  if  D  denote  the  degrees  the  pendulum  describes  on  each 
side  of  the  vertical,  the  time  it  would  be  retarded  in  a  second 

would  be  nearly  expressed  by  —--,  and  consequently  the  time 
lost  in  24  hours  would  be  24  x  60  x  60  x  r7Tr:;=Ti>*  nearly. 

5 II 50      ^  •' 

In  like  manner  the  time  lost  in  24  hours  by  describing  $  degrees 
on  each  side  of  the  vertical  would  be  4  ^  nearly.  Conse- 
quently, if  a  second  pendulum  keeps  true  time  in  one  of  these 
arcs,  the  seconds  lost  or  gained  per  day  by  vibrating  in  the 
other  will  be  f  (n*—  ^).  Thus,  for  example,  if  a  second  pen- 
dulum measure  true  time  in  an  arc  of  3®  on  each  side  of  the 
vertical,  it  will  lose  Il|-  seconds  per  day  by  vibrating  through 
4^  on  each  side,  and  nearly  46  seconds  per  day  by  describing 
-6**  on  each  side. 

Thus  then  it  appears  that  the  vibrations  in  very  small  cir- 
cular arcs  may  be  regarded  as  sensibly  isochronal :  and  when- 
ever great  accuracy  is  required,  the  necessary  correction  may 
be  easily  applied,  as  above.  Reasoning  by  analogy,  we  see 
also  that  the  oscillations  in  very  small  arcs  of  any  curve  what- 
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ever  are  always  sensibly  isochronal;  because  an  arc  of  any 
curve  will,  for  a  small  space,  coincide  with  its  circle  of  curva- 
ture*. The  equation  f  =  ^-\/ —  will  furnish  some  other  im- 
portant consequences,  which  we  shall  now  proceed  to  deduce. 

271.  I.  The  durations  of  the  vibrations  qfpendulums  are  re-- 
spectively  as  the  square  roots  of  their  lengih.  For,  let  /,  Z',  be 
the  lengths  of  the  pendulums,  f,  Z',  the  times  of  vibration ;  then, 

we  have  t  =.kV — ,  and  t^  zz  f^V--  ;  consequently, 

II.  The  time  of  an  oscillation  is  to  the  time  in  which  a  heavy 
body  would  Jail  through  half  the  length  of  the  pendulum^  as 
the  periphery  of  a  circle  to  its  diameter^    For  in  the  former 

case  the  time  is  denoted  by  trz.'itJ  — ;    and  in  the  latter   the 
theorem  ^rr^/—  (art.  243.)  when  accommodated  to  the  pre- 

sent  purpose  will  be  i  =  a/  -  •     Consequently  ^  :  f' : :  * :  1. 

III.  If  two  pendidums  of  different  lengths  are  solicited  by 
different  gravitating  forces^  the  times  of  oscillations  are  as  the 
square  roots  of  the  lengths  of  the  pendultms  directly^  and  the 
square  roots  of  the  quantities  expressing  the  gravitating  forces 

inversely.     For  t  nirv'  -^,  and  t/  zz  V—,  give  t:^::  ^—  : 

e 

IV.  The  lengths  of  two  pendulums  are  respectively  in  the  in- 
verse ratio  of  the  squares  of  the  number  of  oscillations  made  in 
the  same  time.     In  the  time  T  let  the  pendulum  make  n  oscill^- 

•  When  a  free  or  detached  pendulum  oscillates  in  air,  the  arc  of  vibration  conti- 
nually diminishes  on  account  of  the  resistance  of  the  medium.  The  laws  of  mechanics 
give  this  result,  confirmed  by  experience,  that  the  amplitude  of  the  arcs  described 
-diminish  in  geometrical  progression,  when  the  time  increases  in  arithmetical  pro- 
gression. If,  in  this  case,  a  be  the  semi- arc  of  vibration  at  the  commencement  of  a 
given  interval  of  time,  t,  a'  the  semi-arc  at  the  end  of  that  interval,  k'  the  number  of 
observed  oscillations  in  the  time  *;  then  will  k,  the  corresponding  number  ofx)8cilla- 
tions  in  an  indefinitely  small  arc,  be 

f  .      sin  a  sin  (a-^a')  ) 

\  l6Mlog^    j 

where  m  —9.3025809,  the  modulus  of  the  common  logarithms. 

This  theorem  is  demonstrated  by  Biot,  at  pa.  172,  Additions,  torn.  \\l  Attronomte 
Phytique.  The  reader  may  also  consult  on  the  same  subject,  an  mterestmg  piper  by 
Mr.  Davies  Gilbert,  M.  P.  V.  P.  B.  S.  in  vol.  15.  of  the  Quarterly  Journal. 


238  DYNAMICS.  book  it, 

tions,  then  is  —  =  the  time  of  one  oscillaUon :  consequently  t 

n  —  =  ir  v'  — 9  And  I  zz  •^— .     In  like  manner,  if  /'  be  the 

length  of  another  pendulum,  //its  number  of  oscillations  in  the 
same  time  T,  the  force  of  gravity  (p  being  sup{>osed  the  same 
{as  is  always  assumed  unless  oth^wise  expressed);  we  shall 

have  P  =:  ti:<     Whence  ?  :  ?  :  :  -t"  •  — z:  :  :  w' *  :  n*. 

JBy  means  of  this  theorem,  the  length  of  the  seconds  pendu- 
lum may  be  readily  ascertained  experimentally ;  for,  if  we  take 
a  pendulum  of  any  determinate  length  ?,  and  count  the  num- 
ber of  vibrations  n'  which  it  makes  in  a  given  time,  half  an 
hour,  for  example,  or  1800  seconds,  then  will  the  length  /  of  the 
seconds  pendulum  be  found  by  this  analogy,  (1800)^ :  n'^  :  :  /' 
:  I,  By  this  method,  among  others,  has  the  length  of  the 
seconds  pendulum  in  the  latitude  of  London  been  found =89f 
inches.  It  must  be  recollected  though,  that  the  length  is  not 
the  same  hi  all  parts  of  the  earth's  surface ;  the  difference 
arising  from  the  inequality  of  distance  from  the  centre,  and  the 
consequent  variations  in  the  centrifugal  force  (art.  ^8/5). 

Another  method  of  ascertaining  the  length  of  a  pendulum  to 
vibrate  in  a  certain  time  is  that  which  was  first  proposed  bv 
Mr.  HaMon,  and  afterwards  executed  by  Mr.  Whitehtirst.  It 
con^sts  in  the  application  of  a  moveable  point  of  suspension  to 
the  same  pendulum ;  which  thus  ^ives  the  absolute  effects  of 
two  pendulums,  the  difference  of  whose  lengths  is  known,  being 
the  interval  between  the  points  of  suspension  in  the  two  cases : 
and  the  ratio  of  their  lengths  is  also  known  from  observing  the 
number  of  vibrations  performed  in  a  given  time.  Whence, 
there  being  two  equations  and  two  umnown  quantities,  the 
actual  lengths  of  the  pendulum*  themselves  are  easily  deduced* 
Thus,  we  shall  have  Z  :  ?  : :  n^ :  w%  and  I  —  7= J,  the  measured 
distance  between  the  points  of  suspension :  consequently  /= 

a»d  Jrr-;— -.     This  method,  however,  is  not  quite  cor- 


in  practice,  since  it  loses  sight  of  the  change  of  the  centre 
of  oscillation,  occasioned  by  a  new  point  of  suspension. 

V.  Jfa  dock  keep  true  time  very  nearly,  the  variation  in  the 
length  of  the  pendulum  necessary  to  correct  the  error  wVl  be 
equal  to  twice  the  product  of  the  length  of  the  pendulum  and 
the  error  in  time  divided  by  the  time  of  observation  in  which 
thai  error  is  accumulated. 

Let  the  time  of  observation  bezzx,  the  time  gained  or  lost  by 
the  pendulum  =:^')  the  length  of  the  pendulum = Z,  and  the  space 
which  the  pendulum  must  be  lengthened  or  shortened =x :  then 
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we  have  2  :  /±x:  :  (t±^)«:  t*;  and  from  this  is  found x=: 
(  ±if\*        Neglecting  ^,  which  is  very  small  with  respect  to 

2t,  the  equation  becomes  \zz^ — ;  which  is  the  same  as  the 

rule.     (See  the  Supplement  to  this  chapter.) 

Cor.  If  the  pendulum  be  one  that  should  beat  seconds,  and 
f  the  daily  variation  be  given  in  minutes,  and  n  be  the  number 
a(  threads  in  an  inch  of  the  screw  which  raises  and  depresses 

the  bob  of  the  pendulum,  then  ^— "TTTT.5— "  =  -05^4inif  = 

jyW/'  nearly,  for  the  number  of  threads  which  the  bob  must 
be  raised  or  lowered,  to  make  the  pendulum  vibrate  truly. 

VI.  The  length  of  a  seconds  pendulum  being  known  in  any 
place  y  the  space  through  which  a  heavy  body  would  fall  freely 
in  the  same  time  ana  place  may  be  readily  found.     Thus,  for  ' 

London,  the  equation  ^zzir^v/— ,  becomes  IzztTv/— ,  whence 

we  have  ^  =:ir*Z=7i«x39i^=i386-14  inches  =8^4^  feet  nearly, 
the  appropriate  measure  of  the  force  of  gravity  ;  corresponding 
with  the  assumed  value  of  ^  in  art.  242.  And  half  this,  or  I&p'j; 
feet,  is  the  space  descendea  by  a  heavy  body  in  the  first  second 
from  quiescence. 

Or  the  same  conclusion  may  be  obtained  rather  differently 

from  No.  II.  of  the  present  article :  forw  :!::!* : — the  time 

in  which  a  heavy  body  would  fall  through  a  vertical  line  of 
19x7  iii^^l^^s,  ana  by  the  laws  of  falling  bodies  the  spaces  de- 
scribed are  as  the  squares  of  the  times ;  therefore  -^:  1'  ::19t7 

:  19-TT  •  **  =  198-07  inches  =:16xT  ^^^  nearly,  the  same  as 
before. 

It  is  obvious  also,  that  by  the  reverse  of  this  method  we  may 
find  the  length  of  a  seconds  pendulum,  having  given  the  space 
fallen  through  by  a  heavy  body  in  the  first  second  of  time  from 
quiescence.  If  /,  length  of  second  })endulum,  and  s,  space  de* 
scended  freely  in  a  second :  then  Zz=*20264!  s^  and  s  =:4'93482, 
in  any  place  whatever.  And  thus  the  theory  and  experiments 
mutually  assist  each  other,  in  determining  data  of  sucn  import- 
ance as  these,  in  many  other  branches  of  science* 

272.  Defs.  If  the  circumference  of  a  circle  be  rolled  along 
a  right  line,  unUl  any  point  o  of  that  circumference  whieb  was 
in  contact  with  the  line  come  in  contact  with  it  again,  that  point 
o  will  describe  a  curve  called  a  (peloid.  The  Uoe  on  which 
the  circle  rolls  is  the  base  of  the  cycloid  ;  and  the  diameter  of 
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that  circle  wliich  is  perpendicular  to  the  basHe  when  the  circle 
touches  its  middle  point  is  the  axis  of  the  cycloid. 

The  circle  which  rolls  along  the  right  line  is  called  the  gene-- 
renting  circle. 

CoR.  The  base  of  the  cycloid  is  equal  to  the  circumference 
of  the  generating  circle. 

273.  Prop,  if  a  line  ofb  be  drawn  from  any  pmni  o  in  the 
a/cloid^  parallel  to  its  ba>se^  and  meet  the  generating  circle  de- 
scribed upon  the  axis  in  f,  the  circular  arc  rev  is  equal  to  the 
right  line  of. 

Let  the  generating  circle  touch  the  base  in  d  (fig.  1.  pK 
XIII.)  when  the  generating  point  is  at  o.  de  perpendicular 
to  AC  and  equal  to  cv  is  the  diameter  of  the  circle  doe.  Draw 
the  chords  oe,  fv.  Then,  since  dezzcv,  and  dg  =  cb,  the 
reminder  ge  =  bv:  consequently  og  =  \/(dg»ge)  z:  fb  = 
^/(cB^Bv).  Add  fg  to  each  of  these  equals,  then  will  of  zz 
GB.^  Also  oe  — .  \/(ed  •  kg)  =  vF  =  >v/(vc  •  vb)  ;  therefore 
arc  Eio=:;arc  veF  :  and  since  every  point  in  onD  has  been  suc- 
cessively in  contact  with  ad,  while  the  point  o  moved  from  a 
to  its  present  position  onnziAD,  and  eodizac:  hence  £io  = 
DC;  and  consequently  v^F  =  Eio— dc=gb=of. 

Cor.  Because  of  is  always  equal  to  the  arc  v^  or  Eio,  their 
cotemporary  increments  or  decrements  are  equal ;  that  is,  the 
initial  motions  of  the  point  o  which  traces  out  the  cycloidal  arc, 
the  one  parallel  to  the  base  ac,  the  other  in  the  direction  of  the 
circle  or  its  taqgent  at  o,  are  equal  to  each  other. 

274.  Prop.  If  am,  ordinate  ob  be  drawn  (fig.  1.  pi.  XIIL) 
Jrom  any  point  o  of  the  cycloidal  arc,  intersecting  the  circle  cfv 

in  F,  then  will  the  tangent  oe  q^  the  cycloid  be  parallel  to  the 
chord  FV  of  the  generating  circle. 

Draw  the  tangent  Tt  to  the  circle  doe  in  o,  and  produce 
BOv  DO,  to  b  and  d\  then  are  the  initial  motions  of  the  point  o 
in  the  directions  o^,  og,  and  equal  to  each  other,  by  corol.  to 
the  foregoing  proposition.  And  if  the  parallelogram  of  motions 
be  constructed  upon  the  equal  sides  coinciding  with  o^,  og,  its 
diagonal  will,  by  the  composition  of  motion,  be  in  the  direction 
of  the  tangent :  therefore,  the  contiguous  sides  of  the  parallelo- 
gram being  equal,  it  will  be  either  a  rhombus  or  a  square,  and 
Its  diagond  will  bisect  the  angle  ^og  ;  th&t  is,  oe  the  tangent  in 
o  will  bisect  the  angle  ^og,  or  make  /oe = eog.  But  god = odt, 
because  og  and  td  are  parallel;  and  odt zz tod,  because  the 
tangents  to,  td  are  equal;  also  TOD=to£f,  being  vertical  or 
opposite  angles ;  therefore  GOD=:toc{.  Then  addmg  equals  to 
equals,  do6-)-goe r:  dot-\-to'E,y  or  doE  =  doe  ;  consequently  oe 
is  at  right  angles  to  Dd,  and  meets  the  diameter  de  in  its  ex- 
tremity E.     Again,  c  d  is  equal  and  parallel  to  fo,  therefore  do 
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is  equal  and  parallel  to  cf  ;  and  hence,  since  DOEircrvrraright 
anme,  o'E  is  parallel  to  fv. 

CToR.  1.  Since  do  is  perpendicular  to  OB,  the  tangent  to  the 
cycloid  at  o,  it  coincidfes  m  direction  with  the  radius  of  cur- 
vature at  o. 

Cor.  2.  A  tangent  to  the  cycloid  at  the  vertex  v  is  per- 
pendicular to  the  axis  vc,  and  parallel  to  the  base  ac 

The  method  of  determining  the  tangent  to  the  cycloid  by  the 
composition  of  motion  was  first  given  by  Roberval,  in  his 
"  Ooseroations  on  tJie  Composition  ofMotion^  and  on  the  Tan^ 
gents  of  Curve  Unes,'^jauh\i&hed  in  the  Memoirs  of  the  Academy 
of  Sciences,  1666.  The  same  method  is  again  applied  to  the 
case  of  cycloids  atid  epicycloids,  by  Mr.  West,  in  his  Mathe- 
maiicSf  published  in  1762.  Afterwards  by  Dr.  Parkinson,  in 
his  Mechanics,  published  in  1785.  And  agmn  by  Mr.  LudLam, 
in  his  EssaySy  1787.  Neither  of  these  gentlemen  seem  aware 
that  their  method  is  the  same  iti  principk  as  Robervars. 

275.  Pkop.  3r%e  involute  of  semicychid  aou  (fig.  13  pi. 
XII.)  is  an  equal  semicycloid  upv  in  an  opposite  direction^  the 
extremity  of  the  hose  of  the  latter  being  %n  contact  with  the 
vertex  ^theformer. 

From  any  point  o  draw  oB  parallel  to  ac,  cutting  the  gene- 
rating circle  m  f,  and  join  fu.  Draw  op  a  tangent  to  the* 
cycloid  in  o,  and  at  £,  the  point  where  it  cuts  tne  line  uw 
drawn  from  u  parallel  to  ca,  let  fall  eb  perpendicular  to  uw, 
and  equal  to  ca.  On  ed  as  a  diameter  describe  a  circle  in- 
tersecting the  tangent  op  in  some  point  p.  Then  (art.  S74.)  oe 
is  equal  and  parallel  to  fu  ;  and  (art.  27S.)  of  is  equal  to  the 
arc  Feu.  The  circles  CFU,  dpe  al^  equal,  as  are  likewise  the 
angles  fue  and  uep;  the  chords  fu,  ep,  therefore,  are^ equal, 
and  cut  off  equal  arches,  fiecause  ofue  is  a  parallelogram, 
ve  is  equal  to  fo,  or  equal  to  Feu,  or  equal  to  Enp.  But  if  the 
drcle  EPD  had  been  placed  on  the  line  uw  at  u,  and  had  rolled 
from  u  to  E,  the  arcn  disengaged  would  have  been  equal  to  ue, 
and  the  point  which  was  in  contact  with  u  would  now  be  in  p, 
in  a  periphery  of  a  semicycloid  uPv,  equal  to  aou,  having  the 
fine  UN  equal  and  parallel  to  ac  for  its  oase,  and  hv  eoual  and 
parallel  to  cu  for  its  axis :  and  since  the  same  may  be  shown  to 
obtain  with  respect  to  any  other  point  in  aou,  the  cycloid  upv  is 
the  involute  of  aou,  as  in  the  proposition. 

Cob.  1.  The  arch  ou  of  the  cycloid  is  equal  to  twice  the 
corresponding  chord  fu  of  the  generating  circle :  for  this  arch 
is  equal  to  the  evolved  line  oep:  and  it  has  been  shown 
that  oe  =  EP ;  consequently  oP  =:  ou  n  2oE  =  2ru. 

Cor.  2.  The  arch  of  a  semicycloid  is  equal  to  twice  the 
VOL.  I.  R 
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thvougli,  but  will  be  oontinuftlly  moved  in  respect  of  the  pen- 
dulum itfiielf  during  ks  vibration.  This  circumstance  has  pre- 
vented any  generai  determination  of  the  time  of  vibraUon  in  a 
eyeloidal  arc  except  in  the  imaginary  case  here  considered  :  the 
property  of  isochronism,  however,  obtaining  here,  has  occasioned 
the  name  e(  Tofuiochrones  to  be  applied  to  cycloids. 

Many  other  reasons  have  induced  the  artists  to  abandon 
the  use  of  the  eyeloidal  pendulum,  although  it  was  commonly 
adopted  for  some  time  after  its  first  invention  by  Huygens. 
The  principal  are,  the  diiBculty  with  which  the  metallic  cheeks 
are  bent  into  the  true  cycloidafform ;  the  improbability  of  their 
long  retaining  it,  supposing  it  once  given ;  and  the  changes  of 
which  the  pendulum  is  susceptible  m  consequence  of  the  ex- 
pansion and  contraction  by  heat  and  cold.  These  sources  of 
error  are  such  as  the  peculiar  property  of  the  cycloid  cannot 
obviate:  and,  as  the  variations  irom  isochronism  m  very  small 
circular  arcs  are  very  trifling  and  readily  computed,  the  eyeloidal 
pendulum  is  now  wholly  disused  in  practice. 
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S77.  At  first  view  it  might  be  imagined  that  as  a  right  line  is 
the  shortest  path  from  one  point  to  another,  so  it  should  be  the 
line  of  quickest  descent  from  one  point  to  another  not  situated 
in  the  same  horizontal  line:  but  it  has  been  already  seen  (i;rt.  S66. 
cor.)  that  the  times  of  descent  through  arcs  of  circles  in  certain 
positions  are  less  than  the  times  of  running  down  the  chords. 
And  there  does  not  appear  any  reason  why  other  curves  may 
not  be  found  through  which  bodies  shall  pass  from  one  to  the 
other  of  two  ^ven  pmnts  in  less  time  than  they  would^  paes  in 
circular  arcs.     The  general  problem  was  first  proposed  in  1697, 
fay  John  Bemouilli,  under  the  title  of  the  Brachystochronon, 
or  **  that  curve  along  the  concave  side  of  which  if  a  heavy  body 
descend  it  will  pass  in  the  least  time  possible  from  one  point  to 
another,  the  two  points  not  being  in  the  same  vertical  line** 
The  problem  was  truly  answered  the  same  year  by  Leibnitz, 
Newton,  L'Hospital,  and  James  Bernouilli.     The  problem  has 
been  reconsidered  more  recently  by  Venturi,  who,  besides  ar- 
riving at  the  same  conclusions  as  the  original  investigators,  hais 
dettrmined  that  there  is  a  minimum  of  time  of  descent  even  in  a 
circular  arc:  for  an  arc  of  a  cii«le  which  does  not  exeeed  60 
degrees  is  a  curve  of  speedier  descent  than  any  other  curve  which 
caa  be  drawn  within  the  same  arc ;  and  the  arc  of  90  degrees 
i»  a  carve  of  speedier  descent  than  any  other  cutve  which 
can  be  drawn  without  the  same  arc.    And  many  other  theorema 
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might  be  found,  particularly  if  we  were  to  assume  different 
hypotheses  of  gravity  :  but  all  we  shall  attempt  here  is  to  jgive 
the  solution  of  the  problem  upon  the  common  supposition 
of  gravity  being  a  constant  force  acting  in  parallel  lines  *. 

Prop.  To  determine  tl^e  curve  along  whtch  a  body,  solicited 
by  grawty^  wUlpassJrom  one  given  point  a  to  another  point 
By  not  in  the  same  vertical  line^  in  the  shortest  time  possible. 

Let  AC  (fig.  S.  pi.  XIII.)  be  parallel  and  be  perpendicular 
to  the  horizon,  intersecting  each  other  in  £,  and  let  pm  be  any 
ordinate  to  the  curve  parallel  to  eb.  Let  ap~x,  PMny, 
AM=:«;  then  the  velocity  at  m  will  (arts.  243.  263.)  be  ex* 

pressed  by  ^,  and  consequently  the  fluxion  of  the  time  of  de- 

scent  through  am  will  be  truly  defined  by  "  or  its  equal  y"*' 

X  (jfjf-f  yy)  .  Here,  therefore,  the  fluent  of  y""*  x  {xx  +  yyy 
is  to  be  a  minimum  when  that  of  x  obtains  a  given  value  aB. 


Whence  we  must  havey"^  x  x  {«4-yy)       =  *  constant 
quantity ;  which,  in  order  that  the  terras  may  be  homologous, 

may  be  denoted  by  a""*,  or -^.    Then  (T  xr:y^  x  {xx-\-yyy\ 
therefore  x^ -J^^L,-   ./^  ^  »,  and  «:r ^{x^^f)=^   f^  ,  ; 


consequently  2 = 2a  —  2a •  ^a — y.  Hence  when  yzza^  z:=z%ol\ 
that  is,  if  these  values  of  y  and  z  be  represented  by  cv  and  tlie 
arch  VMA,  the  latter  will  be  double  tl»  former;  which,  as  we 
have  shown  (art.  275.  cor.  2.),  is  a  property  of  the  cycloid 
whose  vertex  is  v,  and  diameter  of  its  generating  circle  cv. 

When  the  point  b  falls  on  the  other  ade  tne  vertex  with 
re^)ect  to  a,  as  it  must  d6  when  eb  is  less  with  respect  to  ae 
than  vc  to  ac,  or  than  the  diameter  of  a  cirde  to  half  its  cir- 
cumference, the  process  will  be  the  same,  and  it  will  tenninate 
in  a  simiiar  eoncluaon.  The  cycloid  dierefore  iff  the  curve 
required. 

Cos.  1.  If  the  celerity  be  supposed  as  any  function  v  of  the 
quimtity y,  the  pnoUem  may  be  resolved  in  the  same  manner; 

in  that  case,  the  equation  of  the  curve  will  be        ^"^     —  ="• 

CoR.  2.  From  the  above  investigation  a  very  simple  con- 
struction may  be  deduced.     Thus,  a  and  p  (fig.  3.  pi.  XIII.) 

« 

*  For  moie  concerning  tbese  and  kindred  inquines,  loe  Woodhouse's  TrMrtiH  on 
Itfoperimetricjd  Problems. 


.iJB*' 
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Ix^iiig  the  given  points :  through  a  draw  the  horizontal  line  ab^ 
on  part  ofwhicn  as  a  base  describe  any  inverted  cycloid  Ap&; 
join  A,  P,  by  the  line  ap  cutting  the  curve  Ajb  in  p ;  join  ;^, 
and  parallel  to  it  draw  pb  meeting  ab  in  b  :  so  shall  ab  be  the 
base  of  the  inverted  cycloid  avb,  through  which  the  body  will 
pass  from  a  to  p  in  the  shortest  time  possible.  This  con- 
struction is  (bunded  upon  the  property  that  cycloids  are  similar 
curves^  having  only  one  constant  quantity  entering  their  equation, 
namely,  the  diameter  of  the  generating  circle.  We  see,  also, 
that  for  any  two  given  pcnnts  a,  p,  there  can  be  only  one 
cycloid  which  will  answer  the  conditions  of  the  problem  of  the 
brachystochroncm. 

It  should  be  remarked,  that  this  simple  construction  was 
first  ^ven  by  Newton  in  the  Philosophical  Transactions, 
No.  224. 

278.  Prop.  -J^avp  be  the  line  qfgwtftegt  passage froin  a  to 
p  (fig.  4  pL  XIII.))  osid  ap  the  right  Unejoimng  the  points  a 
and  P ;  then  \fv%  he  drawn  perpendicular  to  the  curve  in  p,  and 
AS  letfaU  perpendicularly  Jrom  the  point  a  tgnm  ps,  the  time 
in  which  a  bocb/  drawn  by  gravity  describes  the  right  line  ap, 
is  to  the  time  in  which  it  would  pass  from  Ato  p  along  the  curve 
AVP,  as  AP  to  AS. 

Through  p  draw  pn  parallel  to  the  axis  of  the  cycloid,  and 
PT  parallel  to  the  base  ba,  meeting  the  axis  in  h,  and  a  circle 
described  on  the  diameter  cv  in  p  and  q,  and  lastly,  meeting  the 
cycloid  in  m.     Draw  the  chord  cf,  which  (art.  274.)  will  be 
parallel  to  ps.     Whence  pm = fc,  and  mc = pf  =  (art.  273.)  fv  : 
and  consequently  AM:=cavF.     By  art.  276.  the  time  in  arc 
ATv  :  time  in  cv  :  :  semidrcumference  :  diameter ;  and  by  art. 
276.  cor.  2.  the  time  of  describing  vp  (after  having  passed  over 
Av)  :  time  in  atv  :  :  vf  :  vqc.     Therefore  time  m  avp  :  time 
in  cv  : :  arc  cqvf  :  diam.  cv.     But,  time  in  cv  :  time  in  np  or 
CH  : :  cv :  cf  ;  therefore,  by  equality,  time  in  avp  :  time  in  np  : : 
arc  cavF  :  chord  cf  :  :  am  :  mp.     Again,  time  of  fall  through 
ifp  :  time  in  right  line  ap  : :  np  :  ap  ;  therefore,  the  ratio  of  the 
time  along  avp  to  the  time  in  ap  is  composed  of  the  ratios  of 
AM  to  MP,  and  of  np  to  ap  :  that  is,  time  along  avp  :  time  in 
AP  :  :  AM  •  NP  :  MP  •  pa.     But  am  •  np=:mp  .  as,  each  being  the 
double  of  the  triangle  amp.     Consequently,  the  time  in  which 
a  body  falling  from  rest  runs  through  the  curve  of  the  cycloid 
AVP,  IS  to  the  time  in  which  it  would  pass  over  the  right  line  ap, 
as  MP  •  AS  to  mf  •  PA,  or  as  as  to  ap.     And  in  the  same  manner 
(mutat,  mutan.)  the  demonstration  proceeds  when  the  point  f  is 
between  a  and  v. 

CoR.  1.  Since  aP  the  hypothenusc  of  the  right-angled  triangle 
ASP  is  always  greater  than  as,  the  time  of  descent  through  the 
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right  line  ap  is  always  greater  than  the  time  oF  pas^ng  through 
tlie  arc  ap.  .    ; 

Cor.  2.  When  p  coincides  with  v,  ps  and  as  coincide  with 
vc  and  ac  respectively ;  and  then,  time  in  arc  av  to  time  in 
chord  AV,  as  i-jr  to  ^(\  -|-^ir«),  or  ai  1*5708  to  1*8621  nefarly. 


SUPPLEMENT  TO  CHAP.  II. 

On  the  smaU  Corrections  of  Pendulums ;,  on  account  of  the  mi- 
nute  Variations  they  may  be  supposed  to  undergo  Ji'om 
Change  of  Temperaturey  Latitude^  Sfc.  By  Mr.  W,  GaU 
braith,  Edinburgh, 

If  Ns  86400  be  tbe  number  of  oscillations  of  the  pendulum  l  in  a  mean  solar  day ; 
and  n,  not  diiferilig  much  from  H,  tbe  number  of  oscillations  of  a  given  pendulum  /, 
nearly  equal  in  length  to  l  ;  we  can  easily  find  approximations  to  these  quantities  for 
small  diiiferenees. 

First,  we  have  the  time  t  *» — ,   consequently  —  -•  v — ,  and  I  »— — .     Wow 

suppose  the  pendulum  L  to  be  increased  by  the  small  quantity  Al  to  find  ^n,  the 
number  oi  seconds  n  will  be  diminished,  or  those  the  pendulum  will  lose  in  a  day. 

II..  ^"*  *^^^^ 

ux  tltis  case  let  l  +  A  l  =  -; —  —  t  + nearly, 

(n-an)*  »  ■'' 

2LAN  LAN  ,    ^ 

4iencc  al  «  «-; —  (I) 

NAL  Ii^AL         .        » 

and  AW  » «  * «4n»5l  (2) 

It  may  be  observed,  that  the  same  formulae  can  be  applied-  when  n  is  increased, 
and  consequently  l  diminished. 

Agun  :  let  }l  be  the  variation  of  L  for  one  degree  of  the  thermometer  to  compute 
the  change  of  l  or  n,  then  on  this  account  al  «■  »S  Al  X  x<  (S) 

andAN— -^^ ss2 B^KnJL  (4) 

li  L 

n  here  being  the  number  of  d^rees  of  difference  of  temperature. 

According  to  the  mean  of  a  number  of  experiments  upon  various  kinds  of  brass,  its 
lineal  variacion  from  the  freezing  to  the  boiling  point  is  csU00i8'<0d  part  of  itself. 

(l*f)OI  A7nQ 

This  gives  for  every  degree  of  Fahrenheit ■. »  0*t)C00104  part  of  itself^  or 

D'OOOO  1  nearly  the  value  of  Sl,  which  agrees  sufficiently  well  with  Capt  Kater^s  ex- 
periments. 

Mil 

Substituting  this  in  formula  (3)  it  becomes  al  =  (5);  or,  in  words,  shift 

the  decimal  point  in  the  length  l  five  places  to  the  lefU  and  multiply  by  the  number 
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of  d^nes  of  changt  c^  temperature^  the  result  will  be  the  expansion  at  the  mte  we 
have  mentioned ;  olhenrise  the  actual  variation  by  experiment  from  formula  (3)  must 
be  employed.    If  the  Talue  of  al  formula  (5)  be  subtracted  in  formula  (4),  we  get 

Or  ahift  the  deeimal  point  in  i  k  five  placei  to  the  4^  ;  this  result,  midt^lied  by  t^ 
number  of  degrees  of  change  of  temperature,  will  give  the  correction  required. 

If  K  do  not  di£kr  much  from  86400*  formuh  (6)  would  become  MX  «  0*43?f»  (7) 
And  this  may  be  considered  as  sufficiently  accurate^  unless  fi,  the  number  of  degrees 
of  change  of  temperature,  be  considerable,  or  k  difl^  above  100  seconds  from 
86400,  the  expansion  for  each  degree  of  Fahrenheit's  thermometer  remuning  the 
same. 

To  exemplify  these,  let  us  suppose  n^G'^  Fahrenheit;  then  by  formula  (7) 
AN -■0-432  X  6s2**592,  the  retardation  or  accelcFition  in  a  day  for  that  expansion  in 
a  brass  pendulum. 

At  62°  Fahrenheit,  Capt  Kater  found  the  pendulum  sent  out  with  Capt  Hall  made 
86235*98  oscillations  in  a  day :  it  therefore,  from  an  expansion  answering  to  6«  of 
Fehrenheit's  thermometer,  would  be  retarded  3^59%  and  862S50'98  —  2o*59  *» 
86933s'S9,  the  number  it  would  actually  perform  in  the  same  place  at  %  temperature 
of  680.  t~  r 

Now,  (2T1  •  iv)/ :  i' :  :  «» :  ««,  we  have,  «nce  Capt.  Hall  found  the  same  pendulum 
adeSeiO'--"  — "^-^*  -   •       '       •    .     -  .        "^    

_J'«*1392fl 

Galapagos 

however,  is  tedious. 

The  formula  will  give  ^n  approximation  to  this,  for  An«86233*39-86101'34*« 

132K)5.     Hence  from  formuh  (1)  At  -  tL^^ »    39-13929  x  132-05  ^  _ 

^  ^  4n  431 16-7 

O'llPSr. 
Hence  39' 1 3929  -  0  11987  =  39^0 1942,  which    differs  from   the   former  only 

O'*»-O00094,  or  about   ■      ^   part  of  an  inch.    These  approxhmiting  rules,  when 

A»  is  great,  cannot  be  employed  wheite  extreme  accuracy  ts  required.  They  will  be 
sufficiently  correct  when  an  is  small,  as  in  the  case  of  determining  the  length  of  the 
pendulum  at  various  points  on  an  arc  of  the  meridian  not  diflfering  above  a  de^rree  or 
so  from  each  other.  If,  however,  the  mean  of  the  numbers  of  oscillations  at  the  two 
places  be  used,  the  resulta  would  in  general  be  more  correct;  and  formulae  (I)  and 
(4)  may  always  be  employed  when  the  diflFerence  of  the  numbers  of  oscillations  at  the 
two  places  does  not  exceed  30  or  40. 

To  render  the  results  accurate  in  all  probable  cases  when  the  formula  are  used,  we 
have  computed  the  foUowing  Table  of  corrections  for  various  difibrences  in  the  number 
of  osciUations. 
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Variation  of 

Oacillations  in 

1 

Correction  I. 

Differences. 

Correction  IL 

24  hours. 

OSCIL. 

1  • 

O-OOOOOOOI 

O'ooooooni 

2  ; 

Q-OO00D002  ^ 

0-00000003 

' 

3 

0-00000005 

0-00000003 

I 

4 

O'oaoooood  - 

^  0-00000005 

5 

0-00000013 

0*00000006 

6 

0-00000019 

0-00000007 

7 

0-00000026 

0110060007 

• 

8 

0*^)0000033 

0*00000009 

J 

9 

0*00000042 

0-00000010 

i 

to 

O'000000&2 

0^)0000157 

O-OQOOOOOO 

20 

0-00000269 

01)0000261 

0*00000001  I 

30 

0-00000470 

OO0QO0366 

0-00000001 

40 

0-00000836 

0*00000470 

0-00000002 

50 

0-0000 1 306 

0*00000575 

0-00000003 

60 

0*00001881 

0*00000679 

0-00000005 

70 

0-00002660 

0*00000784 

0^00000006 

80 

0-0O0Q3344 

0*00000888 

0-00000008 

90 

0*00004232 

0  00000993 

0-00000010 

100 

0-00005525 

0-00001097 

0-00O00O13 

110 

0-00006322 

0*0060(202 

0*00000015 

120 

0-00007524 

0-00001306 

0*00000018 

130 

0-00008830 

O-0O0O1411 

0*00000021 

140 

0-00010241 

0*00001515 

0*00000025 

150 

0-00011756 

0-0O0OI620 

0*00000029 

160 

0-00013376 

0C000I734 

0-00000033 

170 

0*00015100 

0-00001828 

0*00000038 

180 

0-00016928 

0-00001933 

0-00000043 

190 

0-00018861 

0-00002037 

0-00000048 

200 

0-00020898 

0-00002142 

0*00(\f)0053 

210 

0-0002304O 

0*00002246 

0*00000058 

220 

0*00025286 

0-00002351 

0-00000064 

230 

0-00027637 

0-00002455 

0*00000070 

240 

0*00030092 

0*00002560 

O*000O(K)77 

250 

0-00032652 

0-00002664 

0*00000084 

260 

0-00035316 

0*00002769 

0-00000090 

270 

0-00038085 

0-00002873 

0*00000098 

280 

0-00040958 

0*00002978 

0-00000105 

290 

0*00043936 

0-O00O3O83 

0-00000113 

800 

0*00047019 

0*00003167 

0*00000121 

310 

0-00050206 

000003292 

0*00000129 

S20 

0-00053498 

000003396 

0-00000138 

330 

0-00056894 

0*00003501 

6*06000147 

340 

0*00060395 

0*00003605 

0-00000156 

350 

0^00064000 

0*00003710 

6*00000165 

seo 

0-00067710 

0*000038'I4 

6*00000175 

370 

9*00071524 

0-00003918 

0*00000184 

380 

0-00075442 

0-00004022 

0-00000194 

S90 

Oi)0079464 

0-00004126 

0H)0000204 

400 

0-00083590 

0-0()0002I5 

P;  P.  for  see.  diff. 

OS.  1  2  3 

4  5  6 

7  8  0 

after  10  oscil. 

cor.  5    8  11 

12  13  12 

118  5 
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In  this  table,  column  first  contains  the  difference  of  the  number  of  oscillations  made 
by  the  experimental  pendulum  ut  two  different  places  ;~^oI urn n  second  contains  the 
correction  of  the  formula,  or  its  deviation  from  the  result  deduced  from  the  method  of 
obtaining  the  length  of  the  pendulum  by  the  squares  of  the  number  of  oscillations  when 
tlie  length  at  the  first  place  of  observation  is  39  inches;  and  is  always  to  be  sub- 
tracted ;-.-column  third  contains  the  difiei«ncea  to  obtain  proportional  parts  readily ; — 
and  column  fourth  contains  the  correction  to  be  applied  for  a  variation  in  the  length  of 
the  pendulum  of  one-tenth  of  an  inch,  or  when  it  is  increased  from  39  to  39*1  inches; 
and  is  always  to  be  added.    By  means  of  these  it  is  hoped  the  length  of  the  pendulum 
can  with  sufficient  accuracy  be  more  easily  obtained  than  by  using  the  laborious  pro- 
cess of  the  squares  of  the  numbers  of  oscillations,  as  may  be  seen  %  the  following  ex- 
amples. 

Capt.  Kater  found  that  his  experimental  pendulum  at  London,  in  Latitude  51°  31' 
8"  N.,  after  the  proper  reductions  made  86061*52  oscillations  in  a  mean  solar  day  at 
9'2«  Fahrenheit ;  while  at  Unst,  in  Latitude  60*  45'  28^  N.,  the  same  pendulum,  at  the 
same  temperature,  made  86096*90  oscillations.  Required,  the  length  of  the  seconds 
pendulum  at  Unst,  that  at  London  being  39*13929  inches? 

Number  of  oscillations  at  Unst    .     .     .     86096*90 

at  London     .     .     86061*52 


Difierence  more 35*38 

Hence  the  seconds  pendulum  must  be  longer  at  Unst,  and  the  general  correction  must 
above  be  added.  ^ 

Now  by  formula  (I)  al  ^^ — ,  which  by  substituting  the  proper  quantities  stated 

above  becomes 

39- 1 3929X35-38  „     ^ 

43048*45 

Correction  from  table,  coL  2,  for  30""* — 470 

Prop,  part  for  5"  38,  col.  3, —197 

Equation  for  25  difference,  foot  of  table, +13 

Correction  for  +  0- 1 3929,  coL  4, -      2 

Amount —656  656 


>. 


Total  correction  to  be  added         .         ,         .         .         .         .  +   0*03^16041 

Length  of  seconds  pendulum  at  London        ....  39*1. '3929 

Length  of  the  pendulum  at  Unst  ...        .        .        .  39*17145 

differing  only  one  unit  in  the  fifth  decimal  place  from  the  determination  of  Capt. 
Kater. 

In  the  application  of  the  corrections  of  the  formula,  the  equation  of  second  dif- 
fercnce  and  that  from  column  4  are  applied  as  they  ought  to  be  to  the  first  part  of  the 
correction  from  column  2,  with  contrary  tAgn%  indeed,  it  is  unnecessary  to  carry 
them  further  than  about  five  or  six  places  of  decimals,  being  more  than  even  the  best 
observations  can  warrant,  as  may  be  readily  seen  by  comparing  those  of  Kater  and 
Biot  at  the  same  place ;  as  for  example,  at  Leith  or  Unst.  In  fact,  without  the  small 
corrections,  the  formula  in  this  case  would  have  given  Kater's  determination  exactly. 

Again:  Capt.  Hall  found  that  an  experimental  pendulum,  making  86235*98 
oscillations  in  a  mean  sohir  day  at  London,  at  the  temperature  of  62»  Fahrenheit, 
made  86101*34  oscillations  at'  the  Galapagos  Isles,  at  the  temperature  of  68** 
Fahrenheit. 
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Number  of  oscillations  at  London 86235*98 

Correction  for  0'B«,  or  O©  more  than  6'2o  ='4312  >^6°  for- 
mula (6)  —     2-69 

Nuraberofoffcillatlonsat  68<> 86*333-39 

Number  at  Galapagos  at  6c;o  .....         8G 10 1-34 

DiBerence  less  .  .....  13^*05 

Hence  the  seconds  pendulum  must  be  shorter  than  that  at  London. 

Whence  by  formula  (l ),  as  before, 

39-13929  X  132-05 
we  have     dh  » 

Correction  from  table,  col.  2,  fur  I30<^ 
Prop,  part  for  2 -OS"';,  col.  3. 
Bquation,  second  differeoce 
Correction,  col.  4,         .  . 

Amount 

Total  correction 

Length  of  pendulum  at  London 

Length  at  Galapagos  .  .  .  .  .         39*01951 

At  the  temperature  of  62**,  or  that  at  which  the  length  of  the  pendulum  ai  London 
s 39*1 3929  was  obtained;  and  so  on  in  similar  cases. 


43nb''7 

-   =  -  0-1 1986870 

.                       • 

-8830 

.                             . 

-  289 

.                        . 

+        8 

a                             • 

-       5                      , 

.                           . 

-9106                910(S 

•                           .                          • 

.  —  011977764 

.                        • 

39-13929 

< 

Ki  DYNAMICS.  book  ii. 


CHAPTER  III. 


ON   CENTRAL   FORCES. 


279.  Since  abody,  when  once  put  into  motion,  will  (art.  £1.), 
unless  prevented  by  obstacles,  persevere  in  that  state  with  the 
same  velocity  and  tne  same  direction,  it  foUows  that  a  body  can- 
not describe  a  curve  line  unless  it  is  subjected  to  the  action  of 
•a  constant  force,  or  meets  with  obstacles  after  obstacles  which 
change  at  every  instant  the  direction  of  its  motion.  If  the  force 
which  acts  on  a  moviujg  body  according  to  any  direction  different 
from  that  in  which  it  is  moving,  act  at  finite  intervals  of  time,  and 
communicate  at  each  interval  a  determinate  velocity,  the  body 
will  describe  a  polygon.  But  if  the  body  have  received  at  first 
a  finite  velocity,  and  the  force  which  deflects  it  from  its  path  act 
continually  or  without  interruption,  the  body  will  then  describe 
a  curve  line :  such  is  the  effect  of  the  constant  solicitation  of 
gravity ;  and  such  also  that  of  the  resistance  of  fluids. 

A  Dody  which  is  moving  in  a  curvilinear  track  may  be  con- 
sidered, at  any  instant  whatever,  as  if  it  were  moving  along  the 
tangent  of  that  point  of  the  curve  at  which  it  is  found  ;  and  if 
the  force  which  deflects  the  body  at  any  instant  ceases  to  act, 
the  body  will  persevere  in  its  motion  according  to  the  direction 
of  that  tangent. 

Dbfs.  1.  The  centre  of  attraction  or  of  force  is  the  point 
towards  which  any  body  is  solicited  or  impelled. 

^  Dejlectins  jorce  is  the  force  which  tends  to  bend  the 
course  of  a  body  at  every  instant. 

3.  Centripetal  force  is  the  force  which  tends  constantly  to  so* 
licit  or  to  impel  a  body  towards  a  certmn  fixed  point  or  centre. 

4j.  Centrifugcdjbrce  is  that  by  which  it  would  recede  from 
such  centre,  were  it  not  prevented  by  the  centripetal  force. 

5.  These  two  forces  are  called  jointly  Central  forces. 

Cor.  The  centrifugal  and  centripetal  forces,  being  cor- 
relatives in  circular  motions,  may  be  represented  by  the  same 
line. 

6.  Projectile Jbrce  is  that  with  which  the  body  would  run  out 
in  a  tangent  to  its  path,  if  there  were  no  centripetal  force  to 
prevent  it. 
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Coa.  The  centripetal  and  projectile  fi)rces  are  heterogeneous, 
and  cannot  be  compared.  For  the  action  of  the  one  is  incessant, 
but  that  of  the  other  is  impulsive. 

7.  The  path  described  by  a  body  acted  upon  by  a  centripetal 
force  is  often  called  its  tritjectory^  or  its  orbit, 

8.  Madius  vector  is  a  line  drawn  from  the  centre  to  which 
the  force  is  referred,  or  in  which  it  is  supposed  to  act,  to  any 
point  in  the  trajectory  wherein  the  body  is  found. 

9.  Amular  velocity  is  the  velocity  with  which  the  angle  is 
describedi  which  is  contained  between  any  two  positions  of  the 
radius  vector ;  it  is  measured  by  an  arc  of  a  circle  whose  radius 
is  a  unit  of  distance,  and  comprehended  between  two  positions 
of  the  radius  vector  at  the  interval  of  a  unit  of  time. 

10.  When  a  body  moves  round  a  centre  in  an  orbit  or  tra- 
jectory which  returns  into  itself,  the  time  employed  by  the  body 
after  passing  a  certain  point  before  it  returns  to  that  point  again 
is  called  the  periodical  time. 

£80.  Piiop.  If  from  two  points  a  and  d,  equally  remote  from 
the  centre  of  attractiati  c  (fig.  5.  pi.  XIII.)  two  bodies  move 
with  equal  velocities,  the  one  along  the  riffht  line  ac,  the  oifter 
in  a  curve  line  dbq,  their  velocities  at  aU  equal  distancesjrom 
the  centre  will  be  equal. 

Let  DK  in  the  tangent  of  the  curve  at  the  point  d  be  the 
space  which  would  be  described  in  an  evanescent  portion  of 
time  with  the  velocity  at  d,  fg  the  arc  of  a  circle  whose  centre, 
is  c,  and  gk  its  tangent ;  and  while  af  would  be  described  with 
the  velocity  at  a,  let  fu  be  added  to  it  by  tlie  attractive  force. 
Draw  the  arc  hi,  and  il  a  tangent  to  it  at  i,  meeting  dk  pro- 
duced in  L  :  draw  also  kb  parallel  to  dc,  and  lb  perpendicular 
to  DL.     Then,  dg  :  dk  :  :  gi  :  kl  :  :  kl  :  kb,  by  similar 
triangles ;  therefore  gi  :  kb  :  :  dg^  :  dk^  ;  and  consequently  kr 
will  be  the  space  described  by  the  attractive  force,  while  nK 
would  be  described  with  the  velocity  at  d  ;  for  the  force  may  be 
considered  as  uniform  during  the  description  of  the  evanescent 
increments,  and  the  spaces  described  by  the  action  of  a  uniform 
force  are  as  the  squares  of  the  times  (art.  227.).     Hence,  the 
resultant  will  be  db,  which  is  ultimately  e^ual  to  dl  ;  and  the 
whole  velocity  will  be  increased  in  the  ratio  of  dl  to  dk,  or  of 
Di  to  DG,  or  of  ah  to  af  :  conseauently,  since  h,  i,  and  l,  are 
ultimately  equi-dlstant  from  c,  tiie  velocities  in  ea  and  ED  are 
always  equally  increased  at  equal  distances,  and  will,  therefi)re^ 
always  remain  equal  at  equal  distances. 

CoR.  The  same  thing  may  in  similar  circumstances  be  shown 
to  obtain  with  respect  to  the  velocities  in  £c,  and  any  other 
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the  prop,  the  Ixxly  will  so  move  that  its  radius  vector  will  de* 
scribe  also  areas  proportional  to  the  times,  about  the  centre  s : 
which  is  impossible ;  for  it  is  manifest  a  body  cannot  universally 
describe  areas  proportional  to  the  times  about  two  different 
centres  in  the  same  plane. 

282.  Prop.  To  determme  the  ratio  of  forces  by  which  bodies 
tending  to  the  centres  of  a  given  circle  are  made  to  reodve  in 
their  peripfteries. 

Let  AMa  (fig.  1^.  pi.  XII.)  be  the  circle  in  which  one  of  the 
bodies  moves  round  the  centre  of  force  c,  and  let  the  inde- 
finitely little  arch  ao  be  the  distance  it  moves  over  in  a  ^ven 
or  constant  particle  of  time ;  theq,  cor.  5.  of  the  preceding  prop, 
the  centripetal  force  at  o  will  be  measured  by  twice  At?.  And 
by  the  nature  of  the  etrcle  the  chord  and  arc  ao  will  be  ulu- 
mately  equal  in  length ;  whence  Ao^=:Aa  •  Ap=AC  •  2Ap;  con- 

sequently,  2av=.—  .     And  the  same  may  be  shown  with  re* 

spect  to  the  motion  in  any  other  circle.  So  that,  if  r,  and  r, 
denote  the  radii  of  two  circles,  f,  and^J  the  respective  central 
forces,  V,  and  r,  the  velocities  with  which  the  bodies  move  in 

their  peripheries,  we  shall  have  r:jf::  —  :  — ;  therefore,  the 

forces  are  as  the  squares  <^  the  velocities  directly^  and  as  the 

radii  inversely. 

Cor.  1.  In  a  circle  the  velocity  is  uniform^  if  the  centre  of 
force  coincide  with  the  centre  c^  the  circle.     For  the  radius 

which  is  the  perpendicular  to  the  tangent  (cor.  2.  art.  281.)  is 

a  constant  quantity. 

Cor.  2.  Because  f  :  f:  : —  :  — ,  it  follows  that 

V  :  T? :  :  \/rf  :  ^rf,  and 

W    •    ••  •    •  •    ^^ 

XV    •     /      .     •  ■     ^T". 

»  / 

G6e.  S.  Comparing  the  analogy  y  :v::  y/Rv:  y/rf  with  the 
expression  5  a  -^  in  uniformly  accelerated  motions,  it  follows 

that  tf^  velocity  is  every  where  eqtud  to  that  which  a  body 
would  acquire  in  foiling  by  the  same  uniform  force  throu^ 
half  the  radius. 

Cor.  4«  If  the  ratio  of  the  periodic  times  be  denoted  by  that 

of  F  to  p,  then  the  ratio  of  tlie  velocities  being  as  —  to— ,  we 
tbRll  have  by  equality  •rf  :  ^frfi :  —  :—  ;   irfianpe  alid 
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^  -y*-  •  i-  *!.>  and 

Cor.  5.  A  few  other  properties  of  circular  motion  under 
different  h3rpotheses  may  be  thrown  together;  thus, 

If  p  :  p  :  :  1  : 1,  then  f  if:  :  e  :  r. 

If  V* :  z;« :  :  r :  r,  then  f  :f:  :  r* :  r«  : :  v* :  »*. 

also  p  :  jp  :  :  R*  s  r^. 

If  F  if:  :  1  : 1,  then  v:  p  ::  Vk  :  ^/r. 

If  V  :  w  :  :  r :  R,  then  f  ij^:  :  r'' :  r'  : :  v^  :  t7\ 

CoR.  &  If  the  measure  of  the  force,  qr  the  velocity  which 
would  be  uniformly  generated  in  a  unit  of  time,  be  expounded 
by  any  power  r"  of  the  radius  AC  (fig.  \2,  pi.  XII,),  then  the 
distance  through  which  a  body  would  freely  descend  in  the  same 
time  by  the  constant  operation  of  that  force  will  (art.  243.)  be 
expressed  by  \r.  Hence,  since  the  distances  descended  by 
means  of  the  same  force  uniformly  continued  are  as  the  squares 
of  the  times,  it  is  evident  if  the  time  of  moving  through  ao  be 
denoted  by  tj  that  the  distance  hp  descended  m  that  time  will 

be  denoted  by  ~  x  \r^ :  so  that  we  shall  have  ao  —  V(2a;^«ac) 

zz  -yXr  ^  \  which  being  the  distance  described  by  the  re- 
volving body  in  the  time  t,  it  follows  that  the  space  passed  over 

in  the  given  time  1,  will  be  equal  to  r  ^  • 

CoR.  7.  Hence,  to  find  the  periodic  time  we  have  r  *  i  k  x 

2r  (the  whole  peripherjr) : :  1  : 2«'r-rr"*~^=2fl'  *   ,  the  true 
measure  of  the  periodic  time. 

Cor.  8.  Hence  also  it  follows  that  if  n  be  expounded  by 
1,  0, — 1,-2,— 3  successively,  the  velocity  corresponding  will 

be  as  r^r^y  1,  r"^,  and  r""  ;  and  the  time  of  revolution  as 
1,  r%r,  r',  and  r*,  respectively. 
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283.  From  the  preceding  proposition  and  its  corollaries  the 
velocity  and  periodic  time  of  a  body  revolving  in  a  circle,  at  any 
given  distance  from  the  earth's  centre,  by  means  of  its  own 
gravity,  may  be  deduced.  Thus,  let  the  radius  of  the  earth 
{  ==  21000000  feet,  nearly)  be  denoted  by  r,  and  the  space 

VOL.  I.  S 
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through  which  a  heavy  body  falls  at  the  surface  (=1&:^  feet) 
by  ig,  the  force  of  gravity  at  the  surface  being  denoted  by  g; 
then  will  the  velocity  per  second  in  a  circle  at  the  surface 
(cor.  %)  be  =  \/gr  =  S6000  feet  nearly ;  and  the  time  of  re- 

volution  =-7==  If  \/ =  6075  seconds.    Let  r  be  put  for 

Vgr  g  '^ 

the  radius  of  any  other  circle  described  by  a  projectile  about 
the  earth'^s  centre:  then,  because  the  force  of  gravitation  above 
the  surface  varies  inversely  as  the  square  of  the  distance,  we 

have,  by  cor.  8.  r"^  :  r"^  :  :  £6000  feet  (velocity  per  second 
at  the  surface):  26000  \/— ,  the  velocity  in  the  circle  whose 

radius  is  r.     And  r*  :  r"  :  :  5076'  (the  periodic  time  at  the 

surface)  :  6075  •—,  the  periodic  time  in  the  drde  whose 

radius  is  r. 

For  example,  if  R  be  assumed  equal  to  60r,  the  distance  of 
the  moon  from  the  earth,  the  expression  for  the  velocity  will  be- 
come 38664^  feet  per  second ;  and  that  for  the  periodic  time  wifl 
become  2360035'  or  27  -^  days,  nearly. 

284.  Thus  also  the  ratio  of  the  forces  of  gravitation  of  the 
moon  towards  the  sun  and  the  earth  may  be  estimated.  For 
365;^  days  being  the  periodic  time  of  the  earth  and  moon  about 
the  sun,  and  27*3  days  the  periodic  time  of  the  moon  about 
the  earth ;  also  60  being  the  distance  of  the  moon  from  the 
earth  in  terms  of  the  earth^s  radius,  and  23920  her  mean  di- 
stance from  the  sun  in  the  same  measure,  we  have,  hy  cor.  4. 

23920  60  -^        o»       1  1         ^u   X    •       *u  » 

sssr^-'iTF  •  •  ^  'f'-'  ^  •  ^  »^ar'y»  *at  ^s,  the  moon* 

gravitation  towards  the  sun  is  to  her  gravitation  towards  the 
earth  as  2|.  to  1  nearly. 

285.  Again,  from  the  same  prindples  the  centrifugal  force 
of  a  body  at  the  equator  arising  from  the  rotation  of  the  earth 
is  derived.  For  tne  proposition  and  corollaries  apply  to  cen- 
trifugal forces  as  well  as  centripetal  ones ;  the  terms,  as  before 
observed,  being  correlatives  (when  those  two  alone  keep  the  body 
in  its  orbit).  And  we  have  just  found  (art.  283.)  that  the  time 
of  revolution  is  o075'  when  the  centrifugal  force  becomes  equal 
to  the  gravity ;  also  (cor.  4.)  it  appears  tnat  the  forces  in  circles 
having  the  same  radii  are  reciprocally  as  the  squares  of  the 
periooic  times:  hence,  therefore,  since  the  earth's  rotation  is 
performed  in  23* .  5^  or  86160* .,  we  have  86I6O*  :  5075« :  : 
the  force  of  gravity :  the  centrifugal  force  of  a  body  at  the 
equator  arising  from  the  earth's  rotation  :  :  1  :  ^f ^  nearly. 
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S86.  Since  the  time  of  revol  u^ion  of  a  body  under  the  equatoif 
£Q  (fig.  6.  pi.  XIII.X  and  in  any  paralld  of  latitude  bg, 
is  equals  the  centiifugal  forces  (cor.  5.)  are  as  the  distances  cs, 
AB9  from  the  axis  of  motion,  or,  as  radius  cb,  to  the  cosine  a9 
of  the  latitude.  But  in  any  latitude,  as  at  b,  the  centrifugal  force 
is  not  {as  under  the  equator)  opposite  to  the  whole  gravity,  but 
only  a  part  of  it,  which  also  is  to  the  whole  as  the  cosine  of  the 
latitude  to  radius.  For,  produce  ab  the  direction  of  the  cen- 
trifugal force  to  D,  and  cb  the  direction  oi^^ravity,  till  it  meet  a 
perpendicular  let  fall  uponit  from  d  at  f  ;  then  bd  representing 
the  whole  centrifugal  force  at  b,  bf  will  represent  that  part  of 
it  which  is  directly  opposed  to  gravity ;  but  bd  :  bf  : :  bc  :  ab  : : 
rad  :  cos  be.  Thereiore,  combining  these  two  ratios,  it  follows, 
that  the  diminution  of  gravity  at  the  surface  of  the  earth 
artsingjrom  the  c&nir%fug(d  Jbrce  varies  as  the  square  qfi/ie 
cosine  qfthe  latitude. 

The  law  just  stated  for  the  diminution  of  gravity  is  on  the 
supposition  of  the  earth's  sphericity ;  but  as  the  polar  axis 
of  the  earth  is  rather  shorter  than  the  equatorial,  the  former 
being  to  the  latter  nearly  as  319  to  3£0,  or  what  is  technically 
denominated  the  compression  being  about  ^^ ;  and  as,  more* 
over,  the  density  of  the  earth  is  different  at  different  distances 
from  its  centre ;  the  preceding  theorem  is  not  .exact.  It  would, 
however,  take  us  too  for  from  the  immediate  subject  of  this 
chapter,  were  we  to  trace  all  the  minutiae  here.  Let  it  suffice 
if  there  be  added  a  theorem  or  two  for  the  relations  of  gravity  at 
different  latitudes.  In  order  to  which,  let  y  the  gravitj  under 
the  equator,  g  that  at  either  pole,  g  that  under  any  liatitude  X ; 
then  g=(l  +  . 0052848  sin  «A)  y;  and  therefore  g= 1-00628487. 
Or  if  g'  denote  the  gravity  at  45°,  then  for  any  latitude  X,  we 
shall  have  g  -^  (1  -  002837  cos  2a)  .  And  the  absolute  length 
of  thecentesimid  second's  pendulum jexpressed in  metres 

=;: -739576 +00040942  sin  « A- 

287.  But  now  to  determine  more  universally  the  ratio  of  the 
Ibrce  of  a  body  revolving  in  any  given  circle  to  its  gravity  ;  we 

have  already  given  t  V — ^  for  the  periodic  time  at  the  jsur*. 

face  of  the  earth  when  the  gravity  and  centrifugal  force  are 
equal :  if,  therefore,  the  time  of  revolution  in  any  circle  whose 
iradius  is  f  feet  bedenc^  by  t  seconds,  it  will  follow,  from  cor. 

4.  of  the  prop,  that  ;;^ :  -^  :  :  gravity  of  body :  its  centrif. 

force  in  that  cirde ;  which  is  as  unity  to  -^,  or  as  1  to  1«2274 

$2 
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X  ~  very  nearly.     Thus,  if  the  length  of  a  sling  by  which 

a  stone  is  whirled  about  be  2  feet,  and  the  time  of  revolution 
half  a  second,  the  force  by  which  the  stone  endeavours  to  fly 

off  will  be  to  its  weight  as  1.2274  x-|rto  1,  or  as  9-819^ 

to  unity. 

The  circumference  of  the  circle  whose  radius  is  p  being  Zitp^ 

and  t  the  periodic  time,  the  velocity  in  the  circle  will  be  — ^ ; 

and  if  this  be  put  for  v  in  the  general  expression  v:=.V^g  (art. 

2t3.)  we  shall  have  — ^  z:  i/  {9^s)^  whence  *=— ~  the  space 

a  heavy  body  must  descend  freely  to  acquire  the  velocity  in  the 

circle;  but  it  is  manifest  that  f  '—^  * '  1  :-~»  the  preceding 

expression  for  the  centrifugal  force;  so  that  our  theorem  agrees 
with  the  comprehensive  one  first  given  by  the  Marquis  de  THo- 
pital,  namely,  find Jrom  what  height  the  body  must  havejallen 
to  acquire  trie  velocity  in  the  circle  ;  then,  as  the  radius  of  the 
circle  to  double  thcU  height,  so  is  the  weight  of  the  body  to  its 
centrifugal Jbrce. 

288.  From  the  general  proportion  in  the  preceding  article, 
the  centrifugal  force  and  periodic  time  of  a  pendulum  de- 
scribing a  conical  surface  may  readily  be  found.  Thus,  let  CA 
(fig.  9.  pi.  XIII.)  the  length  of  the  pendulum,  be  denoted  by  I ; 
cs,  the  altitude  of  the  cone,  by  a ;  the  semidiameter  as  of  the  base 
by  (>,  and  the  periodic  time  by  t :  then,  because  the  body  is  re- 
tained in  the  circle  by  three  different  foi-ces,  viz.  the  centrifugal 

force—,  in  the  direction  sa,  the  force  of  gravity*  or  the 

weight,  1,  in  a  direction  parallel  to  cs,  and  the  force  of  the 
thread  ac  compounded  of  the  two  former;  it  follows  that  cs 
:  CA  or  as  a  :  6  :  :  weight  of  body  at  a  :  force  upon  the  thread 

at  a;  also,  as  1  :  —  :  :  cs :  sa  : :  a  :  p.    Whence  g^*=4«irS 

and  ^  =  2ir  */ —  z:  1«  10784  v'o.     Consequently,  the  periodic 

Ume  varies  as  the  square  root  of  the  altitude  of  the  conic pendur- 
lum,  let  the  radius  of  its  base  be  what  it  may.    Or,  comparing 
this  theorem  with  that  in  art.  271. 1,  it  appears  that  the  semipe- 
riodic  time  in  the  cone  is  eqiml  to  the  time  of  oscillation  of 
a  simple  pendulum  whose  length  is  the  aititude  of  the  cone. 
Because  4^/^  or  its  equal  2to«,  represents  the  space  a  heavy 
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body  will  descend  by  its  own  gravity  in  t  seconds  (art.  243-) ;  and 
because  1*  :  -tt*  :  :  2a  :  2ar«— .^2;it  hence  appears^  that  as  the 
sqiuire  of  the  dia/rneter  of  any  circle  is  to  the  square  of  its  peri- 
phery^ so  is  fwice  the  altitude  of  t?te  cone  to  the  distance  a 
heavy  body  will  freely  descend  in  the  time  of  a  complete  gj/ralion 
of  the  conical  pendtdum. 

Hence  also,  if  cs  be  to  ca  as  a  square  inscribed  in  a  circle  to 
the  square  of  its  circumference,  or  if  the  angle  cas  be  nearly 
2°  58'  4,  the  periodic  time  of  the  pendulum  will  be  equal  to  the 
time  of  free  descent  through  cs*. 

289.  Prop.  To  determine  the  law  qfcentripetcdjbrce  tending 
to  a  given  point  c,  by  which  a  body  may  describe  a  given 
curve  APQ. 

Draw  PT  a  tangent  to  the  curve  at  any  point  p  (fig.  10. 
pi.  XIII.),  and  from  c,  the  proposed  centre  or  force,  demit  the 

Grpendicular  CT  :  let  po,  the  radius  of  curvature  at  the  point  p, 
denoted  by  r,  the  distance  or  radius  vector  CP  by  /?,  and  the 
perpendicular  CT  upon  the  tangent  byjp,  the  velocity  in  the  curve 
being  denoted  by  v.  Then,  because  the  centripetal  forces 
in  c'u*eles  are  as  tne  squares  of  the  velocities  directly  and  the 
radii  inversely  (art.  282.),  it  follows  that  the  force  tending  to  the 


•  When  a  body  is  made  to  describe  a  circle  by  being  fixed  to  one  extremity  of  a 
string  (or  of  an  inflexible  bar),  while  the  other  extremity  is  attached  to  an  immoveable 
point,  or  by  moving  along  the  concave  superficies  of  a  polished  spliere  or  cylinder  i  in 
both  cases,  whatever  be  the  proportion  in  which  the  centrifugal  force  is  increased  by 
increasing  the  velocity  of  the  projection,  the  reaction  of  the  string  or  of  the  snriaoe 
will  always  be  increased  in  the  same  proportion,  so  that  the  body  will  describe  the  saine 
circle  with  different  degrees  of  velocity.  But  when  the  centripetal  force  and  the  di- 
stance from  the  centre  are  given,  the  velocity  is  given  (art.  288.  cor.  3.),  being  that 
which  would  be  acquired  by  falling  down  half  the  distance.  If,  therefore,  the  velocity 
be  increased  whilst  the  centripetal  force  continues  the  same,  the  centrifugal  force  being 
increased  in  the  duplicate  ratio  of  the  vdocity,  it  will  be  greater  than  the  centripetal  $ 
therefore  in  the  time  that  the  body  would  have  described  any  distance  m  in  the  tan- 
gent (fig.  12.  pi.  XII.)  it  will  be  drawn  to  a  greater  distance  than  a  from  the  centre, 
and  will  have  described  a  curve  exterior  to  the  circle  MAm.  For  a  like  reason,  if  the 
velocity  be  diminished,  the  centrifugal  force  becoming  less  than  the  centripetal,  the 
body  will  describe  a  curve  interior  to  the  circle :  but  if  the  centripetal  force  be  at  the 
same  time  increased  or  diminished  in  the  same  proportion,  the  body  will  still  be  retained 
at  the  same  distance  from  the  centre,  and  describe  the  circle  MAma. 

Hence  it  is  manifest  that  when  a  body  describes  any  orbit  exterior  or  interior  to  that 
of  the  circle,  the  tangent  being  perpendicular  to  the  radius  vector,  the  centrifugal  force 
of  the  body  in  its  orbit  is  equ^  to  the  centripetal  force  with  which  the  body  would  de» 
scribe  a  circle  at  the  same  distance,  and  with  the  same  velocity  in  the  direction  per- 
pendicular to  the  radius  vector.  The  same  will  be  true  if  the  direction  be  not  per- 
pendicular to  the  radius  vector:  for  in  this  case  if  the  motion  be  resolved  into  two,  one 
in  the  direction  of  the  radius  vector,  and  the  other  perpendicular  to  it,  the  latter  is  th« 
only  part- which  will  increase  or  diminish  the  centrifugal  force. 

In  this  last  case  the  body  is  retained  in  its  orbit  by  three  forces ;  the  centripetal  and 
centrifugal  forces,  and  that  part  of  the  motion  in  the  taogent  which  is  in  the  direction 
«f  the  fftidius  vector.^.NxwTosr  tm  UHinuUe  Ratios. 
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point  o,  by  which  the  body  might  be  retained  in  its  orbit  at  P, 
which  must  manifestly  be  the  same  as  the  fotce  in  the  circle 

whose  radius  is  po,  will  be  defined  by  — ,  cm:  by  — ,  since  v 

is  inversely  as  p,  by  cor.  2.  art.  281.    Wherefore,  by  the 

resolution  of  forces,  we  shall  have  ct  (rrp)  :  CP  (=:f)  :  : 


p^ 


(force  in  direction  po)  :  -^,  force  in  the  directiori  PC. — Now, 

the  general  expression  for  the  radius  of  curvature  is  rs-t- 

which  value  of  e  substituted  for  it  in  the  preceding  expression 
for  F,  the  centripetal  force  towards  c,  will  transform  it  to  tins : 

F  =:  -^^,  an  equation  expressing  the  law  reqmred. 

Another  expression,  which  will  be  sometimes  useful,  may  be 
found  by  taking  the  value  of  the  radius  of  curvature  in  terms  of 

the  arc  and  its  rectangular  co-ordinates,  that  is,  R  =-37^^  9  for 
this  introduced  into  the  expression  f  =:  -^—  will  convert  it  to 
F  =:  — -77. 

Cor.  1.  If  the  point  c  be  so  remote  that  all  right  lines  drawn 
from  thence  to  the  curve  may  be  considered  as  parallel  to  each 
Other,  then  making  ft  perpendicular  to  cp  (jp  being  an  eva^ 

nescent  portion  of  the  curte),  the  force  will  be  as  t--^^^  or 
barely  as  -j-if  ^nce  pz^cv  may  in  this  case  be  rejected. 

This  expression  bein^  general  in  all  cases  where  the  force  acts 
in  parallel  directions^  it  hence  follows  that  the  force  which 
always  acting  in  the  direction  of  the  ordinate  pm  would  retain 

the  body  in  its  orbit  is  every-where  as  -^^  ;  because  in  this 

case  PC  coincides  with  PH,  and  pr  becomesz:^. 

Cor.  S.  Since  the  force  ten£ng  to  the  point  c  id  universally 

as  --— —  or——,  the  force  to  any  other  point  c  will  of  con- 

sequence  be  as  '  ^^.  Therefore,  the  forces  to  different 
centres  c  and  c,  about  which  equal  areas  are  described  in  th^ 
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same  time,  are  to  each  other  in  the  inverse  ratio  of  —  to 

CP 
CF 

Cor.  3.  Hence  also  the  ratio  of  the  velocity  at  r  to  that  by 
which  a  body  might  revolve  in  a  circle  about  the  centre  c  at 
the  distance  cp,  is  easily  obtained.  For,  since  the  velocity  at 
p  is  th^t  by  which  the  body  would  revolve  in  a  circle  about  the 
centre  o,  and  the  forces  tending  to  the  centre  o  and  c  are  to 
each  other  as  p=CT  and  £=:ca ;  it  therefore  follows,  if  the  ratio 

sought  be  assumed  as  v  to  w,  that  — :  — : :  jp :  f  (art.  282.) 

Whence  also  v*  :«*::/?  x  po  (=:pR)  :  p  x  pc  (=p*) ;  and  con- 

sequently  v  :u:  :  ^-^  :  1 :  :  ^/^- :  1 :  :  v'  —  :  >v/— , because 

S?  op  i  P 

E  =  -i. 

Cor.  4.  Finally,  the  law  of  centripetal  force  being  given^  the 
nature  of  the  trajectory  may  hence  be  found :  for,  since  the  force 

• 

F  is  universally  defined  by  -^,  it  is  manifest  that  the  fluent  of 

Fjpzr-^,  which,  when  p  is  ^ven  in  terms  off,  will  become 

known ;  and  then,  the  relation  between  p  and  ^  being  given, 
the  curve  itself  is  known. 

We  may  now  show  the  application  of  this  proposition  by  an 
example  or  two. 

290.  Ex.  I.  Let  it  be  required  tofnd  the  force  tending  to 
the  centre  of  cm  ellipse  when  a  body  revolves  in  its  periphery. 

Let  the  semitransverse  c'a  (fig.  11.  pi.  XIIL),  be  denoted  by 
a,  the  semiconjugate  axe  dE  by  6,  the  radius  vector  </p'  by  /?, 
and  its  semiconjugate  c/r  by  n :  then,  by  the  nature  of  the 
ellipse,  (Emerson's  Con.  I.  84.)  ^/?+nn  — flrflj+JJ,  whence  n= 
V(tf^  J*— ^«) :  again  (ibid.L37.) «  [ = V'  (a«+6«-^«)]:  b.iaip 

(  ^dt\  =:  ..  ^  "^^     . ;  therefore ji  = ^ — -r.    Consequently, 

i__ — fW 5^ifli?r^-_l^.     So  that  the  force  tend 

ing  to  the  centre  of  the  ellipse  is  directly  as  the  radius  vector. 

Ex.  n.  To  find  the  law  of  the  centripetdfnxe^  by  which  a 
body  tending  to  the  focus  c  is  made  to  revolve  in  the  periphery 
of  an  ellipse* 
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From  the  other  focus  v  (fig.  11.)  draw  fs  parallel  to  CT, 
meeting  the  tangent  tp  at  right  angles  in  s ;  join  fp  :  then 
put  AB=:Sa,  c'Dzibf  as  before^  and  the  latus-rectum  or  pars- 
meter —  =  A.  Denoting  cp,  and  ct,  as  before,  we  have 
FPzzAB— cp=2a— ^;  whence,  by  reascm  of  the  similar  tri- 
angles CPT,  FPS,  it  will  be  f  :  p  :  :  2a— p  :  FS  =  ^L?I1L_.     But, 

by  the  nature  of  the  curve,  fsxctizc'd*:  whence, — 

=J«;   and  consequently  —  =:  -^ tj-.  The  fluxion  of  the 

•  •         ■ 

latter  expression  is— ^-=:  —  ■^.     So  that  we  have  (art.  289.) 

•  •  _ 

-4-  =  -^.-V-T7:     and    (art.    289.    cor.    3.)    ^ -%  = 

V  -^^^-^  =  ^''li7*     Hence  it  appears,  that  the  centripetal 

force  is  in  this  case  reciprocally  as  the  square  of  the  distance  ^ 
or  CP ;  and  that  the  velocity  at  p  is  to  that  by  which  the  body 
might  describe  a  circle  at  the  distance  cp,  every-where  in  the 
ratio  of  Vff  to  v^ac'. 

Otherwise  thus :  Let  another  body  descending  in  a  right-line 
begin  to  fall  with  the  same  velocity,  then  among  the  general 
equations  for  variable  motions  we  have  (art.  232.  III.)  ^  = 


r-,  where  s  is  equivalent  to  f  in  the  present  case ;  and  f  being 

considered  as  negative,  the  equation  becomes  prr — r5  the 

p 
same  being  likewise  true  in  the  curve,  by  art  280.    Now  v= 

y*—  (art.  211.  cor.  2.)  and  its  fluxion  v  =-^>  therefore  ^  = 

— .  ~-  =  -^  :  which  is  the  same  expression  as  at  arc.  289. 

p       p»p        psp 

but  deduced  from  art.  280.  The  rest  may  then  be  detenflined 
from  the  properties  of  the  ellipse,  as  above. 

£x«  III.  Required  tlie  law  "which  would  cause  the  body  to 
move  in  a  hyperbola,  the  force  tending  to  thejbcua. 

In   this    mstance,   proceeding   as    before,    we   shall  have 

^!^^^^i^=6S  instead  of^'^^~'^=6S  as  in  the  ellipse.  From 
this  we  obtain  --r  =  -rr  +  tt  ♦  whence  there  will  result  -^  = 
— ,  the  very  same  as  in  the  ellipse. 
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Ex.  IV,  To  find  the  law  which,  when  the  Jbrce  tends  to  Hie 
focus y  would  cause  the  body  to  move  in  a  parabola. 

Here  the  equation  will  be  ?^  •  p«= *%  or  ^-  -g-  =  x^; 

and  the  force  again  as  — .     But  the  measure  of  the  velocity 

. 
will  in  this  instance  become  v/-^  =  ^2'(2cO)^  ^^    conse- 

fP  2" 

quently  the  velocity  in  a  parabola  is  to  that  by  which  the  body 
might  describe  a  circle  at  the  same  distance  from  the  centre  of 
force,  in  the  constant  ratio  of -y/^  to  unity. 

291.  Prop.  To  determine  the  ratio  of  the  velocities  of  bodies 
revolving  in  different  orbits^  about  either  the  same  or  different 
centres;  the  orbits  themselves  and  the  forces  tending  to  the 
centres  being  given. 

Let  APD  (fig.  11.  pi.  XIII.)  be  any  orbit  which  a  body 
describes  about  the  centre  of  force  c ;  let  the  force  itself  at  the 
principal  vertex  a  be  denoted  by  f  ;  let  r  denote  the  semipara« 
meter,  or  the  radius  of  curvature  at  a,  and  let  ct  be  perpen- 
dicular to  the  tangent  tp.  Then  (art.  282.  cor.  2.)  tfie  velocity 
at  A  is  always  as  vf^";  and  (art.  281.  cor.  2.)  we  have  ct  :  ca 

: :  -v/Fr  (the  velocity  at  a)  :  —  -/Fr,  the  velocity  at  p.     This 


CA 
CT 

answers,  however,  the  values  of  AC,  r,  and  r,  may  vary. 

Cor,  1 .    If  the  centripetal  force  be  as  the  square  of  the 

I 

AC« 


distance  inversely,  or  f  a ■■      ■»  the  velocity  at  p  will  become 

~  ^"^  or—.    Consequently  the  velocities  of  bodies  revolving 

m  different  orbits  about  a  common  centre  are  directly  as  the 
square  roots  of  the  parameter s^  and  reciprocally  as  the  perpen^ 
dicularsfrom  the  centre  of  force  to  the  tangents  to  the  curve  at 
the  points  where  the  bodies  are. 

CoR.  2.  If  the  velocity  at  p  be  denoted  by  vpy  and  cp  be 

/_ 

drawn,  then,  since  Tp  a — 9  it  follows  that  A/rcxvp  •  ct,  or  as 

the  triangle  cpp.  Hence,  th£  areas  described  about  a  common 
centre  qfforce^  by  the  radium  vector ^  in  a  given  timCy  are  in  the 
subduplicate  ratio  of  the  parameters. 

Cor.  3.  And,  since  the  area  of  the  curve  apdb,  when  an 
ellipse,  is  known  to  be  as  ac'  •  c'd,  or  as  ac'  •  A/(r«  ac'); 
whence,  if  this  be  applied  to  \/r,  expressing,  by  the  last  cor. 
the  area  described  in  a  given  portion  of  time,  we  shall  obtain 

Ac'  •  a/ac'  or  Ac''  for  the  relative  measure  of  the  time  of  a 
complete  revolution.     Therefore,  it  appears,  that  the  periodic 


^9^ 
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times,  let  the  species  of  the  ellipses  be  nhat  they  wilt,  are  in 
the  sesquiplicate  ratio  of  the  principal  axes. 

This,  of  consequence^  obtains  when  the  ellipse  becomes  a 
cirde :  a^eeing  with  what  has  been  previously  shown,  under 
the  fourth  case  of  cor.  8.  art.  282. 

Cor.  4.  Hence,  therefore,  it  follows  that  the  periodic  time  in 
an  ellipse  is  the  same  as  in  a  circle  whose  diameter  is  equal 
to  the  transverse  axis,  or  radius  equal  to  tJie  mean  distance 

CD. 

SCHOLIUM. 

It  appears  from  this  proposition  and  corollaries  that  the 
periodic  time  of  a  planet  under  the  influence  of  a  force  varying 
inversely  as  the  square  of  the  distance,  depends  on  its  mean 
distance  alone,  and  will  be  the  same  whether  the  planet  describe 
a  drde  or  an  ellipse  having  any  degree  of  eccentricity  whatever. 
Now  suppose  the  shorter  axis  de  of  the  ellipse  adbe  (fi^.  11. 
'pl.  XIII.)  to  diminish  continually,  the  longer  axis  ab  remaining 
the  same :  then,  as  the  extremity  of  the  invariable  line  dc  moves 
from  D  towards  c^,  the  extremity  c  will  move  towards  a,  so  that 
when  D  coincides  with  c',  c  will  coincide  with  a,  and  the  ellipse 
will  be  transformed  into  a  straight  line  ab,  the  length  of 
which  is  equal  to  ^d.  In  all  the  successive  ellipses  produced 
by  this  gradual  diminution  of  dj}  the  periodic  time  remains 
unchanged,  if  the  force  acting  at  c  continues  unchanged. 
Just  before  the  perfect  coincidence  of  n  with  c'  the  elhpse 
may  be  conceived  as  undistinguishable  from  the  line  ab  ;  and 
the  revolution  in  such  ellipse  undistinguishable  from  the  as- 
cent of  the  body  along  the  right  line  from  a  to  b,  and  the  sub* 
sequent  descent  in  an  equal  time,  from  b  to  a.  Consequently 
a  body  solicited  by  such  a  central  force  will  descend  from  b  to 
A  in  half  the  time  of  the  revolution  in  the  ellipse  adbe  ;  and  the 
time  of  descending  through  any  distance  dc  (supposing  the 

O'ectile  force  extinguished)  is  half  the  periodic  time  of  a 
y  revolving  at  half  that  distance  from  the  sun.  Hence 
we  see  that  the  squares  of  the  times  of  filing  to  the  sun, 
or  other  centre  (^  force,  are  as  the  cubes  of  the  distances 
from  it :  agreeing  with  the  conclusion  in  art.  236.  To  find 
this  time  of  descent  in  particular  instances,  multiply  half  the 
periodic  time  by  the  square  root  of  the  cube  of  f ,  or  the  whole 
periodic  time  by  i^Z-U  or  by  |V  2,  or  by  •1767767.  This 
process  gives  us  4d.  20h.  for  the  time  of  descent  of  the  moon  to 
the  earth.  Mercury  to  the  sun  15d.  13h.  Venus,  S9d.  17A. 
The  earth,  64d.  18|A.  Mars,  12ld.  10  JA.  Jupiter,  766d.  Sl^A. 
Saturn,  190U.  2Zih.    HerscheU,  SiSSd.  17A.     And  the  same 
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pule  will  apply  to  the  descent  of  the  satellites  of  Jupiter, 
Saturn,  &c.  to  their  respective  primaries.  See  Thorp  s  New- 
ton, vol.  I.  p.  193.  Whiston's  Mathematical  Philoso]:^y^ 
p.  178. 

£92.  Prop.  The  centripetal  force  tending  to  a  given  point  c 
(fig.  11 .)  being  iwoersely  as  the  square  of  the  distance^  and  the 
direction  and  the  velocity  of  a  bodu  at  any  point  p  being  given; 
to  determine  the  path  in  which  the  body  moves,  andy  if  it  returns^ 
the  periodic  time. 

It  is  manifest  from  art.  290.  that  the  trajectory  is  a  conic 
section,  of  which  the  point  c  is  one  of  the  foci.  Let  the  other 
fixus  be  F.  Upon  tne  tangent  demit  the  perpendiculars  ct^ 
Ts,  and  draw  cp,  pp.  Let  Ad  rza,  ca^f,  as  before ;  the  sine 
of  the  angle  of  direction  cvt  zzm,  to  radius  1 ;  and  let  the  given 
telocity  at  p  be  to  that  by  which  the  body  might  revolve  in  a 
eircle  about  the  centre  at  the  distance  cp,  in  any  given  ratio 
of  n  to  unity.  Then,  by  art*  290.  nil::  v^pf  :  V'ac'  ;  there* 
fore,  w*  :  1  :  :  PF  (=2a  — p)  :  Adzza  whence  we  find  ac/=: 

j-^.    A^in,  since  CTzim-cv,  and   fs  — m-FP  (the  angles 

cpr,  rp»  being  equal),  we  have  c'd*  r:  ct-fs  =  jw*cp-rp  =£ 

g_  ;■,  so  that  the  semiconjugate  axis  ds)  is  likewise  given. 

Lastly,  by  cor.  8.  of  the  preceding  article,  it  will  be  cn"^  : 

CP*  : :  t  (the  periodic  time  in  any  given  circle  whose  radius  is 

ck)  :  t  •  cp^-f-  ON  ,  the  required  time  of  revolution  when  the 
orbit  is  an  eDipse ;  that  is,  when  n^  is  less  than  2.     For,  when 

ii^:£:2,  the  axis  of  the  curve  (expressed  by    ■■  ^;-  )  heoomeB 

infimte,  and  the  orbit  degenerates  into  a  parabola:  and  if  n* 
exceeds  2,  the  axis  becomes  negative,  and  the  curve  is  a 

hyperbola,  whose  principal  diameters  are  — —r-  and   -j!^^^,  ■ 

tespectively. 

UoR.  1.  Because  neither  the  value  of  Ad  nor  the  exprestton 
for  the  periodic  time  is  afiected  with  m,  it  follows  that  the 
principal  axis  and  the  periodic  time  will  remain  invariable  if 
the  velocity  at  p  be  the  same,  whatever  the  direction  at  that 
point  may  be. 

Cor.  2.  We  may  readily  apply  this  nroposition  to  the  case 
of  bodies  prcgected  from  the  sunace  of  the  earth :  for  it  has 
already  been  shown  (art.  28S.)  that  a  body  projected  with 
a  velocity  of  26000  feet,  oft  4*92424  miles,  per  second,  would 
describe  a  arcle  at  its  surface :  and  by  this  |Mrop.  1 :  ^9 :  . 
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86000  feet :  36769  feet  or  6-96393  miles  velocity  of  projection 
when  the  parabola  would  be  the  trajectory.  Hence  appears  the 
truth  of  what  is  often  remarked  in  popular  treatises  of  astro- 
nomy ;  that  if  a  body  were  projected  from  the  earth's  surface  with 
a  velocity  exceeding  7  miles  per  second,  it  would  (if  not  resisted 
by  the  air)  describe  a  hyperbola ;  if  with  a  velocity  of  rather 
less  than  7  miles  per  second,  it  would  describe  a  parabola ;  and 
if  the  initial  velocity  were  between  7  and  5  miles  per  second, 
the  body  would  describe  an  ellipsis :  if  the  velocity  be  lesa 
than  five  miles  (or  4'92424)  per  second,  the  body  would  not 
describe  a  complete  ellipse,  as  its  periphery  would  in  part,  if 
not  entirely,  fall  within  the  circumference  of  the  earth,  and  of 
course  the  motion  of  the  body  would  be  stopped  at  the  first 
point  of  intersection  of  the  two  curves. 

293.  Prop.  The  attraction  of  a  corpuscle  to  a  sphere  is  just 
the  same  as  if  aU  the  matter  of  the  sphere  were  collected 
into  its  centre :  the  force  being  supposed  to  vary  vnversely  as  the 
square  of  the  distance* 

In  order  to  prove  the  truth  of  this  proposition,  we  must  first 
investigate  the  force  by  which  a  corpuscle  would  be  attracted 
towards  a  circular  plane.  Let  o,  therefore,  be  the  centre  of 
the  circle  abcd  (fig.  12.  pi.  XIII.)  to  which  the  corpuscle  p  is 
attracted.  Suppose  ahcd  a  smaller  circle  in  the  same  plane 
as  ABCD,  and  having  the  same  centre,  and  by  supposition  the 

attraction  of  p  to  any  particle  c  will  be  as-j^.  Putpozzc^ 

pc=ar,  the  number  3*14159  being  as  heretofore  represented  by 
V  :  then  oc'rror*  —  d^  and*  (zc^—o*)  zzarea  of  circle  abed.  The 
fluxion  of  that  area  is  therefore  i:i9,tcxx\  and,  by  the  resolution 

of  forces,  x  :  d  :  \  — :  dx    ,  the  attraction  of  p  to  c  in  the 

direction  po.     Hence  the  fiuxion  of  the  whole  force  is  truly 

defined  by  9ntxx  xdx     or  its  equal  ^itx"  x ;  and  the  force  it- 

self  by  y  2*^     X  :  which  when   properly  corrected   becomes 

—  — +  -^=2'B'(1 ).     So  that  when  xzzvc  the  attraction 

to  the  whole  circle  becomes  2ir  (1  —  ^),  or  the  attraction  varies 

as  1  — 


FC 
TO 
PC* 


Now  let  ABCD  (fig.  13.)  be  a  sphere,  and  p  a  corpuscle 
attracted  towards  it.  Draw  paoc  through  the  centre  o ;  and 
let  BID  be  the  diameter  of  a  section  aacD  of  the  sphere  per- 
pendicular to  PC.     Put  the   radius  A0=r,  po=d,  Apna-^r 
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=  c,  TV=:y  and  pb=:pd=c  +  xi  then  will  Ai=:y— c,  ci=: 
gr-y-fc,  and  consequently  ai  •  cir:Bi«z=(y~c)  •  {^''y-\-c) 
= PB« — pi^ — (c  f  d?)**  -^«.     From  this  equation  there  arises  y = 

2rT2c ^ ^ >  because  azzr'\'C,    Whence  it 

follows,  that  2ir  (1  -  ^)  the  value  of  the  attraction  towards  the 

circle  ancD  is  equal  ^^nt  (I  «!^ltf!),::?ll£Zz4  :    this 

multiplied  by  'i±i^  =  y  gives  ic  (!ffipf!f)  for  thefluxion  of  the 

required  force.  The  fluent  of  this  is  ""k^LrJ"^^  which  expresses 
the  attraction  of  the  segment  abd.  And  this,  when  b  and 
D  coincide  with  c  and  x  ::=  2r,  becomes  -rrrt  for  the  measure  of 
the  attraction  of  the  whole  sphere,  which  therefore  varies  as 
•^.  Now  if  the  density  ^  of  the  sphere  should  vary,  the 
attraction  must  (cat.  par.)  vary  as  ^ :  so  that  for  all  spheres 
the  attraction  varies  as  ~.     But  the  quantity  of  matter  a  varies 

as  ^r* ;  and  consequently  the  attraction  varies  as  ^ .  There- 
fore, if  the  spheres  were  evanescent  in  magnitude,  or  the  same 
quantity  of  matter  condensed  into  the  centres,  the  attraction 
would  be  the  same.     q.  e.  d. 


4trir3 


Cor,  1.  When  dzzr,  the  value  of  the  attraction  -^^ ,  be- 
comes ^irSr.  So  that  cU  the  surface  of  the  sphere  the  attraction 
is  directly  as  the  radms. 

Cor.  2.  If  the  molecidce  of  two  spheres  s,  s',  attract  each 
other  by  ajbrce  varyvng  inversely  as  the  square  cfthe  distamce^ 
the  aUr action  is  the  same  as  if  ike  whole  quamiity  of  matter  in 
each  sphere  were  collected  into  its  respective  centre. 

Cor.  3.  Hence  what  has  been  proved  respecting  the  attraction 
of  two  corpuscles  when  the  force  varies  inversely  as  the  square 
of  the  distance,  holds  true  for  two  spheres,  the  particles  of  which 
attract  each  other  according  to  the  same  laws.  Consequently, 
if  the  mclecuUe  of  two  spheres  act  upon  each  other  according  to 
that  law,  one  sphere  will  describe  a  conic  section  about  the  other 
in  one  of  its  Jock 

m 

SCpOLIUM. 

^94.  Since  it  is  known  that  the  sun  and  all  the  planets  are 
nearly  spherical,  and  that  they  revolve  in  ellipses  in  one  of  the 
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fbd  of  whidi  the  sun  is  alwi^s  very  nearly ;  the  preceding  pro- 
positions, therefore,  furnish  astronomers  with  just  reason  for 
concluding,  that  each  planet  is  attracted  to  t?te  sun  by  ajbrce 
which  is  directly  as  the  qtiantity  of  matter  in  the  central  body^ 
and  inversely  as  the  sguare  of  the  distance  of  their  centres :  and 
thai  the  constittient  particles  also  attract  each  other  by  ajbrce 
which  varies  in  like  manner.     But  we  need  not  stop  here.     It 
is  one  of  the  constant  laws  of  nature  (art.  21.)  that  a  body  can- 
not act  upon  another,  without  being  subject  to  an  equal  con- 
trary reaction.     Thus,  the  planets  and  the  comets  being  drawn 
towards  the  sun,  likewise  attract  the  sun  towards  them  by  the 
same  law:   thus  also  the  satellites  are  attracted  towards  the 
planets,  and  the  planets  contrarily  towards  the  satellites ;  and 
both  these  again  towards  the  sun.     This  attractive  property 
is,  therefore,  common  to  the  sun,  planets,  their  satellites,  and  to 
comets ;  and,  of  consequence,  we  may  regard  the  mutual  gra- 
vitation of  the  celestial  bodies  as  a  preperty  generally  obtaining 
throughout  the  universe.     This  consideration  will  lead  to  a  few 
more  general  propositions  which  will  immediately  follow :  we 
may  just  observe  previously,  that  what  is  ali*eady  done  will 
enable  the  student  to  understand  the  principles  on  which  the 
quantity  of  matter  and  density  of  the  planets  are  commonly  as- 
certained.    For  the  effects  of  attraction  at  different  distances 
being  as  stated  at  the  beginning  of  this  scholium,  and  the  quan- 
tity of  matter  being  jointly  as  the  magnitude  and  density  of  a 
body ;  if  therefore  the  effects  of  the  attraction  of  different  bodies 
«re  known,  and  their  diameters,  we  can  find  their  den^ties,  and 
thence  their  quantities  of  matter.     Now  to  find  the  dendties, 
let  ^represent  the  density  of  the  central  body,  r  its  radius,  Q  its 
quantity  of  matter,  t  the  periodic  time  of  the  revolving  body, 
d  its  mean  distance  from  the  central  body,  and  s  the  natural  sine 
of  the  angle  under  whiqh  r  appears  at  the  distance  4.    Thea 

aa^r^,  while  T*a — ,  and  this  again,  a^^  :  hence  ^oc^;^.  But 

*=  -J-,  or  —  n  — ;  whence  —  =— ,  and  consequently  $cx  -^  • 

From  this  general  expression  the  comparative  densities  of  most 
of  the  planets  have  been  determined.  But  this  brief  sketch  of 
the  method  must  suffice:  for  this  is  not  a  place  to  enter 
more  into  detail. 

99&,  Prop.  The  commxm  centre  of  gravity  of  two  bodies 
is  not  affected  by  their  mutual  extractions. 

Since  a  body  b  attracting  another  body  b'  (fig.  14.  pi.  XIII.) 
exerts  its  influence  equally  upon  every  particle  of  b,  the  ac- 
celeration of  b'  to  B  is  the  same  whatever  the  quantity  of  matter 
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in  b'  may  be,  and  will  vary  as  the  quantity  of  matter  in  b  :  t^ 
magnitudes  of  the  bodies  tieing  supposed  indefinitely  smairwith 
respect  to  their  distance. .  And  in  like  manner  the  acceleration 
of  B  towards  b',  from  the  attraction  of  the  latter,  is  in  pro- 
portion to  iHs  quantity  of  matter.  Let  therefore  b  and  b'  attract 
each  other,  o  being  their  ceutire  of  gravity ;  then  the  accelera- 
tion of  b'  towards  b  from  b's  action  :  acceleration  of  b  towards 
b'  from  b''s  action  :  :  b  :  b'  :  :  gb'  :  gb  (art.  110).  Hence,  the 
spaces  2^,  bV,  which  the  bodies  pass  over  in  indefinitely  small 
portions  of  time,  in  consequence  of  their  mutual  attractions, 
will  be  as  gb',  and  gb.  Consequently  the  remainders  gc',  g^, 
must  be  in  the  same  ratio ;  and,  therefore,  g  continues  to  be 
the  common  centre  of  gravity  of  the  two  bodies. 

Cor.  1.  ij^*  whUe  the  two  bodies  act  on  each  other  they  he 
pryectedfrom  b'  and  b  in  opposite  and  parallel  directions^  with 
velocities  proportioned,  to  their  distances  Jrom  the  centre  of 
gravity y  they  will  describe  similar  figures  about  that  cetitre. 

For  let  B'd!  and  b^  be  the  spaces  which  the  bodies  urged  by 
the  projectile  force  would  describe  while  their  attractions  would 
have  carried  them  to  ^  and  e ;  then,  completii^  the  parallel- 
ograms e'ct'y  edf  the  bodies  at  the  end  of  that  time  will  be  found 
at  V  and  b.  Now  the  spaces  described  being  as  the  velocities, 
B'dl  or  e'V  :  Bd  or  eb::  Qe^ioe:  hence  the  angle  bo&=bg5,  and 
consequently  ^'g^  is  a  right  line :  also  g6'  :  g6  :  :  gb'  :  gb  ;  so 
that  G  is  the  common  centre  of  gravity  of  the  bodies  in  their  new 
situation  b'j  b ;  and  the  same  may  be  shown  after  a  second  and 
after  a  third  interval  of  time,  and  so  on. 

Cor.  2.  If  we  conceive  each  body  to  be  acted  upon,  at  the 
same  time,  by  equal  accelerative  forces  in  the  same  direction, 
the  relative  motions  of  the  two  bodies  wiU  not  be  altered,  and 
ihev  will  still  continue  to  describe  similar  figures  about  g  whidb 
is  then  in  motion.  And  by  varying  the  motion  of  the  system, 
the  absolute  initial  velocities  of  b  and  B'may  be  varied  ad  libitu7n. 
Hencey  if  b  and  b'  be  projected  mth  any  vdodties^  they  wHl 
continue  to  revolve  aboid  their  centre  of  gravity^  and  describe 
similar  figures  about  it ;  and  the  centre  of  gravity  y  not  being 
disturbed  by  their  mutual  attractions^  will  continue  to  move  on 
uniformly  in  a  right  Une, 

Cor.  8.  ffthe  attractions  are  inversely  aa  the  squares  of  the 
distances^  the  bodies  wiU^  nith  regard  to  their  common  centre 
of'  gravity^  describe  similar  conic  sections  about  thai  poini 
as  a  focus. 

996.  Prop.  The  periodic  time  of  two  bodies  b,  b',  attracting 
each  other  wiih  any  forces  revolviiig  about  their  common  centre 
of'  gravity  g,  is  to  the  periodical  time  of  one  of  the  bodies  9' 
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revolving  about  the  other  unmoved^  and  describing  a  similar 
figure^  in  the  subduplicate  ratio  of  the  other  body  b  to  tJie  sum 
of  the  bodies  6  +  b'. 

Let  bd'  be  the  orbit  described  about  the  centre  c  (fig.  14.), 
and  b'd"  that  described  about  b.  Draw  the  common  tangent 
b'r"  and  taking  b'd',  b'd'',  indefinitely  small,  draw  gd'r',  and 
parallel  to  it  bd''r"  ;  then  will  bd',  b'd",  be  similar  parts  of 
the  similar  curves.  The  times  in  which  the  bodies  are  drawn 
from  the  tangent  b'r-'  through  the  spaces  r'd',  r"d",  with  the 
same  force,  will  be  as  a/d'r'  and  v^d^r"  (art.  232.),  that  is, 
because  of  the  similar  figures  gb'r'd',  gb'b"d",  as  \/gb'  to 
Vbb':  or  again,  since  gb'  is  to  bb'  as  b  to  b -j- b'  (art.  110.) 
the  times  will  be  as  Vb  to  v^(b-|-b').  But  time  in  r'd'z: 
titfie  in  b'd',  and  time  in  b'd"  ==  time  in  b!'d"  :  also  the  whole 
periodic  times  vary  as  the  times  of  describing  similar  portions. 
Therefore  period,  time  in  wh.  curve  b'd'  :  period,  time  in  wh. 
curve  bV  :  :  v'b  :  V  (b  +  b'). 

Cor.  Bodies  revolving  about  their  common  centre  of  gravity 
describe^  by  their  radii  vectores^  a/reas  proportionai  to  the  times 
of  description, 

297.  Frop.  If  two  bodies  b  and  b',  attracting  each  other 
mutually  mth  forces  recmrocally  proportional  to  the  square  of 
their  distancesy  revolve  about  their  common  centre  of  gravity  g  ; 
then  will  the  principal  axis  of  the  ellipse  which  the  body  b  de- 
scribes about  the  other  b'  by  this  motion,  be  to  the  principal  axis 
of  the  ellipse  which  the  same  body  b  might  describe  about  the 
other  b'  quiescent  in  the  same  periodic  thne,  as  ^(b  +  a')  to 
Vb'. 

Conceive  a  body  b"  to  be  placed  at  g,  whose  attraction  upon 
B  shall  be  equal  to  that  of  b'  :  then,  as  the  attraction  varies 
as  the  quantity  of  matter  directly  and  square  of  the  distance  in- 
versely, we  have  — ■  =  —;,  and  therefore  b"  z=  b'.  -^.   Now  the 

squares  of  the  periodic  times  of  bodies  revolving  about  the  focus 
of  an  ellipse  vary  as  the  cubes  of  the  major  axes  directly, 
and  the  absolute  forces  inversely;  therefore,  if  the  periodic 
time  be  given,  the  major  axis  must  vary  as  the  cube  root  of  the 
absolute  force.  Consequently,  major  axis  of  ellipse  described 
by  B  about  b"  :  major  axis  of  ellipse  described  by  b  about  b'  at 

rest  in  the  same  periodic  time  :  :  b™*  -^ :  b''  :  :  bg'  :  b'b'. 

Again,  by  similar  figures,  the  major  axis  of  b  about  b'  at 
rest :  major  axis  of  b  about  b"  :  :  bb'  :  bg.  Therefore,  com- 
ponendo,  major  axis  of  ellipse  described  by  b  when  both  bodies 
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revolve  about  their  centre  of  gravity :  major  axis  of  ellipse  de- 
scribed by  B  about  b'  in  quiescence  in  the  same  time  : :  b'b* 

:  BG^:  :t/(B  +  B')  :  J/b'. 

Cob.  If  two  bodies  attracting  each  other^  move  about  their 
commop  centre  of  gravity^  their  motions  will  be  the  same  as  if 
they  did  not  attract  each  other,  but  were  both  atti^acted  with 
the  same^  forces  by  a  third  body  placed  in  the  centre  of  gravity. 

298.  Prop.  If  a  body  projected  in  a  given  direction  be  con- 
stantly  drawn  towards  two  fixed  points  whkch  are  not  both  in  the 
same  plane  with  the  initial  direction^  it  xMl  describe  equal 
solids  in  equal  times  about  the  right  line  Joining  the  said 
points :  ana  the  converse. 

Let  the  time  be  divided  into  any  number  of  equal  parts,  and 
in  the  first  moment  let  the  body  describe  the  litte  aq  (fig.  1.  \A. 
XIV.);  in  the  second,  if  not  prevented,  it  would  proceed  to 
describe  the  line  qt  equal  to  aq  ;  but  at  q  it  is  acted  on  by 
centripetal  forces  tendmg  to  the  centres  c  and  b:  let  th^e 
forces  be  expressed  by  the  lines  qs,  qv,  which  wouM  be  de- 
scribed in  consequence  of  their  individual  energ)^,  while  'the 
body  would  be  carried  by  the  projectile  motion  from  q  to  t. 
Complete  the  parallelopiped  whose  sides  are  the  lines  qs,  qv, 
QT,  the  body  by  the  joint  action  of  these  forces  will  describe 
QD  the  diagonal  of  the-  parallelopiped  (arts.  64.  217.).  But 
the  solid  qcbaziqcbt,  because  they  have  the  same  base  qcb, 
and  the  same  altitude  (for  the  line  ta  cuts  the  plane  qba  in  q, 
and  tg=qa);  also  the  solid  qcbt=qcbd,  because  they  stand 
on  the  same  base,  and  are  between  the  same  parallel  planes' 
qcb,  dt.  In  the  same  manner  it  is  evident  that  equal  solids 
will  be  described  in  other  equal  moments  of  time,  round  the 
same  points.  If,  therefore,  the  number  of  intervals  of  time, 
and  of  the  right  lines  aq,  qd,  be  indefinitely  increased,  the  path 
of  the  body  will  ultimately  become  a  curve,  and  the  body  im- 
pelled by  continued  forces  will  describe  round  the  points  c,  b, 
equal  solids  in  equal  times ;  and  in  any  times  solids  proportional 
to  the  times. 

Conversely,  if  these  solids  qcba,  qcbd,  described  in  equal 
times,  be  equal,  the  line  td  will  be  parallel  to  the  plane  qcb  ; 
and  therefore  the  body  will  be  urged  by  forces  qs,  qv,  tending 
to  the  points  c,  b. 

Cor.  The  orbit  aqd  S^c.  is  not  contained  in  one  plane,  €ar- 
cept  in  some  particular  cases.  For,  that  the  orbit  may  not  de- 
viate from  any  plane,  the  forces  on  both  sides  ef  it  ought  to  be 
equal  and  similarly  situated. 


VOL.  I. 
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SCHOLIUM. 

299.  By  means  of  the  law  just  laid  down,  philosophers  ex- 
plain the  motion  of  the  moon  and  satellites,  which  are  attracted 
towards  two  principal  centres.  But  it  would  be  incompatible 
with  the  objects  01  this  work  to  enlarge  here  upon  these  and 
other  particulars,  connected  with  the  doctrine  of  attraction  and 
centripetal  forces.  The  student  who  wishes  to  obtmn  a  pro- 
found acquaintance  with  such  matters  should  consult  Newton's 
Pfindpia^  lib.  1.;  Clairaut's  Thtorie  de  la  Lune ;  EuWs 
Theoria  Motuum  Lume ;  D'Alembert^s  Recherches  stir  dif- 
ferens  Points  du  Systime  du  Monde ;  Synpson's  Essays  and 
Tracts ;  Dealtry's  Fluxions ;  Frisi's  Cosmographia,  and  De 
Gravitate  Ubiiversali  Corporum ;  La  Place's  Mecanique  Ce- 
teste;  Vinces  System  of  Astronomy^  vol.  2.;  Dawson's  paper 
on  the  Inverse  Problem  of  Central  Forces^  in  the  Mancnester 
Memoirs,  vols.  4  and  5,  or  corrected  in  Leybourn's  Math.  Re- 
pository, Nos  4  and  5,  N.  S.  and  Poisson's  elegant  Traiti  de 
Meca/nique, 
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CHAPTER   IV. 


ON  THE  ROTATION  OF  BODIES  ABOUT  FIXED  AXES,  AND  IN 
FREE  SPACE  ;  WITH  THEOREMS  RELATIVE  TO  THE  CENTRES 
OF  OSCILLATION,  GYRATION,  PERCUSSION,  SPONTANEOUS 
ROTATION,  &C. 

300.  In   demonstrating  the  chief  propositions  relative   to 
rectilinear  motion,  whether  uniform  or  variable,  accelerated  or 
retarded,  we  have  either  considered  the  bodies  as  physical 
points,  or  we  have  imagined  that  the  impelling  force  has  been 
impressed,  and  the  resistance  exerted,  in  the  (urection  of  a  right 
line,  passing  through  the  centre  of  gravity  of  the  body  moved ; 
and,  therefore,  that  every  particle  of  such  body  must  partake  of 
the  same  velocity  as  that  with  which  the  centre  of  gravity  moves. 
But  in  numerous  instances  which  occur  to  the  mechanist,  a 
body  or  system  of  bodies  is  so  situated  that  when  any  forc^  or 
any  number  of  forces  are  impressed  upon  it,  it  cannot  take  any 
other  motion  than  one  of  rotation  about  a  fixed  axis,  which  may 
either  pass  through  the  body  or  system,  or  be  at  an  extremity 
of  it :  so  that  the  velocity  of  the  constituent  moleculse  of  the 
system  shall  be  greater  or  less  according  to  the  greater  or  less 
distance  of  any  individual  particle  from  the  axis  about  which 
the  motion  is  performed.     And  in  such  cases  it  is  necessary  to 
call  to  our  aid  other  considerations  than  what  were  required 
when  discussing  the  properties  of  acceleration  and  retardation. 

Again,  with  respect  to  the  motion  of  bodies  at  liberty  to 
move  freely  by  the  action  of  any  force  impressed,  if  any  such 
body  receive  an  impulsion  in  any  direction  which  does  not  pass 
through  the  centre  of  gravity,  the  motion  which  will  ensue  is  a 
rotatory  one :  for  if  at  the  same  moment  a  body  is  impelled 
according  to  any  direction  ab  (not  passing  through  the  centre 
of  gravity),  an  equal  and  opposite  force  is  exerted  upon  the 
body,  in  a  parallel  direction,  cg,  passing  through  the  centre  of 
gravity,  the  centre  of  gravity  will  manifestly  be  kept  at  rest : 
nevertheless,  it  is  clear  that  the  other  parts  of  the  body  will  not 
be  in  a  state  of  quiescence ;  because  the  two  forces,  though 
equal,  are  not  directly  opposite :  so'  that  the  only  motion  that 

t2 
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the  body  can  have,  its  centre  of  gravity  being  at  rest,  is  evi- 
dently a  motion  of  rotation  about  that  centre.  Now,  the  fixed 
axis  round  which  a  Ixxly  revolves  is  pressed  by  the  impelling 
force  while  it  generates  rotatory  motion ;  but  the  axis  being  (by 
hyp.)  immoveable,  reacts  equally  against  that  pressure,  and 
when  it  passes  through  the  centre  of  gravity  would,  as  above 
stated,  cause  each  particle  to  move  with  the  same  velocity,  and 
in  the  direction  of  the  force.  If,  then,  the  force  which  presses 
against  a  fixed  axis  in  given  circumstances  be  ascertained,  the 
motion  of  the  body  in  free  space  when  the  axis  is  removed  will 
be  known :  forxhe  latter  motion  will  consist  of  the  rotatory  mo- 
lion  dbout  the  axis  pas^ng  through  the  centre  of  gravity  con- 
sidered as  fixed,  compounded  with  the  motion  of  the  centre  of 
gravity  caused  by  the  force  now  at  liberty  to  impel  that  centre, 
the  fixed  axis  which  passed  through  it  being  removed. 

When  a  solid  body  receives  an  impulse  on  any  one  point,  or. 
that  point  is  urged  m  any  way  by  a  moving  force,  it  cannot 
move  unless  the  othg:  points  with  which  it  is  connected  by  the 
force  of  cohesion  move  also  (except  the  force  of  impulsion  is 
sufficient  to  overcome  that  of  cohesion ;  a  case  which  is  not 
meant  to  be  considered  here).  And  whatever  is  the  motion  of 
any  particle,  that  particle  must  be  .conceived  as  urged  by  a  force 
precisely  competent  to  the  production  of  that  motion,  by  acting 
tmjnediately  on  the  particle  itself.  The  particle  immediately 
impelled  by  the  external  force  is  either  pressed  towards  its 
neighbouring  particles,  or  is  drawn  from  them ;  and  by  this 
endeavour  to  change  its  place  the  connecting  forces  are  excited, 
or  brought  into  action.  We  are  but  little  acquainted  with  the 
nature  of  these  connecting  forces :  but  this  is  not  of  much  con- 
sequence in  a  mechanical  point  of  view ;  for  the  fact  that  the 
forces  by  which  the  moleculae  of  bodies  act  on  each  other  are 
equal  is  sufficient  for  our  present  purpose. 

In  the  propositions  we  are  about  to  enter  upon,  the  attention 
will  be  chiefly  called  to  two  objects,  viz.  The  moving  force  by 
which  the  revolving  motion  is  generated  ;  and  the  inertia  of  the 
different  parts  of  the  system  moved.  And  both  the  effects  of  the 
moving  force  and  of  the  inertia  of  the  particles  depend  upon 
their  distance  from  the  axis  of  motion,  all  other  things  being 
the  same :  if  both  these  be  ascertained  the  absolute  acceleration 
will  be  determined,  and  consequently  the  absolute  velocity 
generated  in  a  given  time. 

These  preliminary  observations  may  be  terminated  by  re- 
marking, that  since  in  rotatory   motions  all  the  particles  of 
a  body  are  supposed  to  turn  together  without  changing  their 
relative  positions ;  therefore,  when  a  body  has  made  a  complete 
jrotatioD,  each  particle  has  described  the  circumference  of  a 
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circle,  and  the  whok  paths  of  the  various  particles  will  be  in 
the  ratio  of  their  respective  circumferences,  or  of  their  radii; 
and  the  same  is  true  of  any  portion  of  a  rotation :  so  that  the 
velocities  of  the  different  particles  are  proportional  to  their 
distances  from  the  axis  of  rotation,  and  are  not  adequate  mea- 
sures of  the  rotaiory  velocity  of  the  body ;  its  proper  measure 
is  the  angle  described  by  any  radius  vector  of  the  body  in  a  unit 
of  time. 

301.  Prop.  If  a  body  revolve  about  an  axiSy  the  particles 

of  which  that  body  is  composed  resist^  by  their  inertia,  the 

communication  of  motion  to  any  given  point,  xvith  forces  which 

are  as  the  particles  theinselves,  and  the  squares  of  their  distances 

from  the  axis  of  motion  jointly. 

Let  a  force  ^  be  applied  at  any  point  a  (fig.  ^-  pi-  XIV.)  in 
order  to  communicate  motion  to  a  system  of  particles /^,  j?^',  p'', 
&c.  revolving  at  determinate  distances  round  the  centre  of 
motion  c.  Let  a  be  such  a  quantity  of  matter  ad  will,  if  con- 
centrated in  A,  have  the  same  effect  in  resisting  the  communi- 
cation of  motion  to  that  point,  by  its  inertia,  when  any  particle 
p  is  removed  from  the  situation  p,  as  that  particle  would  have, 
revolving  at  the  distance  Pc.  Now  the  effect  of  the  given  force 
f  acting  at  the  point  A  (in  a  direction  ^  A  perpendicular  to  ca), 
to  move  a  body  at  that  point,  is  to  its  effect  to  move  a  body  at 
p,  inversely  as  those  distances;  or  as  pc  to  ac,  by  the  nature  of 
the  lever :  and  if  these  bodies  be  moved  with  equal  angular  ve- 
locities, their  distances  from  the  axis  bein^then  (art.  300.)  as  the 
spaces  described  in  a  given  time,  the  moving  forces  are  inversely 
as  the  spaces  described.     But  taking  for  a  moment  the  notation 

of  art.  228.  we  there  have  pa-^,  or  Fsa  bv^;  in  which, 
if  Fa—,  then  will  b  a  -^ :  consequently,  the  quantities  of 

matter  must  be  inversely  as  the  square  of  the  velocities;  or,  in 
the  present  case,  inversely  as  the  squares  of  the  distances  from 
the  axis;  that  is,  A  :  ^':  :  pc*  :  ac«;  whence  we  have  a  = 

LLI^^  which  indicates  that  the  resistance  of  the  particle  p  at  the 

distance  pc  is  equivalent  to  the  resistance  of  the  mass  -7^*  at 

the  distance  as.  In  like  manner,  taking  another  particle  y,  at 
the  distance  p'c,  and  a  corresponding  quantity  of  matter  a'  con- 
centrated into  the  same  point  a,  we  shall  have  the  resistance  of 
the  particle  p  at  its  distance  equal  to  the  resistance  of  the  mass 

—  at  the  distance  ac.    And  the  same  may  be  shown  of 
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other  particles  i/',  y,  &c.  Consequently,  if  we  use,  as  hitherto, 
the  character y^to  denote  the  whole  fluent,  or  sum  of  all  the  se- 
parate resistances,  we  shall  have  the  resistance  of  the  whole  re* 

volving  body  expressed  by^^^^^  ■. 

Cor.  1.  Thef(yrce  which  accelerates  the  point  a  of  any  body 
revoLiAng  on  an  axis,  to  which  point  that  force  (p  is  applied,  is 
eqital  to  the  product  of  the  force  into  the  square  of  the  distance 
AC,  divided  by  the  sums  of  the  products  of  all  the  molecuke 
into  the  squares  of  their  respective  distances  foom  c,  the  centre 
of  motion. 

For  the  mass  moved  isy  ^        ,  and  the  moving  force  is  <p  : 

but  the  accelerating  force  is  equivalent  to  the  quotient  of  the 
moving   force  by  the  mass,  and  is  therefore  represented  by 

/.9  •  AC* 
p  •  PC** 

Cor.  2.  The  angular  velocity  of  a  system,  generated  in  a 
given  time,  by  any  force  (pat  a,  perpetidlcuJar  to  ac,  is  propor- 
tional to  the  rectangle  of  the  force  into  the  distance  at  which 
it  acts,  divided  by  the  sums  of  the  products  of  all  the  molecvlae 
into  tJie  squares  of  their  respective  distances. 

For  the  absolute  velocity  of  the  point  a  is  as  the  accelerating 
force,  and  the  angular  velocity  is  as  the  absolute  velocity  di- 
rectly and  the  distance   reciprocally  ;    therefore  the  angular 

velocity  is  asy    ]  ^  x  — ,  or  as  p  •  AC  -^fp  •  pc*. 

Cor.  3.  The  angular  motion  of  any  system^  generated  by  a 
un^rmforcCy  will  be  a  motion  urvformly  accelerated. 

This  is  evident,  because  the  accelerating  force  is  in  a  constant 
ratio  to  the  uniform  force  <p. 

Cor.  4.  What  has  been  here  shown  with  respect  to  moleculae 
situated  on  a  right  line  passing  through  a  centre  of  motion  will 
hold  equally  with  regard  to  a  body  or  system  moving  upon  an 
axis :  jfor  all  the  particles  of  such  body  may  be  conceived  to  be 
transferred  to  the  plane  in  which  the  axis  of  suspension  cp 
performs  its  motion,  by  an  orthographical  projection,  the  lines 
of  transference  being  all  parallel  to  the  axis  of  motion ;  this 
supposition  will,  it  is  obvious,  neither  afiect  the  place  of  the 
centre  of  gravity  (with  regard  to  the  axis  of  motion)  nor  the 
angular  motion  of  the  body. 


SCHOLIUM. 

302.  The  preceding  investigation  has  been  conducted  uj)on 
jthe  supposition  that  the  forces  were  each  applied  in  a  direction 
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perpendicular  to  the  line  drawn  from  each  point  of  application 
to  Its  respective  centre  of  motion:  but  the  same  conclusion 
would  result  if  the  moving  forces  were  applied  in  any  direction, 
provided  that,  instead  of  these  forces,  we  had  taken  their  equi- 
valents when  reduced  to  the  perpendicular  direction.  As  this 
proposition  and  its  corollaries  are,  however,  of  great  import- 
ance in  all  that  depends  upon  rotatory  motion ;  and  as  the  same 
conclusions,  when  drawn  from  different  methods,  strike  the 
mind  with  greater  force ;  we  shall  here  consider  the  matter  in 
another  way. 

Let  an  axis  of  rotation  pass  through  c  (fig.  4  pi.  XIV.) 
perpendicular  to  the  plane  of  the  figure,  and  let  a  Dody  fixed 
firmly  to  this  axis  be  acted  upon  by  several  accelerating  forces ; 
we  are  to  inquire  into  the  circumstances  of  the  motion  pro- 
duced. Suppose,  at  first,  that  a  particle,  p,  situated  at  p  in  the 
figure,  is  urged  about  the  fixed  axis  by  a  force  ^,  applied  in  the 
direction  pd  :  that  force  tends  to  impress  upon  the  panicle  p 
a  certain  velocity  in  the  direction  pd,  yet,  in  consequence,  of  the 
mutual  cohesion  between  the  difierent  raoleculae  of  the  body, 
and  the  connexion  of  the  whole  with  the  fixed  axis,  the  velocity 
can  only  be  produced  actually  in  the  initial  direction  Td  perpen- 
dicular to  CP.  Drawing,  therefore,  pd  perpendicular  to  cp,  the 
force  <p  must  be  decomposed  into  two  others,  in  the  directions 
pd,  PC,  of  which  the  one  re  will  be  extinguished  by  the  resist- 
ance of  the  axis,  and  the  other  pd  has  place :  where,  of  conse- 
3uence,  we  have  vd-=(p  cos  DPd  (art.  59.).  If,  therefore,  we 
enote  the  distance  cp  oi p  from  the  axis  of  rotation  by  r,  and 
the  perpendicular  distance  do  of  the  force  from  the  axis  by  ^, 

we  have,  in  the  triangle  cpd,  sin  npcncos  DPd=:  — ;  and,  con- 
sequently, pd=9 — .     This  expreission  would   represent  the 

effective  accelerating  force  of  the  particle  p,  if  that  particle 
were  alone ;  but  the  connexion  of  this  particle  with  the  others, 
and  the  operation  of  the  forces  acting  on  the  latter,  change  this 
efiect :  if,  then,  the  arc  a  be  run  over  at  the  end  of  the  time  t 
by  a  particle  at  a  unit  of  distance  from  the  fixed  axis,  ar  will 
be  the  arc  described  in  the  same  time  by  the  particle  p ;  so 

that  the  velocity,  and  the  effective  accelerating  force,  (art.  932, 

.  •• 

I.  VI.)  of  this  latter  will  be  r-4-,  and  r  4-  respectively. 

t  t* 

Now  comparing  this  force  with  the  former,  and  observing 
that  they  are  both  directed  in  the  same  right  line,  we  may  have 
recourse  to  the  principle  of  D'Alembert,  stated  in  art.  267. 

The  accelerating  force  <p  —  which  is  impressed  in  the  direction 
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of  the  initial  motioD,  most  be  decomposed  into 

r  -;-  • .  •  effective  accelerating  force. 

J a  C  accel.  force  destroyed  by  the  action  of 

^  r"       ^  "7"  *  '      c        the  other  powers  in  the  system. 

In  like  manner  we  may  proceed  to  investigate  the  effects  of 
other  forces  <p'^  <p''f  &c.  acting  upon  the  moleculse  p\  fP^  &c. 
(whose  distances  are  W,  r",  &c.)  in  the  directions  pW,  p"d",  &c., 
and  at  the  distances  ^',  ^'',  &c.  the  expressions  beins  the  same 
with  the  letters  accented  similarly :  the  whole,  there&re,  will  be 

in  equilibrio  when  impressed  by  the  moving  forces 

••  ••  .. 

Now  as  the  system  is  attached  to  a  fixed  axis,  only  one 
equation  (art.  98.)  is  necessary  to  express  the  state  of  equili* 
brium.  And^  if  we  suppose  that  the  forces  ^,  <f>\  <p^\  &c.  are 
parallel  to  the  plane  of  the  figure,  or  perpendicular  to  the  plane 
of  rotation  (and  they  may  sdl  be  resolved  to  such  planes  by  an 
obvious  process),  it  will  be  merely  requisite  to  make  the  sum  of 
the  moments  of  the  powers  (ait.  60.)  with  respect  to  the  fixed 
axis  equal  to  nothing.     Here,  that  of  the  first  force  will  be 

^^jp'^-— |.2p^  and  the  moments  of  the  other  forces  will  be  ex- 

pressed  in  the  same  manner,  adding  the  accents.     Thus,  then, 
we  shall  have 


a 


^<pp+^<P'jp^  +  &c. = (r«p-f  r'y  +  &c.)- 

Or  taking  the  character  y*as  before,  and  denoting  the  angular 

..  .. 

velocity  by  u,  we  shall  haye/(p$p=:-^y*r^p :  whence,  -?-  = 

Hence,  if  the  quantity /r«^,  which  is  the  sum  of  the  pro- 
ducts of  the  several  moleculse  into  the  squares  of  their  respective 
distances  from  the  axis,  be  called  the  momentum  of  inertia,  and 

if  -7- be  called  the  cmgvlanr  accelerating  forcey  the  equation 

just  given  may  be  thus  stated  in  words  at  length : 

The  angular  aeceleratmg force  is  the  quotient  of  the  sum  of 
the  momenta  of  the  moving  forces^  or  (art.  60.)  qftlmr  resua- 
ant,  divided  ly  the  momentum  of  inertia* 


•  * 
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803.  From  the  above  equation  we  may  readily  obtain  an  ex- 
pression  for  the  angular  velocity.     For  (art.  232.  II.)  ?>:=:—, 


&c.  g\y eJ^<pSp  zz -^  $p  zz^  ^p  -}- -z-  ^p^  '\'kc.  whence  we  have 


**^^®  ^^%V^Y+&o.  '  and,  taking  the  fluents, 

From  which  it  appears  that  cor.  2.  art.  801.  is  not  confined  to 
a  single  force ;  but  may  be  extended  to  as  many  forces  as  we 
please,  and  applied  to  the  body  in  any  directions  whatever. 

804.  As  to  the  part  Fe  of  the  force  ^,  which  operates  as  a 
pressure  upon  the  fixed  axis,  and  is  entirely  destroyed  by  its  re- 
action, it  may  be  easily  determined.     For  Fen<p  cos  dpc,  and 

DP  =  x/ir^  —  ^^);  therefore,  cos  dpc  =:  -^  =  V[l  — ( — y], 

consequently,  p^= <p  v^  [1 ""  ( — y\ 

And  the  same  may  be  shown  with  regard  to  the  eflcct  of  any 
other  forces  p',  <p'',  &c.  upon  the  axis  of  motion. 

305.  Def.  The  centre  of  oscillation  is  that  point  in  the  axis 
of  suspension  of  a  vibrating  body  in  which,  if  all  the  matter  of 
the  system  were  collected,  any  force  applied  there  would  gene- 
rate the  same  angular  velocity  in  a  given  time  as  the  same  force 
at  the  centre  of  gravity,  the  parts  of  the  system  revolving  in 
their  respective  places. 

Or,  since  the  force  of  gravity  upon  the  whole  body  may  be 
considered  as  a  single  force  (equivalent  to  the  weight  of  the 
body)  applied  at  its  centre  of  gravity,  the  centre  (^oscillation 
is  that  point  in  a  vibrating  body  into  which,  if  the  whole  were 
concentrated  and  attaclied  to  the  same  axis  of  nu^ion,  it  would 
then  vibrate  in  the  same  time  the  body  does  in  its  natural  state. 

CoR.  From  the  first  definition  it  follows  that  the  centre  of 
oscillation  is  situated  in  a  right  line  passing  through  the  centre 
of  gravity,  and  perpendicular  to  the  axis  of  motion  *. 

306.  Prop.  If  a  body  vibrate  about  an  axis  by  the  force 

*  Since,  according  to  the  fonner  of  these  definitions,  the  centre  of  osciUation  is  a 
definite  point,  and  according  to  the  latter  it  is  variable ;  it  might,  perhaps,  be  better 
to  say*  that  a  body  has  a  centre  of  oscillation  when  it  is  attached  to  a  centre  of  motion, 
and  has  a  line  of  oscillation  when  it  moves  upon  an  axis ;  the  Vme  of  oscillation  in  the 
tatter  case  being  parallel  to  the  axis  of  motion.  But  this  is  merely  hinted  by  the  way» 
and  not  introduced  into  the  text. 
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of  gravity^  the  distance  of  the  centre  of  oscillation  from  that 
a^is  is  equal  to  the  quotient  arising  from  dividing  the  sum  of 
the  products  of  each  particle  into  the  square  of  its  distance Jrom 
the  cucis^  by  the  product  of  the  mass  or  body  into  tlie  distance  of 
its  centre  of  gravity  from  the  axis. 

Let  AB  (fig.  3.  pi.  XIV.)  be  a  plane  passing  through  the 
centre  of  gravity  g  of  the  body  perpendicular  to  the  axis  of 
vibration  on  which  the  body  is  orthographically  projected ;  c 
the  centre  of  motion  of  that  plane,  or  of  the  whole  body  re- 
duced to  that  plane ;  o  the  centre  of  oscillation  in  the  line  cg 
produced,  and  p,  ji^  &c.  the  constituent  moleculae  of  the  body 
thus  projected.  Through  c  draw  ex  parallel  to  the  horizon, 
and  upon  that  line  demit  the  verticals  or  perpendiculars  pd^ 
p^d\  Gg,  00,  &c  Now  since  the  angular  velocity  of  the 
several  particles  is  not  changed  by  this  projection,  we  have 
p  '  pc^+p  •  p'c^+kc.zzj*p  '  pd^y  the  momentum  of  inertia  of 
the  whole  body  b,  while  b  •  oc*  will  express  the  momentum  of 
inertia  of  an  equal  body  concentrated  mto  the  point  o.  And 
since  the  force  of  gravity  (p  acts  in  the  parallel  directions  pdy 
p^  d\  &c.  we  shall  have  <p  -p  •  rfc+^  •  «/  •  d'c+&c.  for  the  effect 
of  gravity  to  turn  the  body  about  c,  oy  the  nature  of  parallel 
forces,  and  this  is  equal  to  ip  •  b  •  eg*,  by  the  nature  of  the  centre 
of  gravity  (art.  108.).  And  if  b  were  concentrated  in  the  point 
o,  then  would  <p  •  b  •  co  be  the  accelerating  force  of  gravity 
to  turn  the  body  about  c.  But,  that  the  same  angular  velocity 
may  be  generated  in  both  cases,  the  quotients  of  the  accele- 
rating forces  with  respect  to  c,  by  the  momenta  of  inertia,  must 

be  equal  (art.  801.  cor.  2.  303.),  that  is. 


Cff  <p  •  B  • 


whence   oc**  z:   -^  '  '  '  ^^'-^^^  'P — .     Now,   the  triangles   CGfi^, 

^  •  B»  B»  Cjg'  °  ° 


CO  CO 


COO  being  similar,  we  have  —  =  —  :  hence,  substituting  the 
former  fraction  for  the  latter  in  the  preceding  value  of  oc*,  it 
becomes oc*i=—  •   ^"'     ^'^    =  —  •       ' ^ —  :    consequently 

CO  ^  •  B  •  B  CO  F  ^  •' 

B  .  CO  B  •  CO 

This  expression,  being  independent  of  the  line  ex,  will  con- 
tinue the  same  for  all  inclinations  of  the  line  co ;  so  that  the 
centre  of  oscillation  o,  thus  determined,  is  a  fixed  point,  agree- 
ably to  the  definition. 

Cor.  1.  Hence  cmy  body  ab,  suspended  ett  e,  and  vibrating^ 
mayy  so  far  as  regards  the  time  of  vibration^  be  considered  cls  a 
simple  pendulum  whose  length  is  co. 


•#•• 
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Cor.  2,  That  co  may  be  the  equivalent  pendulum,  and  o 
the  centre  of  osciUationy  o  must  be  in  the  line  cg,  otherwise  it 
would  not  rest  in  the  same  position  with  the  body,  when  no 
force  was  keeping  it  out  of  its  vertical  position. 

Cor.  3.  If  a  body  be  turned  about  its  centre  of  gravity  in  a 

direction  perpendicular  to  the  axis  of  motion^  the  pUice  of  the 

centre  of  oscillation  will  remain  unaltered.     For  the  quantity 

ypr^  -Will  be  not  at  all  affected  by  such  a  motion  of  the  body. 

Cor.  4.  The  distance  of  the  centre  of  gravity  from  that  of 
oscillation  (if  the  plane  of  the  body's  motion  remain  unaltered) 
will  be  reciprocally  as  the  distance  of  the  former  from  the  point 
of  suspension.  J/,  therefore^  that  distance  be  found  when  the 
point  of  suspension  is  in  the  vertex,  or  so  situated  that  the 
operation  may  become  the  most  simple,  the  value  tliereof  in 
any  other  proposed  position  of  that  point  wiU  liJcemse  be  given 
by  one  single  proportion. 

Cor.  5.  The  product  of  the  distances  of  the  centre  of 
gravity,  and  that  of  oscillation,  from  the  axis  of  motion,  is 
manifestly  a  constant  quantity  for  the  same  plane  of  vibration. 
If  therefore,  the  centre  of  oscillation  be  made  the  point  of 
suspension,  the  point  of  suspension  will  become  the  centre  of 
oscilUUion  *. 

Cor.  6.  Hence  also,  if  upon  the  plane  of  vibration  passing 
through  the  centre  of  gravity  of  any  body,  two  concentric  circles 
be  described,  having  the  common  centre  g,  and  radii  6C,  go,  the 
body  suspended  from  any  point  i/n  the  periphery  of  either  circle 
will  perform  an  oscillation  in  the  same  time. 

Some  other  corollaries  depending  upon  the  relation  sub- 
sisting between  the  centres  of  oscillation  and  of  gyration  will  be 
given  after  we  have  treated  of  that  centre :  when  also  we  shall 
apply  the  propositions  to  the  determination  of  these  centres  in 
various  bodies.  Previous  to  this,  however,  we  may  here  show 
how. 

B07.  To  find  the  distance  of  the  centre  of  oscillation  from 
the  point  of  suspenmxm  experimentally. 

Suspend  the  body  proposed  very  freely  by  the  given  point, 
and  make  it  vibrate  in  small  arcs ;  then  count  the  number  n  oJF 
vibrations  it  makes  in  a  minute,  by  a  good  stop-watch,  applying 
when  necessary  the  correction  indicated  in  arts.  ^69,  270; 
so  shall  the  distance  co  of  the  centre  of  oscillation  and  point 

of  suspen»on  be  denoted  by  — ^T"*     ^^^  ^^  length  of  the 

*  Capt  Kaier  has  very  ingeniously  applied  this  property  to  the  actual  determina- 
iioH  of  the  length  of  the  second's  pendulum.     See  Phil  Trans,  for  1818. 
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^mple  second  pendulum  being  89^  inches  nearly,  and  the  lengths 
of  pendulums  being  reciprocally  as  the  square  of  the  number  of 
vibrations  made  in  a  given  time ;  therefore  w*  :  60* :  :  39y  : 

— ^^      =  — -—y  the  length  of  the  simple  pendulum  which 

oscillates  n  times  in  a  minute,  or  the  distance  co  in  the  cotn- 
pound  pendulum. 

Or  39^  i""  =  CO,  t  being  the  time  of  one  vibration  in  an  in- 
definitely small  arc. 

Or,  two-thirds  of  the  length  of  a  thin  cylindrical  rod,  sus- 
pended at  one  end,  and  vibrating  in  the  same  time  as  the  body^ 
will  give  CO ;  the  reason  of  which  will  soon  appear. 

308.  Prop,  in  a  compound  pendulum^  consisthig  of  several 
bodies  revolving  about  a  common  aj:is,  the  centre  of  oscillation 
may  be  determined  by  this  process:  add  together  the  several 
products  of  each  rruiss  into  the  distances  of  the  respective 
centres  of  oscillation  and  gravity  Jrom  the  cuds  of  motion^  and 
divide  the  sum  by  the  product  of  the  whole  system  into  the  di- 
stance of  the  common  centre  of  gravity  Jrom  the  ojcis  of  motion ; 
the  distance  of  the  centre  of  oscillation  Jrom  the  same  asis  zmU 
be  represented  by  that  quotient. 

For  it  appears  from  art.  306.  that  with  respect  to  any  body 
B  in  the  compound  mass,y/;r^  =  B  •  co  •  cg;  and  again,  with 
regard  to  another  body  b'  in  the  same  system  Jp'r'^znB'*  co'' 
€g',  and  so  on;  consequently  s-  J pr^zz  J'b'CO'Cg;  that  is, 
the  sum  of  all  the  pr*  in  the  whole  pendulum  is  equal  to  the 
fium  of  all  the  products  in  each  part  of  the  pendulum,  which 
arise  from  multiplying  each  part  into  the  product  of  the  di- 
stances of  its  centres  of  gravity  and  of  oscillation  from  the 
common  axis  of  motion.  If,  therefore,  this  latter  sum  be 
divided  by  the  product  of  the  compound  mass  into  the  distance 
of  the  common  centre  of  gravity  from  the  axis  of  motion,  the 
quotient  (art.  306.)  will  be  the  distance  of  the  centre  of  oscilla- 
tion from  the  same  axis :  for  i  a  •  '      —  :  whence   co  = 

J  B*CQ*  CO  B*CO*CO 

•^— ,  as  well  with  respect  to  the  compound  mass  as  to  any  of 

its  constituent  parts. 

309.  Def.  The  centre  of  gyration  is  that  point  in  which,  if 
nil  the  matter  contained  in  a  revolving  system  were  collected, 
the  same  angular  velocity  will  be  generated  in  the  same  time  by 
a  given  force  acting  at  any  place  as  would  be  generated  by  the 
flame  force  acting  similarly  in  the  body  or  system  itself. 

When  the  axis  of  motion  passes  through  the  centre  of  gra- 
vity, (hen  is  this  centre  calWd  the  principal  centre  of  gyra- 
tion. 
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810.  Prop.  If  the  sum  of  the  products  Jbrmed  by  mtdti" 

plying  each  particle  of  a  system  into  the  square  of  its  distance 

from  the  axis  (f  motion^  that  is,  if  the  momentum  of  inertia 

.  be  divided  by  the  whole  mass^  the  square  root  of  the  quotient, 

will  be  the  distance  of  the  centre  tf  gyration  Jrom  tJie  €utis 

of  motion. 

For,  if  CR  be  the  distance  from  the  axis  of  motion  to  the 
centre  of  gyration,  the   expression   for   the  angular  motion 

'  ^or-|-^  (art.  801.  cor.  %)  will  be  transformed  to  — —\ 

and  these  by  the  def.  must  be  equal.     Consequently,  b.cr-  = 

J pr"^^  and  cR  zz  \/-— . 

Cor.  1.  The  distance  of  the  centre  of  gyration  from  the 
axis  of  motion  is  a  mean  proportional  between  the  distances  of 
the  centres  of  oscillation  and  gravity,  from  the  same  axis. 

For  CR^  —  -1^,  while  co  =:  ^-^  ;  therefore  co-cg=:  ^^^  zi 

B      '  B»CO  B 

CR-,  and  CO  :  CR  :  :  CR  :  cg.     (Fig.  2.  pi.  XIV.) 

Cor.  2.  The  distance  betzveen  the  centre  of  gravity  afid 
principal  centre  of  gyration  is  a  mean  proportional  between  the 
distances  of  the  centres  of  motion  a/ndoscUlation^from  the  centre 
of  gravity. 

For  pc^=rpG*+GC2  4:^pa»GC ;  therefore,  by  art.  807,  we  have 

oc  =  fp.^ ^ — 1-^.     But  from  the  nature  of  the  centre 

of  gravity,y/?«PG  on  each  side  of  g  are  equal,  and  because  2cg 
is  constant,^  ±2pg  •  gc  =  0.     Also,  becauscjfjo  •  gc*= b  •  gc*, 

we  have  oc^GC+y ,  and  oozzf ;    whence  this 


B«OC         '  •^        YhQC 


corollary  is  manifest. 

Cor,  3.  The  time  in  which  a  body  vibrbites  zvilt  be  the  least 
possible  when  tlie  axis  of  motion  passes  through  the  principal 
centre  of  gyration. 

For  if  D  and  d  represent  the  distances  from  the  centre  of 
gravity  to  the  point  of  suspension,  and  to  the  centre  of  gyration, 

it  will  be  D  :  D-f  fZ : :  D-f  ^  : —,  the  distance  from  the  point 

of  suspension  to  the  centre  of  oscillation  (cor.  1.),  and  this  latter 
expression  will  obviously  be  a  minimum  when  Dzzd. 

Cor.  4.  If  we  wish  to  know  what  quantity  of  matter  m  must 
be  placed  at  any  other  distance  ac  from  c,  so  that  the  inertia 
may  remain  the  same,  we  must  have  ac*-m=:cr^-b,  whence  m. 

B«CR« 


AC" 
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Cor.  5.  And,  for  a  like  reason,  if  any  number  of  bodies 
B,  b',  b^',  be  put  in  motion  about  a  common  axis  passing 
through  c,  by  a  force  acting  at  a,  the  system  will  have  the 
same  angular  velocity,  if,  instead  of  those  bodies  placed  at  the 
distances  cb,  cb',  cb'',  there  be  substituted  bodies  equal  to 

-— -  B,  — --b', b\  all  concentrated  into  the  point  a. 


CA«        '    CA*  CA* 


SCHOLIUM. 

311.  Having  now  demonstrated  the  chief  properties  of  the 
centres  of  oscillation  and  gyration,  we  may  apply  them  to  a  few 
examples  of  finding  the  position  of  those  points  in  bodies  of 
given  shape.     And,  first,  let  us  speak  of 
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I.  Let  cp  (fig.  2.  pi.  XIV.)  be  a  right  line,  or  very  slender 
cylinder,  moving  freely  about  its  extreme  point  c  as  a  centre  of 
suspension. 

Then,  if  ca,  considered  as  variable,  be  denoted  by  .r,  the 
force  of  X  particles  at  a  will  be  defined  by  af^x :  its  fluent,  there- 
fore, that  is,  ^x^j  denotes  the  momentum  of  inertia  of  all  the 
E articles  in  ca  ;  and  this,  when  ca  becomes  equal  to  cp,  will 
e  yCp''.     In  this  case,  too,  the  body  bzicp,  and  CG=:fcP: 

consequently    (art.   306.)  ^^^  =  -ifl—  —   ^^     .  —  »cp  =  co, 

^  J         \  f      B»CO  ^CP'CP  ^CP«  ^  ' 

the  distance  of  the  centre  of  oscillation  from  the  point  of  sus- 
pension. 

Cob.  In  a  line  cp  of  uniform  thickness,  but  the  density  of 
whose  particles  increases  as  their  distance  from  c  the  point  of 

suspension  mcreases,  we  have  co  ~  =  =  (when  xiz 

cp)  |CP. 

II.  Let  the  point  of  suspension  of  the  slender  cylinder  cp  be 
s,  to  find  the  centre  of  oscillation. 

Put  CP  :=L  Vy  cs  =y,  PSIZ17— y,  and  so  z:  a?,  then  {v  —yY  x  v 

will  express  the  flttxion  of  all  the  pr^  in  cp,  while  {v — y).v 
represents  the  fluxion  of  the  product  of  b«cg.     Hence  xiz 

^    {v-y)v  3v-6y  ^v^y)*-^i/»^  ^  ^ 

taken  in  any  ratio  to  each  other.     If  y =0,  or  c  and  s  coincide. 
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then  ^=:|^w=:*cp,  as  in  the  preceding  example  If  yn^i;, 
then  also  ^z=*z;=:|cp;  in  which  case  o  and  p  will  coincide. 
So  that,  whether  a  very  dender  cylinder  he  mspended  at  one 
end^  oratj.  of  its  lengthy  its  vibrations  will  be  performed  in  the 
same  time.  (See  art.  306.  cor.  5.)  When  y^^^v,  then  ^= « , 
or  the  centre  of  oscillation  is  at  an  infinite  distance :  the  tendency 
to  oscillate  will  then  cease^  and  if  any  extraneous  farce  produce 
motion  it  will  be  completely  rotatory. 

Cor.  When  the  vibrations  are  to  be  the  quickest  possible  jr=z 

21/* — 6vy+6y^  t_  •    . 

s^ZIsy »  niust  be  a  minimum ;  or  its  fluxion  making  y 

variable =0.  Hence  (l^yy  -  6i;y)-(3t;-  6y)  -  6y  {2v^  -  6iy  +  6y^) 
-0,  andy=iv±iv\/^.  When  s  is  taken  between  a  and  g 
the  negative   sign   manifestly  obtains,  and  y=iv  (1  — v't) 

^^  *  «4  i.  A  0«vO  I? . 

Hence  it  appears  that  the  time  of  vibration  of  a  slender 
cylinder  (however  short)  with  a  moveable  point  of  suspension, 
majr  be  made  to  increase  from  the  time  assigned  by  the 
minimum  limit,  up  to  infinity :  and  the  like  would  obviously 
obtain  with  respect  to  a  wire  with  a  sphere  at  each  end; 
though  the  absolute  time  of  vibration  would  not  be  the  same 
with  as  without  the  balls.  (See  the  general  results  at  the  end 
of  this  article.) 

ni.  Let  acb  (fig.  5.  pL  XIV.)  be  an  angular  pendulum, 
composed  of  two  thin  cylindric  wires  ac,  cb,  vibrating  upon 
the  point  of  suspension  c,  in  the  plane  of  the  figure. 

Bisect  AC,  and  cb,  in  g,  7,  and  bisect^  in  g,  so  shall  g,  y,  g, 
be  the  centres  of  gravity  of  AC,  cb,  and  of  AC-f  cb.  In  this 
instance  we  may  have  recourse  to  art.  308.  Denote  ac  or  cb 
by  a,  and  the  natural  secant  of  angle  ACG  =  iACB,  by  s;  then 
0  and  &  being  the  centres  of  oscillation  of  the  separate  masses 
AC,  CB,  we  have  (ex.  I.)  cO=zc&zi^a:  and  by  trigonometry, 

*  :  1 :  :  i  AC  :  cG  =--.     Hence  we  have — ^-^- — 

2'  (AC  +  CB)-f- 

—  — 2 =iW=co. 


2a^ 


CoE.  1.  Since  co  varies  with  the  secant  of  ^acb,  it  follows 
that  the  time  of  vibration  of  the  angular  pendulum  may 
be  increased  sine  limitCy  while  its  length  remains  constant; 
the  time  of  vibration  depending  upon  the  magnitude  of  the 
angle  aco. 

Cor.  2.  When  the  angle  aco  vanishes,  or  ac  and  cb  coin- 
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ctde  throughout,  the  time  of  vibration  will  be  equal  to  that  of 
a  simple  pendulum  whose  length  is  ^ac  :  when  ago  is  a  right- 
angle,  the  time  of  vibration  is  infinite,  or  the  pendulum  will  rest 
upon  its  centre  of  gravity  in  all  positions. 

CoR.  3.  Hence  if  ac = cb  be  given,  and  the  time  of  vibration, 
the  angle  acb  may  readily  be  found :  for  the  above  expression 

(*  .  Sco 

tor  CO  gives  5=:  -- — . 

^  'la 

Thus,  if  Acz=15  inches,  and  the  time  were  1  second,  co 

would  be  39f  inches,  and  8  =-— ?-i=  sec  of  75**  11}'  nearly : 

hence  acb  =  150**  ^3'. 

If,  while  AC  =15  inches,  the  time  of  vibration  shoold  be  5 

seconds,  then  co=25x39i^,  and  5=-^^^;^= 97-81 25= sec  of 

89^24|^';  consequently  acb =178®  49|'  nearly. 

IV.  Let  the  solid  formed  by  the  rotation  of  the  curve  v«im 
about  its  absciss  va  vibrate  about  an  axis  passing  through  c ; 
to  find  the  centre  of  oscillation. 

Put  cv=rf,  the  variable  absciss  va=j:,  its  corresponding 
ordinate  amrzy^  VA=a,  AM=r,  3'1416=v;  then,  as  may 
easily  be  shown  (though  that  part  of  the  investigation  is  omitted^ 
to  save  room,)  the  sum  of  the  products  of  each  particle  in  the 
circle  mn  into  the  square  of  its  distance  from  the  axis  = 
(ca«  +  i«w2)  nrf  —  It  [  (^  +  ^cy  y^  +  i«^].  Hence  kx  x 
i  (rf  +  xYy'^  +  :jy*]  is  the  fluxion  of  the  sum  of  all  such 
products  for  the  whole  body.     Consequently  we  shall  have 

CO  =s  /^^^  ((tf+>i^)V  +  iy^>^ 

B»CO 

V.  Let  the  general  theorem  in  the  preceding  example  be 
applied  to  the  case  of  the  cone  whose  vertex  is  v,  and  radius  of 
its  base  am. 

In  this  case  \rnu  will  become  a  right  line,  so  that  ai  r\:  x  , 


yzz-^xzznx,  putting  w= — .      Hence  ftex  x  (d-^-x^  y^  + 

^2/*)  zz/tTx  X  (d  +  xYn'^x'^  -y  ^n*^)  =  fird^n'^x^  +  ltd  71^^*+ 

jTrn^^+'^o'^n^a:^'  But,  by  the  rules  of  mensuration,  the  body 
B  n  j.  TTH*  x^ ;  and  (art.  124.)  va  =  |x,  whence  cg  =  d  +  ^x. 
Therefore  b  •  cg  =  ^irdtt^x^  +  i'rrn^  ^S  by  which  dividing  the 

precedent  fluent,   there  results  co  = ^tt—tt ; 

which  for  the  whole  cone  when  ^=a,  and  nx::zy:izr^  is  trans- 
formed to  tliis : 
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CO  n 


*20d+  15a 


Cor.  1.  When  c  coincides  with  v,  or  the  cone  is  suspended 
by  its  vertex,  d  vanishes,  and  the  expression  becomes 


convorz — zzta+--, 

5a  *      '    5a 


CoR.  ^.  If,  when  d  vanishes,  r  be  =  a,  then  will  co  =:  a. 
Consequently,  if  a  right^ngled  cone  he  suspended  at  its  vertex, 
its  centre  of  oscillation  will  coincide  toith  the  centre  of  its  base^ 
and  the  cone  will  vibrate  in  the  same  time  as  a  simple  pendulum 
whose  length  is  efml  to  the  altitude  of  the  cone. 

Remark.  The  conclusion  in  the  last  corollary  flows  also 
very  naturally  from  the  geometrical  method  of  finding  the 
centre  of  oscillation  of  a  cone  suspended  at  its  vertex ;  which  is 
this :  Bisect  an,  tfie  radius  of  the  base  (fig.  7.  pi.  XIV.),  in  f  ; 
Join  VF,  and  make  if=^vf;  then  lo  drawn  perpendicular  to 
VF  will  meet  va  or  va  produced,  in  o,  the  centre  of  oscillation. 

For  vF=  ^/ VA« + AP«  =  v^fl« + ^r»,  and  vi=:J.  v'otTp*.  But  the  tri- 
angles vaf,  vio,  are  similar,  therefore  va  :  vf  : :  vi :  vo,  that  is, 

a  :  v/aaTp"  :  :  ^  \^^T^  '-        ^^ —  =  4^a  +— =:vo,  which  is 

the  same  expression  as  in  cor.  1. 

When  o  coincides  with  a,  we  have  (fig.  8.)  vi :  lo  : :  lo  : 

IF  :  :  va  :  Af.  So  that  lo  =  v^vTU  =;:  Vaxm  •  if  =  2if  ;  there- 
fore,  VA  =  2af,  and  consequently  va  =:  an,  by  construction  : 
which  agrees  with  cor.  % 

Cor.  3.  When  va  is  less  than  an,  o  Jails  below  a  ;  and  wJien 
VA  is  greater  than  an,  o  falls  ahooe  a. 

Cor.  4.  From  the  above  it  likewise  appears,  that  if  cones  be 
made  to  vibrate  as  pendulums,  about  their  vertices  as  points  of 
suspension,  the  time  of  vibration  may  be  increased  sine  UmitCj 
while  vN,  the  slant  side  of  the  cone,  remains  constant.  In 
practice,  however,  this^  cannot  be  carried  so  far  in  conical  pen- 
dulums as  the  similar  thing  in  angular  pendulums,  noticed  in 
cor.  l.exam.  III. 

Cor.  5.  Whether  a  right-angled  cone  be  suspended  at  its 
base  or  its  vertex,  it  wul  vibrate  in  equal  times  (art.  806. 
cor.  5.) 

These  examples  must  suffice  as  general  specimens  of  the 
method  of  finding  the  centre  of  oscillation :  we  shall  here  add 
the  results  of  other  investigations  in  some  of  the  most  useful 
cases. 

In  surfaces  when  the  vibration  is  flatwise,  or  perpendicular  to 

VOL.  I.  V 


290  DYNAMICS.  book  ir- 

the  plane  of  the  figure,  the  distance  co  of  the  centre  of  oscilla- 
.tion  from  the  point  of  susp^sion  will  be  as  below : 

In  an  isosceles  triangle  suspended  at  its  vertex, f  the  altitude. 

In  a  circle  suspended  at  its  circumference,   ^-  the  radius. 

In  the  common  parabola  suspended  at  its  vertex,     ...^  the  axis. 

Any  parabola,  ditto — — TT"^  '^*'* 

When  the  surfaces  are  moved  edgewise,  or  in  the  plane  of  the 
'£gure;  then 

Inacircle, f  of  the  diameter. 

In  a  rectangle  suspended  by  one  angle,  $  of  the  diagonal. 

In  a  parabola    its  vertex,    ^  axis  +  ^  param.  - 

Ditto    middle  of  base f^axis  +  ^  param. 

In  a  parabola  whose  distance  co  shall  equal  its  axis,  we  have 
hsLse^z^  axis  v'42ii:axis  x  1  •85164,  Such  a  parabola  will  ma- 
nifestly vibrate  in  equal  times  whether  suspended  at  its  vertex, 
or  at  the  middle  of  its  base. 

In  an  ellipse  whose  minor  is  to  its  major  axis  as  1  to  VS,  if 
the  point  of  suspension  be  at  one  extremity  of  the  minor  axis, 
then,  either  the  ellipse  or  any  zone  or  segment  of  it,  bounded 
by  a  line  or  lines  parallel  to  the  major  axis,  will  have  cozi  minor 
axis. 

In  an  isosceles  triangle  — - — ,  where  o=:alt.  and  6nf  base ; 

and  if  a =6  or  the  A  right-angled  at  the  vertex,  co— a,  as  in 
the  right-angled  cone. 

In  a  square  pyramid  whose  altitude  is  a,  and  side  of  its  base 

26,  CO  =^H — rr— ,  the  vibrations  being  performed  in  vertical 

planes  parallel  to  that  passing  through  a  side  of  the  base. 

If  a  sphere  whose  radius  is  r,  be  suspended  at  the  distance  d 
from  its  centre,  then  is  ^  the  distance  from  the  point  of  suspen- 

Vion  to  the  centre  of  oscillation  r:d-|~'T7'*  ^^  '^®  point  of  sus- 
pension be  at  the  extremity  of  a  radius,  then  ^=  j-r.  When 
iand  rare  given,  we  have  d::z^$±  ^/pn|^;  whence  wt^'learn 
that  a  sphere  may  be  suspended  at  two  diiferent  distances  from 
the  axis  of  motion,  and  yet  vibrate  in  tlie  same  time.  When 
;J:^=^r*  the  radical  expression  vanishes,  and  drz^Jzir  <v/-|n 
•632495  r  is  the  only  value  of  c?;  the  point  of  suspension  being 
then  the  centre  of  gyration,  and  f,  which  varies  with  the  time 
of  vibration,  is  a  minimum. 

If  the  weight  of  the  thread  is  to  be  taken  into  the  account, 
we  have  the  following  distance  between  the  centre  of  the  ball 
and  that  of  oscillation,  where  b  is  the  weight  of  the  ball,  d  the 
distance  between  the  point  of  suspension  and  its  centre,  r  the 
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radius  of  the  ball,  and  w  the  weight  of  the  thread  or  wire, 
GO  zi-^ — 7/ — —-^ ;  or,  II  B  be  expressed  m  terms  of 

w  considered  as  a  unit,  then  go  =:  ^ 


B+^ 

If  two  weights  w,  w'  be  fixed  at  the  extremities  of  a  rod 
of  given  length  ww',  c  being  the  centre  of  motion  between  w 
and  W;  then  if  dizcw,  d  iicw',  and  m  the  weight  of  an  unit  in 

length  of  the  rod,  we  shall  have  co=: — - — -t ,-r  ■      .  ■ ;  the 

radii  of  the  balls  being  supposed  very  small  in  comparison  with 
the  length  of  the  rod« 

In  the  bob  of  a  clock  pendulum,  supposing  it  two  equal 
spheric  segments  joined  at  their  bases,  if  the  radii  of  those  bases 
be  each  =f,  the  height  of  each  segment  v,  and  J  the  distance 
from  the  point  of  suspension  to  g  the  centre  of  the  bob,  then 

is  GO  —  -^—T"' — -^ —  ;  which  shows  the  distance  of  the  centre 

of  oscillation  below  the  centre  of  the  bob. 

If  r  the  radius  of  the  sphere  be  known,  the  latter  expresdon 

becomes  go  =-^^ — ^'^  "*",    — .     In  a  solid  of  this  form  if  dt=4jO 

inches,  rr:6,  «J=i,  then  will  go  =  55555*  ^^  ^^^  centre  of  os- 
cillation will  fall  about  ^  of  an  inch  below  the  centre  of 
gravity. 
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81J^  Ex.  I.  Let  a  slender  rod  whose  length  is  CP=:/(fig.  2.) 
revolve  on  the  point  c ;  to  find  its  centre  of  gyration. 

Let  any  variable  distance  ca=x;  then  will  the  general  ex- 

pression  for  (art  310.)  /  ^,  become  V~f-  =  ^IT'  ^^^  ^^^ 

when  xzzl,  gives  can  v/|?»=Z^/4.=-67736Z. 

The  same  conclusion  may  be  deduced  from  cor.  1.  art.  310. 
and  ex.  1.  art.  311.     For  CGnt/,  and  co=|^/:  consequently 

Ex.  II.  To  determine  the  centre  of  gyration  in  a  circle,  or  in 
a  circular  wheel  of  uniform  thickness,  so  that  its  weight  may  be 
as  its  area. 

Let  ft  =S-14!l6,  and  r  the  radius  of  the  circle;  then  is  «t*=: 

the  area  of  the  circle ;  its  fluxion  is  Ztrr ;  and  therefore/jpr«== 

u2 
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/  2irrV.     Consequently    ^  =/-^^  =  r v^i  =  ir^2  = 

•707107r=cR ;  the  distance  from  c  the  centre  of  motion,  to  r 
the  centre  of  gyration.  The  same  evidently  holds  for  a  cylinder 
turning  on  its  axis. 

Ex.  lIL  Let  ABD£,  and  abde  (fig.  9.  pi.  XIV.),  be  two  con- 
centric circles  whose  respective  radii  are  r,  r ; — ^if  the  plane  or 
solid  wheel  abed  be  taken  away,  and  the  ring  AfiD£a6(fe,  re- 
volve about  an  axis  passing  through  c  perpendicular  to  the 
plane  of  the  figure,  it  is  then  proposed  to  determine  the  di- 
stance CK. 

Here  ttr* — irr*= the  area  of  the  annulus,  the  fluuon  of  which 

is  2vRR,  R  being  supposed  variable:  consequently  ^tte'r  is  the 
fluxion  of  alj  the^r'*.     And  by  the  general  rule  we  have  CR= 

./•2irm9R  ^  r4— r4 

/^r  —  a/ _________ 

CoR.  ] .  When  r  vanishes,  or  the  ring  becomes  a  circle,  we 
have  CR=R\/^9  as  in  the  preceding  example. 

Cor.  2.  The  sectors  cab,  cab,  being  to  each  other  as  the 
areas  of  their  respective  circles,  if  i*  be  put  for  the  correspond- 
ing part  of  the  circumference,  the  same  result  will  be  obtained 
with  respect  to  the  sectors  as  to  the  whole  circles ;  so  that  if 
the  part  Khba  revolved  about  the  centre  c,  its  centre  of  oscilla- 
tion r'  would  be  determined  by  means  of  the  equation  cr'= 

v . 

2»«— 2r« 

Ex.  IV.  To  find  the  centre  of  gyration  of  a  cone  which  re- 
volves about  its  vertex. 

Here  we  may  a^n  have  recourse  to  cor.  1.  art.  310.  For 
we  know  that  vg,  the  distance  from  the  vertex  to  the  centre  of 

gravity,  is=:|a  (art.  124) ;  and  von^^a-J-^^ex.  v.  art.  311.). 

Hence  VR=:-v/(vG.vo)=\/ — -^ — =:  4v'(  ja-+— r*). 

CoR.  When  a=:r,  as  in  the  right-angled  cone,  we  shall  have 

vR=i:-v/(  V*»^+T^*)=T«  V8=.86602a. 

The  results  in  a  few  other  useful  cases  are  as  follow : 

In  the  periphery  of  a  circle  rerolving  about  the  diam...ca»rad  a^. 

In  the  plane  of  a  circle «. ditto...cABs^rad.  . 

In  the  surface  of  a  sphere.... ditto...  CR^rad  <\/|. 

In  a  solid  sphere ditto... CKarad  Vf  «-^  r  nearly. 

In  a  cone i, the  axi8...CK=r\/<^aB  •54772  r. 

In  a  paraboloid ditto...cKsBr  ^v/^*  •57735  r. 

la  a  •traiflht  lever  whose  arms  are  b  and  &•  the  distance  c»«b>/ 

31+36 


CHAP.  IV.  ROTATORY   MOTION.  -  293 

If  the  matter  of  any  gyrating  body  were  actually  to  be  placed 
as  if  in  the  centre  of  gyration,  it  ought  either  to  l>e  disposed,  in 
the  circumference  or  a  circle  whose  radius  is  ce,  or  into  two 
points  R,  r',  diametricaUy  opposite,  and  at  distances  from  the 
centre  each  =ce. 

For  a  practical  method  of  finding  the  centre  of  gyration^  see 
art.  314.  cor.  3. 

313.  Prop.  WTien  a  pendulum  is  at  restj  if  a  body  impinge 
on  it  in  a  horizontal  direction,  the  same  velocity  will  oe  commvr 
nicated  to  the  point  of  impact^  as  if  the  mass  of  the  pendulum 
were  removed,  and  instead  of  U  an  equivalent  mass  were  concen- 
trated  in  the  point  of  impact,  the  quantity  of  the  equivalent 
mass  being  to  thai  of  the  pendulum  in  a  duplicate  ratio  of  the 
distances  of  the  centre  of  gyration  and  the  point  of  impact 
Jrom  the  ajcis  of  motion. 

Let  CADE  (fig,  10.  pi.  -XIV.)  represent  a  pendulum  whose 
axis  of  motion  passes  through  c,  and  let  any  impact  be  im- 
pressed upon  the  point  p,  in  an  horizontal  direction,  and  per- 
pendicular to  the  vertical  plane  abcd,  the  pendulum  being  at 
rest.  Let  q  be  the  quantity  of  matter  which  being  concen- 
trated in  p,  the  same  angular  velocity  will  be  communicated  by 
the  impact,  as  when  b  the  whole  body  is  concentrated  into  its 
centre  of  gyration  r.  Then,  since  the  resistances  arising  from 
the  inertia  of  the  two  masses  at  their  respective  distances  must 
be  equal,  in  order  that  the  angular  velocities  may  be  equal ;  we 
must,  as  in  cor.  4.  arl.  310.  make  b  •  ck^zzq,  •  cp^;  whence  o, 

CF* 

Cor.  Hence  v,  the  velocity  of  the  impinging  body  i,  may  be 
determined.  For,  let  v  be  the  velocity  communicated  to  the 
point  of  impact :  then,  by  the  laws  of  the  collision  of  non-elastic 

bodies  (chap.  v.  art.  343.),  i :  i+q  :  :  v  :  yzzv^—^.  To  de- 
termine V,  measure  the  arc  described  by  o,  the  centre  of  oscilla- 
tion in  its  ascent  lafter  impact ;  and  call  its  versed  sine  s,  then 
(arts.  243*  263.)  the  velocity  of  the  centre  of  oscillation  at  its 
lowest  point  =  ^/2gs :  whence,  the  velocity  of  the  point  of  im- 
pact =  —  y/^S. 


SCHOLIUM. 

On  the  principles  developed  in  this  proposition  and  corollary, 
the  celebrated  mathematician  Mr.  Benjamin  Robins  founded 
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the  use  of  his  ingenious  contrivance,  the  Ballistic  Pendulum^ 
for  ascertaining  the  velocities  of  military  projectiles.  (New 
Principles  of  Gunnery,  prop.  8.)  This  machine  consists  of  a 
large  block  of  wood  annexed  to  the  end  of  a  strong  iron  stem 
having  a  cross  steel  axis  at  the  other  end,  placed  horizontally, 
about  which  the  whole  vibrates  together.  When  the  machine 
is  at  rest,  a  ball  discharged  horizontally  from  a  piece  of  ordnance 
Strikes  and  enters  the  block,  and  causes  the  pendulum  to  vibrate 
more  or  less  according  to  the  velocity  of  the  projectile ;  and  by 
the  extent  of  the  vibration  the  velocity  of  tne  ball  at  the  time 
of  the  impact  becomes  known.  A  more  minute  and  particular 
description  of  this  instrument  may  be  seen  in  Dr.  Button's 
Tracts.     See,  also,  our  2d  volume,  art.  BAhU^tic  pendulum. 

814.  Prop.  If  motion  be  communicated  hy  a  hanging  weight 
to  a  system  revolving  on  ajix.d  axis  passing  through  the  centre 
of  gravity  J  and  the  moving  force  act  always  at  a  given  di- 
stance from  the  axis  ofmoti(my  it  will  generate  in  the  revolving 
system  the  same  motion  an  the  zceight  zcould  acquire  in  the  same 
time  hy  foiling  freely  hy  its  gravity  foom  a  state  of  quiescence. 

Let  DGB  (fig.  11.  pi.  XIV.)  represent  a  body  or  system 
moveable  upon  a  horizontal  axis  passing  through  its  centre  of 
gravity  g;  let  r  be  the  centre  of  gyration,  p  the  weight  of  the 
body  which  gives  motion  to  the  system  whose  weight  is  w,  by 
means  of  a  cord  vdc  wound  round  the  circumference  dcE.  If 
GR  be  denoted  by  r,  and  Gd  by  </,  the  inertia  of  the  whole  sys- 

tem  will  be  equivalent  to  the  weight  w  —  uniformly  diffused 

through  the  periphery  (fcE,  every  point  of  which  manifestly 
moves  with  tne  same  velocity  as  p.  The  moving  body  p  be- 
ing supposed  either  destitute  of  inertia,  or  incomparably  less 
than  the  weight  of  the  system,  the  accelerating  force  <f>  will  be 

— ;  consequently  in  the  time  ^,  the  velocity  generated  will  be 
=  <pg^z:-^^;  which  multiplied  into  the  quantity  of  matter 

w  ~,  gives  g-^p  for  the  whole  quantity  of  motion  generated.  But 

if  p  were  to  descend  by  the  force  of  gravity,  it  would  acquire,  in 
the  time  ^,  the  velocity  gt  (art.  248.) ;  which  multiplied  into  the 
quantity  of  matter  p,  produces  gfp,  the  same  quantity  of  motion 
as  before. 

CoR.  1.  Hence  it  follows,  that  the  permanence  of  motion, 
estinaated  by  the  product  of  the  quantity  of  matter  and  velocity, 
obtains  in  bodies  which  revolve  on  fixed  axes. 

Cor.  2.  If  p  be  supposed  to  possess  inertia,  the  quantity  pJ^ 
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must  be  added  to  the  denominator  of  the  fraction  expressing  the 

accelerating  force,  which  will  then  become  — ^.     Calling 

this  fraction  jf^  and  substituting^  for  g  in  the  formulae  of  pa, 
199,  they  may  be  applied  to  this  class  of  motions.  This  ex- 
pression leads  also  to  a  useful  practical  purpose,  explained  in 
the  next  corollary. 

Cor.  3,  To  find  the  centre  of  gyration  in  any  system  experi- 
mentally. Suppose  s  to  be  the  space  described  by  the  weight  F 
descending  from  rest  (as  in  the  prop.)  in  t  seconds :  then  the 
accelerating  force  being  as  in  cor.  ^.  we  shall  have  szi^i^t^zz 

r-^^— - — ■ ;  whence  we  obtam  /•=://  ^ — ;  m which  equa- 

tion,  if  the  numerical  values  of  5,  d,  p,  w,  as  resulting  from  the 
experiment,  be  used^  r  becomes  known. 

315.  Prop.  Let  the  body  db  (fig.  11.  pi.  XTV.),  whose  centre 
of  gravity  g  is  the  centre  of  the  circle  CEd,  be  attached  to  a 
fixed  point  a  by  means  of  a  cord  ACEd,  wound  about  cfid  a^  an 
axle ;  and  let  o  be  the  centre  of  oscillation  vohen  c  is  the  point 
of  suspension  or  momentary  centre  of  motion  of  the  body ;  then, 
ifxohile  the  body  descends  by  thejhrce  ofgraiity^  it  is  made  to 
turn  round  by  the  unzoinding  of  the  cara  ace(J,  the  space  ac- 
tually  descended  by  the  body  db,  is  to  the  space  described  in  the 
same  time  by  a  body  falling  freely^  as  cg  to  co. 

Through  the  point  of  contact  c,  and  the  centre  of  gravity  g, 
draw  the  horizontal  line  cgo,  and  suppose  the  motion  of  the 
body  to  commence  when  these  centres  are  so  situated;  then 
(art.  305.)  the  angular  velocity  of  the  body  at  such  commence- 
ment of  its  motion  will  be  the  same  as  if  the  whole  were  placed 
at  o  :  and  if  a  body  were  placed  in  o,  its  initial  velocity  would 
be  the  same  as  that  of  a  body  falling  freely.  Drawing  there- 
fore, ego  indefinitely  near  coo,  and  the  small  arcs  oo,  Gg^  hav- 
ing the  common  centre  c,  we  shall  have,  veloc.  of  o  :  veloc.  of 
G : :  00 :  G£^ : :  oc  :  GC ;  but  the  velocity  of  the  descending  body 
is  that  of  Its  centre  of  gravity ;  therefore,  velocity  in  free  de- 
scent :  velocity  of  body  : :  oc  :  gc.  Now,  since  the  points  c,  G, 
o,  are  always  in  a  horizontal  line,  and  the  radius  cg  is  given 
as  well  as  the  distance  co ;  the  velocity  of  a  body  falling  freely, 
and  of  the  body  unwinding  from  the  thread,  is  always  in  the 
ratio  of  co  to  cg  ;  and  consequently,  when  co  to  cg.  is  a  con- 
stant ratio,  the  whole  spaces  described  in  a  given  time  will  be 
as  stated  in  the  proposition. 

Cor.  1.  The  weight  of  the  body  db,  is  to  the  tension  of  the 
cord  AC,  as  co  to  go. 

For,  if  the  body  were  supported  at  o  as  well  as  c,  g  being  the 
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eentre  of  gravity,  or  estimate  place  of  the  body,  we  should  have 
(art.  18S.  cor.  6.)  weight  of  db  :  pressure  at  c : :  co  :  go.  But, 
if  the  point  o  be  set  free,  the  force  acting  there  will  generate  a 
motion  about  c,  whilst  the  pressure  there,  and  consequently 
the  tension  of  the  cord,  will  be  neither  increased  nor  di- 
minished. 

Cor.  2.  This  motion  of  the  body  de,  6y  unwinding  the 
thread  is  uniformly  accelerated^  and  t/ie  tension  of  the  cordis 
invariable  through  the  whole  descent. 

Cor.  3*  If  any  body  wliose  transverse  sections  are  circular 
run  down  an  inclined  plane^  while  the  cord  or  riband  cfid  un^ 
folds ;  (yr  if  such  round  body  roll  down  cm  inclined  plane^  being 
hindered  by  ^friction  from  sliding :  tfie  space  it  describes  in  any 
time  is  to  the  space  described  by  a  body  sliding  down  freely 
without  friction f  as  cg  to  co. 

For  the  forces  which  generate  the  motions  are  both  decreased 
in  the  same  ratio ;  that  is,  as  the  absolute  gravity  to  the  relative 
gravity  upon  the  plane ;  therefore,  the  spaces  described  will,  in 
either  case,  remain  in  the  ratio  of  cg  to  co. 
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The  force  by  which  spheres,  cylinders,  &c.  are  caused  to  re- 
volve as  they  move  down  an  inchned  plane  (instead  of  sliding) 
IS  the  adhesion  of  their  surfaces  occasioned  by  the  pressure 
Qgainst  the  plane :  this  pressure  is  part  of  the  body^s  weight ; 
for  the  weight  being  resolved  into  its  components,  one  in  the 
direction  of  the  plane,  the  other  perpendicular  to  it,  the  latter 
is  the  force  of  the  pressure ;  ana,  while  the  same  body  rolls 
down  the  plane,  will  be  expressed  by  the  cosine  of  the  plane's 
elevation.  Hence,  since  the  cosine  decreases  while  the  arc  or 
angle  increases,  after  the  angle  of  elevation  arrives  at  a  certain 
magnitude,  the  adhesion  may  become  less  than  what  is  necessary 
to  make  the  circumference  of  the  body  revolve  fast  enough ;  in 
this  case  the  body  descends  partly  by  sliding  and  partly  by 
rolling  *•  And  the  same  may  happen  in  smaller  elevations,  if 
the  body  and  plane  are  very  smooth,  fiut  at  all  elevations  the 
body  may  be  made  to  roll  by  the  uncoiling  of  a  thread  or  ri- 
band wound  about  it. 

*  If  a  cylinder  roll  down  a  plane  whose  elevation  is  e,  and  the  friction  be  supposed 
to  vary  as  the  pressures  against  planes,  then  on  another  plane  where  the  spaces  passed 
over  by  the  sliding  and  roUiog  motions  in  the  same  time  shall  be  as  » :  1,  the  elevation 

X  will  be  known  by  means  of  the  formula  sin  x  » ^ .  Lev*. 

^[9  cos^  +  (2n  +  3)«  sin  V]        ' 

bourn's  Kepository,  vol.  ii.  part  3.  p.  6. 
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dl6.  If  w  denote  the  weight  of  a  body,  s  the  space  described 
by  a  body  falling  freely,  or  sliding  freely  down  an  inclined 
plane,  according  as  the  supposition  is  that  in  the  prop,  or  in 
cor.  3.  then  the  spaces  descrioed  by  rotation  in  the  same  time 
by  the  following  bodies  will  be  in  these  proportions. 

1.  A  hollow  cylinder,  or  cylindrical  suriace,  s=%^;  tension 
of  the  cord  in  the  first  case  =f  w. 

2.  In  a  solid  cylinder,  szi^s,  tens.  =:4-w. 

3.  In  a  spheric  surface,  or  thin  spherical  shell,  s=-^,  tens. 

4.  In  a  solid  sphere  szz^s,  tens.  =iyW. 

Something  of  the  same  kind  as  we  have  stated  in  the  pro- 
position obtains  in  common  pendulous  bodies.  AbaUhungbya 
flexible  thread  not  only  oscillates,  btd  aiso  makes  part  of  a  rota- 
tion; whence  its  oscillations  differ  from  those  of  a  heavy  point 
hanging  by  the  same  thread.  The  curious  reader  who  wishes 
to  see  how  oscillations  of  this  nature  are  to  l^e  determined, 
supposing  the  arcs  described  to  be  very  small,  is  referred  to 
Bezouffs  Mechanics^  art.  732.  The  investigation,  being  long, 
is  omitted  here,  in  order  to  make  room  for  more  useful  matter. 

317.  Def.  The  centre  qfpercibsaion  is  that  point  in  a  body 
revolving  about  an  axis,  at  which,  if  it  struck  an  immovable 
obstacle^  all  its  motion  would  be  destroyed,  or  it  would  not  in- 
chne  either  way :  so  that  if  at  the  instant  of  the  impact  the  sup* 
ports  of  the  axis  were  annihilated,  the  body  would  remain  in 
absolute  rest. 

During  the  vibration  of  a  system  of  bodies  round  a  fixed  axitr 
passing  through  c  (fig.  12.  pi.  XIV.)  if  such  an  obstacle  be 
opposed  to  any  point  o,  as  entirely  to  destroy  the  motion  of  that 
pomt,  every  other  particle  of  the  system  will  endeavour,  by  its 
inertia,  to  proceed  in  the  direction  of  its  motion,  that  is,  of  the 
tangent  of  the  circular  arc  it  was  describing  the  instant  o  was 
stopped.  These  forces,  therefore,  will  act  on  the  system  to 
turn  it  round  o ;  and  if  the  sum  of  the  forces  on  each  side  of  o 
should  be  unequal,  the  motion  of  the  system  will  not  be  de- 
stroyed when  o  is  stopped;  but  since  the  forces  which  act 
upon  the  pendulous  boay  between  o  and  c  have  an  effect  to 
continue  tne  motion  of  the  system,  contrary  to  those  which  are 
impressed  on  the  other  side  of  o,  if  this  point  o  be  so  situated 
that  the  sum  of  the  forces  to  turn  the  system  round  o,  on  each 
side  of  that  point,  may  be  exactly  equal,  then  the  instant  in 
which  o  is  stopped,  the  whole  motion  of  the  system  will  be  de^ 
stroyed. 

Cor.  1.  When  a  pendulum,  vibrating  with  a  given  angular 
velocity,  strikes  an  obstacle,  the  effect  of  the  impact  will  be  the 
greatest  if  it  be  made  at  the  centre  of  percussion. 
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For,  in  this  case  the  obstacle  receives  the  whole  revcdving 
motion  of  the  pendulum ;  whereas,  if  the  blow  be  struck  in  any 
other  point,  a  part  of  the  motion  of  the  pendulum  will  be  em- 
ployect  in  endeavouring  to  continue  the  rotation. 

Cor.  2.  If  a  body  revolving  on  an  axis  strike  an  immoveable 
obstacle  at  the  centre  of  percussion,  the  point  of  suspension  will 
not  be  affected  by  the  stroke. 

We  can  ascertain  this  property  of  the  point  o  when  we  pve 
a  smart  blow  with  a  stick.  If  we  give  it  motion  round  the 
j(Mnt  of  the  wrist  only,  and,  holding  it  at  one  extremity,  strike 
smartly  with  a  point  considerably  nearer  or  more  remote  than  -f- 
of  its  length,  we  feel  a  painful  wrench  in  the  hand :  but  if  we 
strike  with  that  point  which  is  precisely  at  ^  of  the  length,  no 
such  disagreeable  strain  will  be  felt.  If  we  strike  the  blow  with 
one  end  of  the  stick,  we  must  make  its  centre  of  motion  at  ^ 
of  its  length  from  the  other  end ;  and  then  the  wrench  will  be 
avoided. 

318.  Fbop.  I'he  distance  of  the  centre  of  percusslim  Jrom 
the  axis  of  motion  is  equal  to  the  distance  of  the  centre  of  oscil- 
lation Jrom  the  same:  supposing  tha^t  the  centre  of  percussion 
is  required  in  a  plane  passing  through  the  axis  (J  motion  and 
centre  of  gravity. 

Let  CBE  (fig.  12.)  be  a  plane  passing  through  the  centre  of 
gravity  g  of  the  body,  and  perpendicular  to  the  axis  of  suspen-i- 
sion  which  passes  through  c ;  and  conceive  the  whole  body  to 
be  projected  upon  this  plane  in  lines  perpendicular  to  it,  or 
parallel  to  the  axis  of  motion ;  for  then,  as  each  particle  will 
fall  at  the  same  distance  from  the  axis  as  in  the  bodfy  itself,  the 
effect  from  the  rotatory  motion  will  not  be  changed,  neither  will 
the  place  of  the  centre  of  gravity.  Through  c  and  o  draw  the 
line  CGON,  and  let  p  be  the  place  of  one  of  the  particles  p  com- 
posing the  system.  Now,  since  the  angular  motion  of  all  the 
particles  is  the  same,  the  absolute  velocity  will  be  proportional 
to  the  distance  from  the  axis  of  motion ;  and  if  at  the  distance 
1  the  velocity  be  expressed  by  unity,  the  velocity  of  ^  will  mani- 
festly be  denoted  by  ps,  and  its  quantity  of  motion  will  be  p  •  PC, 
which  Avill  act  in  the  direction  PR  perpendicular  to  pc  :  produce 
PR  till  it  meets  on,  drawn  parallel  to  pc,  in  d  ;  then  the  force 
p  •  PC  acting  in  the  direction  pr  will  act  upon  o  as  though  it  had 
the  advantage  of  the  lever  on,  and  consequently,  p  •  pc  •  od  will 
represent  the  force  of  the  particle  p  to  move  the  system  round 
o.     But  by  reason  of  the  similar  triangles  cpr,  odb,  we  have 

CP  •  RO  CO  —  CR  T       •/»  l_ 

RC :  cP : :  «o  :  od  = =  cp--^ —  ;   and,  if  pa  be  perpen- 


dicular to  CO,  we  shall  have  rc  :  cp  :  :  cp  :  ca  =:  — .   Hence 
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the  entire  force  p  •  pc  •  od  becomes  rr  p  •  PC*  •  -^ — ^p  •  CA  • 

CO—/)  •  pc^*     But,  when  o  is  the  centre  of  percussion  the 

sum  of  all  the  /)  •  ca  •  co—^  •  pc%  must  be  equal  to  zero,  or 

J^p  •  CA  "CO  ^=^fp  Tc^==/pr'\     Whence  it  follows  that  co  = , 

-z — -=  •^ — ;   the  denominators  of  the  two  fractions  beine: 

JjfCX  B  •  CO    '  O 

equals  by  arts.  108. 109.  and  this  value  of  co  obviously  cor- 
responds with  that  given  for  the  centre  of  oscillation  in  art. 
306. 

Cor.  1,  If  the  body  be  symmetrical  with  regard  to  the  plane 
BGEy  or  if  it  be  a  solid  oi  rotation,  the  centre  of  percussion 
found  in  the  axis  of  the  body  will  coincide  with  the  centre  of 
oscillation. 

Cor.  S.  If  the  centre  of  percussion  be  required  in  a  plane 
which  does  not  pass  through  o,  as  co  for  instance,  we  must 
proceed  thus :  from  g,  the  centre  of  gravity,  let  fall  on  co  the 
perpendicular  Gg;  and,  by  the  same  argument  as  above,  cozi 

7 = .    Now,  CO :  CO :  :  CG  :  €£•;  hence  the  angles  ooc 

JJp'  ca       B*  eg  '  ^  o 

and  Gg-c  are  equal,  and,  consequently^  the  former  is  a  right 
angle. 

Cor.  3*  Hence  it  follows,  that  a  body  has  several  centres  of 
percussion  according  to  the  plane  passing  through  the  axis  of 
motion  in  which  the  impact  is  made,  and  ike  rigid  line  oo,  at 
right  angles  to  co,  is  their  loais. 

319.  Prop.  Jfc^  (fig.  13.  pi.  XIV.)  be  the  axis  (fa  bod^s 
motion^  cao  a  plane  perpendicular  to  cb  and  parsing  through 
the  centre  of  gravity  g,  pA  a  perpendicidar  let  fall  Jrom  any 
particle  p  fthe  body  on  the  plane  ca,  and  v  the  centre  if  per^ 

cti>ssion»  then  will  po = cb  z:  tlie  sum  of  all  tlte^^-^. 

'  ^  Boay*CG 

For  the  sum  of  all  the  forces  wifh  which  the  body  is  liable 
to  be  turned  in  one  direction  round  pb  as  an  axis  r=  sum  of  all 
the  p  •  CA  •  (cB  —  hp)  ^fp '  CA  •  (cb  —  A/?),  and  the  sum  of  aU 
the  forces  M^hich  tend  to  turn  it  in  the  contrary  direction  =:  sum 
of  all  the  p  •  CA  (a^  — cb)  ^.fp  •  ca  (Ap  — cb).  Therefore, 
in  the  case  of  no  motion  either  way,  we  have  fp  •  ac  •  cb  = 
fp  •  Ap«  AC  But,yp  •  CB  •  AC=: fp  •  cB  •  CG+./i>  •  CB  •  GA ;  and 
fp  •  CB  •  GA=0,  from  the  nature  of  the  centre  of  gravity.  In 
like  manner  fp  'pA  •  ac  =fp  •  pA  •  AG+^p  •  pA  •  cg,  and /p  -pA 
.  CGziO:  consequently ,yp  •  cb  •  CQ=fp  •  pA  •  ag;  andf  CBn 

/•©•DA'AO        fp»pA»AQ 
•^       pCQ  B»CO 
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Cob.  Hepoe  the  centre  of  percusaon  of  a  body  turning 
round  the  axis  cb,  is  determined  by  these  conditions.  1st.  It  is 
in  a  line  fo  passing  through  the  centre  of  oscillation  and  pa- 
rallel to  CB«    ^Ij.  Its  distance  op  from  the  centre  of  oscillation 
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S^*  As  several  writers  on  mechanics  have  asserted  that  the 
centres  of  percussion  and  oscillation  reside  universally  in  the 
same  point,  we  shall,  in  addition  to  the  preceding  investigations, 
give  a  simple  instance  here,  in  which  the  contrary  will  be  ob- 
vious, if  we  adhere  to  the  first  definition  in  art.  305.  To  this 
end  let  two  equal  balls  b,  b'  (fig.  14.  pi.  XIV.)  (of  evanescent 
magnitude  with  respect  to  their  distance  from  each  other),  be 
connected  with  an  axis  of  motion  cc',  by  inflexible  lines  cb 
(=3)  and  c'b'  (=7),  void  of  gravity,  perpendicular  to  cc' 
( =6),  and  parallel  to  each  other ;  to  find  the  respective  di- 
stances of  tiie  centres  of  gravity,  oscillation,  and  percussion, 
of  this  system  from  each  other.  Join  be'  and  bisect  it  in  g, 
the  centre  of  gravity,  so  shall  og  =r  5.     Then  (art.  306.) 

— - — --^ =  zi  6  •  8  z:  2?o,  the  distance  of  the  centre 

of  oscillation  from  the  axis;  whence  goiz'8.  Through  o 
draw  bV  parallel  to  cc',  then  (art.  318.)  will  the  centre  of  per- 
cussion pbe  somewhere  in  this  line;  and  by  the  last  article  we 

findpo  = ' r =----=:  1.2.     Here  the  products 

6  and  6  are  added  together,  because,  while  b  and  b'  are  on 
opposites  indes  of  Gg,  they  are  also  on  contrary  sides  of  a  line 
passing  through  a  parallel  to  cc' ;  so  that,  if  ba  be  -{-,  b'a  will 
fee  — ,  and  ag  being  +,  a'g  will  be  — ,  and  consequently  ba  • 
AG,  and  b'a'  *  a'g,  are  both  afllrmative  products.  —  •  • .  Or, 
the  centre  of  percussion  p  must  be  so  situated  that  b  •  bc  •  &p 
must  be  r:B'- b'c'- i'p;  whence,  since  b=b',  we  have  bV: 
bc  : :  ftp  :  p^zzf  6p=f^  bVzzl'S.  Consequently,  op=:3— 1*8 
=:  1  -2 ;  and  gp  =  v/  ('8*  + 1  '2*) = 1 .4422 ;  the  triangle  cop  bemg 
righUingled  at  o.     See  also  arts.  392,  .S93. 

821.  Prop.  In  the  wheel  and  aaUy  when  a  weight  p  acting 

at  the  distance  b,  elevates  a  weight  w  actmg  at  the  distance  r, 

Jirom  the  nuUhematical  cuciSy  the  pressure  sustained  by  that  aais 
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wiUbe—Tw.  J"^^^^^  ;  the  weight  of  the  wheel  and  axle  and  the 

friction  of  the  cord^  8^c.  not  being  considered  *. 

Suppose  p  and  w  to  be  at  their  respective  extremities  of  the 
horizontal  line  passing,  through  the  centre  of  motion,  and  in 
that  situation  let  o  and  g  be  the  respective  distances  of  their 
centres  of  oscillation  and  of  gravity  from  the  centre  of  motion. 
Then,  since  the  whole  system  revolves  with  the  same  angular 
velocity  as  if  p  4-  w  were  placed  at  the  distance  o  from  the 
centre  of  motion  (art.  305.) ;  and,  since  the  accelerative  forces 
are  as  the  velocities  generated  in  a  given  time  (art.  225.)  or  as 
the  distances  from  the  centre  of  motion ;  we  have  o  :  ^  :  :  p  + 

w  .'-^  (p+w),  the  force  with  which  the  centre  of  gravity  de- 
scends.    But  0  =  I!-±Z!l  (art.  806.)  and  £•  =  ^5^=^by  the  na- 


g  _  (PE— wr) 


PR«  +  wr»  *  p  +  w  ' 


ture  of  the  centre  of  gravity.     Therefore  —  z= 

and  —  (p  -h  w)  =  ■^; — ±-,    Now  the  force  with  which  the 

centre  of  gravity  tends  to  descend  is  manifestly  that  by  which 
the  pressure  upon  the  axis  p  +  w  arising  fix)ra  the  weight  is 
diminished  by  the  motion :  consequently  the  pressure  upon  the 

axis  is=:p+w— ^— - — —  =pw      ^       ' 


PR«4-  wr«  pr9  +  wr« 

Cor.  1.  If  R  =  r,  as  in  the  case  of  the  single  fixed  pulley, 
then  the  pressure  n . 

*■  P+W 

Cor.  %  The  same  reasoning  will  evidently  apply  to  the 
pressure  upon  the  fulcrum  of  a  straight  lever. 

322.  Def.  The  centre  of  spontaneous  rotation^  or  sponta- 
neous gyration,  is  that  point  which  remains  at  rest  the  instant 
any  body  is  struck,  or  the  point  about  which  the  body  begins  to 
revolve. 

When  a  body  b  (fig.  15.  pi.  XIV.)  of  any  shape  whatever 
receives  an  impulse,  the  direction  of  which  does  not  pass 
through  the  centre  of  gravity,  and  takes,  in  consequence,  the 
two  motions  of  which  we  have  before  spoken  (art.  300.),  it  is 
evident  that,  for  an  instant  of  time,  we  may  consider  it  as  having 
only  one  motion,  namely,  a  motion  of  rotation  about  a  point  or 
fixed  axis  c,  which  may  be  either  within  the  body  or  out  of  it, 
according  to  the  shape  of  the  body,  and  the  distance  gs  be- 
tween the  centre  of  gravity  and  the  direction  of  the  impact.     If 

*  For  an  estimate  of  the  pressure  including  the  friction  and  the  weight  of  the  ma« 
chine,  see  Phil.  Trans,  vol  xlix.  or  New  Abridgment,  vol  x.  p.  659. 
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while  the  line  gs  is  transported  parallel  to  itself  from  gs  to 
gV,  we  imagine  that  it  turns  about  the  moveable  point  g,  as 
the  particles  of  the  body  have  greater  or  less  velocities  as  they 
are  more  or  less  distant  from  g,  it  is  manifest  that  there  is  upon 
SG  a  certain  point  c,  which  will  be  found  to  describe  from  c' 
towards  c  an  arc  aqual  to  gg',  which  during  an  evanescent  in- 
stant may  be  regarded  as  a  right  line ;  in  that  case  the  point  c 
will  have  been  carried  as  far  backward  by  its  motion  of  rotation 
as  it  will  have  been  advanced  parallel  to  go'  by  the  velocity 
common  to  all  the  parts  of  the  body ;  the  point  c  has,  there- 
fore, during  this  instant,  been  actually  at  rest  in  c';  and  may, 
consequently,  be  considered  as  a  fixed  point  about  which  the 
body  during  such  instant  has  a  rotatory  motion. 

323.  Prop.  The  centre  of  spontaneous  rotation  is  the  same 
with  the  centre  of  suspension  corresponding  to  the  centre  of 
percussion^  the  centre  of  percussion  being  that  point  where  the 
oody  is  struck. 

The  arcs  cc',  si,  which  the  points  c  and  s  describe  during  an 
instant,  being  regarded  as  right  lines  perpendicular  to  gs  or 
parallel  to  gg',  the  similar  triangles  cgg',  g's  i,  give  gs  :  gc  :  : 

81 :  gg'  :  now  the  velocity  gg'  will  be  expressed,  by  — ,  and  the 
velocity  s'l  by  -y^—-  (art.  301.) ;  therefore  gs  ;  gc  :  :  -y^- 
— ;  and  consequently  00=^—^5  the  r,  r\  &c.  being  reckoned 
from  G.      Hence  cs  =  gs  -i"^  =  L£_Jz£L^  which  value  of  cs 


B>OS  B'GS 


corresponds  with  the  value  of  co  in  art.  318;  because  when 
we  have  the  momentum  of  inertia  with  regard  to  an  axis  passing 
through  the  centre  of  gravity  g,  we  obtain  that  momentum  with 
re^ra  to  any  other  axis  si  parallel  to  the  former,  by  adding 
to  it  the  product  of  the  mass  into  the  square  of  the  distance  gs 
between  the  two  axes. 

The  same  conclusion  may  be  otherwise  deduced,  thus:  — 
The  action  of  the  body  against  an  immoveable  obstacle  in  the 
centre  of  percussion  must  nave  the  same  effect  upon  the  body 
as  if  the  body  had  been  at  rest  and  the  obstacle  had  struck  it ; 
in  which  latter  case  the  centre  of  suspension  would  not  be 
affected,  and  therefore  it  becomes  the  centre  of  spontaneous 
rotation. 

CoE»  1.  Since  <p  the  force  does  not  enter  the  above  value  of 
cS}  we  see  that  the  position  of  the  centre  of  spontaneous  rotation 
is  independent  of  the  magnitude  of  the  impact, 

CoR.  S.  The  distance  cg  is  always  greater  as  the  force  ^,  or 
the  result  of  all  the  forces,  acts  nearer  the  centre  ^gravity; 
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and  vice  versa.     So  that  when  (ps  coincides  with  gg,  gc  will  be 
infinite ;  or  there  will  be  no  motion  of  rotation. 

Cor.  »3.  Tfan  impact  be  made  on  any  point  of  the  axis  of  a 
symmetrical  body^  or  a  solid  of  rotation  ^  and  that  point  be  coU" 
^idered  as  the  point  of  suspension^  the  corresponding  centre  of 
oscillation  will  be  the  centre  of  spontaneous  rotation. 

This  will  be  evident  on  comparing  this  proposition  with  art. 
306.  cor.  5.  and  S18.  cor.  1. 

Cor.  4.  To  whatever  point  of  a  right  line  drawn  through 
the  centre  of  gravity  o^*  a  body  the  impact  be  applied,  the 
velocity  of  the  centre  of  gravity  will  be  the  same. 

For  the  expression  —  denoting  the  velocity^  contains  no  di- 
stance. The  same  thing  will  readily  appear  otherwise,  thus : 
To  whatever  point  of  qp  (fig.  15.)  the  force  ^  is  applied,  the 
incipient  motion  q  •  ay  +  p  •  ly  will  be  the  same,  by  the  second 
law  of  motion,  the  particles  q,  p,  being  connected  by  the 
inflexible  line  qp;  and,  consequently,  the  velocity  of  the  cen- 
tre of  gravity,  or  gg',  is  always  the  same  as  if  both  particles 
were  placed  at  g,  and  impelled  by  the  same  force  <p  ;  for  gg'= 

'vp^i^'Qq  ^  l^y  ^^  nature  of  the  centre  of  gravity.     And  the 

same  thing  may  be  shown  of  as  many  other  points  as  we 
please. 

Cob.  6.  Hence,  in  rotations  about  a  centre  of  spontaneous 
gyratioti,  the  permanency  of  the  quantity  of  motion  obtains. 

324.  Prop.  fVhen  <p  s,  the  direction  of  the  impact,  passes 
through  the  centre  of  the  impelling  body,  the  centre  of  gravity 
of  the  body  struck  zcill  move  with  a  velocity  equal  to  the  pro^ 
duct  of  the  quantity  of  motion  of  the  impelling  body  into  the 
distance  between  the  centres  of  gravity  and  spontaneous  rota^ 
tion,  divided  by  the  sums  of  the  products  of  the  impelling  body 
into  the  distance  of  the  point  of  impact  from  the  centre  of 
spontaneous  rotation,  and  of  the  impelled  body  into  the  distance 
oetween  the  centres  of  spontaneous  rotation  and  of  gravity. 

Let  the  quantity  of  matter  of  the  impinging  body  be  b,  its 
velocity  v,  or  bv=i(p;  and  when  the  body  b  is  struck  in  the 
direction  ^s  (in  which  the  centre  of  the  body  b  is  always  found), 
let  the  velocity  of  its  centre  of  gravity  be  v,  the  centre  of 
spontaneous  conversion  being  at  c.     Then  ca  :  cs  :  :  v  :  the 


velocity  of  the   point  s,  which  is  therefore  =:v — ;  conse- 
quently  i;  —  v  —  =  the  velocity  lost  by  b  in  the  direction  fs : 


# 
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whence  by  the  third  law  of  motion  b  -  ^ — *"  '     ::rB»v>and, 

■'  CO  '  ' 

by  reduction,  v  == ; — 

•^  '  9'CQ  +  b-C& 

Cor.  If  the  inertia  of  the  striking  body  be  evanescent,  tho 

velocity  V  will  become  —  or  —  ;  being  the  sanie  as  would  be 

generated  in  the  centre  of  gravity  if  the  body  h  impinged  di- 
rectly  on  it  with  the  velocity  v. 

325.  Prop.  The  conditions  in  the  last  corollary  being  retained^ 
the  angular  velocity  of  the  centre  of  t?te  system  about  tJie  cen- 
tre of  gravity  i  is  equal  to  the  momentum  (^the  impelling  body, 
divided  by  twice  the  product  of  the  mass  of  the  impelled  body 
andtlie  distance  go,  into  the  periphery  of  a  circle  whose  diame- 
ter is  unity. 

If  a  fixed  axis  passed  through  c,  the  centre  of  gravity  would 

describe  a  circle  whose  radius  is  cg  with  the  velocity  — . 

But  in  the  present  case  the  motion  of  the  system  will  (art.  822.) 
be  compounded  of  the  uniform  rectilinear  motion  of  the  centre 
of  gravity  in  the  direction  gg',  perpendicular  to  cs,  and  the 
angular  motion  xg'p=gcg',  generated  round  the  centre  of 
gravity.    And,  since  the  periphery  of  a  circle  whose  radius  is 

CG  is  2ir«CG,  we  have  this  analogy,  —  i^it'CQiiV:—^ — , 

the  time  of  one  revolution  in  seconds :  whence  it  follows^ 
that  the  number  of  revolutions,  or  parts  of  a  revolution,  in  a 

second,  or  the  angular  velocity  u,  will  be  1  -^ ^ z: 

bv 

29r*B*CO 

Cor.  1.  Since  c  is  the  centre  of  percussion  to  s  as  a  centre  of 
motion,  if  o,  he  the  centre  of  gyration  with  respect  to  g  as  a 
centre  of  motion  (that  is,  if  q  be  the  principal  centre  of  gyra« 

tion),  we  have  (art.  310.  cor.  2.)  gc-gs=gq*,  or  cgzi ;  this 

value  of  CG  being  substituted  for  it  in  the  preceding  expression 

for  the  angular  velocity,  it  becomes u=  ^  ^^[^  ^. 

Cor.  2.  The  centre  of  spontaneous  rotation,  during  the 
motion  of  the  system,  describes  the  common  cycloid. 

For  the  motion  of  any  point  in  the  system  is  compounded  of 
the  uniform  rectilineal  motion  of  the  centre  of  gravity,  and  of 
the  angular  motion  generated  round  that  centre :  but  (art.  322.) 
the  velocity  with   which  the  centre  of  spontaneous  rotation 
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would  move  rpund  the  centre  of  gravity,  if  there  only  existi^  n 
rotatory  motion  in  the  system,  would  be  equal  to  that  witlpi 
which  the  centre  of  gravity  would  move  round  it,  if  the  centre 
c  were  fixed:  consequently,  since  the  centre  c  has  both  a 
rotatonr  and  a  progressive  motion,  each  of  which  is  equal  to 
that  of  the  centre  pf  gravity,  it  will  describe  a  cycloid. 

326.  Prop.  In  the  body  or  system  b  (fig.  15.)  ^c?  wkich^  when 
quiescent  motion  has  been  communicated  by  the  impulse  of  a 
force  (p  without  inertia^  that  iSy  rectilinear  motion  to  the  centre 
of  gravity  measttred  by  the  space  v  which  that  centre  zsxmld 
describe  uniformly  in  any  given  time^  and  Qngidar  motion 
measured  by  the  revolutions  u,  or  parts  of  a  revolution,  which 
it  would  describe  uniformly  round  a  in  the  saine  time ;  then  if 
the  notation  in  the  preceding  propositions  b^  retained^  and  o,  be 
the  principal  centre  of  gyration  when  the  system  revolves  about 
its  centre  of  gravity  ^  the  perpendicular  distancefrom  the  centre 
of  gravity  at  whicli  the  impdling  force  must  act  so  as  to  have 
generated  these  progressive  and  rotatory  motions  will  be  c^^ 

V 

Let  ^s  be  the  direction  of  the  impulse,  and  let  p  be  equal  to 
the  momentum  of  an  evanescent  body  b  moving  with  the 
velocity  t',  b  being  the  weight  of  the  system ;  tlien  (art^  384, 
cor.)  the  velocity  communicated  to  the  centre  of  gravity  will 

An 

be  =  — ;  and  the  angular  velocity  generated  in  the  system 

{art.  825.  cor.  l.)zz^j^ — ^.     But,  by  the  prop,  the  velocity 

communicated  to  the  centre  of  gravity  is  v,  and  the  angular 
motion,  that  is,  the  number  of  revolutions,  or  parts  of  a  revo- 
lution, described  while  the  centre  of  gravity  passes  over  the 
space  v^  is  u:  so  that,  from  the  conditions  tnere  arises  thi$ 

«quatiop,  V  =  j;^-  --j^^,,  by  putting  v  for  its  equal  -y. 
Hence  gs= . 


Cor.  If  the  body  b  be  a  sphere  whose  radius  is  r,  then« 
axL  312,  Ga^=-3^r,  and  if  u  he  the  absolute  velocity  of  rc^tion 


u 


of  an  equator  of  the  sphere,  we  have  u  ==  ■; — ;  whence  the 


'2nr 


f* 


preoedlog  value  of  os  i«  transformed  to  this,  Gsrr^r  — . 


SCHOLIUM. 

3S7.  This  proposition  may  be  app^i^  to  the  doul4e  ^ociatiiNi 
of  the  planets.    The  earth  re(V<dv^  »}uoxxt  an  axib  passing 

VOL.  I.  X 
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through  its  centre  of  gravity,  while,  by  a  motion  of  translation, 
that  centre  is  carried  on  in  free  space  in  an  orbit  nearly  cir- 
cular. And  a  similar  kind  of  double  motion  has  been  dis- 
covered in  several  of  the  planets ;  and  analogy  leads  us  to 
believe  it  obtains  in  the  others.  Now,  supposing  the  bodies  of 
the  planets  to  be  spherical,  as  they  are  nearly,  the  use  of 
this  proposition  at  once  appears.  Having  given,  for  instance, 
the  magnitude  of  an  impulse  with  respect  to  the  mass  of  the 
earth,  and  the  direction  ^s  in  which  it  was  applied,  at  any 
given  distance  sg  from  the  centre  of  gravity,  the  angular 
motion  round  g  would  be  inferred :  and,  conversely,  if  the 
actual  rotatory  velocity  of  the  earth's  equator  and  the  velocity 
of  its  orbit  be  ascertamed,  the  distance  gs  from  the  centre  at 
which  it  may  have  received  a  single  impulse  ^s,  adequate  to 
produce  the  double  motion,  may  readily  oe  found. 

Thus,  any  point  in  the  earth's  equator  passes  over  25020 
miles  by  rotation  in  a  sidereal  day ;  and  if  the  mean  distance 
of  the  earth  from  the  sun  be  95  millions  of  miles,  the  earth 
will  pass  over  nearly  596904000  miles  by  its  orbital  motion,  in 
a  year,  or  about  366  sidereal  days:  hence  596904000—366  = 
16308852,  will  bezrv  in  our  theorem,  while  25020=w.     Con- 

sequently  GS=|r-^=:jg^.  So  that  if  an  impulse  be  im- 
pressed on  a  quiescent  sphere,  and  the  direction  of  the  force 
should  be  at  a  distance  as  from  its  centre  of  gravity  of  about 
xiy  P**"^  ^^  the  radius,  the  angular  motion  of  that  sphere,  and 
the  absolute  motion  of  its  centre,  will  have  the  same  relation  to 
each  other,  as  those  which  actually  obtain  in  the  earth. 

The  time  of  the  rotations  of  Mercury,  Venus,  Herschel,  and 
the  other  planets,  is  unknown ;  but  for  the  following  planets 
it  is  ascertained ;  so  that  by  the  same  theorem  we  obtain  these 

values  of  Gs.     Mars-^;  Jupiter -^^^j  Satum^^^;  the 

moon  55j-     We  have  not  suflScient  data  to  determine  this  for 

the  sun.  "  But  (n«:  Dr.  Robison  remarks)  the  very  circumstance 
of  his  having  a  rotation  in  27d.  7h.  47m.  makes  it  very  pro- 
1)able,  that  he,  with  all  his  attending  planets,  is  also  moving 
forward  in  the  celestial  spaces,  perhaps  round  some  centre  of 
still  more  general  and  extensive  gravitation ;  for,  the  perfect 
opposition  and  equaUty  of  two  forces,  necessary  fot  giving  a 
rotation  without  a  progressive  motion,  has  the  odds  against  it 
of  infinity  to  unity.  This  corroborates  the  conjectures  of  phi- 
losophers,  and  the  observations  of  Herschel  and  other  astrono- 
mers, who  think  that  the  solar  system  is  approaching  to  that 
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quarter  of  the  heavens  in  which  the  constellation  Aquila  is 
ntiiated.'^ 

828.  Prop,  If  a  body  revolve  about  an  axis  passing  through 
its  centre  of  gravity  with  the  angular  telocity  u,  while  this  axis 
is  carried  round  another  axis^  also  passing  through  its  centj'e  of 
gravity^  with  the  angular  velocity  u,  these  two  ntotions  compose 
a  motion  of  every  particle  of  the  body  round  a  third  axis  lying 
in  (heptane  of  the  other  two^  and  inclined  to  each  of  the  former 
aaes  in  angles  wJiose  sines  are  inversely  as  the  angular  velocities 
round  them ;  and  tlie  angular  velocity  v  about  this  new  axis  is 
to  that  about  one  of  the  primitive  axis  as  ihe  sine  qftlie  inclina^ 
tion  of  the  latter  cucis^  to  the  sine  of  the  inclination  of  the  new 
axis  to  the  other  primitive  axis. 

Thus,  if  a  boay  turn  round  an  axis  Aoa  (fig.  1.  pi.  XV.) 
passing  through  its  centre  of  gravity  g  with  the  angular  velocity 
U;  while  this  axis  is  carried  round  another  axis  Bob  with  the 
angular  velocity  u,  and  if  gd  be  taken  to  ge  as  u  to  t/,  (the 
points  B  and  e  being  taken  on  that  side  of  the  centre  where 
they  are  moving  towards  the  same  side  of  the  plane  of  the 
figure,)  and  the  line  de  be  drawn,  the  whole  and  every  particle 
of  the  body  will  be  in  a  state  of  rotation  about  a  third  axis  cgc, 
parallel  to  de,  lying  in  the  plane  of  the  other  two ;  and  the 
angular  velocity  v  about  the  axis  cor,  will  be  to  u,  and  to  u^  as 
de  is  to  GD  and  to  ge.  For,  let  p  be  any  particle  of  the  body, 
and  suppose  a  spherical  surface  whose  centre  is  g  to  pass  through 
p.  Draw  PR  perpendicular  to  the  plane  of  the  figure :  then  is 
PR  the  common  section  of  the  circle  of  rotation  ipi  round  the 
axis  Aa,  and  the  circle  kp^  of  rotation  round  the  axis  si.  Let 
F  and  o  be  the  centres  of  these  circles  of  rotation,  and  li,  kAt, 
their  diameters.  Draw  the  radii  pf,  po,  and  the  tangents  pm, 
pn;  these  tangents  are  in  a  plane  mpn  which  touches  the 
sphere  in  p  and  cuts  the  plane  of  the  axis  in  a  line  mn,  to 
which  a  line  drawn  from  g  through  r  would  be  perpendicular. 
Suppose  PN  to  represent  the  velocity  of  rotation  of  the  point  p 
about  the  axis  Bby  while  p/*  represents  its  velocity  of  rotation 
about  Aa;  and  complete  the  parallelogram  pn(/*:  then  is  p^ 
the  direction  and  velocity  of  die  resultant  of  the  compoi^tion 
of  PN  and  pfj  and  it  is  manifestly  in  the  same  plane  as  the  con- 
stituent lines.  Let  perpendiculars  yp,  <t,  be  drawn  to  the 
plane  of  the  axis,  and  the  parallelo^am  pn^  will  be  ortho- 
graphically  projected  on  that  plane,  its  projection  being  also  a 
parallelogram  rntf,  (art.  68.)  ♦.  Draw  the  diagonal  rt. 
TJhen,  since  pr  is  perpendicular  to  the  plane  of  the  primitive 
axis,  PR^T  is  so  likewise:  and  consequently,  the  compound 

*  The  eoincidence  of  r  with  the  eentre  of  the  circle  ni  is  purely  accidental. 

X  ^ 


and  RN  = .     But  the  velocity  of  p  about  the  axis  b6  is  tt«oP: 

OP  "^ 

whence  en r:      ^'^^-  sw-pr.    In  like  manner  rf=u«pr.     Con- 
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motion  p/  is  in  the  plane  of  a  circle  of  revolution  about  some 
axis  situated  in  the  plane  of  the  other  two.  Produce  tr,  and 
draw  GO  intersecting  it  perpendicularly  in  h  ;  and  let  lpZ  be  the 
circle  of  rotation,  its  diameter  being  lZ=2i.h:  then  is  p^  a 
tangent,  and  perpendicular  to  ph  ;  and  it  will  meet  RT  in  some 
point  Q  of  the  line  mn.  The  particle  p  is  in  a  state  of  rotation 
about  the  axis  cgc,  and  its  velocity  is  to  the  velocities  round 
Aflf,  or  b6,  as  Ft  to  pf  or  to  pn.  ]Now  pn  the  tangent  is  perp. 
to  op,  and  pr  is  perp.  to  on  :  therefore,  op  :  pn  :  :  PR  :  rn, 

PR*PN 
OP 

U'OP'pa 

OP 

sequently  rf  :  rn  :  :  u  :  :  gd  :  ge.  But  nt  :  rn  :  :  sin 
If  RT :  sin  N  TR,  and  od  :  ge  : :  sin  ged  :  sin  ode;  hence,  sin  nrt  : 
sin  NTR  : :  sin  ged  :  sin  gde.  Now  since  nr  is  perpendicular 
to  EG,  and  NT  (parallel  to  if)  perpendicular  to  dg,  we  have 
RNT  =  EGD.  Hence  tr  is  perpendicular,  and  cc  parallel  to  En, 
and  the  rotation  of  the  particle  p  is  about  an  axis  parallel  to 
ED«  Also,  since  rn,  rf,  rt,  are  as  the  velocities  u^  u,  v,  about 
these  different  axes,  and  vary  respectively  as  eg,  do,  pe,  we 
have  V :  V  :  u:  :  EH  :  QD  :  gf,  which  was  to  be  demonstrated. 

Cor.  1.  Hence,  if  every  particle  of  a  body,  whether  solid  or 
fluid,  receive  at  the  same  instant  two  separate  impulses,  the  one 
competent  to  the  production  of  a  motion  of  the  particle  round 
an  axis  with  a  certain  angular  velocity,  and  the  other  competent 
to  the  production  of  a  rotatory  motion  about  another  axis  with 
a  certam  velocity,  the  combined  effect  of  these  impulsions  will 
be  a  motion  of  the  whole  system  about  a  third  axis  given  in 
position,  with  an  angular  velocity  which  is  also  given ;  and  this 
motion  will  obtain  without  any  separation  or  disunion  qfparts^ 
except  such  as  may  be  occasioned  by  the  action  of  the  centri- 
fugal forces  resultmg  from  the  rotation. 

Cor.  2.  Hence,  also,  if  a  body  be  turning  round  any  axis,  and 
every  particle  in  one  instant  get  precisely  such  an  impulse  as  is 
competent  to  produce  a  g^ven  angular  velocity  round  another 
axis,  the  body  will  turn  round  a  third  axis  given  in  position  with 
a  given  angular  velocity. 

CoR.  3.  Lastly,  when  a  rigid  body  acquires  a  rotation  about 
an  axis  by  an  impulse  on  one  part  of  it,  and  either  at  the  same 
'time  or  afterwards  receives  an  impulse  on  any  part,  which, 
alone,  would  have  produced  a  certain  rotation  about  another 
axis,  the  joint  effect  of  these  impulses  will  be  a  rotation  about 
a  third  axis,  in  conformity  with  this  proposition.  For  when  a 
rigid  body  acquires  a  motion  about  an  axis,  not  by  the  simul- 
taneous impulse  of  the  precisely  competent  force  on  each 
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particle,  but  by  an  impulse  on  one  part,  there  has  been  propa- 
^ted  to  every  particle  (by  means  of  the  cohesive  forces)  an 
impulse  precisely  competent  to  the  production  of  that  motion 
which  the  particle  actually  acquires;  and  when  a  rigid  body 
already  turning  round  an  axis  ha  receives  an  impulse  which 
makes  it  actually  turn  about  another  axis  cc,  there  has  been 
propagated  to  each  particle  a  force  precisely  adequate  to  the 
production,  not  of  the  motion,  but  of  the  chcmge  of  motion 
which  takes  place  in  that  particle,  that  is^  a  force  which,  when 
compounded  with  the  inherent  force  of  its  primitive  motion, 
proauces  the  new  motion ;  that  is,  (by  the  prop.)  a  force  which 
alone  would  have  caused  it  to  turn  about  a  third  axis  b&,  with 
a  rotation  making  the  other  component  of  the  actual  rotation 
about  cc. 


SCHOLIUM. 

This  elegant  theorem,  the  enunciation  of  which  is  due  to 
P*  Frisi,  is  very  important,  and  ^ves  a  great  extension  to  the 
doctrine  of  the  composition  of  motion.  It  is  of  great  use  in 
many  curious  problems,  and  particularly  that  of  the  precession 
of  the  equinoxes.  Such  as  wish  for  further  information  on  va- 
rious points  connected  with  the  subjects  of  this  chapter  may 
consult  SimpsprCs  TractSi  Frist's  Cosmographia,  Mr,  Vince's 
Paper  in  ike  Phil.  Trans.  1780,  Landens  Memoirs,  Atwood 
on  the  Rotatory  Motion  qf  Bodies^  the  article  Rotation  in 
the  Eneychpcema  Btitannica,  Ettler's  Treaiiss  de  Motu  CoV' 
porufn  rigidorumf  &c. 
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CHAPTER  V. 


fHYSICO-MATUBMATICAL   THEORY   OF   PERCUSSION. 


329*  Defs.  In  the  ordinary  theory  of  percussion,  or  collision, 
bodies  are  regarded  as  either  hard^  soft,  or  elastic,  A  ?iard 
body  is  that  iivhose  parts  do  not  yield  to  any  stroke  or  percus- 
sion, but  retains  its  figure  unaltered.  A  soft  body  is  thisit  whose 
parts  yield  to  any  stroke  or  impression,  without  restoring  them- 
selves again,  the  shape  of  the  body  remaining  altered.  ^'  An 
elastic  body  is  that  whose  parts  yield  to  any  stroke,  but  presently 
restore  themselves  again,  so  that  the  body  regains  the  same 
ffgure  as  before  the  stroke.  When  bodies  which  have  been  sub- 
jected to  a  stroke  or  a  pressure  return  only  in  part  to  their 
ori^nal  form,  the  elasticity  is  then  imperfect :  but  if  they  r^ 
store  themselves  entirely  to  their  primitive  shape,  and  employ 
just  as  much  time  in  the  restoration  as  was  occupied  in  the 
compres»on,  then  is  the  elasticity  perfect* 

It  has  been  customary  to  treat  only  of  the  collision  of  bodies 
perfectly  hard  or  perfectly  elastic :  but  as  there  do  not  exist  in 
nature  any  bodies  (which  we  know)  of  either  the  one  or  the 
other  of  these  kinds,  the  usual  theories  are  of  no  service  in  prac- 
tical mechanics.  In  fact,  if  the  effects  which  are  experienced 
in  the  mutual  impact  of  such  bodies  as  nature  furnishes  were 
the  same  as  those  which  would  result  from  bodies  perfectly  hard, 
it  would  appear  impossible  to  oppose  to  the  moving  bodies  any 
pressure  capable  of  destroying  their  effects.  For  the  quantity 
of  motion,  or  the  momentum  of  a  moving  body,  being  valued  by 
the  product  of  its  mass  and  velocity,  while  the  effect  produced 
by  a  bod^  which  merely  presses  is  estimated  by  the  product  of 
its  mass  into  a  velocity  denoted  by  0 ;  one  of  the  factors  of  the 
latter  product  will  do  nothing,  while  both  factors  of  the  former 
will  be  finite,  and  of  consequence  the  magnitudes  are  such  as 
cannot  be  compared. 

Yet  we  may  easily  be  convinced  by  daily  experience,  that  the 
advantage  which  bodies  moving  swiftly  have  over  those  which 
oppose  merely  a  resistance  of  pressure,  though  very  great,  is  by 
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no  means  infinite.   Numerous  drcumstances  which  will  be  sug« 

fested  to  every  mind,  prove  that,  physically  speaking,,  we  may 
alance  a  percussive  force  by  one  of  mere  pressure,  and  even 
that  the  latter  may  overcome  the  former  and  produce  a  greater 
eflFect*.  It  argues  nothing  to  ascribe  any  part  of  this  to  fric' 
Hon ;  for  friction  itself  is  a  species  of  pressive  force,  or  is,  cer- 
tainly, more  analogous  to  pressure  than  to  percussion. 

The  causes  to  which  we  should  attribute  the  difference  which 
subsists  between  the  effects  of  impact  .and  of  simple  pressure 
maj(  be  readily  traced.  When  a  body,  supposed  perfectly  hard^ 
in  the  course  of  its  motion  strikes  another  body,  perfectly  hard 
also,  the  variation  of  motion  ought  to  be  produced  in  an  in- 
divisible instant,  in  such  sort,  that  between  the  initial  velocity 
and  the  velocity  after  the  shock  there  shall  not  be  any  inter- 
mediate velocity.  But  if  the  motion  of  the  body  were  modified 
by  a  pressure,  or  by  a  constant  force,  as  gravity,  then  it  would 
chan^  by  sensible  degrees,  and  have  undergone  a  determinate 
variation  at  the  end  of  a  certain  time. 

It  is  therefore  the  law  of  continuity  so  usually  though  not 
constantly  manifested  in  nature,  which  distinguishes  the  effects 
of  pression  and  those  of  impact,  when  the  kardfiess  is  infinite : 
but  as  such  hardness  no  where  exists,  since  matter  always 
possesses  a  certain  degree  of  elasticity,  and  a  limited,  cohesion 
of  particles  which  may  be  surmounted,  we  may  inquire  if  per- 
cussion, considered  physically,  conforms  to  the  law  of  conti- 
nuity. Now  when  a  body  strikes  another,  two  effects  have 
place  in  each.  1  st.  The  parts  in  contact  yield  to  the  action  of 
the  stroke  and  become  compressed,  so  that  the  figure  of  the 
bodies  is  altered  by  a  flattening  or  impression,  which  obtains  ia 
the  parts  in  contact,  and  in  the  neighbourhood  of  those  parts. 
Sd.  When  the  flattening  or  impression  has  arrived  at  the  greatest 
degree  of  which  the  bodies  are  susceptible,  then  their  inherent 
elasticity  tends  to  destroy  the  impression,  and  effaces  it  eith^ 
wholly  or  in  part ;  this  produces  a  mutual  action  and  reaction  of 
the  bodies,  which  is  continued  till  they  are  no  longer  in  con- 


*  Thus,  in  driving  the  piles  for  the  foundation  of  the  bridge  of  some  taSHs,  where 
the  soil  upon  which  the  bridge  was  to  be  erected  was  a  pure  sand  of  uniform  density  to< 
the  depth  of  4?  feet,  no  piles  could  be  driven  lower  than  15  feet,  although  the  ram. 
Riers  in  the  engines  employed  were  enormously  great.  So  that  percussion  is  brought 
into  a  state  of  equilibrium  with  mere  pressure,  and  cannot  therefore  be  infinitely 
greater.  Indeed  it  is  not  a  little  inconsistent  that  many  authors,  while  they  admit 
that  impact  and  pressure  are  comparable  in  the  theory  of  Hydrodynamics,  and'  Pneu- 
matics  (as  when,  for  example,  they  assume  the  weight  of  a  column  of  water  equat  to 
ihefirce  qf  impact  of  that  fluid  on  a  wheel),  should  deny  the  same  thing  when  writing 
on  Dynamics. 
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tuct  ♦*  Hence  it  appears,  that  the  lait  of  cotftiniiity  is  &S* 
lowed  actually  in  the  impact  of  bodies ;  and  that  no  alteratiott 
in  their  motion  takes  place,  withont  the  previous  t^ing  place 
6f  all  tile  intermediate  alterations.  It  is  tf  oe  this  alteration  is^ 
tiwBys  produced  during  an  extremely  short  interval  of  time^ 
and  thia  occasions  the  great  disproportion  which  is  observed  be- 
tween the  dfTecta  of  impact  and  those  of  pressure :  but  it  is  not- 
wkhtftanding  inconceivable,  as  Mr.  Atwood  remarks,  "  that  any 
ireally  existing  body  should  pass  from  quiescence  into  finite  mo- 
tion, or  from  one  degree  of  finite  motion  to  another,  without 
having  possessed  all  the  intermediate  degrees  of  velocity  :*  and 
hence  it  follows  that  the  phenomena  of  collision  may  be  con- 
sidered of  a  kindred  class  to  those  which  are  occasbned  by  ac- 
celerating or  retarding  forces,  and  act  by  insensible  degrees  in 
order  to  produce  a  finite  effect. 

After  these  preliminary  observations,  we  shall  now  ptesefil 
the  reader  with  a  physical  theory  of  percussion^  which  will  com- 
prehend all  the  circumstances  of  the  motion,  both  daring  and 


^  A  vefy  (fisfinci  rie^  of  ihid  prooefis  hts  ht^ti  gitett  by  Df.  ttoUaoti  in  tbe  aftiekf 
iiiPULsioM,  Supp,  Ency,  Britan,  from  which  the  following  is  extracted : 

^*  As  soon  as  tbe  bodies  con^e  into  sensible  contact,  compression  must  begin ;  for  iNrcr 
Aity  suppose  tbe  bodies  to  be  two  balls,  which  will  therefore  touch  only  in  one  pohit. 
Tb«  mutual  pressure,  which  is  necessary  in  order  to  produce  the  retArdation  of  a,  an^ 
f  he  acceleration  of  b,  is  exerted  only  on  the  foremost  particle  of  a,  and  the  hindmost 
particle  of  b  ;  t)ut  no  aiofti  of  matter  can  be  put  in  motion,  or  have  its  motion  any 
Irtfy  changed,  unless  H  be  acted  on  bjr  an  adequate  force.  The  ibrce  urghcig  any 
indiridua)  particle  inusf  be  precisely  competent  to  the  production  of  tbe  very  change 
of  motion  which  obtains  in  that  particle.  Except  the  two  particles  which  come  into 
contact  in  the  collision,  all  the  other  particles  are  immediately  actuated  by  the  forces 
^ich  connect  them  Vith  each  o^er ;  and  the  force  acting  on  an^  one  is  generaity 
<;oiup&unded  of  many  forces  ^hich  comiect  that  particle  with  tho<e  lic^oining.  There-^ 
fore«  when  a  (livertakes  b,  the  foremost  particle  of  a  is  immediately  retarded }  the  pai*-! 
ttcles  behind  it  would  move  forward,  if  their  mutual  connexion  were  dissolved  in  that 
instant ;  bat,  this  remaining,  they  onty  approach  nearer  to  the  foremost  striking  par- 
ticles, and  thus  make  a  eomp^CMsion,  which  gives  occasion  for  the  inherent  elasticity 
lo  exert  itself,  and,  by  its  reaction,  retard  the  following  particles.  Thus  each  stratumr 
(so  to  conceive  it),  continuing  in  motion,  makes  a  compression,  which  occasions  tbe 
elasticity  to  react,  aikl,  by  reacting,  to  retard  the  stratam  immediately  behind  iL  Thi$ 
happens  in  succession :  tbe  compression  and  elastic  reaction  begin  in  tbe  anterior 
stratum,  and  take  place  in  succession  backward,  and  the  whole  body  gets  rnto  a  state 
of  compression.  Things  happen  in  the  same  manner  in  b,  but  in  the  contrary  direct 
tion,  the  foremost  sttata  being  tEe  last  which  are  compressed.  All  this  is  done  in  an 
instant  (as  we  commonly,  but  inaccurately,  speak),  that  is,  m  a  very  small  and  in- 
sensible moment  of  time ;  but  in  this  moment  there  is  the  same  gradual  compression^ 
increase  of  mutual  action,  greatest  compression,  common  velocity,  subsequeni  restitu- 
tion, and  final  separation,  as  in  the  case  of  bodies  ^^th  a  slender  spring  interposed,  or 
even  in  the  case  of  rnutually  repeffing  magnets.  In  all  the  cases,  the  changes  oi 
motion  are  produced  fcy  the  elasticity  or  the  repulsion,  and  not  by  tbe  transfusion  of 
the  force  of  motion.  The  chftnging  force  is  indeed  inherent  in  the  bodies,  but  not 
because  they  are  in  motion ;  the  use  of  the  motion  is  to  give  occasion,  by  coatmue^ 
tompressiou,  for  the  continued  operation  of  the  inherent  elasticity.*' 


ftftet  the  stroke^  From  the  same  i^oufce  the  kws  of  the  eoUU 
sion  of  h^rd,  soft,  and  perfectly  ot  imperfectly  elastic  bodies^ 
tfrill  be  deduced^  All  that  we  shall  give  which  is  differetit 
from  the  usual  theory,  we  wish  to  h&  cotisidered  as  originally 
due  td  Don  George  Juan^  a  Spanish  author,  and  published  iii 
1771^  in  a  work  entitled  Ea:amen  Maritimo*  The  same  theory 
has  been  lately  adopted  by  M*  Pranyy  and  some  othe^  French 
authors^  As  the  mode  of  investigation  is  analytical  tbrongb^ 
out,  it  shall  be  presented  nearly  in  its  original  state,  withoitl 
announcing  the  various  particulars  as  they  arise,  in  sepaarate  pro* 
positions^ 

SSO4  Def.  By  the  Depth  of  the  irnpreision  we  iaean  ii§ 
greatest  lineal  measure  in  the  durection  of  the  motion ;  aM  if  the 
whole  impression  were  a  spheric  segment  the  depth  would  be  it» 
Versed  sine«  The  Amplitude  of  the  impremon  is  the  greatest 
section  which  can  be  taken  perpendicularly  to  the  direction  of 
the  motion :  in  the  case  of  a  spherical  body  it  would  be  dw 
circular  base  of  a  segments 

Through  the  whole  of  this  investigation  the  various  <|uantKi 
ties  will  be  thus  represented  i 

m  and  ^,  the  two  bodies  which  strike  each  other  ^ 

b  and  ^,  the  amplitudes  of  impression ; 

r  and  ^,  the  cotfnpRratiVe  baroness  of  the  bodies  $ 

iT  and  2,  the  depths  of  the  impressions  ^ 

J^aXid  f  y  the  quantities  of  motion  -wlaxAi  the  bodiel^  aequird  lit 
a  unit  of  time,  in  virtue  of  the  action  of  the  con* 
stant  pollers ; 

"W  and  is),  the  velocities  with  which  the  shock  commences  i 

u  and  Vf  the  velocities  in  any  instant  of  the  shock ; 

9  and  0-^  the  spaces  d^ribed  in  the  same  tinfie ; 

ty  that  time< 

Any  other  characters*  that  may  h&  adopted  will  be  e^cpdkinecl 
as  they  first  ocfcor« 

SSL  Let  ill  be  apposed  that  the  body  th  MloMrs  And  striked 
the  body  /a,  and,  of  consequence,  that  the  velocity  w  is  greater 
than  w  5  without  this  the  impact  can  never  take  place,  uhfess  the 
velocity  w  be  negative,  or  contrary  to  w :  but  for  the  greater 
fac'dity,  we  shall  suppose  all  along  (except  it  be  otherwise  ex- 
pressed) that  the  powers  /  and  ^,  as  well  as  the  velocities  w 
and  Wf  are  positive ;  for  it  will  be  easy  to  render  either  of  th«f 
quantities  negative  in  the  result  of  the  computation* 

Let  it  he  supposed^  moreover,  that  the  two  bodies  are  moving 
in  the  same  direction^  and  that  the  impact  is  so  etfected  that  i( 
does  not  produce  any  gyratory  motion ;  otherwise  we  shoula 
render  the  investigation  very  intricate  and  perplexing. 
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Finally,  let  the  bodies  m  and  jx  be  oonudered  as  so  lai^  that 
the  impressions  made  upon  them  by  the  shock  shall  not  pro- 
duce any  sensdble  change  in  the  place  of  the  centre  of  gravity, 
or  that  the  motions  of  these  centres  shall  not  be  sensibly  af- 
fected by  the  relative  change  of  situation,  in  the  various  mole- 
culse  of  the  bodies. 

S2S.  All  the  quantities  mentioned  in  art.  880.  may  be  readily 
introduced  into  the  calculus,  since  each  of  them  has  a  certain 
relation  to  determinate  units ;  the  quantities  r  and  p  only,  which 
represent  the  degrees  of  hardness,  appear  to  present  some  little 
diiSculty.  Now  to  form  an  idea  of  hardness  in  that  point  of 
view  under  which  we  must  consider  it,  that  is  to  say,  as  a  mea- 
surable object,  we  may  observe,  that  since  this  property  is  one 
of  the  most  intimate  and  hidden  properties  of  bodies,  and  since 
to  measure  is  to  compare,  we  cannot  (properly  speaking)  mea* 
sure  hardness,  because  in  an  unknown  object  we  can  make  no 
comparison.  But  as  hardness  is  only  interesting  to  us  by  its 
effects,  it  is  the  measure  of  these  effects  which  it  is  important 
for  us  to  know ;  and  this  measure  for  the  respective  bodies  we 
denote  by  r  and  p. 

If  a  perfectly  hard  body  strike  another  which  is  not  perfectly 
hard,  and  if  the  surface  of  contact  to  which  the  direction  of  the 
motion  is  supposed  perpendicular  is  plane  and  constantljr  equal 
to  a  given  simace,  as  a  foot  square  (tne  foot  being  the  unit),  the 
resistance  of  the  body  struck  will  take  from  the  impinging  body, 

during  an  evanescent  instant  of  time  t,  a  quantity  of  motion  in- 
finitely small,  which  let  be  called  uf»  If  a;  be  multiplied  by  the 
fraction  expressing  the  ratio  of  the  unit  of  time  to  the  element 

of  time,  the  product  w  -r-  will  be  precisely  equal  to  the  quantity 

Pf  which  denotes  the  hardness  of  the  body  struck  during  the  in- 
stant which  corresponds  to  the  value  ot  cv,  or  rather  wnich  de- 
notes the  effect  that  this  hardness  would  produce  by  continuing 

its  action  for  a  unit  of  time.     We  have,  therefore,  -T-  =:  £,  or 

Thus  it  appears  that  uj  is  independent  of  the  masses  and  of 
the  velocities,  whether  absolute  or  relative  (IS.  15.);  it  repre-  ' 
sents  a  quantity  of  motion  which  may  result  from  an  infinite 
number  of  combinations  of  masses  and  velocities ;  cv^  therefore, 
depends  solely  on  the  nature  of  the  body  struck :  and  although 
the  masses  and  the  velocities  of  the  two  bodies  enter  into  the 
Value  of  Pf  they  do  so  merely  as  causes  producing  the  impres- 
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sion,  and  we  determine  p  from  experiments  by  the  relation  which 
they  bear  to  this  impression. 

A  similar  reasoning  will  apply  to  the  quantity  r,  by  supposing 
that  the  body  struck  is  perfectly  hard,  while  the  impmging 
body  is  not;   and  hence  will  arise  the  analogous  equation 

If  the  surface  of  contact  be  not  plane,  we  must  substitute  for 
It  the  amplitude  of  the  impression :  but  this  substitution  will 
change  nothing;  for  all  the  points  struck  in  the  direction  of  the 
motion  being  contained  in  the  amplitude  of  impression,  it  may 
represent  the  sum  of  all  those  points.  - 

3S3.  Tojind  the  quantities  of  motion  lostj  viz.  the  values  of 
w  and  w'  which  answers  to  any  amplitudes  of  impression  what- 
ever b  and  jS,  we  must  make  these  proportions ;  l:^::pi:  )3f /= 
w,  and  1  :  b  : :  rt :  brtz:ioj' ;  then  will  the  equations  wzzfipty  and 

a/=&r^  obtain,  whatever  are  the  amplitudes  of  impression. 
In  consequence  of  the  equality  of  action  and  reaction,  the 

values  w^^pt,  and  a^^ibrt,  of  motion  lost  by  the  impin^ng 
bodies,  are  likewise  those  of  the  motion  gained  by  the  bodies 
struck. 

834.  To  find  the  value  of  the  moti&n  lost  by  the  body^  or  of 
the  percussive  Jbrce^  when  neither  of  the  two  bodies  is  perfectly 
hard.    In  this  case  both  are  compressible,  and  iff  be  the  fluxion 

of  the  quantity  of  motion,  we  shall  have  to  determine -t-f  or  -r-  • 

it 

Now  it  is  manifest  that  f  will  be  always  the  greater,  as  ^p  and 
br  are  greater ;  and  thence  (supposing  t  constant)  -r  will  vary 

as  ^pbr.  So  that  when  £=:x ,  or  is  infinite,  we  must  have  f=: 
rbt  (333),  and  when  r=:x ,  we  have  Fn^^^:  let  us,  then,  mul- 
tiply |3f ir  by  such  a  quantity  3 — r-  as  will  satisfy  these  two  con- 
ditions, and  there  will  result  4-=  r^"«  And  if  4-,  or  the  force 

t  V 

of  percus»on,  be  denoted  by  p,  we  have  F  =  u  ^;  an  expres- 
sion for  the  percussive  force  in  any  instant  whatever.    ^ 

335.  The  fluxions  of  the  impressions  are  reciprocally  as  the 
degrees  of  hardness.   The  fluxions  bx,  jSi,  of  the  impressions  are 

produced  at  every  instant  by  the  same  power  p<  acting  equally 
on  the  two  bodies ;  and  to  produce  these  elementary  impres- 
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«ions  the  force  W  has  to  overcome  the  povers  rt,  aild  f>t;  thus 

the  effects  bJif  and  /3i  are  the  greater  as  the  powers  rt  and  pt  are 
the  less ;  and  as  these  effects  are  produced  by  the  same  cause^ 

they  ttill  be  in  the  inverse  ratio  of  the  obstacles  rt  and  p/,  which 
oppose  them ;  we  have,  therefore,  bx :  fix: ;  ^t :  rt : :  $  i  r;  whence 

836.  Since  the  body  m  follows  the  body  ft,  and  by  the  im- 
pact causes  impressions  in  both  whose  depths  are  a  and  z^  the 
space  5  run  over  by  the  body  ^  must  be  equal  to  the  space  a- 
described  by  the  l)ody  ft  ptus  the  sum  ;t  +  ;s:  of  the  depths  of 
impresmon :  hence  %±:c^as'-^x^ 

Bksftid  bodies  assume  aigain  at  the  end  of  the  shock  the  figures 
which  they  had  at  its  commencement;  so  that  in  this  case  the 
impressibns  vanish,  and  at  the  end  of  the  shock  of  elastic  bodies 

337.  From  the  equation  ^=(r-|-af+;^,  or  5-  drrr^-fjSf,  We  dc* 
duce  8'-'(fz=,x'\-k :.  but  the  property  of  variable  motion  (232. 1.) 
gives  ut^LS^  and  «;^=<r ;  we  have,  therefore,  (m—  tf)  ^=:«— tf-=:if 

-|-i  and  t  =  — -,  the  value  qfthe  element  of  the  time* 

When  the  impressions  arrive  at  their  greatest  value  we  have 
^'\-Z'=iA  max^or  ;fr 4-6=0,  and  the  equation  u^vn — r-^ 

becomes  tt-rt/=0:  consequently,  in  the  iftstant  when  the 
Steabest  impressions  are  produced  the  velocities  qf  the  two 
oodies  are  equal, 

838.  The  accelefdtlng  fdrces  which  act  upon  the  bodv  ^  af^ 
j^and  F  V  and  as  f  tends  to  retard  its  motion,  the  acceleraUng 
force  resulting  froi6  the  joint  operation  of  the  two  will  bey— 
*  3  for  the  same  reason^  cdlitrarily  applied,  the  acceleratbg 
force  of  fc  will  be  ^  +  f«  Recdllectmg,  tnerefore,  that^  ^,  and 
p,  may  represent  the  products  of  masses  and  velocities,  we  have, 

by  the  nature  of  variable  motion  (art.  SSe<)  fnutz(J'-^T)  tf 
and  iwz:z(fp+v)  t;  the  sum  of  these  equations  is  («/*+f)  t 

tzmu+iiJvi  the  fluent  of  which  is  {J^+<f)  ^=mw+ftD  +  c.  Tb 
determine  the  constant  quantity  c,  it  may  be  observed  that 
when  ^=:0,  uzzw^  and  vzzwi  and  then  the  equation  reduces 
to  inyr+[j^w+c±:Oi  so  that  0=— ww— jxa;,  aild  the  cor- 
irected  fluent  is  (/+?)  ttzm  (w— w)+j*(t;  — a^);   whence  it 

b  easy  to  obtain  v^  (f+¥)t^^^^f^w..^^  ^^  equation  u;hich 
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expresses  the  relation  between  the  velocities,  in  any  instant  lohat- 
ever  of  the  shock  of  bodies^  whether  elastic  or  nofi^Iastic. 

339,  If  the  bodies  are  not  elastic  the  shock  ceases  at  the  in- 
stant when  the  impression  is  greatest ;  but  in  this  instant  the 
velocities  are  equal  (art.  837.)*  Therefore,  in  the  preceding 
equation^  we  must  make  u=v,  and  there   will  arise  tizzv 

=  ^ — ' ,  an  equation  expressing  the  common  velocity 

after  the  shock  of  non-eUtstic  bodies. 

34fO.  In  like  manner  we  might  deduce  from  the  final  eqya- 
tion  in  art.  338.  the  velocities  of  elastic  bodies  after  the  shock. 
Sut  as  we  would  state  the  question  generally,  we  must  deter- 
mine the  velocities  of  both  bodies,  wnether  they  are  elastic  or 

not,  in  any  instant  of  the  shock. 

•        «  ... 

The  equations  (y*— p)  tnmu  and  (^  +  p)  ^zz/xt;  (art.  388.) 

give  u  =:-istlIiL,  and  v  =i2±^ .    Taking  the  latter  of  these 
from  the  former,  we  have  ti— »=:(-=^^^^^^ t) ;    and  this, 

•  •  • 

multiplied  by  wp,  gives  m^  (w— v)=:(^— «wp  — f^p— wip)  t. 

Substituting  in  this  equation,  fcwr  i  its  value  in  art.  397.  and 
for  p  and  x  their  values  in  art.  SS4.  386.  it  will  be  transformed 

to  this,  m^  (u-v)  •  (w—v)  =  (lif-  »»^)-^^«— («»-^f*)^f«• 
Taking  the  fluents,  we  have  im^  („  _  »*  -  w- w*)  =  («^—  »»?) 
/  -^  «-  (^  +  l^)/ef«.     Now,/«^^^  &=x  +  z;  for 
-5?±^«=f^  +  «-x  +  «, because*  =  -g^,  from  art.  885. 

Conseq.  we  have,  by  substitution,  447J*  U- »*•— w"-^*)  ={ft^'^ 
m(0  •  (a?+  2)  -  {w  +  it)f^q»'    Hence  m-o  =  ±  (w- w« 

I  2{f.f^mvy{x  -h  z)  _  ^(fn+f.)j^  ^   jj^^^  ^^^  positivc  Sign  obtains 

previous  to  the  instant  of  the  greatest  impression,  and  the  ne- 
gative sign  after  that  instant :  for  at  the  instant  of  the  greatest 
impression  we  have  u^v  (art.  337.);  and  after  that  instant 
the  re-establishing  of  the  compressed  parts  accelerates  the  mo- 
tion of  |x  and  retards  that  of  m,  and  consequently  makes  u 

smaller  than  v.  ,/».•!. 

If  the  value  of  v  in  art.  338.  be  substituted  for  it  in  the  pre- 
ceding equation,  we  shall,  after  a  little  reduction,  find 
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nifi 

And,  by  a  similar  mode  of  proceeding,  we  find 

tnuL 

■ 

In  these  two  equations  for  the  velocities  the  superior  sign 
serves  for  any  instant  of  the  shock  before  that  of  the  greatest 
impression,  and  the  inferior  sign  after  that  instant.  Thus,  at 
the  moment  of  the  greatest  impression  the  quantity  affected 
with  the  double  sign  ±  to  qp  vanishes,  because  it  is  then  pass- 
ing from  positive  to  negative  or  from  negative  to  affirmative. 
These  equations  manifestly  apply  for  any  mstant  of  the  shock, 
whether  the  bodies  be  elastic  or  not. 

In  non-elastic  bodies  the  values  of  u  and  v  reduce  to  the 

common  Value ^'^  %  which  is  the  same  as  we  found 

W  +  yu  ' 

in  the  preceding  article. 

841.  Bodies  perfectly  elastic,  on  the  contrary,  re-establish- 
ing themselves  in  their  primitive  state  at  the  end  of  the  shock, 
we  have  for  that  instant  .r,  z^  andy /3^«,  each  equal  to  zero^  and 
thus  the  values  of  u  and  v  for  elastic  bodies  become 

^.  «»w  +  /«w  +  (y+^)<    .       m      ,  ^         (m— At)w+2ixw+(/+^> 

u  rz ^ — Li-— (w— w)  =:  ^ ^ ^ — -^ — '^^—  . 

m+yu  »•  +  /*    ^  -'  »»+/» 

""  !»  +  /!*  '    m-f/te  ^  -^  ""  «  +  /* 

If  we  supposey  +  ^  =  0,  we  may  easily  deduce  from  these 
values  of  u  and  v  that  of  mu^  +  ftt^ ;  for,  oy  carrying  through 
the  calculus,  we  have  WM*+ft»^  "=.  wiw^+jt^w*.  Hence,  in^er- 
fectly  elastic  bodies  the  sums  of  the  products  of  the  masses  into 
iJie  squares  of  their  re^ective  velocities^  before  and  after  impact^ 
are  equal. 

This  equality  was  denominated  by  Bernoulli  Conservatio 
Virium  Fivariim^  and  was  considered  as  a  general  law ;  but  it 
is  obvious  from  what  is  done  here  that  it  holds  only  in  the  case 
of  perfectly  elastic  bodies.  And,  indeed,  it  is  a  consequence  in 
itself  easily  deducible  from  the  third  law  of  motion,  according 
to  the  Newtonian  measure  of  momentum. 

•  342.  If  the  bodies  are  not  perfectly  elastic  they  will  not  re- 
store themselves  entirely  to  tneir  first  state,  but  there  will  i-e- 
main  an  impression  at  the  end  of  the  shock  :  to  find  the  final 
velocities  of  such  sorts  of  bodies  we  must  substitue  for  /,  a:,  2r, 
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/Sy  and  fy  their  proper  values.  Of  these  the  last  four  may  be 
ascertained  by  experiment  and  the  calculus ;  but  the  value  of  t 
seems  more  difficult  to  appreciate ;  nevertheless,  this  value  is 
not  incalculable,  as  will  soon  be  seen.  But  it  may  be  observed, 
beforehand,  that  whenevery  and  (p  are  not  extremely  great,  or 
are  not  modifications  of  gravity,  the  value  of  t  being  very  small 
indeed,  the  quantity  {jT+f)  t  may  be  neglected  without  sensible 
error.  This  quantity  was  made  to  enter  the  preceding  formulae 
in  order  to  give  them  all  possible  strictness,  and  that  none  of 
the  physical  circumstances  of  the  motion  mi^ht  be  neglected. 
Now,  cropping  (^4-^)  t  from  the  expression  for  the  final  velo- 
city of  the  body,  we  have,  for  non-elastic  bodies  u  =  ■'"^'*'^T; 
and  for  bodies  perfectly  elastic  u  =  v*^  /«)w->-2/iw  ^ ^  ^  ^ 
C.-m)»+2mw^    These  are  the  values  of  the  final  velocities  which 

are  commonly  given  by  writers  on:  mechanics,  and  from  which 
the  usual  theorems  readily  flow. 

846.  The  general  theorem  for  non-elastic  bodies  may  be  thus 
expressed : 

fnw±  yutr 

In  this  we  consider  a?  ==  0  for  the  case  where  the  body  struck 
is  at  rest :  the  superior  sign  must  be  taken  for  the  case  m  which 
the  bodies  both  move  the  same  way,  and  the  inferior  sign  for 
the  case  in  which  they  meet  each  other. 

Hence  we  deduce  these  conclusions : 

I.  If  we  suppose  ju.  to  be  at  rest,  the  equation  becomes 

u  = ,  in  which  it  is  obvious  u  will  decrease  as  a  increases : 

so  that  when  jtx.  =  oo  >  infinity,  we  have  t£  =  0. 

II.  If  bodies  of  equal  masses  are  moving  in  opposite  direc-? 

tions,  our  equation  becomes  u  =  — —  :   thus   the  two  bodies 

move  on  together  in  the  direction  of  that  which  is  moving  most 
swifUy,  with  a  velocity  equal  to  half  the  difference  qftheprvmi^ 
tive  velocities. 

III.  If  the  velocities  of  the  two  bodies  are  equal,  we  have 

II  =  vr.  ^5-Jl.     In  the  case  where  both  bodies  move  in  the  same 

direction,  the  superior  sign  being  taken,  we  have  uzzw;  as  is 
evident  enough,  since  there  can  be  no  shock. 

IV.  The  centre  of  gravity  of  a  system  of  two  globules,  or 
physical  points,  which  strike  each  other,  as  an  interesting  pro- 
perty of  great  use  in  various  mechanical  disquisitions.    The 


4S0  DYNAMICS.  book  ii. 

<U$taO0e  %  of  thb  ceatre  from  any  one  of  the  points  of  the  line 

described  is  x  =  - — ^  (art.  108.)»  d  and  J  denoting  the  re- 

fipeetive  distances  of  the  moveables  from  the  point.     Now  when 
inese  bodies  are  animated  by  the  velocities  w,  w,  we  have  for 

7  ft 

these  velocities  (art.  232.)  U)e  corresponding  values  — r-  aod  — :- ; 
^consequently  that  of  the  centre  of  gravity  will  be 

•  •       •  •         • 

*  m  +  jui  m  +  fit 

This  expression  bein^  constant,  justifies  the  conclusion  that 
the  centre  of  gravity  of  a  system  of  two  bodies  striking  each 
other  b«is,  both  before  and  after  the  shock,  a  uniform  motion. 
This  answers  to  what  the  foreign  mathematicians  call  the  con^ 
^ervaiion  of  the  centre  of'  gramiy.  And  it  is  certainly  of  im- 
portance to  know  that,  whether  bodies  mutually  attract  each 
other,  (295.  cor.  2.),  or  whether  they  impinge  upon  each  other ^ 
their  common  centre  of  gravity  will,  if  in  motion ^  continue  to 
move  on  uniformly  in  a  right  line. 

344.  The  general  equations  for  perfectly  elastic  bodies  may 
be  stated  thus : 

(m— /u)wi  2/itt'  T(m— ii\«  +  2fww 


W  +  /1*  m  +  ft 

The  most  important  consequences  they  furnish  are  these. 
I.  If  one  of  the  two  bodies  is  at  rest,  tnen  making  w  =  0  we 
find, 

m — lui  Qmvr 

»  =  W' ,      ,      .      .      «  =  • 

m  +  fA  m  +  /A 

1.  If  the  bodies  are  equals  that  which  impinges  remains  ai 
rest,  and  the  body  struck  moves  with  the  velocity  which  the 
other  had.     For  mzzfx,  gives  uziO,  and  t;  =  w. 

CoE.  Hence  it  follows,  that  if  several  perfectly  elastic  bodies 
Af  B,  c,  D,  &c.  of  equal  masses,  are  placed  in  juxta-position  and 
at  rest,  and  if  a  body  m  of  equal  mass  is  made  to  strike  a,  all 
the  bodies  reoi^un  at  rest  except  the  last,  which  goes  off  with 
die  velocity  of  m:  for  the  body  a  transfers  all  its  velocity 
to  B,  B  its  to  c,  and  so  on. 

2.  If  ih£  bodies  decrease  in  magnitude,  each  rcill  go  forward 
after  the  stroke.     For  if  m  >  ft,  u  and  v  are  positive. 

8.  If  they  increase  in  magnitude  each  wUl  be  refected  back, 
except  the  last,  and  the  quantity  of  motion  wUl  continucdly  in* 
crease.     For  m<(j,  renders  u  negative,  and  the  last  v  (positive. 

4.  Here  too  we  might  show  that  the  increase  of  motion  will 
be  a  maximum  when  the  bodies  increase  in  geometrical  pro^ 
portion ;  and  if  the  number  of  bodies  be  increased  without  limit^ 
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the  ultimate  ratio  of  the  velocities  of  a  and  z  (the  first  and  last) 
will  be  that  of  ^/z  to  Va*  But  such  theorems^  though  un- 
doubtedly curious,  are  of  too  little  utility  to  tempt  us  to  digress 
widely  from  the  main  purpose  of  this  chapter*. 

II.  If  the  bodies  both  m&oe  the  same  way^  then  we  conclude 
from  the  theorems : 

1.  The  body  struck  moves  with  a  greater  velocity  after  the 
stroke. 

2.  ff  the  masses  a/re  equal  the  bodies  clmnge  their  velocities 
during  the  shock,  a/nd  continue  to  move  in  the  same  direction. 
For  m-zi'^  giyes  u:=:Wy  and  w  =  w. 

III.  If  the  bodies  move  in  contrary  directions  the  inferior 
signs  must  be  taken,  and  then 

1.  If  the  masses  and  velocities  are  equal  the  bodies  go  back 
with  the  same  velocities  that  each  had  before  the  shock.  For 
m  zzifu^  and  w  =  w,  giye  t*  zr  —  w,  and  t;  =  w. 

2.  If  the  velocities  are  equal  we  haye  u  =  *"""  ^w,  and  v 

^  m  +  fx 

=  — ^w.     Whence  we  conclude  that  f^  will  stop  a  body  of  a 

triple  mass,  but  will  recoil  with  a  double  velocity :  For  if  /w  =: 
3|M.9  uzzO,  and  v  =  2w.  But  if  ft  >3m,  the  mass  m  does  not 
stop,  but  recoils. 

o.  If  the  musses  are  equal  the  bodied  mil  both  recoil,  after 
having  exchanged  velocittes.    For  then  w  =  —  w^,  and  z;  =:  w. 

4.  TTie  impvnging  body  is  stopped,  continues  its  route,  or  re^ 
coUs,  according  a*  w  (m  —  |x)  is  eqtml,  greater,  or  less,  than 
^w.   And  the  same  thing  holds  with  regard  to  the  body  struck. 

Many  other  theorems  might  readily  be  deduced  nrom  the 
equations  at  the  head  of  this  article ;  but  it  is  time  to  return  to 
the  general  inyestigation  which  we  have  brought  down  to  art. 
342. 

X   345.  When,  in  the  equation  given  in  art.  340.  namely, 
we  suppose  the  hardness  p  invanable,  we  thence  find 

/•/I.  jwiA* (w— w^—  tf — pg)  +  {ftf—m^yix  +  z) 

/  ^« -__ ^ 

But  /3k  being  the  element  of  the  impression,y*/3«  will  be 
the  total  impression  of  which  this  equation  will  furnish  the  va- 
lue  for  any  mstant  whatever  of  the  shock,  the  hardness  being 
constant. 

In  this  equation  making  f^  =  v,  we  have 

•  Many  of  them  are  elegantly  ahiWted  in  Bridge's  Mathematical  Principles  of 
Natural  Philosophy.     Lect.  5. 

yoL.  I.  Y 
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And  this  value  of/^  answers  to  the  instant  of  the  greatest 
impression. 

When  the  body  struck  is  inmuyoeable^  we  have  only  to  sup- 
pose /b&=x  9  tio  =  0,  and  ^  =0^  and  the  preceding  equation  will 

becoine//3i  =*=!l!±p±i). 

846.  Since /*  is  the  quantity  of  motion  which  the  accele- 
rating force  will  produce  in  the  body  m  in  the  unit  of  Ume^  if 
we  suppose  that/ is  gravity,  and  the  second  is  the  unit  of  Ume, 
the  English  foot  being  that  of  space,  we  shall  havey*zi  32|^wi, 
and  the  latter  equation  will  become 

If  A  be  the  height  due  to  the  velodty  w^  we  have  w^=64^jA, 
and 

When  x  +  z\^  very  small  with  respect  to  w®  or  to  A,  which 
commonly  happens,  even  in  bodies  which  arc  not  very  hard, 
the  value  offpx  will  be  sensibly  proportional  to  w*  or  to  A;  so 
that  the  impressions  mil  be  nearly  as  the  squares  of  the  velocities^ 
or  as  the  lieights  due  to  those  velocities.  This  will  be  still  nearer 

the  truth  when  o^  =  0  and  f^k  =  —  (i w*  +  32^^)  =  32|.  — 

{Ji^-z):  whence  we  conclude,  that  when  a  hard  body  JaUs  on 
another  body  which  is  immoveable,  the  impression  made  in  the 
latter  is  inversely  as  its  hardness  or  resisting  force  y  and  directly 
a>s  the  hei^t  due  to  the  velocity  and  the  mass  of  the  impinging 
body  conjointly. 

This  conclusion  corresponds  with  those  deduced  from  very 
different  processes,  at  p.  180.  of  Dr.  Hutton's  Select  Exercises^ 
and  p.  52  of  Mr.  At  wood's  Treatise  on  the  Motion  of  Bodies. 

From  the  equatk>n//3«  =:— (^w*  +  S^^z)  it  appears  that  how- 

ever  small  the  initial  velocity  w  may  be,  provided  it  be  a  finite 

3uantity,  it  will  always  make  an  impression,  unless  $  is  infinite, 
t  will  not  be  the  same  if  w  ==  0 :  for  from  thence  will  result 

/^£  =!!i!=f  or -^=82^  -  =  ^ ;  when  /^«  =  0,  the  depth 
of  the  impression  will  be  also  nothing,  and  the  equation  will 
become   —  =  82^  — =  — :   now  —  being  equal  to  what  we 

please,  the  impression  may  consequently  be  =  0,  while  m,^  and 
f ,  are  any  quantities  whatever. 
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In  fact,  we  may  see,  d  priori^  thaty*and  p  being  quantities  of 
the  same  nature,  the  effect  of  each  being  a  pressure^  may  destroy 
each  other  at  the  first  instant;  and  that  it  is  not  the  same  with 
regard  to  w,  which,  occasioning  a  shock,  can  only  be  destroyed 
after  it  has  produced  an  impression. 

The  preceding  formulae  accord  very  accurately  with  experi- 
ments; as  will  be  sufficiently  obvious  to  those  who  will  com- 
pare them  with  the  experiments  described  in  s^Gravesande's 
Thi/dces  Elementa  Mathenmticay  §  833,  Sec,  and  Mr.  Atwood^s 
Treatise  just  referred  to^  passim. 

If  the  two  striking  masses  are  equal,  and  during  the  shock  are 
not  subjected  to  the  action  of  any  power  (but  their  mutual  resist- 

ances  only)  we  have  mzzi/^^fzzO,  ^=0,  andyte  zz  — (w  -  wy; 

and  when  w=0,//3«=  y-.     Which  again  is  confirmed  by 

many  experiments. 

Now  smce  experiments  correspond  with  these  formulae,  not 
only  in  the  case  of  soft  bodies,  as  clay,  but  even  in  those  of 
bodies  imperfectly  hard  and  elastic,  when  the  hardness  f  is 
supposed  constant ;  it  is  evident  that  in  these  cases  the  hard<# 
ness  is  very  nearly  constant,  and  that  we  may  safely  suppose  it 
such,  as  we  shall  henceforth  do. 

347.  The  hypothesis  of  invariable  hardness  transforms  the 
equation  in  art.  340.  repeated  at  the  beginning  of  art.  346.  to 
this: 

iwf^  (iZ;2  -  ;;Z^«  =  {^f^  m<p)  .  (^ +2;)  -  ^{m + f*)//3» ; 
whence  we  get    ^^  ^^(^^^-«p')  +  y-^^)'(^^-); 
and,  in  the  case  of  the  greatest  impression, 

Though  the  first  of  these  equations  contains  variables  which 
do  not  enter  the  second,  they  will,  notwithstanding,  give  always 
the  same  result,  provided  there  be  substituted  the  proper  values 
of  w,  Vf  Xf  z,  and//3«,  at  any  instant  of  the  shodc.  This  na- 
turally  results  from  the  hypothesis  of  invariable  hardness,  which 
we  see  so  much  reason  to  adopt. 

848.  If  the  body  struck  be  invmcyoeable^  then  M'  =  oo,  and  a? = 0, 

and  the  preceding  value  of  q  will  become  2  =  ^' — "J^ • 

Now  if  A  be,  as  before,  the  height  due  to  the  velocity  w,  we 
have  w* =64lA=ao-A  (art.  243.)  g  being  =  m\.    Substituting 
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this  value  of  w«  for  it,  we  have  p  =:  €5^ii±i)  *  and  if  the 
body  fall  vertically,  thenh f=gm;  whence  arises  p=:~j^^~i^ 
J^Jttfl^ :  thus  the  hardness  or  resistmg  force  f  *mll  he  to 

/pi 

gravity  f,  as  A  +  x  +  2;  to//3x,  or  as  1  to  jqp^^;- 

Here,  however,  we  must  not  lose  sight  of  the  circumstance  that 
it  is  not  the  relation  of  these  powers  considered  in  their  nature, 
but  solely  in  their  effects,  that  may  be  ascertained ;  and  thaty 
is  the  product  of  a  mass  and  velocity* 

After  we  have  found  the  value  of  f ,  we  may  readily  find  that 
of  r,  from  the  equation  Irx  —  P^x  (art.  335.) :  for  this  gives 

r/bxzzf/pz,  and  consequently  r  =  f>^  =  f /-^. 

Formulae  such  as  these  may  be  rendered  very  useful  in  de- 
termining the  relative  hardness  or  resisting  force  of  different 
bodies.  A  table  of  the  relative  hardness  of  materials  united 
with  a  table  of  their  relative  densities  (or  specific  gravities) 
would  be  of  great  utility ;  and  particularly  in  the  construction 
of  arches,  sluices,  &c. 

We  have  all  along  taken  m  as  the  capacity  of  a  sphere, 
because  in  bodies  of  the  same  matter  the  capacities  vary  as  the 
weights:  in  bodies  of  different  matter  in  order  to  obtain  a 
constant  value  of  f> ,  we  must  make  m  a  cube  of  diameter  x 
density. 

349.  At  the  instant  of  the  greatest  impression  the  fluxion  of 
p  or  its  equal  r^-vr  (art.  334.)  is  equal  to  nothing;  that  is, 

2^^i^^;^^^£^>  =  0.  Performing  the  multiplica-' 
Uons  at  length,  suppressing  the  quantities  which  destroy  each 
other,  and  divided  by—-^^^— -,  we  have  f/3«6+rA«^  =  0;  now 

this  quantity  cannot  —  0  except  the  fluxions  b  and  '^  are  like- 
wise—0,  that  is,  unless  the  amplitudes  6  and  i3,  and  conse- 
quently the  impressions,  have  received  all  the  augmentation  of 
which  they  are  susceptible.  Therefore,  tlie  greatest  farce  of 
percussion  is  that  which  obtains  at  the  moment  when  the  im- 
pression is  a  maximum. 

350.  The  force  of  percussion  in  any  instant  of  the  shock  is  p= 
^g~j^.     Making,  then,  f^x  =  j,  and  /Pz=i,  which  will  make 
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r  (art.  349.)  =s/}-y ;  and  introducing  this  value  of  r  for  it  in  the 

value  of  p,  it  becomes  p=  -—-^L— =  -^^ .    Lastly,  subsU- 

tuting  for  p,  in  this  equation,  its  final  value  in  art.  847.  we 
thence  obtain 

W      ^mM(w— w)<+(4i/— «t^>(lr'^z) 
/Ei  +  W  f»+fA 

Here  it  must  be  remarked,  that  although  we  have  userl  that 
value  of  ^  which  suits  the  greatest  impression,  yet  as  p  is  con- 
stant, the  y^ue  of  p  would  refer  not  less  to  any  other  instant 
of  the  shock.  As  x  and  z  are  introduced  by  tne  substitution* 
of  f,  they  are  constant^  and  express  the  greatest  depths  of 
impresidon :  thus  there  are  no  otner  variable  quantities  in  the 
value  of  p  than  /S  and  J. 

361.  When  the  body  struck  is  immoveable,  we  have  |u»=  oo 
w^zQ^  and  <p  :rO.  And  if  we  sup{x>se,  moreover,  that  the  body 
struck  is  sufBdiently  hard  to  receive  no  impression,  then  will 
1=0,  and  x=0 ;  whence  we  shall  find  in  this  case 

psr4-aww2+/«). 

362.  Here  also,  taking  h  the  height  due  to  the  velocity  w,  or 
vf^zz^ghj  andyfor  the  gravity,  or fzzgm ;  then  will  the  value  of 

p  become  p  zz-rgm  (A+«)  =^-;? (A  +  2;) :    whence  flows  this 

proportion,  vif::  —^  (A  -|-  2) :  gm : :  -7-  (A +«) :  1.    And  this 

is  ilie  relation  of  the  percussive  to  the  gravitating  Jbrce. 

368.  Retaining  always  the  immobility  of  the  body  struck,  if 
the  impinging  body  is  susceptible  of  impression,  the  equation 
which  furnishes  the  value  of  the  force  of  percussion  will  be 

whence  it  appears  thaty:  p : :  i :  sjjrjj  (A + 4?  +«). 

If  when  the  body  struck  is  immoveable  we  have  very  nearly 

Q 

6=:/3,  irrt,  and  xziz^  then  will  p=:2i  0mw«  +  2^) ;  and  when 

y is  gravity,  p  —  ^~  {h  f  ^2) :  so  that,  in  this  case,  the  percus- 
sion  will  be  to  gravity  as  ~  (A+2z)  to  unity. 

364.  When  two  very  hard  bodies,  as  two  of.  iron,  for  ex- 
ample, are  made  to  strike  one  another,  the  impression  i  which 
is  made  in  each  is  nearly  infinitely  small  with  respect  to  i|3 
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(h+iz);  therefore,  in  this  case,  the  force  of  percusaon  is  ahnost 
infinite  with  respect  to  gravity.  Take,  for  example,  the  stroke 
(^a  hammer  on  cm  anvU :  since  i  represents  the  magnitude  of  the 
impression,  which  must  vary  as  the  product  of  ^  into  a  quantity 
proportional  to  its  depth,  which  we  know  by  experience  to  be 

extremely  small;  we  may  suppose  izzjS--,  caexpressbgany 

number  whatever,  such  that  —  is  less  than  the  depth  of  the 

impression,  supposed  less  extended  at  the  bottom  than  at  the 
surface.  This  depth  when  it  is  at  the  greatest  cannot  fairly  ex- 
ceed the  y-y^jj^  or  tySv^  of  a  foot.  Substituting,  therefore,  for 

t,  its  value  — ,  the  force  of  gravity  will  be  to  that  of  percussion 

as  1  :  /3  (A+2z)-5-  ^,  or  as  1 :  -j  (A+2«),  or  finaUy  (neg- 

lecUn^  2z  because  of  its  extreme  minuteness),  as  1 :  ^h. 
Now,  if  the  velocity  of  the  hammer  be  equivalent  to  that  which 
would  be  acquired  Dy  falling  freely  10  feet,  we  shall  have  A =10, 
and  making  a;=12000  only,  there  will  result  iwh:=z60000 ;  that 
is,  the  weight  of  the  hammer  will  be  to  the  force  of  percussion 
as  1  to  60000.  Thus  the  eflFect  of  the  hammer  is  at  least 
equivalent  to  what  would  be  caused  if  at  the  same  point  where 
the  blow  was  directed  a  weight  were  laid  sixty  thousand  times 
as  great  as  that  of  the  hammer.  This  will  suffice  to  show 
the  prodi^ous  effects  of  the  force  of  percussion,  even  with  so 
moderate  a  velocity  as  that  due  to  a  free  descent  through  10 
feet. 

865.  Tlie  duration  of  the  shock  is  an  interesting  particular, 
to  the  determination  of  which  we  may  next  proceed :  Now  we 

found  (art.  337.)  i  =: ^,  and  (ai't.340.)  the  equation  w -  w=  ± 
(w^w)^  +  ^(^f-'^X^^-)  ^  ^J^I^Mi)^.  And  if  we  put  for 
n—'OvcL  the  first  equation  its  value  in  the  second,  at  the  same 
time  making ?te)  =,,  (w-a,)«  =  y,  and  ^i^>  =  «,  we 

»  •    1    • 

shall  have  tzz  — r — r — ;rr:i ;  an  equation  the  integration 

of  which  will  depend  upon  the  value  of  /3,  and  the  relation  of 
X  and  z. 

We  may  at  first  suppose  :rr:0,  and  *'=0 ;  then  will  the  cqua- 

tion  become  ^  =  "7"T7~775n*'    ^^  ^"^7  ^^  imagine  jrir^, 
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and  then  wiU  i  rr ^ -.     Now  it  is  manifest  that  by 

finding  the  fluents  in  this  second  hypothesis  solely  we  may 
readily  infer  the  value  of  ^  in  the  first ;  it  will  merely  be  necessary 
to  take  half  the  term  which  contains  ^,  and  after  that  to  take  half 
the  value  of  t 

The  value  of /3  depends  on  the  figure,  the  dispositfon^  and 
the  reciprocal  hardness  of  the  striking  bodies.  So  that  we  may 
conceivey/3«  eqnal  to  any  function  of  z  with  constant  quanti- 
ties ;  for  although  it  is  not  possible  that  this  supposition  em 
suit  all  bodies,  yet  we  may  always  determine  to  what  bodies  it 
may  be  accommodated. 

Supposing,  then,//3a;«=:ca«,  c  being  a  constant  quantity,  we 

navefzz       ■  ■    ^  =:■■  w> — z. ^ r, . 

'  ViC       tac»      i«C*  iC 

in  which  we  have  added  —  —  —=0,  to  the  denominator,  in 
order  that  its  three  last  terms  with  their  signs  changed  should 
form  a  complete  square.     Making  —+;^  ==  rS   we  obtain 

after  a  little  reduction  ^n — r~  •   -■  — t — r   ^  -  /.r     • 


X-4-K 


+  n  _  (JL  _  _i.)»]4  * 

—   «-  ^  B.  H«C^  -* 

Now  it  is  known  that  if  a:  be  an  arc  of  a  drcle  whose  radius 
is  unity,  and  s  its  sine,  we  have  universally  x  =  '^ i  and 

that  the  fluxion  <^  the  supplement  of  J?  is  equal  to      1 — 

Hence  the  last  value  of  i^'  express^  the  product  of -^  into  the 
fluxion  of  an  arc  of  a  circle  whose  radius  =  U  and  sine  =  — 

^  — ,  or  into  the  fluxion  of  the  supplement  of  that  arc,  accord- 

ing  as  the  denominator  of  the  second  member  has  the  poritive 
or  the  negative  sign.    Thus  then,  the  fluents  of  this  equaUon 

will  be^n^arc  sin  (^- J^)  +  m. 
To  determine  the  constant  quantity  m  it  must  be  remarked  that 


.X. 
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when  ^=0  the  depth  of  impresfflon  zzzO  also ;  in  this  case,  there- 
fore^ observing  that  n^ative  nnes  answer  to  n^ative  arcs,  we 

have  -^^  arc  sin 1-  m  =  0,  or  m  =  -r-  arc  dn  -— . 

Thus  the  value  of  t  is 

t  =  r-7~  [arc  an  (^ )  +  arc  An  — 1. 

JV«C   ■-  *  R  R«C'     •  RfC  J 

Hence,  restoring  the  values  of  y,  ^,  and  c,  we  have 
f  ^  ^-- .  I  arc  sin  ( -^ r) 

C{(»I  +  /m)  "-  ^R  RCg(m  +  /u)^ 

+  arc  sin     ^-^"'"^  i 

This  is  the  value  of  t  when  the  positive  agn  is  taken  to  the 
denominator  of  the  second  member  of  the  preceding  fluxional 
equation ;  and  it  then  expresses  any  time  elapsed  from  the 
commencement  of  the  shock  to  any  instant  previous  to  the 
greatest  impression.  To  have  the  time  which  elapses  from  the 
commencement  of  the  shock  up  to  the  instant  after  the  greatest 
impression,  we  must  take,  instead  of  the  expression  arc  sin 

(i-  — fv-^P  \   i^  supplement,  that  is,  *  —  arc  sin  (-^ 

Rc  fm+  )^'  *  representing,  as  heretofore,  3-141593  the  semicir- 
cumference  to  radius  1.  Hence,  for  the  latter  case,  we  have  tzz. 
v^  .^^  .  I*  —  arc  sm  ( r-^ ?)  +  arc  sin  — ; — ; — r- 1. 

These  two  expressions  for  the  time  ought  to  be  equal  for  the 
instant  of  the  greatest  impression :  we  have,  therefore,  for  that 

instant. ...iirzz  arc  sin  (--    ^{"'^^  ). 

Substituting  this  value  in  either  of  the  preceding  equations 
for  /,  we  shall  have  for  the  time  from  the  commencement  of  the 
shock  to  the  instant  of  greatest  impression 

t  =  vz-gai-  (j^  +  arc  sin   ^^-"^ ,). 

In  bodies  perfectly  elastic  the  impression  diminishes  till  jsr =0 ; 
substituting,  therefore,  this  vialue  of  z  in  the  second  equation  for 
the  time,  we  have  for  the  whole  duration  of  the  shock  in  such 

bodies  /  =  ^-^!2^(,r  +  2  arc  sin    ^-^"^^  X 

Whence  it  appears  that  the  whole  time  is  doiUfle  that  which 
elapses  from  the  commencement  of  the  shock  to  the  instant  of 
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greatest  impression:  thus  showing  the  exactness  of  the  last 
condition  in  the  definition  of  perfect  elasticity  (art*  8290 

In  bodies  void  of  elastidiyf  the  total  duration  of  the  shock 
is  equal  to  the  time  which  elapses  between  the  commencement 
of  the  shock  and  the  instant  of  greatest  impression. 

If  the  bodies  are  not  subject^  to  the  operation  of  any  active 
power,  we  havey^O,  and  ^^0 :  whence  the  wTiole  duroHon  of 

the  shock  for  non-elastic  bodies  will  be  ^rri*  •  ,^^  ^:  and 
for  elastic  bodies  t zzit */    ^^^  u 

cg{m+/jt,)  \ 

The  (juantity  r  which  contains  the  initial  velocities,  not  en- 
tering either  of  these  expressions,  we  see  that,  when  no  active 
power  animates  the  bodies,  the  time  of  duration  of  the  shock  is 
always  the  same  (est.  par.)  vohatever  are  the  initial  velocities. 

The  value  of  r  is,  as  we  havQ  seen. 

Now  if  w  be  =  0,  and  w  =  0,  that  is,  if  the  bodies  are  merely 
actuated  by  powers,  the  value  of  r  will  become  k  =r     .    ^*^. 

Substituting  this  value  in  the  expressions  for  the  whole  time, 
they  will  become. 

For  non-elastic  bodies  t^V  -7 — ^.  fiir -f  arc  sin  ( 1)1  «■  «  V  — ; . 

Cg(OT  +  /*)'■■  V   /i  Cg(w  +  fl)  • 

For  elastic  bodies  <  a  2ff-V 


cg{m+/i) 

Here  it  will  be  observed  that  sin  (l)=:radius,  and  arc  &n  (1) 
s=:90^.  Hence  it  follows,  1st,  That  the  duration  of  the  shocks 
when  the  bodies  are  onlv  actuated  by  powers,  or  accelerating 
forces,  without  initial  velocities,  is  double  the  duration  of  the 
shock  when  they  only  move  with  certain  velocities,  ^y.  That 
the  value  of  these  powers  or  accelerating  forces,  not  entering 
the  above  equations,  the  duration  of  the  shock  is  the  same,  what- 
ever are  the  powers  or  accelerating  forces  which  act  upon  the 
bodies.  It  must  be  recollected,  though,  that  the  acc^erating 
forces  are  supposed  constant 

356.  The  quantities  c  and  p  which  enter  the  preceding  eq^iiti- 
tions  being  embarrassing  in  the  computation,  it  will  notoe  im- 
proper to  find  values  of  ^ which  do  not  contain  those  quantities, 
and  by  means  of  which  we  may  deduce  the  value  of  t  immedi- 
ately from  experiments. 

Let  X  be  the  greatest  depth  of  impression ;  then,  because 
f^kzzcz^  we  have  cx*=:i ;  and  from  the  hypothesis  of  a?— « 
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we  have  g  =  *«^"^">'-^(g[-^^' ;  whence  we  find 
(m +f.)fC=  *Mw-»y^(/./-~rig    We  have  also 

Multiplying  the  two  terms  by  [cp  (m+jx)]*,  substituting  for 
Cf  (w+rt  its  value,  reducmg  the  whole  to  a  fraction,  and  ex- 
tracting the  roots,  we  shall  have  at  length 

Substituting  these  values  of  ecj ,  and  of  cp,  in  the  preceding 
values  of  t^  we  have,  for  rum  elastic  bodies. 


arc  sm  •*■ 


X(/*/-WKP)  \ 


And  for  perfectly  elastic  bodies, 

8  arc  sui       ^  ■    ^ — /  .      \)* 

In  these  equations  neither  c,  ^ ,  nor  »,  is  to  be  found ;  so  that 
they  comprise  merely  such  quantities  as  result  at  once  from 
experience. 

When/=0,  and  ^=0,  the  preceding  equations  become,  for 

fum-^lastic  bodies,  <=  -^— ;  for  elastic  bodies,  t  tz  — --. 

It  must  be  observed  that  in  the  equation  t  =  —^  the 

difference  w—w  may  remain  the  same,  though  the  absolute 
values  of  w  and  w  vary  ;  so  that  this  equation  by  no  means  con- 
tradicts the  observation  made  in  the  preceding  article,  that, 
when  the  accelerating  forces  vanish,  the  times  are  independent 
of  the  initial  velocities. 

If  the  bodies  are  only  animated  by  powers,  or  only  act  by 
mutual  pressure,  then  are  w=0  and  tK;=;0 ;  and  the  viuues  of  t 

become  <  =  -»••  -^^,  and  tzz^K  ^  "T^-  '^^  ^^^  ^^y 

9UX. 

struck  is  immoveable,  these  equations  become  tzzitV  -jr,  and 
<=;2irVy.    If  we  suppose /to  be  gravity,  then  fzzgm, 


CHAF.  V.  COtUSION.  '  331 

and  i-^Lit  ^  --,  or  f  =  2*  V—,  in  the  respective  cases  of 

non-elastic  and  elastic  bodies ;  g  denoting  as  usual  S2^. 

Retaining  the  hypothesis  of  the  immobility  of  the  body 
struck,  we  have  /^=Q0 ,  and  of  consequence  n^=U;  then  will  the 
expression  for  the  time  of  greatest  impresdon  become 

If  the  striking  body  is  moved  by  gravity,  h  being  the  height 
due  to  the  velocity  w,  we  have  w«=  %*,  and/rrflw.  Suroti- 
tuting  these  values  of  w«  andy  for  them,  there  wfll  result 

When  X  is  extremely  small  with  respect  to  h^  this  equation 

will  become  /=  -^ = -39079*  xVA.     This  theorem  would 

apply  to  the  case  of  a  hammer  striking  on  an  anviL 

357.  In  a  nmilar  manner  we  may  mid  the  time  in  which  the 
greatest  impressions  are  formed,  on  the  supposition  that  j?=:Q, 
and  ;r=0 :  for,  we  have  seen  (art  355.)  that  in  cnA&t  to  this  we 

must  take  the  half  of  the  term  multiplied  by  9  =  ^^^^  and 

then  take  half  the  value  of  t ;  thus  we  shall  have 


0«/-II*(>)x 


:). 


The  method  will  be  the  same  for  every  other  case,  by  finding 
the  fluents  of  the  general  equation. 

We  have  found  (art.  340.)  the  equation 

w|x(m  *  »)  ==  [l^y-- wip --(wi + |tt)p]i ; 

if  in  this  equation  we  suppose  f  constant,  its  fluent  will  be  m^ 
(m  — t;)=[jtyf— wip— (w+|xV+f;  when  Ff=0,f*=w,  and  v=s», 
whence  we  have  then  m^  (w— w)=:f,  and  consequently  m^ 
[(w-  V)  - (w— tt?)]  =[f!/— Twp -  (w+f*)?]  t^  or,  by  divifflon,  t:=L 

m^[(u-t;)^[w-^)l^  At  the  instant  of  the  greatest  impression 
M-i;=0,  and  the  equation  becomes  ^^(ni^^'-cXwiy) 


332  DYNAMICS.  book  ii. 

If  the  body  struck  is  immoveable,  ^  =  oo,  7e;r:0^  and  ^=0 ; 
wherefore  ^n  —  • 

Wheny=:0,  and  p=0,  then  f-J^^y^''^> .    and  if  ^•^  ^^ 

and  tt)=0.  ^n^ 
'        p 

In  these  equations  the  value  of  p  may  be  found,  as  in  arts. 
860—366. 

368.  The  application  of  the  preceding  calculus  depends 
principally  on  the  determination  of  the  impression :  and  this 
determination  is  sometimes  attended  with  difficulties.  For, 
notwithstanding  that  many  authors  have  supposed  that  the 
figure  of  the  impression  is  generally  the  same  as  that  of  the 
impinging  body,  if  is  manifest  that  this  suppo»Uon  will  not  be 
accurate  with  regard  to  hard  and  tenacious  Dodies.  In  a  great 
number  of  these  latter  the  amplitude  of  the  impression  is 
always  much  the  largest;  for  the  parts  contiguous  to  the  sur- 
face of  contact,  being  not  easily  detached  from  the  neigh- 
bouring parts,  yield  to  the  impulsion  at  the  same  time  that  this 
surface  carries  before  it  those  which  touch,  and  so  on  suc- 
cessively. Hence  the  diameter  of  the  actual  impression  is 
always  greater  than  the  diameter  of  the  surface  of  contact ;  so 
that  it  is  difficult  to  obtain  an  exact  measure  of  the  real  im- 
pression. 

This  remark,  however,  true  as  it  is,  cannot  be  applied  to 
all  cases  without  some  modification;  because  there  are  some 
forms  of  the  impinging  body,  such  as  the  spherical,  and  con- 
vex forms  in  general,  which  greatly  diminish  this  excess  of  the 
diameter  of  the  impression  over  that  of  the  surface  of  contact ; 
indeed  this  excess  may  often  be  considered  as  entirely  va- 
nished, when  the  body  struck  is  not  of  an  extreme  hardness 
and  tenacity. 

369.  It  will  appear,  from  the  perusal  of  this  chapter,  that 
the  theory  is  made  to  flow  from  racts  adverted  to  in  art.  B29. 
and  serves  for  their  explication.  We  hence  see  that  when 
we  know  the  physical  circumstances  of  a  percussion  we  may 
always  as»^n  an  equivalent  pressure,  which  will  put  it  in  equi- 
librio.  It  IS  not,  therefore,  absurd  to  say  that  we  can  weigh 
or  balance  the  blow  of  a  mass,  or  the  stroke  of  a  hammer ;  it 
is  solely  necessary  to  observe  that  the  stroke  of  a  hammer  or 
other  mass  is  not  an  absolute  weight,  but  that  such  weight 
depends  on  the  hardness,  tlie  form,  and  the  nature  of  the  bodies 
stnking  and  struck.  Thus,  in  general,  when  a  resistance  of 
pressure  is  equivalent  to  a  very  considerable  weight,  it  will  resist 
the  shock  of  a  mass  whose  weight  is  small  in  comparison  with 
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the  former^  and  of  which  the  velocity  is  that  due  to  a  moderate 
height. 

360.  It  has  been  all  along  supposed  that  the  direction  of  the 
stroke  is  the  same  as  that  of  the  motion :  but  this  is  far  from 
being  always  the  case ;  and  when  it  is  not,  the  impact  is  called 
obliques  To  consider  this  in  its  utipost  extent  would  carry 
us  very  far  indeed:  but  we  have  not  room  for  a  particular 
investigation.  We  shall,  therefore,  just  mention  two  or  three 
general  facts  already  proved ;  and  from  them  deduce  a  few 
easy  cases.  These  facts  are :  1  st.  That  the  actions  of  bodies 
on  each  other  depend  upon  their  relative  motions.  Mly,  Tj^^t 
the  motion  of  the  common  centre  is  not  changed  by  the  collision. 
B^  these  we  can  reduce  all  to  the  case  of  a  body  in  motion 
striking  another  at  rest.  Now  the  relative  motion  may  be  de- 
termined by  the  construction  in  art.  J219.  and  to  this  must  be 
superaddedf  the  common  motion  which  changes  the  relative  into 
the  true  motions. 

If,  for  example,  two  bodies  a  b,  (fig.  2.  pi.  XV.)  describe 
the  lines  a  d,  bd,  and  meet  in  d,  the  collision  is  the  same  as  if 
B  had  remained  at  rest,  and  a  had  struck  it  with  the  direction 
and  velocity  ab.  In  the  mean  time,  the  common  centre  of 
inertia  has  described  cd  with  a  uniform  velocity,  which  at  the 
end  of  an  equal  portion  of  time  will  carry  it  to  c,  cd  heingzzDc. 
If  the  bodies  are  non-elastic  they  remain  together,  and  will 
proceed  along  dc  ;  their  common  velocity  bein^  represented  by 
DC,  while  AD,  BD,  represent  the  individual  velocities  of  a  and 
b  previous  to  the  impact.  If  the  bodies  are  imperfectly  elastic, 
draw  through  c  the  line  ab  parallel  to  ab  ;  make  ac  to  ac^  as 
the  force  of  compression  to  the  force  of  restitution,  with  regard 
to  ,the  body  a  ;  and  make  bc  to  be  as  the  force  of  compression 
to  the  restitutive  force,  relatively  to  b  ;  join  Da,  d6,  and  those 
lines  will  be  the  paths  of  the  bodies  after  collision.  If  the 
bodies  are  perfectly  elastic,  make  c6=cb,  ac=Ac;  and  na,  d6, 
will  be  the  paths  of  the  bodies.  If  ab  be  perpendicular  to  cc, 
then  will  angle  adczzadc,  and  6dc=6dc.  And  in  a  similar 
way  it  naturally  follows,  that  if  a  body  a,  perfectly  elastic,  im- 
pinge upon  a  perfectly  hard  plane  cc,  in  the  direction  ad,  it 
will  rebound  from  d  in  such  a  line  na,  that  the  angles  qfin^ 
cidence  and  reflection  adc,  adc,  shall  be  equal. 

361.  On  this  latter  principle  depends  the  solution  of  the 
problems  often  proposed  relative  to  the  game  of  billiards :  the 
reader  may  take  the  following  as  a  specimen. 

To  find  in  what  points  c,  d,  on  the  two  sides  kl,  li,  of  a 
rectangular  billiard  table,  an  elastic  ball  placed  at  b  must 
strike,  so  that  it  may  hit  a  ball  placed  at  a,  aJUr  a  double  re- 
Jlexion.  , 
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ften^  the  ipoiiit  A  (fig.  3.  pl«  XV.)  draw  ah  perpendicular 
to  It,  and  produce  it  tiU  ih=ia;  parallel  to  li  draw  hf,  and 
make  it  equal  to  Sgh,  the  point  a  being  in  kl  produced.  Join 
the  points  F,  b,  hj  a  right  line  cutting  kl  in  c,  and  join  the 
points  c,  H,  by  a  right  hne  cutting  li  m  n ;  then  shall  c  and  d 
DC  the  points  required.  For  the  angles  adi,  cdl,  are  eadi  equal 
to  IDH,  and  the  angles  fog^  gch,  each  equal  to  bck;  whence 
the  truth  of  the  construction  is  obvious. 

After  methods  slightly  varied  might  several  entertaining 
problems  be  solved:  but  such  great  simplicity  is  not  to  be 
expected  in  many  of  the  cases  of  oblique  collision  which 
actually  occur.  We  shall,  therefore,  conclude  this  chapter 
with  a  general  proposition  (from  Dr.  Robison),  by  means  of 
which  the  diflferent  motions,  whether  progressive  or  rotatory, 
may  in  general  be  determined  without  much  trouble;  and 
which,  in  fact,  requires  merely  a  combination  of  some  of  the 
principles  already  exhibited  in  the  preceding  and  present 
chapters. 

&3ft.  Let  the  body  a  (fig.  4.  pi.  XV.)  momng  with  the  "oehcity 
V  in  the  direction  ad,  strike  the  body  b  at  rests  to  determine  the 
circumstances  resultingjrom  the  shock. 

Let  F  be  the  point  of  mutual  contact,  and  hin  a  plane 
touching  both  bodies  in  F.  Draw  afp  perpendicular  to  this 
tangent  plane,  and  through  g,  the  centre  of  position  of  b, 
draw  PGC  perpendicular  to  fp,  and  gi  parallel  to  fp.  Let  c, 
in  tlie  line  pg,  be  the  spontaneous  centre  of  conversion  cor- 
responding to  the  point  of  percussion  f.  Join  of.  Let  the 
direction  cut  the  tangent  plane  in  h,  and  pf  in  A ;  and  let  ah 
represent  the  velocity  v. 

The  impulse  is  made  at  the  point  f,  in  the  direction  af  or 
FP;  and  the  centre  of  inertia  of  the  body  b  will  advance  in 
the  direction  gi,  parallel  to  fp,  the  direction  of  the  eflective 
impulse.  But,  because  this  does  not  pass  through  the  centre 
G,  the  body  will  advance,  and  will  also  turn  round  an  axis 
passing  through  g,  perpendicular  to  the  plane  of  the  lines  gp, 
PF,  and  the  spontaneous  axis  of  conversion  will  pass  through 
some  point  c  of  the  line  pg,  and  will  also  be  perpendicular  to 
the  same  fdane.  Complete  the  parallelogram  afhe.  It  is 
plain  that  the  motion  ah  is  equivalent  to  ae  and  af.  By  the 
motion  ae,  a  only  slides  along  the  surface  of  b  without  press- 
ing it,  or  caudn^  any  tendency  to  motion  in  that  direction,  ex- 
cept perhaps  a  httle  arising  from  friction.  It  is  by  the  motion 
af  alone  Uiat  the  impulse  is  made.    Therefore  let  v  hezzv 

and  then  a-v  may  be  called  the  efficient  impulse  of  the 

body  A  in  the  present  circumstances,  and  v  the  efficient  ve- 


AF 
AR 
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iocify.  Tins  will  be  diminbhed  by  the  edlision.  Let  a  be 
the  unknown  velocity  remaining  in  a  after  the  collision,  or 
rather,  in  the  instant  of  the  greatest  compression  and  common 
motion  of  the  toudiing  points  of  a  and  b,  estimated  in  the 
directbn  pp.  The  effective  momentum  lost  by  a  must  there* 
fore  be  a  (v— /p)  :  but  the  same  must  be  gained  by  b,  and  its 
centre  g  must  move  in  the  direction  gi,  parallel  to  fp,  nith 

this  momentum ;  and  therefore  with  the  velocity  ■.    That 

this  may  be  case,  the  point  of  percussion  f  must  yield  with 
the  velocity  ^,  because  the  bodies  are  in  contact.  But  because 
c  |s  the  spontaneous  axis  of  converaon,  every  particle  is 
beginmng  to  describe  an  arch  of  a  circle  round  this  axis. 
Therefore  f  is  beginning  to  move  in  the  direction  f^,  perpen- 
dicular to  the  momentary  radius  vector  cf.  Let  f^  be  a  very 
minute  arch,  described  in  a  moment  of  time.  Draw  g^perpen- 
dicular  to  fp.  Then  F^is  the  motion  f^  reduced  to  the  direc- 
tion fp,  and  will  express  the  yielding  of  b  in  the  direction  of  the 

impulse,  while  g  describes  a  space  equal  to  ,  and  a  de- 

scribes a  space  x.  Therefore  Tg  will  express  x.  Let  pp  be  the 
space  described  in  the  same  time  that  F^  is  described.  Draw  j7C, 
cutting  GK  in  the  point  i.     gi  is  the  yielding  of  the  body  b  to 

the  impulse,  and  must  therefore  be  equal  to-^ •• 

The  triangles  F/g*  and  cpf  are  similar ;  for  the  angle  cfp 
is  the  complement  of yVg"  to  a  right  angle :  it  is  also  the  com- 
plement of  PCF  to  a  right  angle.  Therefore  FgiFf::  fc  :  cp. 
But  FgiFpi:  fc  :  CP ;  because  the  little  arches  f^,  pp,  have  the 
same  angle  at  c.    Therefore  pjp=F^=:^.     It  is  plain  that 

CG  :  CP : :  GI :  pp.     Therefore  cg  :  cp :  ^^*^""^  ■ :  x,  and  x  zz 

a(o— a?)cp  A»CP  A»CP  ,  /•  ,  .     __ 

^— ,  or  xizv —a? ;  wherefore  ^r-B-CG+ar-A-cp 

B'CO        '  B*CO  B*CO 

rsv'A'CP,  and  x  (B*CG+A'CP)=:t;«A«cp,  and  xziv 

'  V  '  /  '  B*CG+A*CF, 

nthe  velocity  remaining  in  a,  estimated  in  the  direction  fp. 

And  t^,  the  velodty  with  which  g  will  advance,  is  x— ;  for 

cp :  CO : :  pp :  GI : :  a; :  u.  It  is  evident  that  a  will  change  its 
direction  by  the  collision :  for  in  the  instant  of  greatest  com- 
pression it  was  reacted  on  by  a  force = a  (v  —  x)  in  the  direc- 
tion fa.  This  must  be  compounded  with  A«v,  in  the  dii^ection 
AH,  in  order  to  obtain  the  new  motion  of  a;  or  it  may  be  found 
by  compounding  j,  which  is  retained  by  a,  with  fh,  which  has 
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saffin^  DO  dumge  by  tbe  ooffisoD.  The  bodies  wSl^iherdbrej 
eeparate^  aUiaugh  they  be  vndagtic.  If  tbey  aie  perfectly 
elastic  we  double  these  chai^^es  in  eadi. 

If  B  were  also  in  motion  brfore  the  collisioD,  the  motioo  of 
A  must  be  rescdved  into  two^  one  of  whidi  is  eqoal  and  panilld 
to  the  motion  of  b  ;  and  the  other  must  be  employed  in  the  same 
manner  as  ah  in  the  preceding  part  of  this  article. 
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CHAPTER  VI. 


ON  THE  MOTION  OF  MACHINES,  AND  THEIR  MAXIMUM  EFFECTS, 


363.  When  forces  acting  in  contrary  directions,  or  in  any 
such  directions  as  produce  contrary  effects,  are  applied  to  ma- 
chines, there  is,  with  respect  to  every  simple  machine  (and  of 
consequence  with  respect  to  every  combination  of  simple  ma- 
chines) a  certain  relation  between  the  powers  and  the  distances 
at  which  they  act,  which,  if  subsisting  in  any  such  machine 
when  at  rest,  will  always  keep  it  in  a  state  of  rest,  or  of  staiiccH 
eauilibrium  (art.  28.) ;  and  for  this  reason,  because  the  efforts 
ot  these  powers,  when  thus  related,  with  regard  to  magnitude 
and  distance,  being  equal  and  opposite,  anninilate  each  other, 
and  have  no  tendency  to  change  the  state  of  the  system  to  which 
they  are  applied.  So  also,  if  the  same  machine  have  been  put 
into  a  state  of  unifbrm  motion,  whether  rectilinear  or  rotatory, 
by  the  action  of  any  power  distinct  from  those  we  are  now  con- 
sidering, and  these  two  powers  be  made  to  act  upon  the  ma- 
chine in  such  motion  in  a  similai*  manner  to  that  in  which  they 
acted  upon  it  when  at  rest,  their  simultaneous  action  will  pre- 
serve it  in  that  state  of  uniform  motion,  or  of  dyryvntical  equi- 
librium (art.  28.) ;  and  this  for  the  same  reason  as  before,  be- 
cause their  contrary  effects  destroy  each  other,  and  have  there- 
fore no  tendency  to  change  the  state  of  the  machine.  But,  if 
at  the  time  a  machine  is  m  a  state  of  balanced  rest,  any  one  of 
the  opposite  forces  be  increased  while  it  continues  to  act  at  the 
same  distance,  this  excess  of  force  will  disturb  the  statical  equi- 
librium, and  produce  motion  in  the  machine ;  and  if  the  same 
excess  of  force  continues  to  act  in  the  same  manner,  it  wiU, 
like  every  constant  force,  produce  an  accelerated  motion ;  or, 
if  it  should  undergo  particular  modifications  when  the  machine 
is  in  different  positions,  it  may  occasion  such  variations  in  the 
motion  as  will  render  it  alternately  accelerated  and  retarded. 
Or  the  different  species  of  resistance  to  which  a  moving  ma- 
chine's subjected,  as  tlie  rigidity  of  ropes,  friction,  resistance 

vol;.  I,  z 
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of  the  air,  &c.  may  so  modify  a  motion  as  to  change  a  regular 
or  irregular  variable  motion  mto  one  which  is  uniform. 

864.  Hence,  then,  the  motion  of  machines  may  be  consi- 
dered as  of  three  kinds.  1.  That  which  is  gradually  accelerated, 
which  obtains  commonly  in  the  first  instants  of  tne  communi- 
cation. S.  That  which  is  entirely  uniform.  8.  That  which  is 
alternately  accelerated  and  retarded.  Pendulum  clocks,  and 
machines  which  are  moved  by  a  baJance,  ^re  related  to  the  third 
class.  Most  other  machines,  a  short  time  after  their  motion  is 
commenced,  fall  under  the  second.  Now  although  the  motion 
o£  a  machine  i^  altematqly  accelerated  and  retarded,  it  may, 
notwithstanding,  be  measured  by  a  uniform  motion,  because  of 
the  periodical  and  regular  repetition  which  may  exist  in  the  bx> 
celeratioQ  and  retardation.  Thus  the  motion  of  a  second  pen- 
dulum, conaidered  in  relation  to  a  single  oscillation,  is  accele- 
rated during  the  fh'st  half  secqnd,  and  retardied  during  the 
second:  but  the  same  motion  taken  for  many  oscillations  may 
be  considered  a$  uniform .  Suppose,  for  example,  that  the  extent 
oC  each,  oscillation  is  five  inches,  and  that  the  pendulum  has 
made  ten  oscillations:  its  fotal  efiect.will  be  to  have  run  over 
50  inchea  in  10  seconds ;  and»  as  the  sp^u^  described  in  each 
second  is  the  same,^  we  may  compare  the  efl^t  to  that  prodticed 
by  a  moveable  which  moves  for  10  seconds  with  a  velocity  of  5 
inches  per  second.  We  see,. therefore,  that  the  theory  of  ma- 
chines whose  motions  are  uniform,  copduces  naturally  to  tl^ 
estimation  of  the  effects  produced  by  machines  whose  motion 
i^.  alternately  accelerated  and  retarded :  so  that  the  problem^ 
comprised  in,  this  chapter  wi^  be  directed  to  those  machines 
whose  motions  fall  under  the  first  two  head^ ;  si^h  problems 
bejoig,  of  far  the  greatest  utility^  ii^  practice. 

365»  Drfs.  1.  When  in  a  maichine  there  is  a  system  of 
fonce^  or  of  powe^rs  mutually  in.  oppoj^tion^  those  wnich  pro- 
duce or  t^d  to  produce  a  certain^ effect,  are  called  movers'^  or 
moving  powers ;  and. those  ^bich  produce  or  tend  to  produce 
an  effecjt  which  opposes  those  of  the  moving  powers  are  called 
remtfmces.  X(  various  movers  act  at  the  same  time,  their  equi- 
valent (found  bgf  the  theorems  in  book  I.  chap,  i.)  is  called  in- 
dividually ^7i^  mopin^f^orce ;  and,  in.  like  manner,  the  resultant 
of  all  the  resistance^  rediijee4  to  some  one  point,  the  resistcmce. 
Tins  reductipn  in  allcas^  simpliffes  the  investigation. 

%  The  imgeOcci point  of  a  machine  is  that  to  wha^h  the  ac- 
tion of  the  movipg  power  may  be  considered  as  imnuediately 
iqpjplied ;,  and  the^  zs^rlclng^  point  is  that  where  the  resistance 
ari^ng  from  the.  work  to  be  performed  immediately  acts,  or  to 
wluch  it  ought  all  to  be  reduced.  Thus  in  the  wheel  ai^axle 
(fig.  6.  pi.  y  )  where  the  moving  power  p  is  to  overcdv  the 
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weight  or  resistance  w,  by  the  application  of  the  coi*ds  to  the 
wheel  and  to  the  axle^  a  is  the  impelled  point,  and  b  the  work- 
ing point. 

8.  The  vdodiy  of  the  mooing  power  is  the  same  as  the  velo- 
dty  of  the  impelled  point ;  the  velbhitt/  of  reHstafwe  (tie  saihe 
as  that  of  the  working  point. 

4.  The  performance  or  effect  of  a  machine,  or  ttie  wdrk  done, 
is  measured  by  the  product  of  ^the  resistance  into  the  veioAty  of 
the  Working  point ;  the  momentum  qfimpuiUt  is  measured  by 
the  product  of  the  moving  force  into  the  velocity  of  the  im-* 
pelled  point. 

These  definitions  being  established,  we  may  now  exhibit  a 
few  of  the  most  useful  problems,  giving  as  much  vatiety  in  theiil' 
solutions  as  may  render  one  or  other  of  the  methods  of  easy 
application  to  any  other  cases  which  may  occur. 

366.  Prop.  tf%  dnd  t  be  the  distances  (ff  the  pomer  P,  and 
the  weight  or  resistance  "^  Jrom  the  ftdcrum  v  of  a  straight 
lever  (fig.  1.  pi.  tV.),  then  wiB  the  velocity  tf  the  ptfmer  and  of 

the  fbeigktatr  the  end  of  amy  time  t  ie^^^  gt,  and  ~~  gi^ 

respectively,  tTu  weight  and  inertia  of  the  Uver  itself  not  being 
considerea. 

If  the  efibrt  of  the  poWer  balanbed  that  of  the  resistance,  p 

would  be  equal  to  *^.    Consequently;  the  difference  between 

this  value  of  p  and  its  actual  value,  or  p  —  --  ^  will  be  the 

force  which  trends  td  move  the  lever.  And  because  this  power 
applied  to  the  point  a  accelerates  the  masses  p  and  w,  the 

mass  to  be  substituted  for  w  in  the  point  a  must  be  —  w  (art. 

SIO.  cor.  4.)  in  order  that  this  mass  at  the  distance  e  may  be 
dually  accelerated  with  the  masi  w  st  the  distance  it.    Hkice 

the  power   p ^  w  will  accelerate  the  quantity  of  matter 

p  -I r-  w ;  and  the  accelerating  force  f  =:  (p  — -^   w)   -r- 

(p-  _t.  H  wV=  !SrS2L.  But  (art:  S28.)  »  a  f<  or  U  d  gtti 
which  in  this  case  =  '1"*2  gt,  the  velocity  of  p.    And,  be- 

am 

cause  veloc.  of  p  :  veloc.  of  W  : :  R :  r,  we  have  veloc.  df  ^  =— 
CoR.  1.  The  space  described  by  the  power  in  the  time  t  will 
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be  =  -; — j^  •  Iffi^ ;  the  space  described  by  w  m  the  same 

time  will  be  =    '  ""      •  ifft\ 

Coa.  2.  If  R :  r : :  n :  1,  then  will  the  force  which  accelerates 

Cob.  8,  If  at  the  same  time  the  inerda  of  the  moving  force 
p  be  =  0,  as  in  muscular  action,  the  force  accelerating  a  will 

be  =:  LJI2[?,  obviously  greater  than  the  former. 

CoE.  4.  If  the  mass  moved  have  no  weight,  but  possess  in- 
ertia onlyi  as  when  a  body  is  moved  along  a  horizontal  plane, 

the  force  which  accelerates  a  will  be  =  — - — .     And  either  of 

these  values  may  be  readily  introduced  into  the  investigation. 
Cor.  5.  The  work  done  in  the  time  /,  if  we  retain  the  original 

notation,  will  be  =  -- — -r-^ X  w  =— - — -r— fi*^. 

Cor.  6.  When  the  work  done  is  to  be  a  maximum,  and  we 
wish  to  know  the  weight  when  p  is  given,  we  must  make  the 
fluxion  of  the  last  expresaon  c  0.     Then  we  shall  have  rR*p^ 

-  2r«R«pw  =  r^w*  =  0  and  w  =  p  (•(--+  -^)  -^). 

CoR.  7.  If  R :  r : :  n :  1,  the  preceding  expression  will  be- 
come w  =z  p  fy  (/i*  4"  ^')  •"  w*l« 

Cor.  8.  When  the  arms  of  the  lever  are  equal  in  length,  that 
is,  when  n  =:  1,  then  is  w  n  p  (\/2  —  ly  =:  '414214?,  or 
nearly  -^  of  the  moving  force. 

SCHOLIUM. 

367.  If  we  compare  the  values  of  5  and  v  in  this  proposition 
and  first  corollary  with  those  in  the  fourth  example,  art.  267. 
which  relates  to  motion  on  the  axis  in  peritrochio,  it  will  be 
seen,  as  ought  evidently  to  be  the  case,  that  the  expressions  cor- 
respond exactly.  Hence  it  follows,  that  when  it  is  required  to 
proportion  the  power  and  weight  so  as  to  obtmn  a  maximum 
effect  on  the  wheel  and  axle  (the  weight  of  the  machinery  not 
beiM  considered),  we  may  adopt  the  conclusions  of  cors.  o  and 
7  ofthis  prop.  And  in  tbe  extreme  case  where  the  wheel  and 
axle  becomes  a  pulley,  the  expression  in  cor.  8.  may  be  adopted. 
The  like  conclusions  may  be  applied  to  machines  in  general,  if 
R  and  r  represent  the  distances  of  the  impelled  and  working 
points  from  the  axis  of  motion ;  and  if  the  various  kinds  of 
resistance  arising  from  friction^  sti£Pness  of  ropes,  &c.  be  pro- 
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perly  reduced  to  their  equivalents  at  the  working  points,  so  as 
to  be  comprehended  in  the  character  w  for  resistance  over- 
come. 

367.  A.  If  instead  of  being  required  to  find  the  gjreatest  pos- 
sible momenium  by  means  of  a  ^ed  pulley  in  a  ^ven  time  /, 
it  had  been  required  to  find  the  greatest  loady  which  can  be 
raised  by  a  given  iveight  through  a  given  space  5  in  a  given 
time  t ;  then  the  portion  to  be  raised  each  time  may  be  thus 
found.    Let  if  the  time  of  one  ascent,  n  the  number  of  ascents, 

then  <  =w^,  or  w  =  y  •  Pj  as  above,  the  given  weight,  «nd  w 

the  weight  to  be  raised.     Then,  by  the  theorems  for  accele- 

rating  forces,  we  have  f  zz  -/r— ;  and  consequently  n  =  -p-  =r 

t-T-  ^4-  =^  vf^  ^t  \/^  X  a/'-^=^,  because  ^^  is  ma- 
nifestly  equal  to  p.  But  the  wTiole  load  is  equal  to  wP ; 
hence  t  V^  x  */2^^  x  w  is  to  be  a  max.  or,  striking  out 

2s  ^  P  +  w 

the  constant  quantities,  and  squaring,  "^  =  a  max.      In 

fluxions,  (2pww  -  3w*w)  (p  +  w)  -  w  (pw«  -  w»)  =  0. 
Hence  w«  -  pw  -  p*  =:  0,  and  w  =  ^p  (  v'S  - 1),  pr  p :  w : :  8 : 5, 
very  nearly.  Consequently  the  greatest  quantity  of  materials 
which  will  be  raised  m  a  given  time  under  the  specified  con- 
ditions,  will  be  when  the  quantity  raised  at  each  ascent  will  be 
about  l-ths  of  the  given  weight.  This  corresponds  with  the 
result  of  a  more  general  proposition  treated  in  art.  375. 

368.  Peop.  Given  r  and  r,  the  arms  of  a  straight  lever,  u 
ami  m,  their  respective  weights,  and  p  the  power  acting  at  the 
extremity  of  the  a/rm  r,  to  find  the  weight  raised  at  the  ex* 
tremity  of  the  other  arm  whm  the  effect  is  a  maximum. 

In  this  case  —  is  the  weight  of  the  shorter  end  reduced  to  b 
(fig.  1.  pi.  ly.),  and  consequently  ^is  the  weight  which,  ap- 

plied  at  a,  would  balance  the  shorter  end ;  therefore,  jj  +  — 

w,  would  sustain  both  the  shorter  end  and  the  waght  w  in 
equilibrio.    But  p  +  ^m  is  the  power  really  acting  at  the  longer 

end  of  the  lever;  consequently  p  +  ^m  -  (^-h-j-w),isthe 
absolute  moving  power.  Now  by  art.  318.  the  distance  of  the 
centre  of  gyration  of  the  beam  from  f  w  =  Vg^      ^^  whKh 


« 


n 


as  in  the  l^t  prop,  wp  sh^  have  ~r-  •  (¥-*-»»)+•?  +  ^  '^  fi"" 
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let  be  denoted  by  g ;  then  (by  cor.  4.  art,  SIO.)  -—-  •  (m  +  w) 

T" 

will  represent  the  mass  equivalent  to  the  beam  or  lever  wbm 
reduced  to  the  point  a  ;  while  the  wei^t  equivalent  to  w, 

^hen  ireferred  to  that  point,  ^lU  be  —  w*    Hence,  proceeding 

the  merti;^  to  be  overcome;  apd  (p  +  4m  t  ^—  -j^)  -r-j- 

(m-4-w)  +  pH — ;W  =  the  accelerating  force  of p,  or  of  w 
reduced  to  a.  Multiply  this  by  w,  and,  for  the  sake  of  sim- 
plifying the  process^  put  y  for  p  +  -J-m  —  ^,  and  n  for  p  +  -jj 

^M  +  ^)  thei:\  w^  sl^all  ^ye       ^  ^  ,  a  qi|ai|tH;  which  varies 

n+  — w 

as  the  effect  varies,  and  which,  indeed,  when  multiplied  by 
gtf  denotes  the  effect  itsfelf.      Putting  the  fluxion  of  this 

equal  to  nothipg,  and  reducing,  ve  at  length  &nd  w  =:  -7 

^C— +  — )--;^. 

Cor.  When  R  =  r,  and  m  =  m,  if  we  restore  the  values  of 
n  and  q  the  expression  will  become  w  =  \/(2p«  +  2wiP  +  ^m^) 
-  (p  +  ^m). 

369.  Pkqp.  Given  the  length  1  cmd  cmgle  e  qfelevaiion  of 
an  inclined  plane  bc  (fig.  5.  pi.  XV.)  to  find  the  length  ^  of 
cmother  inclined  plane  ac,  along  which  a  given  weight  w  shall 
be  raisedjrom  the  horizontal  line  a?  to  the  point  c,  tn  the.  lea^t 
time  possible^  by  means  of  another  ^ven  weight  p  descending - 
^hrig  the  given  pla/ne  g^ ;  t^e  two  m^hts  being  comiecie^  by 
a/n  inextensible  thread  pcw  running  always  parallel  to  the  two 
wikmes. 

Let  the  angle  of  elevation  cad  be  denoted  by  £,  and  let  the 
expression  fot  tbe  spa^  pa99^  over  in  1^  given  timje,  ibynd  art. 
S67.  II.  be  accommodated  to  the  present  notation ;  it  will  then 

But  in  the  trian^e  abc  we  have  ac  :  bc  :  :  sin  b  :  sin  A,  that 
is,  L  :  2  : :  sin  e  :  sin  E ;  hence  ^  l  =r  sin  ^,  and  ^  /  =  sin  £ ;  m 
b^ing  a  ocwustant  quantity  always^  determinable  from  the  data 

given.     And  i^  becomes  ■  ■  i(p'j,  L,  vfr     ^^^  when  any  quan* 


^ 


the  constant  factors^  we  liave  j^^ij,  =-  ^  muu  or  its  flnkion 
?h'' ('*'-, r.y9^^^  ii:  0^    Htin^,  ks  in  all  sitnikt  daseS,  ^ince  fhe 

(PL  — W/)a  '  ' 

Ir&ction  vanishes^  its  nuikietfltor  musfc  be  equal  to  0^  cexrk^ 
quently  2pl«  -  2w/l  —  pl«  =  0,  pL  cs  BW,  or  i.  :  / :  c  ftw  :  p* 

Co&.  1.  Since  neither  sip  ^  nor  sin  ^  enters  the  final  equa- 
tion, it  follows,  that  if  ttie  elevation  of  the  plane  BC  is  not  given 
the  problem  is  unlimited. 

Coiu  S.  When  sin  ^  =  1,  bc  coincides  with  tlje  p6rpendi- 
cular  €D,  and  the  power  p  acts  with  all  its  intensity  upoA  the 
weight  w.  This  is  the  case  of  the  present  problem  which  has 
tommoniy  been  considered. 

SCHOLIUM. 

870.  Thh  propositiort  admits  of  a  neat  ffeomeirical  demon- 
stration. Thus,  let  CR  (fig.  5,  pi.  XV.)  be  thb  plane  upon 
which,  if  w  were  placed,  it  would  be  du^tained  in  eguiliDrio 
by  the  power  p  upon  the  plane  CB,  nr  the  power  f'  hanging 
freely  in  the  vertical  cd  ;  then  (art.  154.  cor.  6,  6.)  bc  :  ci> :  cb 
r :  p :  p' :  w.  But  w  is  to  the  forC6  with  which  it  tends  to  de- 
scend along  the  plane  ca  as  CA  to  cd;  consequently,  the 
weight  p'  is  lo  that  force  as  ca  :  C£ ;  or  the  weight  p  upon  the 
plane  ic  is  to  the  same  force  in  the  same  ratio ;  because  either 
of  th&se  weights  iii  their  respective  positibnB  would  sustain  W 
on  CE.  Therefore  the  excess  of  p  above  that  fbrtse  (which  ex- 
cess is  the  power  accelerating  the  motions  of  1^  and  w)  is  to  P 
as  CA  —  CE  to  CA;  or,  taking  CH  =  ca,  as  eh  to  ca.  Not<^, 
the  motion  being  uniformly  accelerated^  we  have  s  cx  ft%  or 

T*  a  --^ :  cotis^ueotly^  the  square  of  the  time  in  which  ac  b 
described  by  w  will  be  as  ac  directly^  and  as  —  invdrtely ;  ^nd 
will  be  least  when  —  is  a  minimum ;  that  is.  when  rr-  +  BH 

EH  '  Ett 

+  ScE,  or  (because  Bce  is  invariable)  when  ^-f-  eh  is  a  mi?- 

nimum.  Now,  as  when  the  sum  of  two  quantities  is  given 
their  produdt  i^  a  inaxiiheum  when  they  are  equal  to  each  other ; 
so  it  is  manifest  that  when  their  product  is  ^ven  their  turn  must 

be  a  minimum  when  they  are  equal.  But  the  product  of  -^ 
and  eh  is  CE*,  and  consequently  given ;  therefore,  the  sum  of 
— ,  and  EH  is  least  when  those  parts  are  equal ;  that  is,  when 
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EH  =:  C£,  or  CA  =  ScE.  So  that  the  length  of  the  plane  ca 
is  double  the  length  of  that  on  which  the  weight  w  would  be 
kept  in  equilibrio  oy  p  acting  along  cb. 

when  CD  and  cb  coindde  the  case  becomes  the  same  as  that 
oonndered  by  that  admirable  mathematidan  Mr.  Maclaurin, 
in  his  View  of  Newton^ 8  Philosophical  Discoveries^  pa.  183, 
8vo»  ed.  Whence,  with  a  very  sGght  variation,  the  method  in 
this  scholium  was  deduced. 

371.  Prop.  Let  the  civen  weight  p  (fig.  5.)  descend  oikns 
cb,  and  hy  means  of  the  thread  pcw  {running  parallel  to  me 
planes)  draw  a  weight  w  up  the  plane  ac  :  it  is  required  to  find 
the  value  ofw^  when  its  momentum  is  a  maximumy  the  lengths 
atid  positions  of  the  planes  being  given. 

The  general  expression  for  the  velocity  is  ©  =s ^ 

(art.  S67.  ex.  II.) ;  which,  by  substituting  iih  for  sin  Cy  and 

i/  for  sin  e,  becomes  v  n  ""^^^"^^gt.    This  multiplied  into 

w  gives  "S—tZj^gi ;  which,  hy  the  prop,  is  to  be  a  maxi- 
mum. Or,  striking  out  the  constant  factors,  i,  gt^  we  have 
-— —  =  a  max.    Putting  this  into  fluxions,  and  reducing,  we 

have  p*L  —  2pwZ  -  wV  =:  0,  or  w  =:  p  V'Cy  + 1)  ""  ^• 

Cor.  When  the  inclinations  of  the  planes  are  equal,  l  and 
I  are  equal,  and  w  =  pV2  —  p=:p(-v/2-  1)  —  -414^ v ; 
agreeing  with  the  conclusion  of  the  lever  of  equal  arms,  or  the 
extreme  case  of  tlie  wheel  and  axle,  i.  e.  the  pulley.  Art.  866. 
cor.  7.  art.  367. 

S72.  Prop.  Given  the  radius  k  of  a  wheels  and  the  radius 
r  of  its  a^le,  the  weight  qfboth^  w,  and  the  distance  of  the  centre 
of  gyration  from  the  a^is  of  motion,  f ;  also  a  given  power  p 
acting  at  the  circumference  of  the  wheel;  to  find  the  weight  w 
raised  by  a  cord  folding  about  the  axle,  so  that  its  momentum 
shall  be  a  maximum. 

The  force  which  absolutely  impels  the  point  A  (fig.  6.  pi.  V.) 
is  p,  while  w  acts  in  a  direction  contrary  to  p,  with  a  force 


this,  therefore,  subducted  from  p,  leaves  p  — 

,  for  the  reduced  force  impelling  the  point  a.  And 
the  inertia  which  resists  the  communication  of  motion  to  the 
point  A  will  be  the  same  as  if  the  mass  ^-^ — -^^^^  were  con- 
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centrated  in  the  point  a  (art.  310.  oor«  4.  5.)    If  the  former 
of  these  be  divided  by  the  latter,  the  quotient  .lifLH^T^L  is 

the  force  accelerating  a  :  multiplying  this  by  — ,  we  have 
for   the   force   which    accelerates   the   weight  w 


in    its    ascent.      Consequently    the   velocity  of  w  will    be 
"—         ""         -gt:  which  multiplied  into  w  gives  "^'^^ 


gt  for  the  momentum.   As  this  is  to  be  a  maximum,  its  fluxion 
willrrO;  whence  we  shall  obtain  w=: 

^(b*?*  +  2r9p^«w  +  {4«p«  +  FWRrg«  +  r«B3r) — r«p— g^w 

Cor.  1.  When  R=:r,  as  in  the  case  of  the  single  fixed  pulley, 

then  w  =:  a/  (2p*ii^  +  SaPf *w + -^sk^  +  rwKf)  —  -^W'^r. 

Cor.  2.  When  the  pulley  is  a  cylinder  of  uniform  matter 
f*=:-J-R*,and  theexpressionbecomeswz:  >/[R'(2p«  +  lpa;+|ze;*)] 
—  4.W— P. 

CoR.  8.  If  in  the  first  general  expression  for  the  momentum 

of  w  we  put  a=R*p+P*a^»  we  shall  have *",      =  a  max. 

Which  fluxed  and  reduced  gives  w=— v^[Q'(Q  +  Rrp)] q. 

CoR«  4.  If  the  moving  force  be  destitute  of  inertia,  then  will 
a=f>%,  and  w,  as  in  the  last  corollary. 

378.  Let  a  given  power  p  be  applied  to  the  circumference  of 
a  wheels  its  radius  R,  to  raise  a  weight  w  txt  its  aale^  whose 
radius  is  r,  it  is  required  to  find  the  ratio  qf^s.  and  r  when  w  is 
raised  with  the  greatest  momentum ;  the  characters  w  amd  g  de- 
noting  the  sam£  as  in  the  last  proposition. 

Here  we  suppose  r  to  vary  in  the  expression  for  the  mo- 

mentum  of  w, -^ 5 rS"^'     ^^^  ^®  suppose  that  by  the 


+  f«W+R«P" 

conditions  of  any  specified  instance  we  can  ascertain  what 
quantity  of  matter  q  shall  make  r^q  r::  g'^Wy  which,  in  fact, 
may  always  be  done  as  soon  as  we  can  determine^ .     The  ex- 

pression  for  the  work  will  then  become  ^    ^ r  fft.     The 

fluxion  of  which  being  made=:0,  ^ves,  after  a  little  reduction, 

_^RV'[P«W«+  P9(J+W)]--FW 

r  I  ■;-■        ,;■'■'    '      "  > 

Cor.  When  the  inertia  of  the  machine  is  evanescent,  with 
respect  to  that  of  P  +  w,  then  is  r=R^(l4-  — )— 1. 
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474.  Prop.  In  cmy  maekfne  vfhose  fiwHon  tu^ertOet^  ihe 
weight  will  be  moveawith  the  greatest  velocity  when  the  vdo^ 

city  of  ike  power  is  to  thai  of  the  weight  as  1  +  p  \^(1  +  — ) 

to  1 ;  the  inertia  of  the  machine  being  disregarded. 

For  any  4uch  machine  niay  bo  coo«idered  as  reduced  to  a 
lever^  or  to  a  wheel  and  axle  whose  radii  are  b  and  >* ;  \ti  which 

tb«  velocity  of  the  weight         ^    gt.  (art.  366.)  is  to  be  a 

maximum,  r  being  considered  as  variable.  Hence,  then^  fol- 
lowing the  usual  rules,  we  shall  find  PB:!rrI^w+  Vjw-nJ-Pw)]. 
From  which,  since  the  velocities  of  the  power  and  weight  are 
respectively  as  b  and  r,  the  ratio  in  the  proposition  immediately 
flows. 

Cob.  1.  When  the  weight  moved  is  equal  to  the  power^  then 
is  R:r::l4-v/2:l::^'*ltt:  1  nearfy. 

CoE.  2.  When  the  weight  is  dotible^  triple,  qnadrupk^  &c. 
the  power,  the  preceding  ratio  becomes  2+i/6,  3  +  \/12» 
4-f  vSO,  &c.  respectively  to  1. 

375*  Pbof*  If  in  ikn^  machine  whose  inotion  acceleratei^  the 
descent  of  one  weight  causes  another  to  ascend^  and  tJie  descend- 
ing weight  be  givenj  the  operation  being  supposed  tonJtinuaUy 
repeaiedj  the  effect  mil  be  greatest  in  a  given  time  when  (he 
ascending  weight  is  to  the  descending  weighty  o^  1  ^o  1*618,  in 
tihs  case  of  equal  heights ;  and  in  other  cases,  when  it  %M  to  the 
exact  counterpoise  in  a  ratio  which  is  always  between  I  iol^ 
4md  Ito^. 

Let  the  space  descended  be  1^  that  Ascended  s\  the  des^setid- 
ing  wei^t  t^  the  ascending  w«ght  £  2  then  woidd  the  equili- 
brium require  wns  (art.  S63.};  and  1  •^*—  will  be  the  force 
:acting  on  1.  Now  the  mass  i  reduced  to  the  point  at  which 
the  mass  1  acts  will  be  =: — 5*=z — ;  consequently  the  whole 

mass  moved  is  equivalent  to  1 4^  -^^  and  die  nelative  force  is 

(1— -j-)-r(l  +  ~)  =  ^^.  But,  the  space  being  given, 
the  time  is  as  the  root  of  the  accelerating  force  inversely, 
that  is,  as  ./— — :  and  the  whole  effect  in  a  givett  time 
beiag  direelly  as  the  weight  raised,  and  inr^fsely  as  th^  time 


of  ascent,  will  be  as  ^  \/ ;   which    ranst  be  a  maxi- 
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iiiu».  Consequently  its  square-—-^ must  he  a  maxiimim 
likewise.     Thjs  latter  expi*essioii  fluxed  aod  r>educpd  givoB 

Here  Jf  ^  =  1,  w  =    "^      :  but  jf  *  bi?  diminished  without 

limit,  w=zi$;  if  it  he  augmented  mtbout  limit,  then  will 
4/(«?+10s+9)  approach  indefinitely  npar  tos^B,  and  oonr 
sequently  w=^2s.  Whence  the  truth  of  the  proposition  is 
manifest. 

376.  Prop.  Let  f  denote  tite  absoltde  effort  of  (my  vruyvmg 

jpyrce^  when  it  has  no  velocityy  and  suppose  tt  tiot  capable  of  any 

cffort^  when  the  velocity  is  w ;  ktvoe  the  effort  ansfwering  to 

tm  velocity  v,  Mew,  j^  the  Jbree  be  uniform^  v  mU  bezzf 


^*. 


For  it  is  the  difference  between  the  velocities  w  and  v 
which  is  efficient^  and  the  action  b^ng  constant,  will  vary  as 
the  square  of  the  effident  velocity.  l£noe  we  shall  have  this 
i^nalogy,  f  t  w  :  i  {w  r-  0)^  ;  (w  ^  v)^  :  epnseqqently^   w  ^  f 

Although  the  pressure  of  an  animal  is  not  actually  uniform 
during  the  whole  time  of  its  action,  yet  it  is  nearly  so :  so  that 
in  generfil  we  n^ay  adopt  this  hypothesis  in  order  to  approxi- 
mate to  the  true  nature  of  animal  action.  On  which  supposi- 
tion the  preceding  prop,  as  well  as  the  remaining  one,  in  this 
ehaptar,  will  apply  to  animal  exertion. 

Cqji,^  Retaining  the  mv(K&  notation  we  have  w  ^  JLJ^^ 

T  Vis,  applied  to  ^he  motion  of  animal^  gives  this  theorem : 
The  utmpst  velocity  with  which  an  animal  not  impeded  can  mcfoe, 
is  to  the  veJodtu  wifh  which  it  mooes  when  impeded  by  a  given 
resistance^  as  the  square  root  of  its  absolitie  jhrccy  to  the  diffbr- 
ence  of  the  s^ptare  roots  ofiU  absolute,  md.  ^ffkienljbrc^. 

377.  Pbop.  To  investigate  e^pressiQ(is  by  means  qf 'which  the 
maximum  effect^  in  machines  whose  motion  is  un^fbmiy  wfly  be 
determined^ 

I.  It  follows,  iVom  the  observations  piado^  in  art  368.  and 
the  definitions  in  art.  365.  that  when  a  machine,  whether  sim- 
ple or  compound,  is  put  into  motion,  the  velocities  of  the  im- 
pelled and  working  pointA  are  inversely  as  the  forces  which  are 
m  equilibrio  when  applied  to  those  points  in  the  direction  of 
their  motioiii.  Consequeotlyy  if y*  denote  the  redstance  when 
icdkiced  to  the  working  pois^  and  v  its  veloetey ;  whik  f  and 
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V  denote  the  force  acting  at  the  impelled  point,  and  its  velocity; 
we  shall  have  FV=/b,  or  introducing  t  the  time,  Tvt:=iyvt. 
Hence,  in  dU  working  machines  which  have  acquired  a  uni^ 
Jbrm  motion,  the  performance  of  the  machine  is  equal  to  the  mo- 
mentum  of  impulse. 

II.  Let  F  be  the  effort  of  a  force  upon  the  impelled  point  of 
a  machine  when  it  moves  with  the  velocity  v,  the  velocity  being 
w  when  FirO,  and  let  the  relative  velocity  w—v=:m.     Then 

since  (art.  376.)  F=f  (^!!^)%  the  momentum  of  impulse  fv 

will  become  vp  (  —  )  *  =  ^  •  —  (w  —  w) ;   because  v  ==  w  —  u. 

Making  this  expression  for  fv  a  maximum,  or,  suppressing  the 
constant  quantities,  and  making  2<^  ( w  - 1/)  a  max.  or  its  fluxion 
=0,  when  u  is  variable,  we  find  2w=:3tt,  or  Mn|.w.  Whence 
vrrw— «=:w  — yW=yW. 

Consequently,  when  the  ratio  ofvtov  is  given  by  the  con- 
^tructicn  of  the  machine^  and  the  resistance  is  susceptible  of 
variation^  we  must  load  the  machine  more  or  less  till  the  veh-  - 
city  Gfthe  impeded  point  is  one-third  qftlie  greatest  velocity  of 
the^yrce ;  then  wUl  the  work  done  be  a  maximum. 

Or,  the  work  done  by  an  animal  is  greatest  when  the  velocity 
unth  which  it  moves  is  one-third  of  the  greatest  velocity  with 
which  it  is  capable  qfm&vmg  w/ien  not  impeded. 

III.  Since  F=:p  ^  r:  ?(^)=|^<p,  in  the  case  of  the  max- 
imum, we  have  Fv=<^<pvi=|-^*  j-wn^^w,  for  the  momentum 
of  impulse,  or  for  the  work  done,  when  the  machine  is  in  its 
best  state.  Consequently  when  the  resistance  is  a  given  quantity 
we  must  make  \  :v::  9fi  4^ ;  and  thi^  structure  of  the  machine 
xviUgive  the  maximum  effect==^<pw. 

lY.  If  we  inquire  the  greatest  effect  on  the  supposition  that 
f  only  is  variable,  we  must  make  it  infinite  in  the  above  ex- 
pression for  the  work  done,  which  would  then  become  WF,  or 

yf—J\  or  w  — ft,  including  the  time  in  the  formula.     Hence 

we  see,  (hat  the  sum  of  the  agents  employed  to  move  a  machine 
may  be  infinite,  while  the  effect  is  finite:  for  the  variations  of 
^  which  are  proportional  to  this  sum,  do  not  influence  the 
above  expression  for  the  effect. 

SCHOLIUM. 

378.  The  propositions  now  delivered  contain,  it  is  hoped, 
the  most  material  principles  in  the  theory  of  machines.     The 
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manner  of  applying  several  of  them  is  very  obvious:  the  appli- 
cation of  some,  bemff  less  manifest,  may  be  briefly  illustrated, 
and  the  chapter  concluded  with  two  or  three  observations. 

The  last  theorem  may  be  applied  to  the  action  of  men  and  of 
horses,  with  more  accuracy  than  might  at  first  be  supposed. 
Observations  have  been  made  on  men  and  horses  drawing  a 
lighter  along  a  canal,  and  working  several  days  together.  The 
force  exert^  was  measured  by  the  curvature  and  weight  of 
the  track-rope,  and  afterwards  by  a  spring  steelyard.  The  pro. 
duct  of  the  force  thus  ascert£uned,  into  the  velocity  per  hour, 
was  considered  as  the  momentum.  In  this  way  tne  action 
of  men  was  found  to  be  very  nearly  as  (w— v)*:  the  action 
of  horses  loaded  so  as  not  to  be  able  to  trot  was  nearly  as 

IT  o 

(w— v)  ,oras  (w— v)  .  Hence  the  hypothesis  we  have 
adopted  may  in  many  cases  be  safely  assumed. 

According  to  the  best  observations,  the  force  of  a  man  at  rest 
is  on  the  average  about  70  pounds ;  and  the  utmost  velocity 
with  which  he  can  walk  is  aoout  6  feet  per  second,  taken  at  a 
medium.  Hence,  in  our  theorems,  p=70,  and  w=:6.  Conse- 
quently F=:|:^r:3I^lbs.  the  greatest  force  a  man  can  exert 
when  m  motion :  and  he  will  then  move  at  the  rate  of  yW,  or 
S  feet'  per  second,  or  rather  less  than  a  mile  and  a  half  per 
hour. 

The  strength  of  a  horse  is  generally  reckoned  about  six  times 
that  of  a  man;  that  is,  neany  420 lbs.  at  a  dead  pull.  His 
utmost  walking  velocity  is  about  10  feet  per  secona.  There- 
fore  his  maximum  action  will  be  ^  of  4^=:186|.lbs.  and  he 
will  then  move  at  the  rate  of -J.  of  10,  or  Sj-  feet  per  second,  or 
nearly  Sf  miles  per  hour.  In  both  these  instances  we  suppose 
the  force  to  be  exerted  in  drawing  a  weight  along  a  horizontal 
plane;  or  by  raising  a  weight  by  a  cord  running  over  a  pulley 
which  makes  its  direction  horizontid.  Mr.  Tredgold,  Mr. 
Sevan,  and  a  few  others  regard  this  as  rather  an  over  estimate 
of  the  power  of  a  horse.  Mr.  TredgDld  pves  lS51bs.  as  th^ 
force  or  a  horse,  moving  at  the  rate  m  ^  miles  an  hour,  for  8 
hours  in  a  day. 

379.  The  theorems  just  given  may  serve  to  show  in  what 
points  of  view  machines  ought  to  be  considered  by  those  who 
would  labour  beneficially  for  their  improvement. 

The  first  object  of  the  utility  of  machines  consists  in  furnish- 
ing the  means  of  giving  to  the  mooing  Jbrce  the  mosf  comrno^ 
dious  direction :  and,  when  it  can  be  done,  of  causing  its  action 
to  be  applied  immediately  to  the  body  to  be  moved.  These 
can  rarely  be  united :  but  the  former  can  be  accomplished  in 
most  instances ;  of  which  the  use  of  the  simple  lever,  piiUey, 
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add  irfiecl  and  axfo,  (brniish  HMtfiy  eicamples.  Sk>*i^ii1^ei^  lociJ 
circumstances  do  iioc  pertiiiit  the  emptoyment  of  tlVat  maebme 
whichv  eoMidered  in  itself,  y^atAd  be  ibost  propei*  to  ^ctiofifr^lisib' 
tht  desired  e£feet  t  J^,  ^th  correct  theory  atid  a  little  prac- 
tiee,  it  wiS  scarcely  ever  be  difficolt  to  fix  upod*  the  machine 
which  in  the  giteii  state  of  things  wiil  be  most  ad^vantageous  in 
practice.  The  seoodd  object  gained  by  the  use  of  machines  is 
an  aecemtnodaHof9  of  the  vehSiy  of  the  work  fo  be  peffbrmed 
to  the  xjehcity  with  which  alMe  a  ntitm-al  pofwer  can  act.  Thus, 
whenever  the  naturid  power  acts  with  a  certain  velocity  which 
cimnot  be  cb^tnged,  and  the  work  n^nst  be  performed  with  a 
greater  velocity,  a  machine  is-interposed  moveable  round  a  fixed 
support,  and  the  distances  of  the  impelled  and  working  pmnts 
are  taken  in  the  proportion  of  the  two  given  velocities. 

But  the  essential  advantage  of  machines,  that,  in  fiict,  which 
properl}'  appertains  to  the  theory  of  mei-hanics,  consists  in 
augmenting,  or  rather  in  modifying,  the  energy  of  the  moving 
power,  in  such  manner  that  it  may  produce  effects  of  which  it 
would  have  been  otherwise  incapable.  Thus  a  man  might  carry 
up  a  flight  of  steps  twenty  pieces  of  stone,  each  weighing  30 
pounds  (one  by  one)  in  as  small  a  time  atf  he  could  (with  the 
same  labour)  raise  them  all  together  by  a  piece  of  machinery, 
that  would  have  the  velocities  of  the  inipelled  and  working 
points  as  SO  to  1 ;  and,  in  this  case,  the  instrument  would  fur- 
nish no  real  advantage,  except  that  of  saving  his  steps.  But  if  a 
large  block  of  20  times  Sd,  or  600  lbs.  weight,  were  to  be  raised 
to  the  same  hd^ht,  it  would  far  surpass  the  utmost  efforts  of  the 
man<  without  the  intervention  of  some  such  contrivance. 

The  same  purpose  mav  be  illustrated  somewhat  differentljr ; 
oonfiiting  the  attention  all  along  to  machines  whose  moticm  is 
unilbrm.  The  prodtfctjft;  represents,  during  the  unit  of  time, 
the^flfeot  which  results  from  the  motion  of  the  resistance;  this 
motion  being  produced  in  any  manner  whatever.  If  if  be  pro- 
duced hy  applying  tlie  movii^  fori^  immediately  to  the  ri^sist- 
mice^  it  18  necessary  not  only  tnat  the  products  fv  andy&  should 
te  eqtial;  liut  that  at  the  same  time  f==/5  and  v=:»:  if, 
therefore,  as  most  frequently  happens,  y*  be  greater  than  f,  it 
Will  be^abMimely  itlipdssib]^  U>  p^  the  remtanee^  in' motion  by 
^plyhig  the  ntoffihg  forc^  immediately  to  it:  Nbw^  machines 
furnish  the  means^(ffspoi»ng  ^  rnrodnet  Fv  insiich  a  manner 
thai;  it  may  idways  be  equal  toj^,  however  riiuch  the  factors  of 
FV^may  drffer  ftom»  the  analogouar  factors  \nfo;  and,  ooneei^ 
qtientfy^  of  putting  the  system  m  motion,  whatever  is  the  excess 
ofy'over  F. 

Or,  genemlly,  ^  M.  Prony  remlarks  (Archi.  Hydraul.  art. 
504f.),  machines  enable  us  to  dispose  the  factors  of  fv^  in  such 
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%  nuumer,  that  while  that  psoduct  ooatinue&  the  same  its  fimtors 
BMy  have  lo  each  other  aay  ra4io  we  de^re*  Thus,,  to  give 
aaoichev  example ;  Suppose  that  a  man  es;ertiiig  hi&  streogtb 
imaiediaitely  upon,  a  mass  c£  S51bs^  can  raise  it  vertically  with 
a  velocity  of  4  feet  per  second ;  the  same  man  acdne  upcm  a; 
mass  of  liOOOlbs.  cannot  give  it  any  vertical  motion  tbOBgh  he 
exerts^  his  utmost  strength,  unless  he*  has  recourse  to  some  mB* 
cbiae.  Now  he  is  capable  a£  producing  an  effect  equal  to  25 
X  4i  X  t:  the  letUr  t  being  introduced,  beoause  if  die  labouc  ia 
continued  the  value  of  t  wul  not  be  indefinite*,  but  comprised 
within  assignable  limits.  Thus  we  have  35  x  4  x  tzziOOOt 
X  V  X  iirand  consequently  t?:;:;-!^  o£  &  f<^t»  Xliis  man  mAyy 
therefore,  with  a  machine,  as  a  lever,  or  axis  in  peritrooUo^ 
oause  a.  mass  of  1000  lbs.  to  rise  ^.  of  a  foot,,  in  the  same  time 
that  he  could  r£use  25  lbs.  foov  feet  without  a  madiiae;.  or  he 
may  raise  the  greater  weight  as  far  as  the  less,  by  employ  ingt^A 
tiipes  as  much  time. 

From  what  has.  been  said  on  the  extent  of  the  effects  w^b 
may  be.  attained  by,  machines,,  it  wiU  be  seem  that  so  long  as  a 
moving,  force  exercises  a  determinate  effort  with  a  velocity  like* 
wise  cktermioatey  or  so  lopg  as  the  fvoduct  of  these  ia  eeostan^ 
the  effect  of  the  machine  will  remain  the  same ;  thus,  undav 
this  point  of  view,  supposing  the  preponderance  of  the  effort  of 
the  moving  power,  and  abstracting  from  inertia  and  friction  of 
materials,  the  convenience  of  application,  &c.  all  machines  are 
equally  perfect.  But,  from  what  has  been  shown,  (arts.  S76. 
377.)  a  moving  force  may,  by  diminishing  its  velocity,  augment 
its  effort,  and  reciprocally.  There  is,  therefore,  a  certidn  effort 
of  the  moving  force,  such  that  its  product  by  the  velocity  which 
comports  to  that  effort  is  the  greatest  possible.  Admitting  the 
trutn  of  the  law  assumed  in  the  articles  just  referred  to,  we 
have,  when  the  effect  is  a  maximumy  v=:-^w,  or  fzz^-,  and 
these  two  values  obtaining  together,  their  product  -^(fw  ex- 
presses the  value  of  the  greatest  effect  with  respect  to  the  unit 
of  time.  In  practice  it  will  always  be  advisable  to  approach 
as  nearly  to  these  values  as  circumstances  will  admit ;  for  it 
cannot  be  expected  that  they  can  always  be  exactly  attained. 
But  a  small  variation  will  not  be  of  much  consequence :  for,  by 
a  well-known  property  of  those  quantities  which  admit  of  a 
proper  maximum  and  minimum,  a  value  assumed  at  a  moderate 
distance  from  either  of  these  extremes  will  produce  no  sensible 
change  m  the  effect. 

If  the  relation  of  f  to  v  followed  any  other  law  than  that 
which  we  have  assumed,  we  should  find  from  the  expression  of 
ttiat  law  values  of  f,  v,  &c.  different  from  the  preceaing.  The 
general  method,  however,  would  be  nearly  the  same. 


.V 
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With  respect  to  practice,  the  grand  object  in  all  cases  should 
be  to  procure  a  uniform  motion^  because  it  is  that  from  which 
{cceteris  paribus)  the  greatest  effect  always  results.  Every  irre- 
gularity m  the  motion  wastes  some  of  the  impelling  power ;  and 
it  is  the  greatest  only  of  the  varying  velocities  which  is  equal  to 
that  which  the  machine  would  acquire  if  it  moved  uniformly 
throughout:  for,  while  the  motion  accelerates,  the  impelHng 
force  IS  greater  than  what  balances  the  resistance  at  that  time 
opposed  to  it,  and  the  velocity  is  less  than  what  the  machine 
would  acquire  if  moving  uniformly ;  and  when  the  machine  at- 
tains its  greatest  velocity,  it  attains  it  because  the  power  is  not 
then  acting  against  the  whole  resistance.  In  both  these  situa- 
tions, therefore,  the  performance  of  the  machine  is  less  than  if 
the  power  and  resistance  were  exactly  balanced,  in  which  case 
it  would  move  uniformly  (art.  363.).  Besides  this,  when  the 
motion  of  a  machine,  and  particularly  a  very  ponderous  one,  is 
irregular,  there  are  continual  repetitions  of  strains  and  jolts 
which  soon  derange  and  ultimately  destroy  the  whole  structure. 
Every  attention  should,  therefore,  be  paid  to  the  removal  of  all 
causes  of  irregularity.  Some  of  the  most  successful  methods 
of  ensuring  a  uniformity  of  motion  will  be  given  in  the  second 
volume.    We  must  now  turn  to  other  subjects. 
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BOOK  III. 

Introductory  Definitions  and  Remarks. 

380.  According  to  the  general  division  marked  out  in  art^ 
20,  we  now  proceed  to  the  subject  of  Hydrostatics,  whicli 
comprises  the  doctrine  of  the  pressure  and  the  equilibrium  of 
non-elastic  fluids,  as  water,  mercury,  &c«  and  that  of  the  weight 
and  pressure  of  solids  immersed  in  them. 

Def.  a  fluid  i&  a  body  whose  parts  are  very  minute,  yield  to 
any  force  impressed  upon  it  (however  small),  and  by  so  yielding 
are  easily  moved  among  themselves. 

This  IS  nearly  the  same  as  the  definition  given  by  Newton, 
in  the  Prmcvpiay  book  %  sect.  5.  and  is  adopted  here  because, 
in  conjunction  with  two  or  three  established  facts,  it  may  6erve 
as  a  basis  for  all  which  distinguishes  the  doctrines  of  hydro^ 
statics  from  those  of  pure  mechanics.  The  writers  on  the 
Continent,  however,  though  they  admit  that  the  minuteness  of 
fluid  moleculse,  and  their  excessive  mobility,  are  characteristics 
common  to  all  such  bodies,  yet  they  have  recourse  to  a  difierent 
definition.  Thus  the  celebrated  Euler,  in  the  "New  Chmmien^ 
taries  of  St.  Petersburgh^  vol.  IS.  takes  for  the  ba^s  of  his 
analysis  the  following  consideration :  ^^  The  distinguishing 
nature  of  fluids  consists  in  this  property,  namely,  that  when  it 
is  subjected  to  any  pressure  whatever,  that  pressure  is  so  distri- 
buted throughout  the  mass,  that  while  it  remains  in  equilibrio 
all  its  parts  are  equally  pressed.^  And  M.  D^Alembert,  in  his 
Traiti  de  VE^fuilibre  et  du  Mouvement  des  FluideSy  as  well  as 
M.  Prony  in  \n&  Architecture Hydravlique^  adopts  the  same  pn>- 
perty  as  a  definition.  It  is  strictly  coninstent  with  experiment 
(though,  as  will  soon  be  seen,  it  is  rather  a  proposition,  capable 
of  proof,  than  a  definition),  and  furnishes  a  natural  foundation  for 
an  cdgebrcAcal  calculus,  by  which  the  whole  doctrine  of  hydro«- 
statics  may  be  exhibited  in  a  few  equations.  But  this  method, 
thou^  it  possesses  some  advantages,  is  not  entirely  pursued 
here,  from  a  firm  conviction  that  a  judicious  combination  bf  the 
geometrical  and  algebraical  methods  is  far  more  likely  to  convey 
distinct  ideas  to  the  student  than  the  modem  fuialysis  merely. 
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Perfect  fluidity,  according  to  the  Newtonian  system,  arises 
from  a  want  of  any  sensible  cohesion  between  the  constituent 
particles  of  the  fluid ;  and  this  want  of  cohe^on  is  commonly 
attributed  to  the  spherical  figure  of  the  particles.  The  nature 
of  this  work  does  not  require  that  we  should  enter  into  minute 
disquisitions  on  the  formal  cause  of  fluidity.  We  shall  merely 
state  that  the  late  Dr.  Black  of  Edinburgh  speaks  of  fluidity 
as  an  effect  of  heat :  and  before  him  Boerhaave  pleaded  strenu- 
ously for  the  same  opinion.  According  to  this  view  of  the 
matter,  fluidity  may  oe  caused  by  a  certain  degree  of  fire^ 
which,  when  employed  for  this  purpose,  seldom  manifests  itself 
by  any  other  perceptible  effect :  not  dilating  the  volume,  bat 
rensting  the  particular  attachment  of  the  parts.  Some  strive 
to  give  mechanical  ideas  of  a  fluid  body,  by  comparing  it  to  a 
heap  of  sand :  but  the  impoaubility  of  ^ving  fluidity  by  any  kind 
of  mechanical  comminution  will  appear  by  considmng  two  of 
the  circumstances  necessary  to  constitute  a  fluid  body:  1.  That 
the  parts,  notwithstanding  any  compression,  may  he  moved  in 
relation  to  each  other,  with  the  smallest  conceivable  force,  or 
will  fi^ve  no  sensible  resistance  to  motion  within  the  mass  in 
any  mrection*  S.  That  the  parts  shall  gravitate  to  each  other, 
whereby  there  is  a  constant  tendency  to  arrange  themselvea 
about  a  common  centre,  and  form  a  spherical  body ;  which,  aa 
the  parts  do  not  resist  motion,  is  easily  executed  in  small  bodies. 
Hence  the  appearance  of  drops  always  takes  place  when  a  fluid 
is  in  proper  circumstances.  It  is  obvious  that  a  body  of  sand 
can  by  no  means  conform  to  these  circumstances. 

Different  fluids  have  different  degrees  of  fluidity,  according 
to  the  facility  with  which  the  particles  may  be  moved  amongst 
each  other.  Water  and  mercury  are  classed  among  the  most 
perfect  fluids.  Many  fluids  have  a  very  sensible  degree  of 
tenacity,  and  are  therefore  called  viscom  or  imperfect  fluids. 

881.  Def.  Fluids  may  be  divided  into  compressible  and  tf^ 
compressible^  or  elastic  and  non^lastic  fluids.  A  compressible 
or  elastic  fluid  is  one  whose  apparent  magnitude  is  diminished 
as  the  pressure  upon  it  is  inoreased,  and  increased  by  a  diminu- 
tion of  pressure.  Such  is  air,  and  the  different  vapours.  An 
incaaqtressible  or  not^dastic  fluid  is  one  whose  dimendons  aie 
not,  at  least  as  to  sense,  affected  by  any  augmentation  of  pres** 
sure.  Water,  mercury,  wine,  &a  are  generally  ranged  under 
this  class* 

It  is  not  unusual  to  apply  the  ttxmJUdd  to  that  dass  soMy 
which  are  elastic,  and  liquid  to  such  sa  are  non.«ksdc;  thus 
making  air  a  fluid  and  water  a  liquid :  but  the  distinction, 
though  it  may  have  some  advantage*  in  chemical  nomenchi* 
tore,  need  not  be  inusted  upon  here. 


Although  thf  u^e  of  tbut  #dU*known  insUiiment  the  ther^ 
mmcter  k  foundad  upon  the  ctreumaftanee  of  different  degrees 
of  heaX  and  cold  causing  a  corresponding  dilatation  or  condensa^ 
tion  in  spirits  of  wine,  m^rcuty,  and  some  other  fluids ;  a  fact 
which  it  might  be  supposed  would  have  led  to  the  opinion  that 
such  fluids  were  compressible  by  other  means ;  yet  it  has  been 
universally  believed  and  assertedf  till  within  the  laat  half  century, 
that  after  the  fluid  was  freed  from  all  air  no  art  or  violenee 
oould  press  it  into  less  space.  This  opinion  has  been  grounded 
chiefly,  if  not  altofletber,  on  a  gross  and  inadequate  experitnent 
made  by  the  AcaaenU  del  Cimento^  at  Florence ;  in  which  water 
when  violently  squeezed  made  its  way  through  the  fine  pores  of 
a  globe  of  gofd^  rather  than  yield  to  the  compessbn.  Even  bp 
lately  as  1790,  so  skilful  a  mathematicnan  and  philosopher  as 
M.  Prony  speaks  of  the  incompresdbility  of  water  with  aa 
obvious  lUlusion  to  the  Florentine  experiment*  as  thougli  he 
were  not  at  all  conscious  of  its  insufficiencjr,  and  seeming  cjuite 
ignorant  of  any  cootranr  experiments,  Fw,  says  he,  ^  Si  une 
Quantity  d^eau  est  renfermee  dans  un  vase  de  capacity  et  de 
loraie  queleooque,  et  qu'on  Ty  oomprime  avec  toute  la  fefoe 
qu'on  voudra»  jamais  on  ne  pourra  la  reduire  a  oecvpcr  un 
espace  moindre  que  celui  qu*eUe  occupoit  d'abord.  Toat  le 
monde  connoit  les  experiences  qu'on  a  faites  nour  ooastater 
cette  proprL6t^ ;  onsait  que  Teau  etant  renferm^e  oansdes  globes 
de  metal,  quelque  percussion  ou  quelque  pression  qu^on  empkio 
pour  le  faire  diminuer  de  volume,  on  n'y  parvient  jamais,  et  que 
lorsque  la  resistance  quVUe  oppose  f^  de  pareils  efforts  ne  lot 
fait  pas  biiser,  son  enveloppe,  elle  se  fait  jour  k  travem  les 
pores  du  iBh^tal,  d'ou  elle  sort  en  forme  de  ros^e." 

But  our  ingenious  countryman,  Mr*  Canton,  attentively  oon*- 
sidering  this  experiment,  found  that  it  was  not  sufficiently  aoeu*^ 
rate  to  justify  the  conclusion  whidi  had  always  been  drawn 
from  il;  since  the  Florentine  philosophers  baa  no  method  of 
deterinining  that  the  alteration  of  figure  in  their  gk)be  of  goki 
occaaioned  such  a  duninntion  of  its  internal  ct^acitj  as  was 
exactly  equal  to  the  quantity  of  water  forced  into  its  poresu 
To  bring  this  matter  therefore  to  a  mcwe  accurate  and  deciinve 
trial,  be  orpcuied  a  small  glass  tube  of  about  two  feet  kng, 
with  a  bail  at  one  end,  of  an  inch  and  a  quarter  in  diameter. 
Having  filled  the  ball  and  part  of  the  tube  with  mercury^  and 
broug^  it  exactly  to  the  heat  of  50^  of  Fahrenheit's  tliKn*mo- 
meter,  he  marked  the  place  where  the  mercury  stood  in  the 
tube,  which  was  about  six  inches  and  a  half  above  the  ball ;  he 
then  Mised  the  mercury  by  heat  to  the  top  of  the  ti^^  and 
there  aoatoH  the  tube  hermetically;  then  upon  reducing  the 
mercury  to  the  same  degree  of  heat  as  before,  it  stood  m  the 
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tube  -^^  of  an  inch  higher  than  the  mark*    The  same  expe- 
riment was  repeated  with  water  exhausted  of  air,  instead  of 
mercury,  and  the  water  stood  in  the  tube  -^V  ^^  ^^  ^^^^  above 
the  mark.     Since  the  weight  of  the  atmosphere  on  the  outside 
of  the  ball,  without  any  counterbalance  from  within,  will  com- 
press the  ball,  and  equally  raise  both  the  mercury  and  water,  it 
appears  that  the  water  expands  -pg'^  of  an  inch  more  than  the 
mercury  by  removing  the  weight  of  the  atmosphere.     Having 
thus  determined  that  water  is  really  compressible,  he  proceeded 
to  estimate  the  degree  of  compression  corresponding  to  any 
given  weight.   For  this  purpose  he  prepared  another  ball,  with 
a  tube  joined  to  it ;  and  finding  that  the  mercury  in  —^  of  an 
inch  of  the  tube  was  the  hundred  thousandth  part  of  that  con- 
tained in  the  ball,  he  divided  the  tube  accordmgly.     He  then 
filled  the  ball  and  part  of  the  tube  with  water  exhausted  of  air; 
and  leaving  the  tube  open,  placed  his  apparatus  under  the  re- 
ceiver of  an  air-pump,  and  observed  the  degree  of  expansion 
of  the  water  answering  to  any  degree  of  rarefaction  of  the  mr : 
and  again  by  putting  it  into  the  glass  receiver  of  a  condensing 
engine,  he  noted  the  degree  of  compression  of  the  water  cor- 
responding to  any  degree  of  condensation  of  the  ain    He  thus 
found  by  repeated  trials,  that,  in  a  temperature  of  50**,  and 
when  the  mercury  has  been  at  its  mean  height  in  the  barometer, 
the  water  expands  one  part  in  21740 ;  and  is  as  much  com- 
pressed by  the  weight  of  an  additional  atmosphere ;  or  the  com- 
pression of  water  by  twice  the  weight  of  the  atmosphere,  is  one 
part  in  10870  of  its  whole  bulk.     Should  it  be  objected  that 
the  compressibility  of  the  water  was  owing  to  any  air  which  it 
might  be  supposed  to  contain,  he  answers,  that  more  air  would 
make  it  more  compressible;  he  therefore  let  into  the  ball  a 
bubble  of  air,  and  found  that  the  water  was  not  more  com- 
pressed by  the  same  weight  than  before. 

In  some  further  experiments  of  the  same  kind,  Mr.  Canton 
found  that  water  is  more  compressible  in  winter  than  in  sum- 
mer ;  but  he  observed  the  contrary  in  spirit  of  wine,  and  oil  of 
olives. 

The  following  table  was  formed,  when  the  barometer  was  at 
S9  inches  and  a  half,  and  the  thermometer  at  50  degrees. 

Compression  of  Millionth  parts.  Spec.  gray. 


Spirit  of  wine 66    . 

Oil  of  olives 48    . 

Rain  water 46    . 

Sea  water 40    . 

Mercury 3    . 

See  Phil  Transac.  for  176^  and  1764. 
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These  results' have  been  confirmed  to  a  considerable  de< 
gree  by  the  experiments  of  Perkins  and  Oersted. 

Indeed  it  seems  reasonable  to  conclude,  independent  of  all 
experiments,  that  no  fluids  are  absolutely  incompressible ;  for  all 
bodies  being  porous,  their  parts  may  be  brought  nearer  to  each 
other :  and  a  liquid  being  an  assemblage  of  solid  bodies,  should, 
therefore,  be  compressible.  Hence,  then,  the  usual  distinction 
of  fluids  into  compressible  and  incompressible  is,  strictly  speak- 
ing, inaccurate.  Nevertheless,  as  the  compression  of  the  liquids 
in  the  preceding  table  is  very  small  compaxeA  with  their  mass, 
it  may  safely  be  neglected  in  most  practical  cases,  so  that  the 
fluids  usually  considered  as  incompressible  may  still  be  reckoned 
so  in  the  investigjations  we  are  albout  to  enter  upon ;  and  the 
consideration  of  air,  and  other  easily  compres^nle  and  elastic 
fluids,  may  be  properly  referred  to  the  separate  hiead  of  Aero- 
statics or  !Pneumatu;s. 

382.  We  know  so  little  of  the  essential  nature  and  constitution 
of  fluids,  that  it  would  be  by  no  means  advisable  to  apply  to 
them  the  principles  of  equilibrium  and  of  motion,  as  they  have 
been  stated  in  the  preceding  part  of  this  work,  without  first 
inquiring  whether  there  is  not  some  other  general  law  which  ap- 
pertains to  fluids  only,  and  from  which,  in  conjunction  with  the 
principles  just  adverted  to,  the  doctrine  of  hydrostatics  may 
readily  be  deduced.    For  the  actions  of  fluids  upon  each  other 
differ  so  essentially  in  some  particulars  from  the  mutual  actions 
of  solid  bodies,  that  some  distinct  principle  must  be  sought,  to 
account  for  such  varying  effeqts.     The  parts  of  a  solid  are  so 
connected  together  as  to  form  but  one  and  the  same  whole ; 
their  effort  is,  according  to  its  nature,  concentrated  into  one 
point,  as  the  centre  of  gravity,  centre  of  gyration,  &c. ;  which 
IS  by  no  means  the  case  with  fluids,  their  particles  being  ex- 
tremely moveable  and   entirely  independent  of  each  other. 
Again:  no  statical  equilibrium  can  take  place  between  two 
bodies  of  different  weights,  unless  the  lighter  body  acts  at  some 
mechanical  advantage;  whereas  a  very  small  weight  of  fluid 
may,  without  acting  in  so  advantageous  a  position,  be  made  to 
balance  any  weight  however  large.     Solid  bodies,  again,  when 
left  to  themselves,  press  only  in  the  direction  of  gravity ;  while 
fluids  press  equally  in  all  directions.     This  property  indeed  is 
one  of  the  most  remarkable  which  we  meet  with  in  fluids, 
and  from  it  most  of  the  other  properties  may  be  readily  in- 
ferred ;  on  which  account  the  continental  philosophers  assume 
it  as  a  kind  of  definition.     The  Newtonian  definition  is  more 
simple,  and  naturally  leans  to  this  property,  which  can  only  be 
conceived  to  arise  from  the  extreme  freedom  with  which  the 
particles  move  against  each  other.     But  the  most  satisfactory 
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pitx>f  results  from  experimeat;  to  whidi  it  is  proper  to  have 
recourse  in  the  establishment  of  the  first  prindpies  of  Hydrcv- 
statics^  and  which  will  at  once  furnish  the  general  law  necessary 
to  be  combined  with  the  received  principles  of  proper  me- 
chanics. 

883,  Dbf.  The  specific  gravity  of  any  solid  or  fluid  bodj 
is  the  absolute  weight  of  a  known  volume  of  that  substance, 
namely,  of  that  which  we  lake  for  uni^  in  measuring  the 
capacities  of  bodies* 

Comparing  this  definition  with  that  of  density  (art  10.)  it 
will  appear  that  the  two  terms  density  and  specific  gravity  ex- 
press the  ssme  thing  under  different  aspects;  the  former  being 
more  accurately  restrained  to  the  greater  or  less  vicinity  of  par- 
ticles, the  latter  to  a  greater  or  less  weight  in  a  given  volume ; 
henoe  as  weight  depends  upon  the  closeness  of  particles,  the 
density  varies  as  the  specific  gravity,  and  the  terms  may  in 
most  cases  be  indiscriminately  used.  The  specific  gravities  of 
fluids  are  usually  considered  without  any  regard  to  the  empty 
spaces  between  the  particles,  though  if  the  particles  of  fluicfas 
are  spherical,  the  vacuities  make  at  least  ^  of  the  whole  bulk. 
But  it  is  sufficient  that  we  know  precisely  in  what  sense  the 
specific  gravity  of  fluids  is  understood* 
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ON  THE  PaESSUBE  OF  MON -ELASTIC  FLUIXMI. 

384.  Prop.  The  upper  surface  of  a  homogeneous  heavy  ftutd' 
in  any  t^esself  or  any  system  ^communicating  vessels j  is  Ttori- 
zontal. 

This  is  a  matter  of  universal  experience ;  and,  as  it  is  easily 
observed,  may  be  taken  for  the  distinguishing  property  of 
fluids.  Thus,  if  abcdef  (fig.  7.  pi.  XVj  be  a  vessel  in  which 
the  branches  cdh,  efg,  have  a  free  communication  with  the 
part  AB ;  then,  if  water,  or  mercury,  or  wine,  or  any  other  fluid 
commonly  reckoned  non-elastic,  be  poured  in,  either  at  a,  c,  or 
£,  and  when  the  whole  is  at  rest,  the  surface  of  the  fluid  stands 
at  IK  in  the  larger  trunk ;  if  the  line  likm  be  drawn  parallel  to 
the  horizon,  the  surface  of  the  fluid  will  stand  at  l  in  the  branch 
£F,  and  at  m  in  the  branch  cd  ;  and  this  whatever  are  Hhe  in- 
clinations of  those  branches,  or  the  angles  at  f  and  d,  g  and  H. 

Remark.  This  is  usually  explained  by  saying,  that,  since  the 
parts  of  a  fluid  are'easily  moveable  in  any  direction,  the  higher 
particles  will  descend  by  reason  of  their  superior  gravity,  and 
raise  the  lower  parts  till  the  whole  comes  to  rest  in  a  horizontal 
plane.  Now  what  is  called  the  horizontal  plane  is,  in  fact,  a 
portion  of  a  spherical  surface  whose  centre  is  the  centre  of  the 
earth :  hence  it  will  follow,  that  ifajluid  gravitate  towards  any 
centre  it  will  dispose  itself  into  a  splierical  figure ,  the  centre  of 
which  is  the  centre  of  force, 

886.  Prop.  Ifafiuid,  considered  without  weighty  he  contained 
in  cmy  vessel  whatever ,  and  an  orifice  being  made  in  the  vessel^ 
any  pressure  whatever  be  applied  thereto^  that  pressure  wiU  be 
distributed  equally  in  aU  directions. 

Through  any  point  n  (fig.  7.)  taken  at  pleasure  below  the 
surface  of  the  fluid  likm,  imagine  the  horizontal  plane  PNoa 
to  pass.  It  is  obvious  the  weight  of  the  fluid  contained  in  the 
vessel  below  pnoq  contributes  nothing  to  the  support  of  the 
columns  lp,  io,  mq  ;  so  that  the  equilibrium  wouia  obtain  in 
like  nuinner  if  the  fluid  contained  in  that  part  of  the  vessel  below 
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PNoa  had  lost  its  weiffht  entirely.  We  majr,  therefore,  regard 
this  fluid  as  being  sofely  a  mean  of  communication  betwten  the 
columns  lp,  io,  and  Ma ;  in  such  a  manner  that  it  will  transmit 
the  pressure  resulting  from  the  columns  lp,  MOf  to  the  column 
lo,  and  reciprocally.  If,  now,  instead  of  the  columns  lp,  io, 
MO)  of  the  fluid,  pistons  were  applied  to  the  surfaces  p,  no, 
and  Q^  and  were  separately  ur^ed  by  pressures  respectively 
equal  to  the  pressures  of  the  cSumns  LP,  lo,  mq,  the  equili- 
brium would  manifestly  obtain  in  like  manner.  Or,  if  a  pres- 
sure equal  to  that  of  the  column  mq  be  applied  at  a,  while  the 
columns  lp,  io,  remain,  the  equilibrium  will  still  obtain ;  and 
this  whatever  are  the  directions  of  the  several  branches,  and 
their  sinuosities  at  d,  f,  &c.  whence  the  proposition  is  evi- 
dent. 

Co&.  1.  Not  only  is  the  pressure  transmitted  equally  in  all 
directions,  but  it  acts  perpendicularly  upon  every  point  qfthe 
surface  of  the  vessel  which  contains  the  fluid. 

For  it  the  pressure  which  acts  upon  the  surface  were  not 
exerted  perpendicularly,  it  is  easy  to  see  that  it  could  not  be 
entirely  annihilated  by  the  reaction  of  that  surface;  the  surplus 
of  force  would,  therefore,  occasion  fresh  action  upon  the  particles 
of  the  fluid,  which  must  of  consequence  be  transmitted  in  all 
directions,  and  thus  necessarily  occasion  a  motion  in  the  fluid: 
that  is,  the  fluid  could  not  be  at  rest  in  the  vessel,  which  is  con- 
trary to  experience. 

Cor.  2.  Hence,  also,  if  the  parts  of  a  fluid  contained  in  amy 
vessel  ABCD  (fig.  6.  plate  XV.),  open  towards  the  part  ab, 
are  solicited  by  anyjorces  whatever^  and  remain  notwithstand- 
ing in  equilibrio,  these  forces  must  be  perpendicular  to  the  sur- 
face AB.  For  the  equilibrium  would  obtain  in  like  manner  if 
a  coyer  or  a  piston  of  the  same  figure  as  the  surface  ab  were 
applied  to  it;  and  it  is  manifest  that,  in  this  latter  case,  the 
forces  which  act  at  the  surface,  or  their  resultant,  must  be  per- 
pendicular to  that  surface. 

C'oR.  3.  If,  therefore,  the  forces  which  act  upon  the  particles 
of  the  fluid  are  those  of  gravity,  we  shall  see  tnat  the  aireclion 
of  gravity  is  necessarily  perpendicular  to  the  surface  of  a  tran- 
quil fluid ;  consequently,  the  surface  of  a  fieavy  fluid  must  be 
horizontal  to  be  in  equilih^io^  wliatever  inay  be  theflffure  of  the 
vessel  in  which  it  is  contained. 

Thus,  again,  we  see  the  reason  of  the  fact  stated  in  art.  383. 

Cob.  4.  If  a  vessel,  as  abcd  (fig.  6.  pi.  XV.)  closed 
throughout,  except  at  a  small  orifice  o,  be  full  of  a  fluid  with- 
out weight ;  thpn  if  any  pressure  be  applied  at  o,  the  resulting 
pressure  pii  the  plane  surface  or  bottom  cd  will  neither  depend 
upon  the  quantity  of  fluid  in  the  vessel  nor  on  its  shape  ;  but. 
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since  the  pressure  applied  at  o  is  transmitted  equally  in  all 
directions,  the  actual  pressure  upon  cd  will  be  to  the  pressure 
at  o,  as  the  area  of  cd  to  that  of  the  orifice. 

Cor.  5.  In  the  same  manner  will  the  pressure  applied  at  o 
be  exerted  in  rising  the  top  ab  of  the  vessel ;  so  that  if  the 
top  be  a  plane,  of  miich  o  lorms  a  part,  the  vertical  pressure 
tending  to  force  ab  upwards  w'dl  be  to  the  force  appliea  at  o,  as 
the  surface  ab  to  the  area  o. 

886.  Prop.  The  pressure  ofajluid  on  the  horizonUd  base  of  a 
vessel  in  which  it  is  contained^  is  as  the  base  and  perpendicular 
altitude^  whatever  be  the  figure  of  the  vessel  that  contains  it : 
the  upper  surface  of  the  fluid  being  supposed  horizontal. 

Let  any  horizontal  plane  gh  (fig.  10.  pi.  XV.)  be  supposed 
drawn,  and  conceive  the  fluid  contained  in  the  part  gcdh  of 
the  vessel  to  be  void  of  weight ;  then  it  is  evident  from  cor.  3. 
of  the  foregoing  proposition,  that  any  vertical  filament  what- 
ever, £1  of  the  heavy  fluid  abhg,  exerts  at  the  point  i  a  pressure 
which  is  distributed  equally  through  the  fluid  gcdh;  and  that 
this  pressure  acts  equally  upwards,  to  oppose  the  action  of  each  of 
the  other  filaments  which  stand  vertically  above  gh  ;  therefore, 
the  filament  ei  alone  keeps  in  equilibrium  all  the  other  filaments 
of  the  mass  aohb  :  consequently  the  mass  gcdh  being  still  sup- 
posed without  weight,  there  will  not  result  any  other  pressure 
on  the  bottom  cd  £an  that  of  a  single  filament  ei,  whicn,  being 
transmitted  equally  to  all  the  pomts  of  cd,  will  make  the 
pressure  upon  cd  to  that  upon  the  base  i  of  the  filament  ei  as 
the  area  cd  to  the  area  i.  If,  therefore,  we  imagine  (fig.  9.  pi.  XV.) 
a  heavy  fluid  contained  in  acb  to  be  divided  into  horizontiu 
laminae,  the  upper  lamina  will  communicate  to  the  bottom  CD 
no  other  action  than  would  be  communicated  by  the  single 
filament  ab  ;  and  the  same  thin^  obtaining  with  respect  to  each 
lamina,  the  bottom,  therefore,  is  pressed  m  the  same  degree  as 
it  would  be  by  the  combined  operation  of  the  filaments  a£,  bc^  cdy 
&c.  Whence,  as  this  pressure  is  transmitted  equally  to  all  the 
points  of  CD,  it  will  be  equal  to  the  product  of  cd  into  the  sum 
of  the  pressures  which  the  filaments  aft,  be,  cd,  are  capable  of 
exercising  on  the  same  point,  or  it  will  be  proportional  to  CD  x 
{ab+bc+cd^  &c.). 

CoE.  1.  Hence,  if  the  fluid  contained  in  the  vessel  abdc  be 
homogeneous,  the  pressure  on  the  bottom  cd  wiU  be  expressed  by 
CD  X  £C ;  and  zvill  be  measured  by  the  weight  of  the  prism  or 
cylinder  whose  base  is  cd  and  height  EC. 

Cor.  2.  Hence,  also,  when  the  heights  are  equal,  the  pres^ 
sures  (qftlie  same  fluid)  are  as  the  bases:  when  the  bases  are 
equals  the  pressures  are  as  the  heights:  when  both  heights  aiid 
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ba$ei  are  egual,tke  pressures  an  the  hcritontal  bottoms  are  equal 
in  oBj  hauler  vrremdar  the  shape  and  different  the  capacities 
of  the  vessels  may  be. 

Cor.  3.  In  d^erent  vessels  containing  different  /luids,  the 
pressures  are  as  the  areas  of  the  bottoms  x  depths  x  specific 
gravities* 

Cob.  4.  If  the  lamina  ah,  gk,  &c.  be  of^  different  densi- 
ties j  or  specific  gravities,  d,  d,  $,  &c.  th£n  wtll  the  pressure  on 
the  bottom  cd  be  equal  to  cdx  (ab*D-|-bc*d4-cd-$+  &c.). 

SCHOLIUM. 

387.  Upon  the  two  principles  that  fluids  press  equally  in  all 
directions,  and  in  proportion  to  their  perpendicular  depths, 
depends  the  explanation  of  the  peculiarity  known  by  the  title 
of  the  hydrostatic  paradox ,  which  is  this:  amf  quantity  of 
water  or  other Jluid,  how  small  soever^  may  be  made  to  balance 
and  support  any  quantity  or  any  weighty  however  great :  a  cir- 
cumstance which  has  been  converted  to  a  useful  purpose  in  the 
construction  of  some  machines.  (See  Bramah's  Machine^ 
vol.  ii.)  A  well->known  contrivance  to  illustrate  this  principle 
is  the  hydrostatic  beUows.  It  consists  of  two  thick  boards  ef, 
CD,  (fig.  8.  pi.  XY.)  about  sixteen  or  eighteen  inches  diameter, 
covered  or  connected  firmly  with  pliable  leather  round  the  edges, 
to  open  and  shut  like  common  bellows,  but  without  valves; 
a  pipe  AB  about  three  feet  high  being  fixed  into  the  bellows  at 
B*  Now  let  water  be  poured  into  the  pipe  at  a,  and  it  will 
run  into  the  bellows,  gradually  separating  tne  boards  by  raising 
the  upper  one.  Then,  if  several  weights  (three  hundred  weights, 
for  instance)  be  laid  upon  the  upper  board,  the  water  being 
poured  in  at  the  pipe  till  it  be  full,  will  sustain  all  the  weights, 
though  the  water  in  the  pipe  should  not  weigh  a  quarter  of  a 
pound.  For  the  narrower  the  pipe  the  better  (beyond  certain 
limits),  provided  we  make  it  long  enough,  the  proportion  being 
always  this : 

As  the  area  of  the  orifice  or  section  of  the  pipe. 
To  the  area  of  the  bellows  board,  fe  : 
So  is  the  weight  of  water  in  the  pipe,  ao, 
To  the  weight  it  will  sustain  on  the  board. 

For  the  fluid  at  b,  the  bottom  of  the  tube,  is  pressed  with  a 
force  varying  as  its  altitude  ab  :  and  this  pressure  is  communi- 
cated horizontally  to  all  the  particles  in  the  space  fe,  and  then 
distributed  equally  throughout  the  fluid  in  the  bellows :  conse- 
quently, the  pressure  upward  at  fe  is  equal  to  the  weight  of  a 
cflinder  of  the  fluid  whose  base  is  fe  and  altitude  ab  ;  while  the 
actual  waght  of  water  borne  up  is  tmfy  diat  of  the  cylinder  whose 
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base  IB  FE  and  heMit  bg  ;  and  hence  no  weights  laid  upM  cib 
that  do  not  exceed  the  weight  of  a  cylinder  of  the  fluid  whose 
base  is  ef  and  altitude  ao  will  disturb  the  equilibrium. 

888.  Pkop.  If  two  immisceable  fluids  are  indicded  in  a  bent 
tube^  and  balance  each  other^  their  perpendicular  altitudes^ 
estimated  from  a  horizontal  plane  dra*mn  through  the  common 
surfhce  where  they  are  in  contact^  mU  be  redprocalh/  as  their 
specific  gravities. 

Let  ABCD  (fig.  1.  pi.  XVI.)  be  such  a  bent  tube,  its  form 
and  dimenBions  being  arbitrary;  and  let  the  common  surface  of 
the  tvro  immisceable  fluids  be  gh  ;  one  fluid  occupying  the  space 
CFH69  the  other  the  space  ghbck:!.  Let  the  specific  gravity 
of  the  fluid  in  efhg  be  s,  that  of  the  other  s.  Through  the 
surface  gh  draw  the  horizontal  plane  ghlom,  then  it  is  manifest 
(art.  384.)  that  the  part  ghbcml  is  naturally  in  equilibrio :  in 
order,  tberefore,  that  the  equilibrium  may  exist  in  the  whoIe» 
the  pressures  exerted  upon  gh  by  the  fluias  contained  in  £fhg, 
tXML,  must  be  equal.  Now  (art.  S86.  cor.  8.)  the  former  of 
these  pressures  is  denoted  by  gH'FH'5,  and  the  latter  by  gh*  no-s. 
Consequently  gh«fh«s  =:  gh*no«s,  or  FH«^tiNO*s;  whence 
flows  the  proposition,  i. ^.  FH :  KO : :  s  :  ^. 

SCHOLIUM. 

S8&.  Before  we  oommence  the  investigation  of  the  pressure 
cf  flinds  on  oblique  and  curvilinear  surfaces^  we  may  just 
remark  with  respect  to  pressures  upon  the  borixontal  bottoms 
of  vessels^  that  it  is  necessary  to  distinguish  between  the  jpres^ 
sure  which  the  plane  en  (fig.  6.  pi.  XV.)  would  sustam  as 
aA^ng  from  the  nuid»  and  that  which  it  would  have  to  sttstaim 
if  it  carried  the  vessel*  If  the  bottom  CD  were  detached  firom 
the  veBdely  in  order  to  prevent  the  escape  of  the  water  Ihare^  the 
bottook  CD  mutt  be  pressed  upwatda  with  a  force  equal  to  the 
weight  of  the  cylinder  cdsf  01  the  fluid :  bot  if  we  would  sup- 
port the  vessel^  it  will  require  a  force  equal  to  the  weight  both 
ot  the  vessel  and  the  fluid  it  contains*  Thus^  when  the  vessd 
is  Mrrowest  at  bottonnt  will  require  more  force  to  sujpport 
the  vessel  than  to  keep  its  bottom  from  falling:  while^  if  the 
vessel  is  widest  at  bottom,  it  may  be  supported  with  a  less  effort 
than  would  be  necessary  to  prevent  the  cx>ttom  from  separating 
&vm  the  sides  of  the  vessel.  But  the  pressure  of  the  fluid  on 
the  bottom  of  an  upright  prismatic  vessd  is  e^ual  to  its  weight. 

390.  IPeof.  Any  plane  ^mfact  immersed  in  a  hMvy  fluids 
qf  which  the  upper  surface  is  horizontal,  is  perpendiculm'hf 
firmed  mth  ajbrce  eqml  to  the  weight  ^^  cmtmn^thia 
/Mi^  hairing  the  surfui^  preisedjbr  tta  ia»e,  and  Ate  Sp^  fff 
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its  centre  qf  gravity  under  the  surface  of  the  fluid  Jbr  its 
altitude. 

Let  ABCD  (fi^.  10»  11.  pi.  XV.)  be  a  vertical  section  of  a 
vessel  termiDatedby  surfaces  either  plane  or  curved,  and  anyway 
inclined  to  the  horizon ;  and  let  the  vessel  be  filled  with  a  fluid 
whose  upper  surface  intersects  the  section  abcd  in  the  hori- 
zontal line  AB.  If  ghA^*  be  an  indefinitely  thin  lamina  of  the 
fluid,  we  may  consider  it  abstractedly  from  its  weight,  and  then 
conceive  this  lamina  as  pressed  by  the  superior  fluid.  Now 
this  pressure  is  distributed  equally  through  all  the  particles  of 
the  lamina,  and  acts  perpendicularly  and  equally  upon  all  the 
points  of  the  faces  6g^,  uh:  hence,  because  this  force  is  the 
same  as  would  be  occasioned  by  the  filament  £i  alone,  the 
pressure  which  is  exerted  perpendicularly  upon  Gg  will  be  ex- 
pressed by  6^-  Ei:  and  the  same  will  manifestly  obtain,  if, 
instead  of  regarding  g^  as  an  evanescent  right  line,  we  conader 
it  as  an  evanescent  surface.  Therefore,  in  general,  the  pressure 
which  is  exerted  perpendicularly  upon  any  evanescent  surface, 
by  a  heavy  homogeneous  fluid,  is  estimated  b]^  the  continual 
product  of  that  surface,  its  distance  from  the  horizontal  surface, 
and  the  specific  gravity  of  the  fluid. 

Hence  it  will  follow,  that  the  total  pressure  exerted  upon 
any  plane  surface  whatever,  whether  vertical  or  oblique,  is  equal 
to  the  product  of  the  specific  gravity  into  the  sum  of  the  pro- 
ducts of  the  evanescent  parts  of  this  surface  into  their  respec- 
tive distances  from  the  upper  surface  of  the  fluid :  but  by  the 
nature  of  the  centre  of  gravity  (art.  108.)  the  sum  of  these  fatter 
products  is  equal  to  the  product  of  the  whole  surface  into  the 
distance  of  its  centre  of  gravity  from  the  horizontal  surface  of 
the  fluid :  so  that  the  whole  pressure  will  be  denoted  by  the 
continual  product  of  the  surface  pressed,  the  distance  of  its 
centre  of  gravity  from  the  upper  surface,  and  the  specific  gra- 
vity of  the  fluid ;  which  is  the  proposition  in  other  words. 

Cor.  1.  The  entire  lateral  pressure  of  a  vessel  whose  sides 
are  perpendicular  to  the  base,  is  equal  to  the  weight  of  the 
fluid  contained  in  a  recta/ngular  prism,  whose  altitude  is  that 
of  the  fluid,  and  base  is  a  parjaUelogf^lmy  one  side  of  which  is 
equal  to  the  altitude  of  the  fluid,  and  the  other  to  the  semiperi- 
meter  of  the  vessel. 

Cor.  S.  The  pressure  agamst  one  side  of  a  cubical  vessel 

fiUed  with  a  fluid  is  eqvm  to  half  the  pressure  against  the 

bottom.    And  the  whole  pressure  against  the  sides  and  bot- 

torn  is  equal  to  three  times  the  weight  of  the  fluid  in  the 

vessel 

Cor,  52.  J/Tabcd,  cdep  (fig.  2.  pL  XVI.),  are  two  rectangles 
ti^iose  common  breadth  is  cd,  standing  vertically  in  a  fluid. 
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wRose  upper  surface  is  ss',  then  will  the  pressures  upon  the 
rtctangtesj  abcd  and  cdef  be  as  ac^  and  ae^— ac*. 

For  if  G  and  g  be  the  respective  centres  of  gravity  of  the 
two  rectangles,  we  shall  have  pressure  upon  abcd  :  pressure 
upon  CDEF : :  abcd  •  ig  :  cdef  •  i^ : :  ac  •  ^  ac  :  ce  •  (ac  +  icE) 
:  :  AC-  4  ac:(ae  — Ac)-i(AE  +  ac) : :  ac^ :  ae*  —  AC^. 

Cor.  4.  Hence ^  if  ae  be  to  ac  as  \/2  to  1,  the  pressures 
upon  ABCD  a/nd  cdef  wiU  be  equal. 

391.  Def.  The  centre  of  pressure  is  that  point  of  a  surface 
against  which  any  fluid  presses,  through  which  the  resultant  of 
all  the  individual  pressures  passes,  or  to  which,  if  a  force  equal 
to  the  whole  pressure  were  applied  in  a  contrary  direction,  it 
would  keep  the  surface  at  rest. 

89Si.  Prop.  If  a  plane  surface  which  is  pressed  bj/  a  Jluid 
be  produced  to  the  horizontcd  surface  of  it,  and  their  common 
intersection  be  regarded  as  the  aa:is  of  suspevision,  the  centre  of 
percussion  will  be  the  centre  of  pressure. 

Let  ABCD  (fig.  3.  pi.  XVI.)  be  the  horizontal  surface  of  the 
fluid  which  presses  upon  the  plane  eif  : .  produce  this  plane  till 
it  meets  the  surface  of  the  fluid  in  the  une  mn  ;  and  let  o  be 
the  centre  of  pressure.  From  any  point  p  of  the  surface  pressed 
draw  the  vertical  /?;»,  meeting  tne  horizontal  surface  in  m ; 
and  ill  the  plane  cb  draw  from  m  the  line  mu  perpendicular 
to  MN.  The  pressure  upon  p  (art.  390.)  is  as  p  •  />/w,  and  it^ 
efiect  to  turn  the  plane  about  mn  is ,  as  ^^  •  jowi  •  j9M,  by  the 
nature  of  the  lever :  also,  its  efiect  to  turn  the  plane  about 
Ni  is  as  p*j7m*MN.  In  like  manner,  if  the  plane  eif  be 
supposed  to  revolve  about  the  axis  mn,  and  to  strike  an 
obstacle  at  o,  the  percussive  force  of  the  particle  p,  by  which 
it  endeavours  to  move  the  plane  about  mn,  will  be  as  p  •  pm, 
or  as  p  •  pm  •  jpM ;  and  its  lorce  to  turn  the  plane  about  ni 
will  be  as  /7  •  pM  •  mn,  or  as  p  •  pm  •  mn.  And  the  like,  cor- 
respondence between  the  percussive  and  the  pressive  forces,, 
of  any  other  particles  in  the  plane  ef,  may  be  shown  in  the 
same  manner.  Consequently,  the  percussive  forces  of  the 
whole  of  the  particles,  whereby  they  endeavour  to  move  the 
plane  in  the  two  direcdons,  have  the  same  relation  as  the  forces 
of  pressure,  and  therefore  the  centres  of  pressure  and  percussion 
are  coincident. . 

Cor.  1.  Hence,  the  theorems  given  for  the  centre  of  per- 
cussion in  arts.  318^  ^19.  may  be  applied  to  the  determination 
of  the  centre  of  pressure. 

Cor.  2.  Hence  also  appears  the  mistake  of  those  who  assert 
that  the  centres  of  percussion  and  of  pressure  do  not  coincide. 
They  are  the  centres  of  oscillation  and  o(  pressure  which  do  not 
coincide  universally.     See  art.  3^0. 
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SCHOLroM. 

99S.  To  adopt  the  general  formulae  fcH*  the  centre  of  percus- 
Aon  to  the  instance  of  the  centre  of  pressure,  it  will  be  proper 
to  make  a  slight  chan^  in  the  notation.  Let  d  be  the  distance 
from  mi  of  any  particle,  or  of  any  horizontal  lamina  ^f  the 
fluid  in  contact  with  the  plane  eif  ;  let  /  be  the  length  of  sudi 
lamina,  and  d  its  depth  (being  considered  as  evanescent),  then 
will  Idlhe  its  area;  also,  let  ^  be  the  distance  of  the  centre  of 
gravity  of  the  plane  eif  from  the  line  mn,  where  that  plane 

intersects  the  surface ;  and  let  the  horizontal  distance  of  Id 
from  the  line  ni  be  denoted  by  h :  then,  with  respect  to  the 

a  • 

line  MN  the  formula  (art.  318.)  will  become  '^ —  or  ^--  ^5 
and  with  respect  to  the  line  mi,  the  formulae  (art.  SI9')  will 
Decone    ■     \  -or^      ;. 

A  few  examples  are  here  added  to  iDustrate  the  use  of  these 
tbecHrems. 

L  Let  a  reservoir  which  contains  water,  or  any  other  fluid 
(its  specific  gravity  being  5),  have  one  of  its  sides  plane  and 
vertical :  if  we  imagine  a  right  line  drawn  vertically  upon  this 
plane,  its  length  being  A,  and  the  distance  of  its  centre  of 
gravity  from  the  surface  of  the  fluid  ^,  the  pressure  exerted 
upon  this  line  will  he  s^\  (art.  390.).  Let  the  distance  of  the 
superior  extremity  of  the  line  X  from  the  surface  of  the  fluid 
be  a,  and  make  a  4-X=:^,  so  shall  e  be  the  distance  of  the  lower 
extremity  of  the  line  X  from  the  horizontal  surface  of  the 
fliuid.     Then,  to  find  the  centre  of  pressure  of  the  line  X, 

we  take  the  complete  fluent  of  the  expression  ^ — r-  (I  being 
constant)  which  is  ^J'  J ;  or,  when  the  viuiable  d  beeomes 
equal  to  r  we  have  ~~ ,  for  the  distance  of  the  centre  of 

^  3(««— fl«)' 

pressure  from  the  horizontal  surface  of  the  fluid.  When  one 
of  the  extremities  of  the  line  x  coincides  with  this  surface  we 
have  anO,  and  e=X,  and  the  distance  of  the  centre  of  pressure 
becomes  \  x. 

IL  If  upon  the  vertical  line  X  we  construct  a  rectangle^  of 
which  the  hori;iooial  base  is  &,  the  whole  pressure  upon  it  will 
be  sMk,  and  the  distance  of  the  oentre  of  pvtiBim  fran  die 
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surface  of  the  fluid  will  be  ^/^^2  the  same  as  we  have  just 

found.  And  this  centre  must  evidently  be  found  upon  the 
vertical  line  which  divides  the  parallelogram  into  two  equal 
parts. 

If  the  upper  horizontal  side  of  the  parallelogram  coincide 
with  the  surface  of  the  fluid  (as  the  side  ab  of  the  parallelo^ 

Sram  abcd,  fig.  2.  pi.  XVI.)  its  tendency  to  turn  about  its 
ase  will  be  ±«Aa**|a  =  7^Aa%  and  its  tendency  to  turn  about 
one  of  its  vertical  sides  will  be  ^h\^  •  j;h  ==  ^sh^K^ :  thus  the 
first  of  these  efiS)rts  will  be  to  the  second  as  f  ^Aa^  :  -J^A^A*,  cm* 
as  Sx :  3A ;  which  reduces  to  ^ :  3,  when  the  rectangle  becomes 
a  square. 

III.  To  determine  the  centre  of  pressure  in  the  triangle  cab 
(fig«  4.  pi.  XVI.)  whose  side  ab  is  horizontal^  and  which  is 

? laced  vertically  in  a  fluid  whose  horizontal  surface  is  ss'. 
through  c,  the  summit  of  the  triangle,  draw  the  vertical  line 
scp,  also  the  line  ca  bisecting  the  base  ab,  and  any  line  tb 
parallel  to  ab.  Make  cp  =  A,  ab  =  %»  cs  =  a,  spz=  a  -f-  ^^c, 
the  distance  of  the  horizontal  line  in  which  lies  the  centre  of 

Savity  of  the  triangle  from  s  =  ^  (that  ia^  if  c^  ss  7  c<i,  the 
stance  between  ss'  and  gzz^),  the  angle  pcq  z=ik,  sm  zzd^  t& 
r=  /,  CM  z:  c  =  d  —  a. 

The  whole  pressure  upon  this  triangle  will  be  represented  by 
^•4M<^:r^«^AA,  And  to  find  the  depth  of  the  centre  of 
pressure  below  ss'  we  must  find  the  fluent  of  the  expression 

^ — r«  or  —rrr*  In  order  to  this  we  have  cp :  ab  : :  cm  : 
TR,  or  A :  A : :  c :  /=  —  = — (rf— flf)>  which  substituted  lor  / in 

/W 4,  pves  -  /(d»  -ad«)d  =  -i-  (^i*-  fa?) +c.    The  con- 

stant  quantity  c  may  be  determined  by  considering  that  the 
fluent  must  vanish  at  the  point  c,  that  is,  when  Z  =  0,  or  when 
d  —  a  =:  0,  that  is,  when  a^a.  Hence^  making  the  substitu« 
tion,  we  have 

-r-  (Jtf*— yfl*)  +  c  s=0,  whence  c= 


J2X 

and  the  correct  fluent  is  ---  (id*— t^kP+A^*)- 

Hence  then,  for  the  whole  triangle,  in  which  sm  =c  sp,  or 
dntf,  we  substitute  e  for  d  in  the  fluent,  and  divide  by  the  de- 
nominator |#aA  of  the  general  escpression,  which  gives  for  the 
depth  of  the  centre  of  pressure  of  the  whole  triangle  the  value 

^^  tT/^f  which  \M  evidently  independ^it  of  the  base  *  of 
the  triangle. 
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When  the  vertex  of  the  triangle  is  at  the  horizontal  surface 
of  the  fluid  e  =  A,  a  =  0,  J  =  |A,  and  the  expression  becomes 
l-x. 

IV.  To  determine  the  distance  of  the  centre  of  pressure  from 

• 

the  vertical  line  cp.     Here  we  must  take  the  formula ;  9 

fldd 

in  which  h  represents  mn  =  c  tan  ft  =  (d  —  a)  tan  Ar.     Sub- 
stituting this  value  of  h,  and —  {d—a)  for  Z,  its  value  found 

above,   we   have  flndd  = f{d^  —  2ad*  +  a^d)d=^ 

— —  (^d*  —  *fld^  +  la^cP)  +  c.     In  this  case,  also,  the  fluent 

vanishes  when  d  zz  a;  whence  we  have  — ~ —  a*+c  =:  o,  and 

7»  tan  k    a. 

so  that  the  correct  fluent  is  ^-^  (|d*-f  ad*  +  ia*d!'-^^ce^). 

Hence,  making  d  z=.  e,  and  dividing  hy  fldd  =  t^xA,  we  have 
for  the  distance  sought,  tan  k  •      ~^^^  ^rr^^ 

1.  When  the  triangle  is  isosceles  the  angle  jfc  rr  0,  and  the 
preceding  value  vanishes,  as  it  obviously  ought  to  do ;  for  in 
that  case  the  triangle  is  symmetrical  with  respect  to  cp,  and  the 
pressures  are  in  equilibrio  about  that  line. 

2.  When  the  triangle  is  right-angled,  and  has  its  base  or 
horizontal  side  ab  zi  h  one  of  the  sides  about  the  right-angle^ 
that  is,  when  ca  coincides  with  cp,  then  is  h  zz2\  tan  ky 

or  tan  fc  =  ~— ,  which  transforms  the  expression  for  the  centre 

of  pressure's  distance  from  sp 

3.  Finally,  when  the  vertex  of  the  triangle  is  at  the  surface 
ss'  of  the  fluid,  a  =1  0,  e  ^  A,  ^  =  |.A,  and  the  expresinon  be- 
comes \K  tan  k ;  which,  for  the  right-angled  triangle,  reduces 
to|Jl. 

4.  When  the  triangle  has  its  vertex  at  the  horizontal  surface 
of  the  fluid,  the  tendency  to  turn  about  the  base  is  to  that  to 
turn  about  the  perpendicular  let  fall  from  the  vertex  upon  the 
base  as  1  to  3  tan  Ar;  and,  in  the  case  of  the  right-angled  tri-* 
angle^  as  2x  to  Sh :  which,  when  the  legs  of  the  triangle  are 
equal,  reduces  to  the  ratio  of  2  to  3.  As  in  the  case  of  the 
rectangle  and  square. 
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If  c  and  AB  lie  on  different  sides  of  s  s',  that  is,  if  part  of 
the  triangle  is  out  of  the  fluid,  no  other  change  will  be  neces- 
sary in  the  preceding  expressions  than  a  change  of  signs  in  those 
terms  which  contain  uneven  powers  of  a.  So  that  this  simple 
transformation  will  accommodate  the  preceding  general  theorems 
to  the  case  of  ti^pezoids. 

V.  If  the  radius  of  a  circle  be  r,  and.*  the  distance  of  its 
centre  below  the  surface  of  the  fluid  in  the  plane  of  the  circle, 
then  is  the  distance  of  the  centre  of  pressure  from  the  upper 

surface,  in  the  same  plane,  expressed  by  ^  +  -- ;  which  when 

the  upper  part  of  the  circle  just  touches  the  surface  becomes 
^r.  The  mvestigation  of  this  is  left  for  the  student^s  exercise. 
It  is  hardly  necessary  to  remark,  that  the  results  of  the  opera- 
tions in  this  scholium  may  be  safely  applied  in  the  analogous 
inquiries  relative  to  the  centre  of  percussion. 

394.  Prop.  To  i/nqvire  generdOy  into  the  results  qf  all  tJie 
pressures,  upon  omy  surface  plane  or  curved,  regular  or  irre^ 
gtdar^  both  %n  the  vertical  d/nd  the  hiorizontal  direction. 

This  is  usually  performed  by  foreign  authors,  by  means  of 
the  calculus  of  partial  differences.  But  another  mode  of  in« 
vestigation  is  pursued  here,  which  is  likely  to  carry  more  con- 
viction to  the  mind  of  a  learner.  Had  the  vertical  pressure 
alone  been  the  object  of  investigation,  it  might  be  determined 
far  more  concisely. 

I.  Whatever  the  figure  of  a  body  may  be,  we  may  always 
imagine  it  to  consist  of  an  assemblage  of  an  infinite  number  of 
indefinitely  small  laminae  respectively  parallel,  and  the  surface 
of  each  lamina  as  an  assemblage  of  many  trapezoids,  their 
number  indeed  being  infinite  likewise,  when  the  surface  in  con- 
tact with  the  fluid  is  curved.  Hence,  to  estimate  the  result  of 
the  pressures  of  a  fluid,  whether  upon  the  interior  surface 
of  a  vessel  which  contmns  it,  or  upon  the  exterior  surface  of 
a  body  immersed  in  it,  we  must  first  estimate  the  result  of 
the  pressure  upon  the  surface  of  a  trapezoid  whose  height  U 
evitnescent. 

Conceive,  therefore,  abed  (fig.  5.  ph  XVI.)  a  trapezoid 
whose  two  parallel  sides  are  a&,  cd^  and  whose  height  hk  is 
infinitely  small  with  regard  to  those  sides.  To  resist  the  pres^ 
sure  upon  this  surface  we  must  apply  to  the  centre  of  gravity 
g  of  the  trapezoid  a  force  p  perpendicularly  to  its  plane,  the 
value  of  which  is  expressed  by  the  product  of  the  surface  of  the 
trapezoid  into  the  distance  Gg  of  its  centre  of  gravity  from  the 
horizontal  surface  abcp  of  the  fluid. 

To  determine  the  efifect  of  this  force  p  both  in  the  vertical 
and  the  horizontal  direction,  conceive  a  vertical  plane  cd  fe  tq 

vot.  I.  B  a 
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pass  through  the  line  cdj  and  a  hori/iontal  plane  ab'KF  through 
the  line  ab ;  the  comnaou  intersection  of  these  planes  being  sf  : 
then,  having  drawn  the  vertical  line  ce,  dVf  meeting  the 
horizontal  plane  in  e  and  f,  join  te  and  of  :  again,  through 
the  direction  vg  of  the  force  p,  ooncdve  a  plane  kih  perpen^- 
dicular  to  cd,  and  of  which  h^  and  hi  are  the  intersections 
with  the  two  planes  abed  ana  feccI  :  this  plane  will  be  per- 
pendicular to  the  planes  ctbcd  and  feoI,  because  cd  is  tnor 
common  intersection :  finally,  from  the  point  K,  where  ab  and 
Bg  meet,  draw  ki  perpendicular  to  the  plane  FEcd,  this  line 
must  necessarily  be  perpendicular  to  hi. 

The  construction  CTOcted,  resolve  the  force  p  Trepresented 
by  ^n)  into  two  others  which  are  also  in  the  plane  kih,  of 
wnich  the  horizontal  one  is  gh,  and  the  vertical  one  gu.  Call- 
ing these  component  forces  L  and  m,  we  have,  by  uie  nature 
of  the  parallelogram  of  forces  p  :  l  :  m  :  :  gs  :  gL  :  gu  : :  g^ 
:  ^L  :  LN  :  :  HK  :  HI  :  IK,  the  triangles  ^N,  hik,  being  evi- 

dently  similar.  Multiplying  the  three  latter  terms  by  — ^ — 
*  6^9  which  will  not  change  the  ratio,  we  shall  have  p :  L :  M  : : 

ab  +  cd  ab  +  cd  e^  +  cd 

HK  .  — —  •  o^:  hi  •  -5—  •  Ggr :  IK  •  -^—  •  G^ 

Now  it  may  be  observed,  1st  That  hk  1  --~  is  the  sur- 
face of  the  trapezoid  abed.  Sdly.  That  since  ce  and  dF  are 
parallel,  as  likewise  ed  and  ef,  we  have  cd  zz  fe,  therefore 

db-i-cd  oi  +  XF         1  -  ,         n  .       . 

IK-  — —  =  IKX  — - — ,  which,  of  consequence,  is  the  sur- 
face of  the  trapezoid  o^ef.  8dly.  That,  because  the  height 
of  the  trapezoid  abed  is  evanescent  with  respect  to  the  sides  ab 
and  cd,  ef,  which  is  equal  to  ed,  may  be  taken  both  for  cd 

and  for  ab ;  so  that  hi  •  "  ^     reduces  to  hi  •  ef,  which  is  the 

surface  of  the  rectangle  Ecdp.  We  have,  therefore,  p :  l  :  m  : : 
abed  •  Gg:  EcdF  •  Gg:  awEb  •  g^.  But  we  have  supposed  that 
the  force  p  is  expressed  by  (Sed  •  eg;  consequently,  the  hori* 
zontal  force  l  is  denoted  by  ec^f  •  og,  and  the  vertical  force  m 
by  ofeJ  •  G^. 

As  the  triangle  may  be  considered  as  a  trapez<nd,  of  which 
one  of  the  parallel  sides  vanishes,  the  same  thing,  therefore, 
obtains  for  any  evanescent  triangle. 

Conceiving,  now,  that  from  the  angles  a,  d,  c,  d,  lines  are 
drawn  to  fall  perpendicularly  upon  the  plane  abcd,  these  per- 
pendiculars will  be  the  edges  of  a  prismatic  frustrum,  of  which 
the  horizontal  base  is  equal  to  aFE6,  and  the  inchned  base 
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o&cd;  OTy  as  oft  and  cd  are  supposed  indefinitely  near,  tlie  so- 
lidity  of  the  prismatic  firustrum  will  not  dfffep  sensibly  firom  that 
of  toe  prism  which  has  the  same  horizontal  base,  and  whose 
height  IS  G^:  but  this  latter  is  equal  to  atsb*  cg^  which  is 
precisely  the  expresinon  above  found  for  the  vertical  force  m. 
Hence  it  appears^  that  this  Jbrce  is  eqiud  to  (he  weight  of  a 
prismatic  Jrustrum  o^  the  iluid  whose  inclined  base  is  abed, 
and  horizontai  base  the  projection  of  abed  upon  the  horizontal 
suHace  abgd. 

U.  Let  us  next  con«der  any  solid  whatever  cut  into  an  in- 
jefinit^  number  a(  horizontal  laminte,  such  as  ABDi&abde  (fig. 
6.  pi.  XVL),  and  that  perpendicularly  to  the  centre  of  gravity 
of  the  surface  of  each  trapezoid  into  which  the  contour  of  the 
laminae  is  divided,  forces  are  applied,  each  represented  by  the 

Sroduct  of  the  surface  of  the  corresponding  trapezoid  into  the 
istance  of  its  centre  of  ^avity  from  the  honzontal  surface 
a'd'.  These  forces  are  the  pressures  of  a  heavy  fluid,  sus- 
tained by  the  interior  surface  of  the  laminae  ABDEobde  of  a 
vessel  which  contains  it;  they  are  also  the  pressures  of  such  a 
fluid  which  would  be  sustained  by  the  exterior  surface  of  a 
solid  whose  contour  is  the  same,  and  which  is  immersed  to  the 
same  depth.  But  it  is  manifest  that  if  each  of  those  farces  p, 
t',  r",  &c.  were  decomposed  into  two  others,  the  one  vertical, 
the  other  horizontal,  each  vertical  force  would  be  represented 
W  the  weight  of  a  prismatic  frustrum  of  the  fluid  whose  in- 
clined base  IS  one  of  the  trapezoids  in  the  contour  of  the  kmiiiay 
and  its  horizontal  base  the  projection  of  that  trapezoid  upon 
the  upper  sur&ce  of  the  fluid.  Therefore  the  sum  of  these 
vertical  forces,  or  the  single  vertical  resulting  force,  will  be  re- 

J»resented  by  the  sum  of  the  weights  of  all  those  prismatic 
rustrums :  and  the  same  property  may  obviously  be  extended 
to  every  other  horizontal  lapiina.     We  may  conclude,  then, 

1.  That,  if  a  vessel,  of  amf  figure^  be  fuU  of  ajluidj  and 
hofve  (yoer  every  part  of  the  siaes  and  bottom  a  perpendicular 
column  of  the  fluid  reaching  to  the  surface^  the  whole  vertical 
pressure  ^  the  fluid  upon  the  bottom  and  sides  of  tJuxt  vessel 
witt  be  equoi  to  the  weight  of  the  whole  fluid. 

%  That,  if  a  body,  as  akdbm  (fig.  7.  pi.  XVI.)  of  which 
AXBP  i9  the  greatest  horizontal  section,  is  immersed  in  a  fluid  to 
any  depth  whatever,  and  if  we  drop  the  consideration^  the 
pressure  sustained  by  the  upper  part  amb,  the  vertical  effort  of 
the  fluid  to  raise  the  bodyjis  equal  to  the  weight  of  the  volume 
^ fluid  which  is  comprised  between  the  surflice  a!i^\  the  surface 
aibfe,  and  the  convex  surface  formed  by  perpendiculars  let  fall 
fl-om  aU  the  points  of  the  perimeter  aibp  upon  tJie  plane  a'd'  ; 
that  is,  equal  to  the  sum  cf  the  weights  qffltdd  in  the  prism 
aibf AIBP,  and  the  space  aibfce. 

B  B  2 
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HI.  If  we  would  now  estimate  the  pressure  sustained  by  the 
superior  surface  ambfi  of  the  body,  we  sl^l  see,  by  the  same 
kind  of  reasomng,  that  the  result  in  the  vertical  direction  tend- 
ing to  force  the  body  downwards,  is  an  effort  equal  to  the 
weight  of  the  volume  comprised  between  the  horizontal  projec- 
tion aibfy  and  the  upper  surface  ambfi  of  the  body.  If,  theny 
from  the  first  of  these  efforts  we  deduct  the  second,  it  wUl  ap- 
pear that  the  body  is  pushed  vertically  upwards,  with  an  effort 
equal  to  the  weight  of  a  volume  of  the  fluid  equal  to  that  of 
the  body  immersed.  We  conclude  therefore  that,  ^a  body  is 
immersed  in  any  fiuid  whatever^  it  will  lose  (reUxtroely)  as 
much  of  its  voeight  as  is  equal  to  the  weight  qf  the  quantiiy  of 
Jltud  it  displaces. 

IV.  With  regard  to  the  resultant  of  all  the  vertical  forces 
whose  magnitude  we  have  just  determined,  it  is  easy  to  see  that 
it  roust  pass  through  the  centre  of  gravity  of  the  volume  of 
fluid  displaced.  For,  if  we  conceive  this  volume  decomposed 
into  an  mfinite  number  of  evanescent  vertical  filaments,  the 
effort  made  by  the  fluid  to  push  each  filament  vertically  will 
be  expressed  by  the  weight  of  a  quantity  of  fluid  equal  to  that 
filament.  Therefore,  to  obtain  the  distance  of  the  resultant 
from  any  v^tical  plane  whatever,  we  must  multiply  the  mass 
of  each  filament  (considered  as  of  the  same  nature  with  the 
fluid)  by  its  distance  from  this  plane,  and  divide  the  sum  of 
the  products  by  the  sum  of  the  filaments ;  which  is  precisely 
the  rule  that  must  be  followed  to  find  the  centre  of  gravity  of 
the  volume  displaced.  Therefore,  universally,  a  body  immersed 
either  wholly  or  in  part  in  a  heavy  fluids  and  at  rest^  receives^ 

from  the Jluid  pressures  which  are  together  equivalent  to  a  ver- 
tical force  directed  upwards  throu^  the  centre  of  graxity  of 
the  jluid  displaced  by  the  body^  arm  equal  to  the  weight  o^  a 
quantity  of  tliejtuid  so  displaced  by  the  immersed  part  of  the 
body. 

Indeed  we  may  readily  assign  a  reason,  dpriori^  of  this:  for, 
supposing  a  force  acting  on  a  body  without  heaviness  retains  it 
in  equilibrio  when  immersed  either  wholly  or  partly  in  a  heavy 
fluid ;  if  we  substitute  for  the  immersed  part  of  the  body,  that 
is,  for  the  fluid  it  displaces,  an  equal  and  similar  portion  of  the 
same  fluid  become  solid  (as  ice,  and  the  density  unchanged), 
the  equilibrium  will  still  obviously  subsist :  consequently^  the 
pressure  of  the  fiuid  upon  the  immersed  body  will  be  altogether 
equal  and  directly  opposed  to  the  weight  of  this  solid ;  and. 
must,  therefore,  pass  through  its  centre  of  gravity  in  order  to 
sustain  it  in  equilibrium. 

V.  It  now  remains  for  us  to  consider  how  the  horizontal 
forces  are  disDosed  of. — If  we  take  any  one  of  the  horizontal 
laminas  into  which  either  the  fluid,  or  the  solid  immersed  in  the 
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fiuid^  may  be  imagined  to  be  divided/and  through  the  side^  ^ 
bCi  cd,  &c.  (fig.  6.  pi.  XVI.)  of  the  inferior  Beetion  conceive 
verdcal  planes  to  pass,  and  to  be  terminated  by  the  superior 
section ;  these  planes  will  form  the  contour  of  a  prism  whose 
height  is  that  of  the  lamina,  and  each  face  of  the  prism  will 
have  (1)  the  measure  of  its  surface  proportional  to  the  value 
of  the  horizontal  force  to  which  it  is  perpendicular.  But,  as 
all  these  faces  are  of  the  same  altitude,  their  surfaces  are  pro- 
{>ortional  to  their  bases  aft,  ftc,  &c.  and  consequently  the  ho- 
rizontal forces  are  respectively  in  the  ratio  of  the  sides  aft,  ftc, 
&c.  And  as  the  altitudes  of  these  faces  are  evanescent,  we 
may  regard  all  these  forces  as  applied  in  the  same  horizontal 

Elane  abcdefi  and  to  be  each  respectively  proportional  to  the 
ingth  of  the  side,  on  the  middle  of  which  it  acts  perpendi- 
cularly. Now  it  has  been  shown  (art.  53.),  that  if  any  number 
of  forces  represented  in  magnitude  and  direction  by  the  sides 
of  a  polygon  taken  in  order,  act  simultaneously  upon  the  same 
point,  they  will  be  mutually  destroyed,  and  the  point  continue 
at  rest :  also  (art.  85.),  that  when  any  number  of  forces  are  in 
equilibrio  when  applied  to  diflFerent  points  of  a  body,  they  are 
the  same  as  would  be  in  equilibrio  about  a  single  point;  and, 
since  the  directions  of  the  several  forces  P,  p',  p",  &c.  in  the 
present  case  would,  if  produced,  form  a  polygon  similar  to 
abcdef,  the  consequences  just  referred  to  will  apply  to  them 
likewise :  and,  in  like  manner,  to  the  pressures  upon  any  other 
horizontal  laminae.  Consequently,  the  efforts  which  result  in 
the  horizontal  directim^from  the  pressure  of  a  heavy  fluid  upon 
the  surface  of  any  body  immersed  in  it^  are  mutually  destroyed. 

SCHOLIUM. 

396.  From  the  preceding  doctrine  of  the  pressure  of  fluids, 
an  important  practical  maxmi  may  be  deduced.    We  have  seedp-  „ 
that  in  any  vessel  contidning  a  heavy  fluid,  the  parts  that  &e    ; 
deepest  below  the  surface  sustain  a  proportionally  greatcfr  pres-  - 
sure.     If,  therefore,  we  have  to  construct  an  assemblage  of 
vertical  pipes  or  tubes,  to  elevate  water  or  any  other  fluid,  we 
may  run  into  a  superfluous  expense,  by  giving  the  same  thick- 
ness to  the  matenal  in  every  part.     For,  if  the  substance  be 
uniformly  thick,  and  the  lower  parts  are  sufficiently  strong, 
the  upper  parts  are,  of  consequence,  much  thicker  than  neces- 
sary.    The  method  suggested  by  theory  is,  while  we  give  to 
the  whole  assemblage  the  same  interior  diameter,  to  ^ve  a  safe 
and  sufficient  thickness  to  the  material  at  the  lowest  part,  and 
let  it  gradually  diminish  to  the  top,  in  the  same  ratio  nearly  as 
the  dUninution  in  the  depth  of  the  fluid.     The  same  maxim 
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inay  ako  find  an  qpiplication  in  the  constxuctioo  of  diuoe-gates, 
dams,  banks,  &€•  And  in  all  such  cases  it  is  adviseable  to  de« 
termine,  first,  the  ad^uate  strength  to  resist  the  pressure  at  the 
greatest  depth ;  as,  by  this  means,  safety  may  always  be  eneoied 
without  any  waste  <^*  materials. 

To  take  a  simple  example,  suppose  the  half  figure  acd  {fig. 
10.  pi.  III.)}  to  be  the  profile  of  a  bank,  whose  summit  a  is  on 
a  level  with  the  surfiace  of  the  water,  AC  being  the  vertical  face 
of  the  bank,  pm  and  en  two  horizontal  sections ;  and  1^  the 
water  be  supposed  to  act  upon  the  face  amd  by  its  hydrostatie 
presisure.  The  part  apm  may  be  moved  from  its  place  either 
by  turning  upon  the  point  f,  or  by  sliding  along  the  line  pm  ;  in 
either  ease  separating  from  the  lower  part  pcdm.  The  qu^i- 
tion  is  reduced  to  the  finding  such  a  curve  amd,  that  every 
portion  of  it,  as  apm,  may  oi  itself  be  in  equilibno  upon  its 
base  PM.  Putting  ap  ==  z,  pm  =  y,  g  ==  the  specific  gravity 
of  water,  g^  that  of  the  bank ;  then  the  horizontal  thrust  of 
the  water  with  respect  to  the  point  p  is  ^g^',  and  the  mo- 
ment of  the  weight  of  the  profile  apm  with  respect  to  the  same 
point  p  is  equal  to  g'fyk  multiplied  by  the  horizontal  distance 
of  the  centre  of  gravity  of  the  profile  from  the  point  A,  whidi 

distance  is  *^..     To  favour  the  stability  of  the  bank,  let  us 

drop  the  consideration  of  the  adhesion  of  the  profile  apm  to 
the  line  pm,  and  of  the  vertical  pressure  of  the  water,  and  there 
will  result  the  equation 

Solving  this  in  the  usual  way,  we  have  %-^y»/^.       Thus 

the  face  amc  is  the  hypothenuse  of  a  right-angled  triangle, 
whose  base  cd  is  to  its  altitude  ca,  as  »^g  to  v'^. 

The  conditions  of  the  stability  necessary  to  prevent  the 
sliding  of  the  profile,APM  along  the  base  pm,  will  be  found  in 
'  the  equation  \g^  =  '^^^Jy^ ;  whence gz  z^ ^y,  ox yxzxigx 
n^\  where  n  is  a  constant  quantity  to  be  determined  by  expe- 
riment, which  multiplied  into  the  weight  of  matter  ponderatmg 
upon  a  given  section,  shall  meagre  the  counteracdon  arising 
from  friction  and  adhesion  to  horizontal  motion  in  the  direction 
of  that  section. 

In  pipes  employed  for  conveying  liquids,  the  thickness 
should  be  every  where,  in  the  compound  ratio  of  their  internal 
diameters,  the  perpendicular  height  of  the  liquid,  mA  \Uk  q)e- 
cific  gravity,  directly,  and  the  tenacity  or  strength  of  the  mate- 
rials inversely ;  that  is,  /  a  ^,  or  as  ^^,  when  g  is  constant. 
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Now,  it  has  been  found  by  experiment  that  a  tube  of  lead  of 
16  inches  diameter,  and  &t  Unes  in  thickness,  sustained  water 
having  a  head  or  charge  of  50  feet  And  that  a  tube  of  copper 
of  6  inches  diameter,  with  a  char^  of  water  of  80  feet,  required 
half  a  line  in  thickness.  From  t£is,  suppose  we  wished  to  find 
the  thickness  of  a  leaden  pipe  of  1^  inches  diameter,  to  bear  a 
head  of  40  feet,  we  s)ioula  have  from  the  standard  experiment 

^  ad    _600x  16  _^  4-,--  ,  ^i         -       ad        480x12        a  on 

s  a—  a  al477;  and  then  ^a— =  -jj^p  =  8-89, or 

less  than  4  lines. 

When  the  conduit  pipes  are  horizontal  and  made  of  lead, 
their  thickness,  according  to  Bossut,  should  be  Si^,  3,  4, 5, 6, 7, 
8,  lines,  when  their  diameters  are  1,  1^9  %  8,  4^,  6,  7,  inches. 
When  the  pipes  are  made  of  iron,  their  thickness  should  be  1, 
3,  4,  5,  6,  7,  8,  lines,  when  their  diameters  are  1,  S,  4, 6, 8, 10, 
12,  inches,  respectively. 

In  the  farther  application  of  these  principles,  reference  may 
be  made  to  the  table  of  the  relative  tenacities  of  bodies  towarcis 
the  end  of  chap.  5.  book  I. 
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CHAPTER  11. 


ON  THE  DETERMINATION  OF  THE  SPECIFIC  GRAVITIES  OF  SOLID 

AND  FLUID  BODIES. 


896.  The  term  specific  gramiy  has  already  been  defined  in 
art.  388.  The  object  of  the  present  chapter  is  to  explidn  the 
principles  on  which  the  different  methods  of  ascertaining  the 
specific  gravities  of  solids  and  fluids  are  founded,  and  to  give 
some  account  of  the  best  of  those  methods.  Previous  to  which 
it  may  be  proj)er  to  make  a  few  observations,  naturally  deduced 
from  the  definition  of  specific  gravity  and  the  nature  of  bodies 
in  general. 

1.  The  specific  gravities  of  bodies  are  in  the  same  proportion 
as  their  weights,  when  the  magnitudes  of  the  bodies  are  equal. 

2.  Where  the  weights  of  the  bodies  are  equal,  the  specific 
gravities  are  inversely  as  their  magnitudes. 

3.  When  the  specific  gravities  are  equal,  their  weights  are 
directly  as  their  magnituoes. 

4.  When  neither  the  magnitudes  nor  the  specific  gravities 
are  equal,  the  weights  of  bodies  are  as  their  magnitudes  and 
specific  gravities  conjointly. 


To  express  these  relations  algebraically,  let  — represent  the 

ratio  of  the  weights  of  two  substances, the  ratio  of  their 

magnitudes,  and  —  that  of  their  specific  gravities ;  then  will 

the  general  relation  of  these  quantities  be  expressed  by  the 

equation  ~  =  —  •  — .    In  estimating  the  weights,  magnitudes, 

and  specific  gravities  of  substances,  some  standard  quantities 
are  always  assumed  to  which  other  bodies  are  referred :  the 
letters  Wy  m^  and  «,  may  represent  these  standards,  and  each  of 
them  might  be  assumea  equal  to  1 ;  but  such  assumption  would 
not  correspond  with  the  measures  and  weights  now  in  use.  It 
will,  therefore,  be  more  eligible  that  m  should  represent  the 
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ma^gnitude  of  some  known  measure  which  may  be  assumed  for 
unity,  as  a  cubic  inch,  a  cubic  foot,  &c.  and  $  any  convenient 
number  in  the  geometrical  progression  1,  10,  100,  1000,  &c. 
Now  it  has  been  found,  that  the  density  of  rain-water  is  more 
nearly  uniform  in  di£Perent  circumstances  of  time  and  place, 
than  any  other  substance,  whether  solid  or  fluid;  and  by  a 
fortunate  coincidence  it  happens,  that  the  weight  of  a  cubic  foot 
of  rain-water  is  exactly  1060  ounces  avoirdupoise.  If,  then,  we 
make  w  =  1000,  w  =r  1,  and  *  =  1000,  we  shall  obtain  w  =  m 
X  s,  that  is,  the  weiffht  of  any  body  in  avoirdupoise  ounces  mil 
be  equal  to  the  product  of  the  magnitude  in  cubic  Jeet^  into  the 
specific  gravity  taken  Jrom  that  scale  in  which  the  specific  gron 
vify  ^rain-water  is  1000.  Hence  it  appears,  that  a  know- 
ledge of  the  specific  gravities  of  homogeneous  bodies  will  en- 
able us  to  determine  their  weight,  without  actually  weighing 
them,  provided  we  can  ascertain  their  magnitudes:  and  con- 
versely, however  irregular  the  shape  of  bodies  may  be,  if  we 
know  their  waghts  and  specific  gravities,  we  may  readily  deter- 
mine their  magnitudes  in  feet,  namely,  by  diviai/n^  the  weight 
in  avoirdupoise  ounces^  by  the  specific:  gravity,  or  m/  the  weight 
of  a  cubic  Jbot  in  avoirdupoise  ounces. 

But  in  philosophical  subjects  the  weights  of  bodies  being  for 
the  most  part  small,  are  estimated  in  Troy  ounces  or  grains,  the 
magnitudes  being  referred  to  a  cubic  inch  as  a  standard.  Now 
a  Troy  ounce  is  to  an  avoirdupoise  ounce  as  480  to  437i  •  con- 
sequently j^  X  ^  =:  .52746  of  an  ounce  Troy,  or  SSS-lSl 
grains,  the  weight  of  a  cubic  inch  of  water.  And  hence  the 
magnitude  of  a  solid,  estimated  in  cubic  inches,  is  =  > 

when  the  weight  w  is  in  grains;  or  =  ,^0746  >  when  the  weight 

is  known  in  Troy  ounces.  And  conversely,  the  weight. esti- 
mated in  grains  =  ^3-181  x  m  x  s,  when  the  magnitude  m  is 
in  cubic  inches;  and,  if  estimated  in  Troy  ounces,  wr:  -52746 
X  M  X  s.  In  all  these  cases  s  being  the  specific  gravity,  in 
terms  corresponding  to  1000,  for  that  of  rain-water. 

Hence  also  we  may  show  how  to  determine  very  accurately 
the  diameter  d  of  any  small  sphere,  whose  specific  gravity  is  s 
(to  that  of  water  1000),  its  weight  w  bein^  known  in  grains. 
For  the  content  of  a  sphere  whose  diameter  is  1  being  '523598, 
we  have  1 : 0-528598 : :  253-181  gr.  (the  weight  of  a  cubic 
inch  of  water):  132-5648  gr.  the  weight  of  a  sphere  of  water 
whose  diameter  is  1  inch.  Therefore,  since  the  weights  are  as 
the  magnitudes  and  sj}ecific  gravities  conjointly ;  and  the  mag« 


arts  HYDROSTATIC&  book  hi. 

nitudes  of  spheres  are  as  the  cubes  of  thdr  diameters,  we  have 
182.6648.D».^  =  w;    whence    we   find  i>  =  1.961208 

After  a  manner  not  very  widely  different^  may  various  other 
useful  rules  and  theorems,  applicable  to  the  admeasurement  of 
bodies  either  regular  or  irregular,  be  easily  deduced.  What  is 
done  above  is  intended  chiefly  as  a  specimen  of  the  method ; 
but  it  serves  at  the  same  time  to  show  the  importance  of  an 
acquaintance  with  the  specific  gravities  of  different  substances. 
We  now  proceed  to  exhibit  the  most  useful  propoations  in  this 
branch  of  our  subject. 

397.  Prop.  A  body  immersed  in  a  fluid  will,  when  lefi  to 
itself,  sink,  if  the  specific  gravity  be  greater  than  thai  of  the 
fluid:  it  mil  rise  to  the  surface  andfloai  there,  if  the  specific 
gravity  be  less  than  that  of  the  fluid:  hut,  if  the  specific  gra- 
vities of  the  solid  and  fluid  be  equal,  the  boay  imU  rest  in  any 
part  wherever  it  happens  to  be  placed. 

1.  For  the  body  endeavours  to  descend  by  its  own  weight, 
and  is  supported  bv  a  force  eauivalent  to  the  weight  of  an  equal 
bulk  of  fluid,  or  of  as  much  nuid  as  will  fill  the  space  occupied 
by  the  body.  If,  therefore,  the  body  be  heavier  than  the  fluid, 
bulk  for  bulk,  its  weight  will  be  greater  than  the  upward  pres- 
sure of  the  fluid  whicn  is  to  counteract  it,  and,  consequently, 
this  latter  pressure  is  not  suflicient  to  prevent  the  body  from 
sinking. 

2.  If  the  6ody  be  specifically  lighter  than  the  fluid,  its  pres- 
sure downwards  will  be  less  than  the  upward  pressure  of  the 
water  at  the  same  depth ;  consequently,  in  this  case  also  the 
greater  force  will  overcome  the  less,  and  the  surplus  cause  the 
body  to  rise. 

3.  When  the  body  and  the  fluid  are  of  the  same  specific 
gravity,  equal  masses  of  each  are  of  the  same  weight,  and  con- 
sequently the  force  with  which  the  body  tends  to  descend, 
and  the  force  which  opposes  the  descent,  are  equal  to  each 
other ;  and  as  they  act  in  contrary  directions,  the  body  will  rest 
between  them,  so  as  neither  to  smk  by  its  own  weight,  nor  to 
ascend  by  the  upward  pressure  of  the  fluid. 

CoE,  1.  If  by  any  contrivance  the  specific  gravity  of  a  solid 
can  be  so  varied,  as  to  be  one  while  greater,  another  less,  and 
then  equal  to  the  specific  gravity  of  the  fluid  wherein  it  is  im« 
mersed,  the  body  will  sink,  or  rise,  or  remain  suspended,  ac- 
cording to  the  variations  of  its  specific  gravity. 

This  is  the  case  in  the  experiment  with  those  little  glass 
images  (which  some  philosopners  exhibit  in  their  lectures) 


cHAP.ji.  spicdtric  GBAmr.  879 

which  are  made  to  ascend  <sc  descend,  or,  rem^  suspended,  at 
pleasure. 

Cob.  2.  If  a  solid  specifically  heavier  than  a  fluid  be  im- 
mersed to  a  depth  whicn  is  to  its  thickness,  as  the  specific  grar- 
vity  of  the  solid  to  that  of  the  fluid,  and  the  pressure  of  the  fluid 
from  above  be  removed,  the  bod^  will  be  sustained  by  the  fluid. 
For  the  pressure  from  above  being  removed,  the  body  is  in  the 
same  state  with  respect  to  the  contrary  pressure,  as  though  with 
the  same  weight  it  filled  the  whole  space  to  the  surface  of  the 
fluid ;  that  is,  as  though  its  specific  gravity  and  that  of  the  fluid 
were  equal 

This  serves  for  the  explication  of  the  common  experiment  of 
making'  lead  smim,  in  consequence  of  being  fitted  to  the  bottom 
ofagmsstube. 

CoE.  8.  Hence  slso  we  see  the  meaning  of  the  proposition, 
that  all  bodies  when  immersed  in  a  fluid  lose  the  weight  of  cm 
equal  bulk  of  that  fmd  (art.  394.  III.).  The  wei^t  is  not 
otherwise  lost  than  as  it  is  sustained  by  tbe  action  of  a  contrary 
fierce.  And  it  therefore  becomes  obvious,  why  the  weight  of  a 
bucket  of  water  is  not  perceived  while  it  is  in  the  water ;  it  is 
not  because  that  weight  is  destroyed^  but  because  it  is  supported; 
not  because  fluids  do  not  gravitate  when  they  are  in  fluids  of  the 
same  sort,  but  because  there  is  a  pressure  in  a  contrary  direc- 
tion which  IS  precisely  equal  to  their  gravity. 

Cor.  4,  The  weights  tnus  lost,  by  immerging  the  same  body 
in  difierent  fluids,  are  as  the  specific  gravities  of  the  fluids. 

Cor.  5.  Bodies  of  equal  weight,  but  difl*erei>t  bulk,  lose  in 
the  same  fluid  weights  which  are  reciprocally  as  the  specific 
gravities  of  the  bodies,  or  directly  as  their  bulks. 

CoR*  6.  The  whole  weight  of  a  body  which  will  float  in  a 
fluid,  is  equal  to  the  weight  of  as  much  of  the  fluid  as  the  im- 
mersed part  of  the  body  dis|)Iaces. 

CoE.  7.  Hence  the  magnitude  of  the  whole  body  is  to  that 
of  the  part  immersed,  as  the  specific  gravity  of  the  fluid  to  that 
of  the  body.  And,  if  the  body  be  any  prism  with  its  base  kept 
horizontal,  the  altitude  of  the  prism  will  be  to  the  depth  im- 
mersed, as  the  specific  gravity  of  the  fluid  to  that  of  the  body. 

Cor.  8.  And  because,  when  the  weight  of  a  body  taken  in  a 
fluid  is  subtracted  from  its  weight  out  of  the  fluid,  the  difference 
is  the  weight  of  an  equal  volume  of  the  fluid ;  this^  therefore,  is 
to  its  weight  in  the  air,  as  the  specific  gravity  of  the  fluid  is  to 
that  of  thq  body. 

Consequently,  if  w  be  the  weight  of  a  body  in  air, 

w'  its  weight  m  water,  or  any  other  fluid ; 
s  the  specific  gravity  of  the  body, 
s  the  specific  gravity  of  the  fluid, 
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we  shall  have  w—w* :  w ::  5 :  s ;  whence 

s  n  -— /^i  the  specific  gravity  of  the  body, 

and  s  zz    ^    s,  the  specific  gravity  of  the  fluid. 

So  that  the  specific  gravities  of  bodies  are  as  their  weights  in  the 
air  directly  f  and  their  loss  in  one  and  the  samejluid  invei'^ely. 

Cor.  9.  Hence,  for  two  bodies  connected  together,  or  mixed 
together  into  one  compound  of  different  specific  gravities,  we 
may,  supposing  there  is  no  peneiration  of  dimensions^  easily  de- 
duce the  necessary  equations. 

Let  the  respective  weights  and  specific  gravities  be  denoted 
thus: 

H  -  weijght  of  the  heavier  body  in  air,  7    _  j^  eravitv  • 

h'  =  weight  of  the  same  in  water,         J  *^*  ^        ^  * 

L  =  weient  of  the  lighter  body  in  air,  }  t      -^  «„  :^„  . 

^t  •  u*    r*i>  •         *  '  >  s'  =:  Its  spec,  gravity ; 

L'  zz  weight  or  the  same  in  water,         3  r      b        j 

c  =  weight  of  the  compound  in  air,       >  ^„  _  j^^  m-avitv  • 

c'  =:  weight  of  the  same  in  water,  3  ^^* 

s  z:  the  specific  gravity  of  water.     Then, 

1st.  (h  — h')  S  =  H5. 

%A.  (l-l')  s'  =  L5. 

3d.  (c-c)  s"=rc5. 

4th.  H  +  L  =  c. 

5th.  h'  +  l'  =  c'. 

6th.  ^+4  =  ^. 

From  which  eouations  any  of  the  above  quantities  may  be 
found  in  terms  of  the  rest. 

If  the  body  l  be  of  less  specific  gravity  than  water,  then  l' 
must  be  considered  as  negative,  and  to  find  its  specific  gravity 
we  must  have  recourse  to  a  compound  mass,  as  c :  thus,  because 
from  equa.  4  and  5,  l  — l'=i(c  -  c')  — (h  -  h');  and  from 

equa.  2.  s'  =  --^ ;  consequently,  substituting  for  l  —  l'  its  va- 
lue, we  have  s'  =  , ■;r—, r.    Or,  if  we  deduce  the  value  of 

^  (c-c')  — (h— h')  ' 

s'  from  the  last  equa.  we  shall  thence  find  s'  zi    ^.,- 

398.  Prop.  If  a  vessel  contain  two  immisceable  fluids  {stuJi 
as  water  and  mercury\  and  a  solid  of  some  intermediate  specific 
gravity^  be  immersed  under  the  surface  of  the  lighter  fluid  and 
float  on  the  heavier ;  the  part  of  the  solid  immersed  in  the 
heavier  fluid  is  to  the  wlicle  solid^  as  the  difference  between  the 
specific  gravities  qftfie  solid  and  the  lighter  fluid  to  the  dif- 
ference between  the  specific  gravities  of  the  two  fluids. 
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Let  the  specific  gravity  of  the  heavier  fluid  be  5,  the  part  of 
the  body  immersed  in  it  =:  b  ;  the  specific  gravity  of  the  lighter 
fluid  =  y,  the  part  of  the  body  immersed  in  it  =  b';  and  let 
the  specific  gravity  of  the  body  be  s.  .Let  also  the  area  of 
the  horizontal  section  of  the  solid  coinciding  with  the  con- 
ti^ous  surfaces  of  the  two  fluids  be  =  a^  and  its  perpen- 
dicular distance  from  the  upper  surface  of  the  lighter  fluid 
be  z:  rf.  Then  (art.  394.)  the  pressure  against  the  section 
A  from  the  lighter  fluid  will  be  acI-^b's';  which,  added  to 
the  weight  of  the  solid  (b  +  b')  s,  will  give  the  whole  force  by 
which  this  section  of  the  solid  is  urged  downwards.  And  the 
pressure  upward  aminst  the  same  section  is  aJ-)-B5.  But  as 
the  solid  is  sustained  in  equilibrio  by  these  contrary  forces,  they 
must  be  equal ;  that  is,  aJ— bV+(b+b')  s  =  Ad+Bs:  whence 
we  find  bs+b'sz:b*+bV,  or  b:b'::s  — 5^:5 — s,  or  lastly, 
b:b  +  b'::s  — 5'::5— y. 

CoE.  1.  The  analogy  b  :  b':  :  s  —  s':  s—s,  may  be  thus  ex- 
pressed in  words:  As  the  part  of  the  solid  within  the  heavier 
Jluidy  to  the  part  mthin  the  lighter ;  so  is  the  difference  between 
the  specific  gravities  of  the  solid  and  lighter  fluid  to  the  de- 
ference between  the  specific  gravities  of  the  heavier  fluid  and  the 
solid. 

Cob.  S.  When  the  specific  gravity  of  the  lighter  fluid  is 
very  small,  compared  with  that  of  the  heavier  or  that  of  the 
solid,  then  we  may,  without  any  sensible  error,  use  the  propor- 
tion b  :  Brf  b'  : :  s  :  5.  Thus,  if  the  lighter  fluid  be  air,  the 
heavier  water,  and  the  solid  elm-wood,  their  specific  gravities 
being  1|-,  1000,  and  600  respectively ;  then  would  the  ratio  of 
600  - 1|. :  1000 — 1|-  or  688|. :  988f  be  very  nearly  equal  to  that 
of  600: 1000. 

Cor.  3.  Hence  also  it  appears,  that  the  common  rule  for 
ascertaining  the  specific  gravities  of  a  fluid  and  a  lighter  solid 
by  the  ratio  of  the  part  immersed  to  the  whole,  is  not  accurately^ 
though  nearlV)  true ;  because  the  air  is  a  heavy  fluid,  and  there* 
fore  every  solid  floating  on  a  fluid  and  in  air,  is  in  fact  a  solid  of 
intermediate  specific  gravity  floating  between  two  immisceable 
fluids.  We  may,  however,  render  the  rule  accurate,  by  sub- 
ducting the  num)er  expresai/ng  the  specific  gravity  qfavrjrom 
the  two  mmbers  eimr easing  the  specific  gravity  c^the  solid  and 
the  fluid  on  which  ii  floats;  the  remainders  will  express  the 
actual  ratio  between  those  specific  gravities,  and  may  be  re- 
duced to  the  usual  .standard  by  a  simple  and  obvious  analogy. 

399.  Prop.  To  find  the  specific  gravity  of  a  body. 

This  may  be  done  generally  by  means  of  the  hydrostatic 
balance^  which  is  a  kina  of  balance  contrived  for  the  exact  and 
easy  determination  of  the  weight  of  bodies,  either  in  the  air^  or 
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when  immersed  in  water;  (see  voL  II.  for  a  description  of  this 
instrument).  The  problem  may  be  divided  into  three  cases, 
as  below. 

I.  WTien  the  body  is  heavier  than  water :  weigh  it  both  in 
water,  and  out  of  water,  and  the  di^rence  of  Uiese  weights 
will  express  the  weight  lost  in  water.  Then  if  b  represent  the 
woght  of  the  body  out  of  water,  b'  its  weight  in  water,  s  its 
specific  gravity,  and  8  the  specific  gravity  of  water,  the  first 
equation  in  cor.  9.  art.  897,  will  become  (b  —  b')  sri  b5,  whence 

we  find  g=:  j^;  consequently  the  general  rule  in  words  at 

length  is  thus : 

As  the  weight  lost  in  water 
Is  to  the  whole  or  absolute  weight ; 
So  is  the  specific  gravity  of  water 
To  the  specific  gravity  of  the  body. 

II.  When  th£  body  wUl  not  sink  in  water,  being  speiAficdUy 
Mghter.  In  this  case  attach  to  it  a  piece  of  another  body 
b^vier  than  water,  so  that  the  mass  compounded  of  the  two 
may  sink  together.  Weigh  the  denser  body  and  the  compound 
body  separately,  both  out  of  the  water  and  in  it ;  and  fina  how 
much  each  loses  in  water,  by  subtracting  its  weight  in  water 
from  its  weight  in  air ;  and  subtract  the  less  of  these  remainders 
from  the  greater.     Then  use  this  proportion : 

As  the  last  remainder 
Is  to  the  weight  of  the  light  body  in  air ; 
So  is  the  spedfik;  gravity  of  water 
To  the  specific  gravity  of  the  body. 
This  also  follows  from  cor.  9<  art.  397,  where  it  was  shown 

that  s'  =  ''' 


Cc-(/)-.(H-a')- 

III.  When  the  ^ecific  grcmty  of  a  fluid  is  required.  Tdce 
a  piece  of  some  hoiy  of  known  specific  gravity ;  weigh  it  both 
is  and  ouiof  the  fluid,,  and  find  the  loss  of  weight  by  taking  the 
d^erenee  of  these  two :  then  say, 

As  the  whole  or  absolute  weight 
Is  to  the  loss  of  weight ; 
So  ia  the  specific  gravity  of  die  sdid 
To  the  ^)ecific  gravity  of  the  fluid. 
This  rule  flows  evidently  from  oor.  4.  art  997* 
.  On  the  same  principle,  likewise,  depends  ^  use  of  the  hy- 
drom^er,  as  will  soon  be  seen  (art.  401.). 

400.  Pro9.  To  find  the  resvedive  weights  of  two  known  in- 
gredients  in  a  given  compoimd. 

If  we  adopt  the  notation  in  exx.  9.  art*  d97.  and  mi^e  use  of 
the  4th  and  6th  equations  there  givm,  namefy,  H-f*i«=sc, 
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and  — \"-r^^i9  we  shall  thence  find  h  = ,    ~J,, C,  and  l=: 

'. — j^.    From  whence  we  deduce  the  following  rule  in  words 

at  length : 

Take  the  three  differences  of  every  pair  of  the  tluree  specifie 
gravides,  viz.  the  specific  gravities  of  the  compound,  and  cf 
each  ingredient ;  and  multiply  each  qiecific  gravity  by  the  dif- 
ference of  the  other  two :  then  say. 

As  the  greatest  product 

Is  to  the  whole  weight  of  the  compound ; 

So  is  each  of  the  other  two  products 

To  each  respective  weight  of  the  two  ingredients. 
Cor.  If,  instead  of  finding  the  weights,  we  were  to  find  the 
magnitudes  m  and  m'  of  the  two  ingredients,  the  q)edfic  gra- 
vities being  as  above;  we  should  have  the  weight  of  h  =  sm, 
and  the  weight  of  m'  =  s'm',  while  the  w^ght  of  the  compound 
would  be  s''  (m  4-  m')«  Hence  we  should  have  sm  4-  ^m'  == 
s'^M-f-s^'M',  an  equation  similar  to  that  in  art.  398.  and,  con- 
sequently, similar  analogies,  viz.  m  :  m'  : :  s"  —  s' :  s  -r*  s'',  and 

M*  iLf    *    itf '  •  .  eP  _  <af  •  a  ■-.  CI' 

It  is  here  supposed  that  the  magnitude  m  +  jm'  of  the  oonw 
pound  is  equal  to  the  sum  of  the  magnitudes  of  the  two  parts 
when  separate.  But  it  very  frequently  happens  that  the  mag*- 
nitude  of  the  mixture  is  less  than  this  sum;  a  circumstance 
which  is  probably  occasicuaed  by  two  causes,  the  different  mag- 
nitudes of  the  ooiustituent  particles  of  the  two  bodies^  and  thenr 
chemical  affinity.  But  this  rule  is,  notwithstanding,  of  use  in 
determining  the  quantity  of  penetration  or  rare&ction,  by  com* 
paring  the  computed  magnitudes  or  daisities  with  those  which 
are  discovered  oy  observation. 

ON  THE  HTDEOMETEB. 

401.  The  HydrometeTy  or  Areometer,  is  an  instrument  con- 
trived to  measure  the  speofic  gravity  of  water  and  other  fluids ; 
and|  indeed,  has  sometimes  been  madid  use  of  to  determine  the 
specific  gravity  of  solid  bodies.  The  general  principle  cm  which 
the  construction  and  use  of  the  hydrometer  depends  is  contained 
in  cor.  4.  art.  897.  from  which  it  follows  that  a  body  specifically 
tighter  than  several  fluids  will  serve  to  find  out  their  specie 
gravities,  because  it  will  innk  deepest  in  the  fluids  whose  spe^c 
gravity  is  the  least.  Thus,  if  ab  (fig.  9»  pi.  XVI.)  be  a  small 
uniform  glass  tube,  hermetically  sealed,  having  a  scale  of  equal 
divisions  marked  upon  it,  with  a  hollow  ball  of  abotit  an  inch 
in  diameter  at  bottom,  and  a  smalls  ball  c  under  it,  com- 
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niunicaUng  with  the  first;* into  the  little  ball  is  put  mercury 
or  smftll  snot,  before  the  tube  is  sealed,  so  that  it  may  sink  in 
water  below  the  ball,  and  float  or  stand  upright,  the  divisions 
on  the  stem  showing  how  far  it  sinks.  It  this  instrument  be 
dipped  in  common  water,  and  sink  to  d,  it  will  sink  only  to 
some  lower  point  £  in  salt  water ;  but  in  port  wine  it  will  sink 
to  some  higher  point  f,  and  in  brandy  perhaps  to  b. 

It  is  evident  that  an  hydrometer  of  this  kind  will  only  show 
that  one  liquid  is  specifically  heavier  than  another;  but  the 
true  specific  weight  of  any  liquid  cannot  be  determined  without 
a  calculation  for  this  particular  instrument,  the  tube  of  which 
should  be  truly  cylindrical.  Besides,  these  instruments  will  not 
serve  for  fluids  whose  densities  are  much  diflerent. 

40S.  Mr.  Clarke  constructed  a  new  hydrometer,  showing 
whether  any  spirits  be  proof,  or  above  or  below  proof,  and  in 
what  degree.  This  instrument  was  made  of  a  Sail  of  copper 
(because  ivory  imbibes  spirituous  liquors,  and  glass  is  apt  to 
break),  to  which  is  soldered  a  brass  wire  about  a  quarter  of  an 
inch  thick;  upon  this  wire  is  marked  the  point  to  which  it 
exactly  sinks  m  proof  spirits;  as  also  two  other  marks,  one 
above  and  one  below  the  former,  exactly  answering  to  one-tenth 
above  proof  and  one-tenth  below  proof.  There  are  also  a  number 
of  small  weights  made  to  add  to  it,  so  as  to  answer  to  the  other 
degrees  of  strength  besides  those  above,  and  for  determining  the 
specific  gravities  of  different  fluids. 

403.  Dr.  Desaguliers  contrived  an  hydrometer  for  deter- 
mining the  specific  gravities  of  different  waters  to  such  a  degree 
of  nicety,  that  it  would  show  when  one  kind  of  wat^  was  but 
the  40,000  part  heavier  than  another*     It  consists  of  a  hollow 

^lass  l]all  of  about  3  inches  in  diameter,  charged  with  shot  to  a 
proper  degree,  and  having  fixed  in  it  a  long  and  very  slender 
wire,  of  only  the  40th  part  of  an  inch  in  diameter,  and  divided 
into  tenths  of  inches,  each  tenth  answering  to  the  40,000  part, 
as  above.     See  his  Exper.  Philos.  vol.  ^.  p.  234. 

404.  Mr.  Nicholson  has  made  an  improvement  by  which  the 
hydrometer  is  adapted  to  the  general  purpose  of  finding  the 
spedfic  gravity  botn  of  solids  and  fluids,  (fig.  8.  pi.  XYI.)*  a 
is  a  hollow  ball  of  copper ;  b  a  dish  affixed  to  the  ball  by  a  short 
slender  stem  d  ;  c  is  another  dish  afiixed  to  the  opposite  side 
of  the  ball  by  a  kind  of  stirrup.  In  the  instrument  actually 
made,  the  stem  d  is  of  hardened  steel,  ^  of  an  inch  in  diameter, 
and  the  dish  c  is  so  heavy  as  in  all  cases  to  keep  the  stem  ver- 
tical when  the  instrument  is  made  to  float  in  any  liquid.  The 
parts  are  so  adjusted  that  the  addition  of  1000  grains  in  the 
upper  dish  b,  will  just  sink  it  in  distilled  water  (at  the  tempera- 
ture of  60^  of  Fahrenheit's  thermometer)  so  far  tb^t  the  surface 
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shall  intersect  the  middle  of  the  stem  d.  Let  it  now  be  required 
to  find  the  specific  gravity  of  any  fluid.  Immerse  the  instru- 
ment in  it,  and  by  placing  weights  in  the  dish  b  cause  it  to 
float,  so  that  the  middle  of  the  stem  b  shall  be  cut  by  tb^  sur- 
face of  the  fluid.  Then,  as  the  known  weight  of  the  instru- 
menty  added  to  1000  griuns,  is  to  the  same  known  weight  added 
to  the  weights  used  in  producing  the  last  equilibrium,  so  is  the 
weight  of  a  quantity  of  distilled  water  displaced  by  the  floating 
instrument,  to  the  weight  of  an  equal  bulk,  of  the  fluid  under 
eicamination.  And  these  weights  are  in  the  direct  ratio  of  the 
specific  gravities. 

Again,  let  it  be  required  to  find  the  specific  m^vity  of  a  soUd 
body  whose  weight  is  less  than  1000  grains.  Race  the  instru- 
ment in  distilled  water,  and  put  the  body  in  the  dish  b.  Make 
the  adjustment  of  sinking  the  instrument  to  the  middle  of  the 
45tem,  by  adding  weights  in  the  same  dish.-  Subtract  those 
weights  from  lOOO  grains,  and  the  remainder  will  be  the  weight 
of  the  body.  Place  now  the  body  in  the  lower  dish  c,  and  add 
more  weight  in  the  upper  dish  b,  till  the  adjustment  is  again 
obtained.  The  weight  last  added  will  be  the  loss  the  solid 
sustains  by  immersion,  and  is  the  weight  of  an  equal  bulk  of 
water.  Consequently  the  specific  gravity  of  the  solid  is  to  that 
of  water,  as  the  weight  of  the  body  to  the  loss  occasioned  by 
the  immersion.  Mr.  Nicholson  says,  ^^  This  instrument  was 
found  to  be  sufficiently  accurate  to  give  weights  true  to  less 
than  one-twentieth  of  a  grain."  Nicholson^s  Philoaophy^  vol* 
II.  p.  16.    See  also  the  art.  Gravimeter  in  our  secona  volume. 

405.  The  areometer  invented  by  M*  de  Parcieux  in  1766, 
and  presented  to  the  Academy  of  Sciences,  is  very  simple  in  its 
structure,  and  at  the  same  time  very  convenient  in  application, 
and  furnishes  very  accurate  results.  This  instrument  consists 
of  a  small  glass  phial,  about  two  inches,  or  at  most  two  inches 
and  a  half,  in  diameter,  and  seven  or  eight  inches  long.  Its 
bottom  must  not  be  bent  inwards  (as  bottles  and  phials  com- 
monly are),  lest  air  shpuld  be  lodged  in  the  cavity  when  it  i^ 
immersed  in  any  liquid.  The  mouth  is  closed  with  a  very  tight 
cork  stopper,  into  which  is  fixed,  without  passing  through  it,  a 
very  straight  wire  (of  iron  or  of  brass)  about  a  line  in  diameter, 
and  twenty-eight  or  thirty  inches  long.  The  bottle  is  then 
Ipaded  in  such  a  manner,  by  introducing  into  it  small  grains  of 
shot,  that  the  instrument,  when  immersed  in  the  lightest  of  the 
liquids  to  be  compared,  sinks  so  as  to  leave  only  the  end  of  the 
wire  above  its  surmce,  while  in  the  heaviest  the  wire  is  immersed 
some  inches.  This  may  be  properly  regulated  either  by  aug^- 
menting  or  diminishing  the  weight  in  the  bottle ;  or  by  attach*- 
ing  a  Uttle  dish  or  basin  to  the  top  of  the  wire,  and  changing  the 

VOL,  I.  CO 
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weights  in  it ;  or  by  varying  the  thickness  of  the  wire.  To 
perrorm  experiments  of  this  kind  it  will  be  necessary  to  have 
a  vessiel  for  the  reception  of  the  fluid  to  be  tried ;  a  convenient 
sitie  would  be  a  cylinder  of  3  or  4  inches  in  diameter,  and  as 
many  feet  in  length :  it  may  be  made  of  tin  plate ;  and  a  scale 
divided  into  inct^  and  lines  may  be  carried  up  above  one  side 
of  the  vessd,  which  will  serve  to  measure  the  different  depths 
of  immersion  in  the  fluid,  by  noting  the  division  on  the  scale 
against  which  the  top  of  the  wire  stands.  M.  de  Parcieux  re^- 
commends  the  use  ot  tmo  instruments  of  this  kind  at  once,  in 
order  that  two  fluids  may  be  compared  at  the  same  instant. 

The  areometer,  when  thus  constructed,  will  exhibit  very 
sensibly  the  least  difference  in  the  specific  gravities  of  different 
liquors,  or  the  changes  which  the  same  liquor  may  experience, 
in  this  respect,  under  dit^ent  circumstances.  Indeed  M. 
Montucia  sajns,  <^  we  have  seen  an  instrument  of  this  kind,  the 
motion  of  which  was  so  sensible,  that  when  immersed  in  water 
cooled  to  the  usual  temperature,  it  sunk  several  inches  while 
the  rays  of  the  sun  fell  upon  the  water,  and  immediately  rose 
on  the  rays  of  that  luminary  being  intercepted.  A  very  small 
i][uantity  of  salt  or  sugar  thrown  into  the  water  made  it  also 
nse  some  inches.*'  Hutknis  Montuclda  Recreations,  vol.  ii. 
p.  26. 

406.  We  here  add  a  few  articles  respecting  the  theory  of  this 
areometer;  observing,  by  the  bye,  that  the  same  theory  may, 
with  slight  and  obvious  modifications,  be  applied  to  the  ex- 
amination of  any  other  instrument  of  a  nearly  similar  kind : 

L/Bt  8  denote  the  specific  gravity  of  the  fluid, 

c  the  capacity  or  volume  of  the  phial, 

w  the  total  weight  of  the  areometer, 

I  the  length  of  the  part  of  the  wire  immersed, 

r  its  semidiameter, 

le  the  multiplier,  3-141598. 
Then  will  ifr^  represent  a  section  of  the  wire  parallel  to  its 
axis,  and  lerH  the  content  of  the  wire.  And  when  the  areo- 
meter is  in  equilibrio,  if  we  consider  that  it  displaces  a  portion 
of  the  fluid  whose  wei^t  is  equal  to  its  own,  we  shall  have'M7r: 
8(c  +  rH) ;  whence  we  deduee 

s  zn -,  and  /  =  -— r-. 

407.  Let  us  first  consider  the  equation  I  ==  !!^^^.    Here  the 

quantity  w—cs  expresses  the  difference  between  the  weight  cf 
the  areometer,  or  that  of  the  liqnor  displaced,  and  the  weight 
of  the  quantity  displaced  by  the  phial  only :  it  is  therefore  the 
weight  of  the  fluid  displaced  by  the  part  of  the  wire  which  is 
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unmeraed  in  it.  But,  coDsidering  the  minuteness  of  the  dia^ 
meter,  and  consequently  of  the  n^s  r,  the  diffcarence  ^'■^es  is 
a  yerjr  small  quantity,  equal  perhaps  to  a  few  grains ;  so  that  a 
very  inconsiderable  variation  in  sor'mw  must  cause  a  great  one 
in  /,  which  is  the  length  of  the  portion  of  the  wire  plunged  in 
the  fluid. 

^  The  variations  of  I  are  more  espedally  s^isible  when  r  va- 
ries, because  it  is  the  square  r*  which  is  a  diviscNr  in  its  value : 
thus,  then,  we  may  see  now  it  happens  that  this  areometer  is 
so  well  calculated  to  render  manifest  the  slightest  differences  in 
specific  gravities. 

Suppose  that  when  the  spedfic  gravity  s  becomes  5',  the 
length  /  of  wire  immersed  is  changed  to  /,  and  we  shall  have 

^  =  -^;^  :  subtracting  the  value  o(l!  from  that  of/,  and  making 

the  necessary  reductions,  we  shall  have  I^JI:=l^^^J/i  this  is 

the  difference  in  the  depth  immersed,  occouoned  by  the  differ- 
ence of  density,  which,  cateris  paribtis^  is  proportioned  to  t0. 

Thus  we  may  augment  the  sensibility  of  the  instrument,  re^ 
lative  to  the  variation  of  specific  gravity,  either  by  augmentitig 
Wy  the  weight  of  fluid  displaced  by  the  areometer  (wnich  may 
be  accompushed  by  enlarging  the  phial,  or  by  putting  in  more 
shot,  or  Dy  loading  the  dish  at  the  top),  or  by  diminishing 
the  diameter  of  the  wire ;  and,  in  general,  all  other  things  being 

equal,—  will  express  the  sensibility  of  the  instrument  with 

regard  to  the  specific  gravity  of  the  fluid. 

406.  But  wnen  the  spedfic  gravity  remains  the  same,  the 
sen»lnlity  of  the  instrument,  the  quantity  by  which  it  sinks  by 
the  addition  of  a  litde  weight,  depends  omy  upon  that  little 

weight  and  r\    To  prove  this,  resume  the  equation  Izz,  -—^ : 

if  the  areometer  be  charged  with  the  litde  weight  w,  I  becomes 

t^  and  we  have  V  =  --7^-- •     Taking  the  first  of  these  equa^ 

tions  from  the  second,  there  will  remain  7—  /  =s  -^ :    so  that 

the  variation  in  the  immersion  Z'  —  /is  proportional  to  -^  when 
s  is  constant  *• 

*  In  uiiqg  the  artometer  it  ii  often  requisite  to  know  the  diameter  of  the  wiies 
lO'thoM  wlio  htive  not  a  micfomefter  lii.  piumy  reeoromeadi  the  folfewing  method : 
Meuurt  the  length  of  the  wire  enctly ;  weigh  it  both  in  water  and  in  the  aiie^  and 

ccS 
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We  see,  therefore,  that  two  areometers  may  be  equally  settBi- 
ble  when  the  specific  gravity  varies,  and  that  the  one  of  them 
may  have  neea  of  an  additional  weight  to  descend  an  equal 
quantity  when  the  specific  gravity  remains  the  same.  Those, 
however,  which  have  the  little  basin  at  top  are  preferable,  be- 
cause they  are  more  solid,  the  wire  being  made  thicker ;  but 
chiefly  because  by  means  of  them  we  may  ascertain  more  pre- 
cisely the  difference  of  specific  gravities. 

409.  If  the  specific  gravity  s  becomes  y,  and,  in  order  to 
retain  the  areometer  at  the  same  depth,  it  be  necessary  that  the 

weight  *m  become  W'\'W^  we  have  {art.  406.)  ^ = 
viding  this  equation  by  the  equation  s  =  tj"^} 

suits  ~  =  ^^^,  a  formula  expres^ng  the  ratio  of  the  specific 

gravities. 

This  equation  stated  as  an  analogy  gives  s^ :  5 : :  w  + w  :'i», 

take  the  diflferenee  of  these  two  weights.    Calliog  l  the  whole  length  of  the  wire»  d 
the  difiereDce  between  its  weight  in  air  and  in  water,  s  the  specific  gravity  of  water/ 

d 
and  D  the  diameter  of  the  wire;  then  is  d  =£  2  v'— .    This  may  be  done  very  ex- 

peditiously  by  means  of  logarithms. 

To  find  the  thickness  of  the  wire  in  an  areometer  already  constructed,  we  must 
charge  the  Iktie  basin  at  the  top  of  the  wire  with  a  certain  weight,  and  exankine  how 
far  this  causes  the  instrument  to  descend :  then  we  must  put  in  the  formula  d  » 

d 

2^  — ,  for  d  the  little  weight  with  which  the  areometer  was  charged,  and  for  l  the 

depth  of  immersion  it  occasioned.    This  follows  from  the  equation  /'_!» 


which  gives  2r  b  d  «  2*/ — - — . 

This  may  not  be  an  improper  place  to  describe  a  method  of  finding  the  radii  of 
small  cylinders  (snch  as  axles  in  fine  machin^),  first  given,  we' believe,' by  MK 
Atwood;  which  is  this. — Having  fixed  to  tlie  extremity  of  a  very  fine  and  flexible 
hne  a  wdghf  sufficient  to  keep  it  stretched,  fasten  the  other  extremity  to  the  axle 
whose  radius  is  required ;  the  line  being  stretched  by  this  weight,  measure  by  a  scale 
of  equal  parts  any- convenient  length,  6  niehes,  for  example»  and  mark  the  extremities 
of  the  length  so  measured.  Then  holding  the  axle  horizontally,  let  the  measured 
part  of  the  line  be  wound  round  it  in  the  form  of  a  helix,  the  circumferences  being 
every  where  contiguous.  Count  the  number  of  revolutions,  and  parts  of  a  revolution, 
and  represent  this  number  by  n ;  also  measure  the  length  of  the  cylinder  occupied  by 
the  helix,  and  let  this  »  a  ;  cad  the  length  of  the  helix,  or  line  first  .menUonecl=*  x; 

then  will  the  radius  of  the  cylinder  =  -i \    "  The  exactness  of  this  metljoil 

2jrii 

may  be  known,*'  says  Mr.  Atwood,  *<  by  observing  that,  if  the  cylinder  be  truly 
made,  and  'the  process  carefully  repeated  with  different  values  of  x^ «,  and  a,  the 
radius  deduced  will,  however,  always  come  out  the  saacr  to  the  fourth  or  even  the 
fifth  dechnal  place.  V  , 
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whence  «'— s  isiiujiw,  and  /  —  *  =:  ^,  a  formirla  which  gives 

the  difference  of  the  specific  gravities. 

Wnen  this  theorem  is  applied  to  different  waters,  we  may 
always  suppose  one  of  them,  as  5=1000  ounces  averd.  without 
apprehending  any  sensible  error  in  the  value  of  ^ — * :  for  the 
quantity  w  being  only  a  few  grains,  s  may  undergo  variations 

of  6  or  7  units,  without  the  product  —  a;  undergoing  any  such 

change  as  to  afi]bct  the  accuracy  of  the  result.  So  that,  in  find- 
ing the  difference  between  the  specific  gravities  of  two  waters, 
it  IS  not  absolutely  necessary  to  know  one  of  them  with  great 
precision. 

When  we  would  make  experiments  with  an  areometer  whose 
weight  is  exactly  known,  it  will  be  proper,  by  means  of  the 

equations  — = — ^,  and  sf—s  =— •  to  construct  a  table  which 

may  contain  the  ratios  and  the  differences  of  specific  gravities, 
answering  to  the  difierent  values  of  a/  between  1  and  40  or  50 

frrains:  such  a  table,  but  little  extended,  will  be  easy  to  caten- 
ate, and  will  save  the  labour  of  a  distinct  comput£^tion  for  every 
individual  experiment.  ' 

410.  Previous  to  giving  a  table  of  medium  specific  gravities, 
'we  shall  just  reidark,  that  all  bodies,  of  homo&reneous^  or  unor- 
ganised texture  expand  by  heat,  and  contract  Dy  cooling.  The 
expansion  and  eonti^ction  by  the  same  change  of  temperature 
is  very  different  in  different  bodies.  Thus,  water  when  heated 
from  60^.  to.  100®  increases  its  volume  nearly  ^-5-7-  of  its  bulk ; 
mercury  only  ^y,  and  many  substances  much  less.  Hepce  it 
foUows,  that  an  experiment  determines  the  specific  gravity 
only  in  that  very  temperature  in  which  the  bodies  are  exa- 
mined*  It  will  tnerefore  be  proper  always  to  note  this  tem- 
perature; and  it  will  be  convenient  to  adopt  some  very  useful 
temperature  for  such  trials  in  general:  perhaps  about  60®  of 
Fahrenheit's  thermometer  is  as  convenient  as  any.  It  may 
.always  be  procured  in  these  climates  without  inconvenience.  A 
:  temperature  near  to  freezing  would  have  some  advantages,  be- 
.  cause  water  changes  its  bulk  very  little  between  the  tempera- 
ture 2>9P  and  45®.  But  this  temperature  cannot  always  be  ob- 
tained. It  will  much  conduce  to  the  facility  of  the  comparison 
to  know  the  variation  which  heat  produces  on  pure  water.  The 
following  table,  taken  from  the  interesting  observations  of  Dr. 
Blagden  and  Mr.  Gilpin, (Phil.  Trans.  1792,  or  New  Abridge 
ment,  vol.  XVII.  p.  /^63.),  will  answer  this  purpose. 


390 


HYDROSTATICS. 


BOCK  m* 


Temper- 
ature of 
Water. 


30 
85 
40 
45 
60 
55 
60 
65 
70 
76 
80 
86 
90 
95 
100 


Bulk  of 
Water. 


I  * 


99910 

99070 

99914 

9993S 

99968 

100000 

100050 

100106 

100171 

100242 

100320 

100404 

100501 

100602 


Spedfic 
Gravity. 


100090 
100094 
1-00086 
1-00068 
1-00088 
1-00000 
0-99950 
0-99894 
0-99880 
0-99769 
0-99681 
0-99598 
0-99502 
0-99402 


Those  gentlemen  observed  the  expanaon  of  water  to  be  veiy 
anomalous  between  32°  end  46*,  a  fact  whieh  has  been  subse- 
quently traced  through  all  its  gradations  by  numerous  philoso- 
phers. This  is  distinctly  seen  during  the  gradual  cooling  of 
water  to  the  point  of  freezing.  It  contracts  for  a  while,  and 
then  suddenly  expands.  But  we  seldom  have  occaaon  to 
measure  specific  gravities  in  such  temperatures. 

Liquor-merchants  often  avail  themselves  of  this  dreumstanoe 
of  the  expansion  of  fluids  by  heat,  by  contriving  to  make  their 
chief  purchases  in  the  winter.  Ikf .  Homberff  and  M.  £uen- 
schmia  found  the  absolute  weight  of  a  cubic  mch  of  brandy  to 
be  4  drs.  42  grs.  in  the  winter,  and  only  4  drs.  32  grs.  in  the 
summer;  and  in  sprits  of  nitre  the  difietence  was  greatar  still. 
And,  taking  the  average  with  respect  to  spirits  in  general,  it  is 
found  that  32  gallons  m  the  winter  will  expand  to  83  gallona 
in  the  bdght  of  summer. 
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QJ?  THS  SPECIFIC  G&AVITIE8  OF  DIFFERENT  BODIES. 


Metals, 

Antimony,  erode,   4064 

,  glass  of, 4946 

,  molten, 6702 

Arsenic,  glass  of,  natural, 3594 

,  molten, 5763 

,  native  orpiment, 5452 

Bismuth,  molten, ..  • 9823 

■ ,  native, •.«....  9020 

I  ,  ore  ofi  in  plmnes,  .....  4371' 

Brass,  caurt,  not  hammered, 8396 

-     -  ,  ditto,  wire-diEwn, 8544 

— ,  cast,  common, 7824 

Cohalt,  molten, 7812 

■  blue,  glass  of, 2441 

Copper,  not  hammered, 7788 

,  the  same  wire-drawn,. .  •  8878 

■  ■       ■>  ore  of  soft  copper,   or 

natural  verdigr 3572 

Gdd,  pure,  of  24  carats,  mdted, 

but  not  hammered, 19258 

the  same  hammered,  •  •  •  •    19362 
Parisian  standard,  22  car. 

not  hammered, 17486 

-,  the  same  hammered,  •  • . .  ]  7589 

-,  guinea,  of  Geo.  II 17150 

-,  guinea,  of  Oeo.  III.  ....   1 7629 

-,  Spanish  gold  coin, 17655 

-,  HoOand  ducats, » .   19352 

trinket  standard,  20  car. 

not  hanmiered, 15709 

-— — ,  the  same  hammered, 15775 

Iron,  cast, '. 7207 

,  cast  at  Carron, 7248 

— — ,  ditto,  at  Rotherham, 7157 

,  bar,  either  hardened  or  not,  7788 
Steel,  neidier  tempered  nor  hard- 
ened,  78S3 

I      I  hardened,    but    not   tern* 

pered, 7840 

^  tempered  and  hardened,. . .  7818 

,  ditto  not  hardened, 7816 

Iron,  ore  prismatic, ^  • .  7355 

— ,  ditto  specular, ^218 

,  ditto  lenticular, 5012 


Lead,  molten, •    11352 

,oreo^ cubic, ,,..  7587 

,  ditto  homed, 6072 

^,  ore  of  black  lead, 6745 

,  ditto  white  lead, 4059 

,  ditto  ditto  vitreous, 6558 

,  ditto  red  lead, 6027 

,  ditto  satumite, 5925 

Manganese,  striated, • .  4756 

Molybdena, ^ 4738 

Mercury,  solid  or  congealed,  •  •  •   15633 

■■  ,  fluent, ^...    13568 

.natural  calx  of,, 9230 

'- ,  predpitate,  per  se^ . .   1087 1 

— — ,  precipitate  red, . . . .  ^ .  8399 

——,  brown  dnabar, 10218 

,  red  dnabar, 6902 

Nickel,  molten, 7807 

■■     ,  ore  of,  called  Eupfeiy 

nickel  of  Saxe, 6648 

,  Kupfer-nickd  of  Bohe- 
mia,   6007 

Platina,  crade^  in  grains, 15603 

,  pu^ed,  not  hammered,  19500 

,  ditto  hammered, 20337 

,  ditto  wire-dmwn, SI04S 

,  ditto  roUed, 22069 

Silver,  virgin,  12  deniers,  fine, 

not  hammered, 10474 

»~^-—,  ditto  hammered, 10511 

,  Paris  standard, 10175 

,shilHng  of  Geo.  11 10000 

,  shilling  of  Geo.  III.. . .  10534 

,  French  coin, 10408 

Tin,  pure  Cornish,  mdted,  aod 

not  hardened, 7391 

,  the  same  hardened, 7^9 

" ,  of  Malacca,  not  hardened, .  7296 

,  the  same  hardened, 7307 

—,  ore  of,  red, 6935 

,  ore  of,  bhwk, 6901 

,  ore  of,  white, 6008 

Tungsten,  6066 

Uranium, *  • .  •  6440 

Wolfram, 71t9 

Zinc,  molten, •  *  7194 
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TABLE  OF  SPECIFIC  GEAVITIES  CONTINUED 


Precious  Stones. 


Siiicious  Siones, 


Beryl,  or  aqua-msrine  oriental,  •  •   3349 

,  ditto  occidental, 2723 

Canysolite,  of  the  jeweUen, 2782 

,ofBraril, 2692 

Crystal,  pure  rock  of  Madagas- 
car, •  •••• ■••••  2653 

.ofBraril, 2653 

,  European, •  •  •   2655 

,  rose-ooloiuedy '. . .  2670 

jycUow, 2654 

I  ,  violet,  or  anaethyst,  ....  2654 

,  white  amethyst, 2651 

I  Carthannian, 2657 

:,  black, 2654 

Diamond,  white  oriental, 352 1 

■  — ,  rose-coloured  orient,..   3531 

*  ,  orange  ditto, 3550 

i —,  green  ditto, 3524 

',  blueditto,. ..y 3525 

,  Brazilian, 3444 

,  yellow, 3519 

JSmerald,  of  Peru, 2775 

Garnet,  of  Bohemia, 4189 

■  ■        ,  of  Syria, 4000 

,  dodecaedral, 4063 

,  volcanic,  24  faces, 2468 

Girasol,.. 4000 

Hyacinth,  common,^ 3687 

Jargon  of  Ceyleti, 4416 

Quartz,  crystallised, 2655 

,  in  the  mass,  . . , 2647 

— — ,  brown  crystallised, 2647 

,,  fragile, 2640 

,milky, 2652 

,  fet,  or  greasy, 2646 

Ruby,  oriental, 4283 

J  Spinell, 3760 

,  Ballas, 3646 

,  Brazilian, 3531 

Sapphire,  oriental, 3994 

,  ditto  white 3991 

— ,ofPuys, 4077 

,  Brazilian, 3131 

Spar,  white  sparkling, 2595 

,  red  ditto, 2438 

,  green  ditto, 2704 

-,  blue  sparkling, 2693 

,  green  and  wUte ditto,  ....   3105 

— ,  transparent,  ditto 2564 

• ,  adamantine, 3873 

Topaz,  oriental, 401 1 

^9  mstachio  ditto, 4061 

-f  jBiazilian, ...  3536 

,  of  Saxe, 3564 

:-,  white  ditto, 3554 

yermilioo, • 4230 


Agate,  oriental, S590 

.,onyx, 26S8 

-^ ,doudy, 2625 

-.spedded, 2607 

-,  veined,. 26^7" 

,  stained, r..  2632 

Caloedony,  common,  .  • 2616 

,  transparent, 2664 

:- — ,  veined, 2606 

,  reddisli, 2665 

,bluish, 2587 

— — ,  onyx, 2615 

CaxDelian,pale,.. 2630 

:— ,  spedded, 2612 

,  veined, 2623 

L-,onyx, 2623 

,  stalactite, 2591 

,  simple, 2613 

Flint,  white, 2594 

,  black, 2582 

^,  veined, 2612 

,  Egyptian, :  25G5 

Jade,  white, 2950 

ygreen, 2966 

,  olive, 2983 

Jasperj  dear  green, 2359 

,  brownish  green, 268 1 

,red, 2661 

,  brown, 2691 

,  yellow, 2710 

,  violet, 2711 

— — ,  doudy, 2735 

,  veined, 2696 

— ,  onyx, 2816 

,,  red  and  yellow, 2750 

,  bloody, 2628 

Opal. 2114 

Pearl,  virgin  oriental, . .  2684 

Pebble,onyx, 2664 

,  of  Rennes, 2654 

^,  English, 2609 

-,  vdned, 2612 

,  stained, 2587 

Prasium, 2581 

Sardonyx,  pure, 2603 

,pale, 2606 

,  spedded, 2622 

,  vmed, 2595 

— ' ,  onyx, 2595 

~,  blackish, 2628 

Schorl,  black  prism,  hexaedral,.,.  3364 
— ,  octaalral, 3226 

,  tourmalin  of  Ceylon, . .  •   3054 

,  antique  basaltes, 2923 

^-,  Braiollan  emerald, 3156 

,'cnidfonD, 3286 


table: OF  SPECIFIC  GRAVITIES  CONTINUED. 


Stone,  paving, 2416 

,  cutlers, 2111 

»  grind, 2143 

,mill, 2484 

Various  Stones,  Earths,  ^c. 


Alabaster,  orien^l  whiter 

--,  do.  semi,  traiuparent,  •  • 

:^yello\T» 

— — — -,  stained  brown,  ••..... 

»  veined,  ,•.  i...,,.,,  •••  . 

— — ,-,  of.  Piedmont^ • . . 


—,  of  Malta, 
— >  Spanish  saKne^ 
— ,  of  Valencia, .  • , 
»-,  of  Malaga,  < 


Amber,  yellow  transparent, , , .. . 

Ambergris, ,  .,.•••  . 

Amianthus,  long, 

— — — -,  short,  . ,  ♦ ,  , 

Asbestos,  ripe, 

-,  starry. 


Basaltes  from  Giants*  Causeway, . 

Bitumen,  of  Judea, 

Brick..... 

Chalk,  Spanish, ., 

-,  Coarse  Briancon^ .. • . . . . 

— — ,  British, 

Gypsum,  opaque,  . . . 

,  semi-transparent, 

»,  fine  ditto, , 

-,  rhomboidal, ....  ...,.., 

--,  ditto  10  faces, , 

cuneiform  crystallised. . 


Glass,  green, 

,  white, , 

,  bottle, 

,  Leith  crystal, 

-,  fluid, 


Granite,  red  Egyptian, , 
Hone,  white  razor, . . . . 
Lapis  nephriticus, . , .  . , 
— .  Lazuli, 

—  Haematites, 

— — —  Calaminaris,  • . . , 

—  Judaicus, 

Manati, 

Limestone, 

; — ,  white  fluor, . 

.,  green. 


Marble^  green,  Campanian, 

7,  red, 

^ ,  white  Cassara,  • . , 

-,  white  Parian, . . . . 


-,  Pyrenean,, 
-,  black  Biscayan, 
-)  Brocatelle,  • . .  • 
-,  Castilian,  ..... 
>,  Valendan, 


•«,  white  Grenadan,, 


2730 
2762 
2699 
2744 
2691 
2693 
2699 
2713 
3638 
2876 
1076 
926 
909 
2313 
2578 
3073 
2864 
1104 
2000 
2790 
2727 
2784 
2168 
2306 
2274 
2311 
2312 
2306 
2642 
2892 
2733 
3189 
3329 
2654 
2876 
2894 
3054 
4360 
5000 
2500 
2270 
3179 
3156 
3182 
2742 
2724 
2717 
2838 
2729 
2695 
2650 
2700 
2710 
2705 


Marble,  Siennien, 

■     I  ■    .,  Roman  violet, 

,  African, 

,  violet  Italian, , 


-,  Norw^ian, 
-,  Siberian, . . 


-,  green  Egyptian^. 
-,  Swisserland, . . . , 
',  French, 


Obsidiaa  stone, 
Peat,  hard,  ...••••» 
Phosphorus,  •...«.• 
Porcelaine,  Seves^  •  • 
>  J  ,  Ijmogev 

■  — ,  China, .. 

Porphyry,  red> 

green. 


.,  red,  from  Dauphiny,  . 
:,.red,  from  Cordone,  .. 
-,  green,  from  ditto,..,. 


Pyrites,  coppery, 

ferruginous  cubic,. 


■     ,  ditto  round, 

,.  ditto, . of  St  Domingo, . . 

Serpentine^  opake^  green  Italian, . 
-,  ditto,  veined  black  and 


olive. 


t  ditto  red  and  black,  . . 
-,  semivtranspa.  grained, 
->  ditto  fibrous,. 


V  ditto  from  Dauphiny, . 


Slate,  common, 

,  new,,, 

f  black  stone,  •  • . 

— ,  flesh  polished, . . 
StalacUte^  transpaipent, 
— ,  opake,, ,  •  •  • 


Stone,  pumice, 

,  prismatic  basaltes, 

— ,  touch,, , . . . 

,  Siberian  blue, .... 

,  oriental. ditto,  •  • .  • 
,  common,  ........ 

,  Bristol,  ••....... 

,  Burford,. «  , 

■  ,  Portland, ....... 

>f8g> • .. 

,  rotten, , 

— ,  hard  paving, 

-,  rock  of.Chatillon,, 


-,  clicard,  from  Brachet, 
-,  ditto  from  Ouchain,  . . 
-,  Notre-Dame, ....... 

-,  St  Maur, « 

.,  St.  Cloud,. 


Sulphur,  native, 

r^  moUen,.  • . . 

Talc,  of  Muscovy, . . 

,  black  crayon, . 

— ,  ditto  German, 

— .,  yellow, 


2678 
275S 
2708 
2858 
2728 
^718 
2668 
d7l4 
3649 
2348 
1^29 
1714 
2^46 
1»341 
2385 
2765 
2676 
2793 
2754 
2728 
4954 
3900 
4101 
3440 
2430 

3594 
2627 
2586 
3000 
2669 
2672 
2854 
2186 
2766 
2324 
2478 
915 
2722 
2415 
2945 
2771 
25«0 
2510 
2049 
2496 
2470 
1981 
2460 
2122 
2357 
2274 
2378 
2034 
2201 
2033 
1991 
27^3 
2089 
2246 
2655 


mi 
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Tldcbbck, 8900 

,wbUer ••  3704 

Liquors,  Oik,  8tc, 

Add,  fulphuric* 1841 

,  ditto,  higUy  concentrated,  .3125 

nitric, 1271 

ditto,  highly  concentrated,.  1680 

';murittie, 1194 

«..««,  red  acetous, 1025 

-4 — ^,  white  acetoiii, 1014 

.-.^  distilled  ditto, 1010 

«-.^,  fluoric, • 1500 

.— ^,8oetic, 1063 

■  I    I,  phosphoric...... ».♦«.«..  1558 

--—,  formic, 994 

Alcohol,  commercial, 837 

,  highly  lectifted, 829 

■  .        ,,  mixed  with  water 

15.l6tbs  alcohol 853 

14-l6th8ditto 867 

13.16ths  ditto 882 

12'16ths  ditto 895 

11.16th8ditto 908 

lO-ietbs  ditto 920 

9.16th8  ditto 932 

8.16thsditto 943 

7-l6th8  ditto 952 

6.16ths  ditto 960 

5.16th8ditto  .......  967 

4-16lhsdilto 973 

3-I6U1S  ditto  .•«.•..  979 

2-l6th8  ditto 985 

l-]6th  ditto 992 

Ammoniac,  liquid, 897 

Beer,pale^ 1023 

,  brQwn, 1034 

Cyder, 1018 

Ether,  sulphuric, 739 

——-,  nitric, 909 

-,  muriatic, ,  730 

■-,  acetic^ 866 

^Milk,  woman*8, 1020 

* ,  cow's......... 1032 

—*—,  asses*, 1036 

—,  ewe's, 1041 

,  goat's, 1035 

,  mare's, • 1034 

,  cow's  clarified, I019 

Oil,  essential,  of  turpentine, .....  870 

..^  essential,  of  lavender, 894 

-.«,  ditto,  of  doves, 1036 

— -.,  ditto,  of  cinnamon, 1044 

.^,  of  olives, 915 

•w,  of  sweet  almonds, ....  ..«..  917 

— .,offilberts„ 9I6 

**.',  linseed, 940 

— rf-,  of  walnuts, 923 

—w*,  of  whale, 923 

•—• ,  of  hcmpsced, 926 


on  of  poppies, ...•• 

^-,rapeseed^ 9I» 

Spirit  of  wine.    See  Alcohol. 

Terpentine,  liquid, 9BI 

Urine^  human, lOl  I 

Water,  rain, loOO 

,  distilkd, 1000 

,  sea,  (avenge) 1Q26 

•.-^^ofDend-Ma, 1240 

Wine,  Burgundy, 992 

«— ,  Bourdeauz, 994 

•*-— ,  Madeira, 1038 

— ,  Port. 997 

— ,  Canaiy, 1033 


Resins,  GumSy  and  Animal 
Substances,  ^c. 

Aloes,  socotrine^ 1380 

.hepatic, 1359 

Asafcetida, 1328 

Bees-wax,  yellow, « ,  965 

,  while, 969 

Bone  of  an  ox, 1656 

Butter 942 

Calculus  humanus, 1 700 

,ditto, 1240 

,ditto, 1434 

Camphor, 989 

Copal,  opake. 1 149 

.Madagascar, 1060 

• ,  Chinese, 1063 

Crassamentum,  human  blood,  ..  •  1126 

Dragon's  blood, •....  1205 

Eiemi, 1018 

Fat,beef, •  923 

— .hog's, 937 

——,  mutton....... 924 

■— fveal, 934 

Galbanum, 1212 

Gamboge, 1222 

Gum,  ammoniac, «  1 907 

,  Arabic, 1452 

,  Euphorbia, 1124 

.seraphic, 1201 

.  tragacantb, 1316 

,  bdellium, 1372 

— ,  scammony  of  Smyrna, ....  1 274 

,  ditto  of  Aleppo, 1 235 

Gunpowder,  shaken. 932 

— — — ,  in  a  loose  heap, ....  836 

— ,solid, 1745 

Honey, 1450 

Indigo, 769 

Ivory, ^ 1826 

Juice  of  liquorice, 1723 

———of  Acacia, 1515 

Labdanum, •  1186 

Lard, 948 

Mastic, : 1074 
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Myrrh,. 1360 

Opium, 1336 

Scammony.    See  Gum. 

Serum  of  human  blood, •  lOSO 

Spermaceti...... .•.«••.•  943 

Storax, ....•*..  ino 

Tallow, 942 

Terra  Japonica, ••  139d 

Tragacanth.    See  Gum. 

Wax.    See  Bees'-wax. 

— .— ,  shoeinaker*8, 897 

fVoods. 

Alder, 800 

Apple^tie^ «••..  ••  793 

Aifa»  the  trunk,. 845 

Bay-tree,  .......^ 822 

Beech, 852 

Box,  French, 912 

,Diitch, 1328 

——,  Brazilian  red, 1031 

Campecby  wood, • 913 

Cedar,  wild, 596 

,  Palestine^ 613 

.,Indian, 1315 

—~—,  American, 561 

Citron, 726 

Coco-wood,.... 1040 

Cherry-tree/...* 715 

Cork, 240 

Cypress,  Spanish, 644 

Kbony,  American,  •...r..«.« ..  1331 


Ebony,  Indian, • 

Elder-tree, 

Elm,  trunk  of, • 

Filbert-tree, 

Fir,  male^ ^.•« 

— -, female,  .....•••.•.•••••• 

Hazel, ....» 

Jasmin  Spanish, 

Juniper-tret, •••• 

Xiemon-tre^  .....•.....•••••• 

Lignum-vitae...... •• .. 

Linden-tree,  ••.....».» . .  »•••«• 
Logwood.    See  Campecby. 
juasucK* tree,  ..•* ....  .«••  wi^ » • 

Mahogany,..**... 

Maple, 

Medlar, 

Mulberry,  Spanish,.  .....••••.. 

Oak,  heart  of,  60  years  old, . . . .  • 

Olive-tree, 

Orange^tree,.  ...«..••. 

Pear-tree,. ....**.• 

Pomegranate-tree, 

Poplar,  •« 

■    '  -,  whiter  Spanish,  .....**.. 

Plum-tree, •  • . 

Quince-tree^ 

Sassafras, ,. 

Vine,  •..••... ....••... 

Walnut,  .« •••••• 

WiUow, 

Yew,  Dutch, 

i— >.--,  Spanish,  .....•••* 


1209 
695 
671 
600 
550 
498 
600 
770 
556 
703 

1333 
604 

849 

1063 
750 
944 
897 

1170 
927 
705 
661 

1354 
383 
&99 
785 
705 
482 

1327 
681 
585 
788 
807 


IVeigJU  and  Specific  Oravities  qfd^fererU  Gases. 


Fahrenhdt's  Thermom.  b5^ 


Spec.  Orar. 


...... I 


Barometer  30  inches. 

Wt.  Cub.  Foot. 

525*0  grs. 

43-75 
627*812 
517-125 
636*333 
319*832 


Atmospheric  air,  »«....•  1*2 

Hjrdrogen  gas, 0*1  . . 

Oxygen  gas, 1  •435 

Azotic  gas,  •.•*.•....  1*182. 

Nitrous  gas, » • .  • .  1 .4544 

Ammoniac  gas, .7311 

Sulphureous  acid  gas,  . .  2*761 1 1207-978 

In  this  table  the  weights  and  specific  gravities  of  the  principal  gases  are  given,  as 
they  corre^ond  to  a  state  of  the  barometer  and  thermometer  which  may  be  chosen 
for  a  medium.  The  specific  gravity  of  any  one  gas  to  that  of  another  will  not  con- 
form to  exactly  the  same  ratio  under  different  d^rees  of  heat  and  other  pressures  of 
the  atmosphere.  Difierent  philosophers  have  arrived  at  different  results :  a  very  n»- 
terestingaccount  of  them,  and  of  the  best  processes  employed  in  the  inquiry,  may  be 
seen  in  Blot,  Traite  de  Physique,  tome  i. 
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CHAPTER  in. 


EQUILIBRIUM)  STABILITY,  AND  OSCILLATION?  OF  FLOATING 

BODIES. 


411.  Among  the  different  bodies  which  float  on  the  surface 
of  a  fluid,  the  most  important  are  ships  tfnd  other  vessels  em- 
ployed on  seas,  rivers,  and  canals,  in  compiierce.  .  It  is  of  much 
consequence  to  determine  the  stability  of  such  vessels,  and  the 
positions  they  assume  when  they  float  freely  on  the  water. 
The  principles  on  which  the  stability  of  the  different  positions 
depend  flow  naturally  from  what  has  been  alreitdy  done,  and 
tnay  be  here  illustrated  and  explained.  Two  or  three  defini- 
tions are  premised. 

Defs.  1.  The  pkme  qfjhatation  is  the  horizontal  surface  of 
the  fluid  in  which  the  vessel  floats. 

2.  The  line  of  support  is  the  vertical  line  passing  through  the 
centre  of  gravity  of  the  part  of  the  solid  vessel  immersed. 

3.  The  metacentre  is  the  point  of  intersection  of  the  axis 
passing  through  the  centre  oi  gravity  (round  which  the  body 
revolves  through  an  indefinite^  small  angle)  and  the  line  of 
support. 

412.  That  a  body  floating  upon  a  quiescent  fluid  may  be  in 
equilibrio,  something  more  is  necessary  than  that  the  weight  of 
the  body  should  be  equal  to  that  of  the  fluid  displaced :  for  this 
condition  only  ensures  an  equality  of  the.  upward  push  of  the 
fluid  and  the  weight  of  the  body;  and  these  two  vertical  forces 
cannot  destroy  each  other  unless  they  are  directly  opposed: 
they  must  therefore  pass  through  the  same  point ;  that  is  to  say, 
the  right  line  which  joi/ns  the  centres  of  gravity  of  tlie  floating 
body  and  qf  the  fluid  displaced  must  he  vertical.  Without  this 
condition  the  two  vertical  forces,  though  equal,  cannot  annihi*- 
late  each  other'*s  effects ;  and,  of  consequence,  the  body  will 
have  about  its  centre  of  gravity  a  rotatory  motion^  as  if  that 
point  were  fixed. 

Indeed,  positions  may  be  assumed  in  which  the  circumstances 
just  recited  concur,  and  yet  the  solid  will  take  some  other  po- 
rtion in  which  it  will  prmanently  float.  If  a  cylinder,  for  ex- 
ample, having  its  specific  gravity  to  that  of  the  fluid  on  which 
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it  floats  as  3  to  4,  and  its  axis  to  the  diameter  of  its  base  fts  ^ 
to  1,  be  placed  on  the  fluid  with  its  axis  vertical,  it  will  sink  to 
a  depth  equal  to  a  diameter  and  a  half  of  the  base ;  and  while 
its  axis  is  preserved  in  a  vertidhl  position  by  external  force,  the 
centres  of  gravity  of  the  whole  solid  and  of  the  immersed  part 
will  remain  in  the  same  vertical  line:  but  when  the  external 
force  that  sustained  it  is  removed,  it  will  decline  from  its  upright 
position,  and  will  permanently  float  with  its  axis  hwizontal. 
If  the  axis  be  supposed  to  be  half  the  diameter  of  the  base,  and 
be  placed  vertically,  the  solid  wiU .  sink  to  the. depth  of  three- 
eighths  of  its  diameter ;  and  in  that  position  it  will  float  per-* 
manently.  If  the  axis  be  made  to  incline  to  the  vertical  line, 
the  solid  will  change  its  position  until  it  settles  permanently 
with  the  axis  perpendicular  to  the  horizon.  > 

Def.  Whether  a  solid  float  permanently,  or  overset  when 
placed  on  the  surface  of  a  fluid,  so  that  the  centre  of  gravity 
of  the  solid  and  that  of  the  part  immersed  shall  be  in  the  same 
vertical  line,  it  isisaid  to  be  in  a  position  of  equilibrium;  and 
of  this  eqUiUbrium  there  are  three  species,  viz.  the  equilibrium 
of  stability^  in  which  tiie  solid  floats  permanently  in  a  given 
position ;  the  equilibrium  of  instability^  in  which  the  solid, 
though  the  two  centres  of  gravity  already  mentioned  are  in  the 
same  vertical  line,  spontaneously  oversets,  unless  supported  by 
external  force;  and  the  equilibrium  of  indifference^  or  the 
insensible  equilibrium,  in  which  the  solid  rests  on  the  fluid  i&^ 
diflerent  to  motion,  without  tendency  to  right  itself  when  in?- 
clined,  or  to  incline  itself  further. 

These  states  of  a  floating  body  are  also  those  in  which  the 
stability  may  be  said  to  be  positive^  negative,  and  nothing,  re- 
spectively. 

413.  From  the  properUes  investigated  in  the  chapter  on  the 
centre  of  gravity,  it  follows  that  the  right  line  whicn  joins  the 
centres  of  gravity  of  a  body  and  of  a  segment  of  that  body 
formed  by  any  plane  whatever,  must  pass  through  the  centre 
of  gravity  of  the  other  segment:  in  the  case  which  we  propose 
to  treat  here,  the  plane  cutting  the  body  is  the  upper  surface  of 
the  fluid,  or  the  plane  of  floatation;  and  we. conclude  that,  in 
order  that  a  body  may  be  in  equilibrium  upon  a  fluid  which 
is  specifically  heavier  than  itself,  the  right  line  which  passes 
through  the  centres  of  gravity  of  the  body  and  either  of  the 
segments  formed  by  the  plane  of  floatation  must  be  perp^idi- 
cular  to  that  plane.  Thus  the  general  problem  of  the  deter- 
mination of  the  positions  of  equilibrium  with  regard  to  a  homo- 
geneous body  in  a  fluid  is  reduced  to  the  following. 

Prof.  To- cut  by  a  plane  a  bodgf  of  given  jfigure-  in  mA 
manner  that  the  capacity  of  mihefqfthe  segments  shaU  baiio 
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thai  cfthe  whole  bodff  in  a  givm  ratio ;  and  that  the  right  Kne 
fghicb  passes  through  the  centre  qfgrofrity  of  the  body  and  those 
of  its  segments  shall  be  perpendiaSar  to  the  intersecting  fUme. 
The  ratio  of  the  segments  into  which  the  body  roust  te  cut, 
or  of  ^ther  dt  them  to  the  whole  body,  will  depend  upon  the 
mtk>  of  the  spedfic  ^vities  of  the  body  and  the  fluid :  and  the 
positions  of  equilibnum  of  any  body  will  be  given  by  the  roots 
deduced  from  the  equations  of  equilibrtum,  and  the  equaticMi 
defining  the  nature  of  the  body.  We  cannot  here  enter  much 
into  the  detail :  but  i^all  merely  jH-esent  a  few  obvious  ex- 
amples. 

414.  It  is  manifest,  then,  that  r^ht  prisma  and  cylinders  of 
any  base  whatever,  if  homogeneous,  will  have  two  positions  of 
equilibrium ;  viz.  when  the  generating  axis  is  jjboed  vartically» 
and  when  it  is  placed  hmizontally.  The  equilibrium  obtains 
also,  with  regara  to  solids  of  revolution,  and  symmetrical  bodies 
Telative  to  any  line,  when  that  line  is  placed  vertically.  Henoe^ 
a  floating  sphere  will  continue  at  rest  in  any  position ;  because 
it  is,  in  every  position,  symmetrical  with  respect  to  the  line  of 
support  passing  through  its  centre  of  gravity. 

Moreover,  prismatic  or  cylindrio  homes,  and  in  general  those 
which  are  symmetrical  with  regard  to  a  plane  (as  are  all  which 
need  be  considered  in  the  theory),  have  thrir  poskions  of  equi- 
librium, when  that  plane,  relatively  to  which  they  are  sym- 
metrical, is  vertical :  in  which  case  we  have  only  to  ascertain 
the  positions  of  equiUbrium  for  an  area  or  vertical  section  of  the 
body,  perpendicular  to  that  with  respect  to  which  the  whole  is 
symmetricaL 

415.  Let  us  propose  an  instance  icx  more  particular  examina- 
tion, in  the  calculus  of  which  it  will  appear  in  what  manner 
different  positions  of  equilibrium  of  a  body  will  be  furnished 
by  the  same  equation. 

Svppose  thai  the  body  is  a  triangular  prismy  which  floats 
with  its  ends  vertical,  and  its  edges  horszontal. 

Here  we  must  consider  two  cases :  Ist.  That  where  the 
bases  of  the  prism  have  an  angle  f  immersed  in  the  fluid,  and 
the  other  two  e,  h,  out  of  it  (fig.  10.  pL  XVI.).  &!.  The 
reverse  of  this,  where  the  two  angles  e,  h,  are  immersed  (fig. 
U.)«  The  two  cases  may  be  treated  at  the  same  rime;  for  the 
method  in  each  is  the  same. 

Let  xx'  be  the  jAsne  of  floatation*  To  determine  the  Ime 
XN,  in  which  this  plane  should  intersect  the  triangle,  we  must 
find  FM,  and  fn.  Call  the  first  of  these  j?,  the  second  y :  and 
taking  p  in  the  middle  of  eg  we  may  represent  the  data  thus : 
.Fsna,  FH=&,  FFJB^,  ai^le  PF£=:m,  HFPnn;  and  let  the 
aatio  of  the  spedflc  gravities  «f  the  sdid  and  fluid=:r  to  1. 
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Then,  that  the  weight  of  the  solid  may  be  equal  to  that  of  the 
fluid  displaced^  we  must  have, 

In  the  first  case  (fig.  10.)  • .  r .  feh  =ifmn  ; 
In  the  second  case  (fig.  11.) . .  r  •  FEHziHEifN. 

Now  the  triangles  fmn^  feh,  having  the  angle  f  common^ 
have  their  areas  proportional  to  the  rectangles  of  the  sides  about 
that  angle :  that  is, 

F£H :  FMN : :  FH  X  FE :  fm  X  FK : :  aft :  ^; 
whence  feh—  fmn,  or  hnme : feh iiab^xjfiab; 
consequently  xy:±rahy  and  ^s:ai(l*-rl«««(l). 

These  two  equations  include  the  condition  of  the  equality  of 
ihe  vertical  pressures,  upwards  and  downwards. 

Let  us  next  find  equatioiurto  satisfy  the  second  condition  of 
the  centres  of  gravity  residing  in  the  same  vertical  line.  Now 
if  PR  be  taken  =r  -f pf,  r  (art.  114)  will  be  the  centre  of 
gravity  of  the  triangle  fe;  in  like  manner,  if  q  be  the  middle 
point  <^  MN,  and  aon-foF,  6  will  be  the  centre  of  gravity 
of  the  triangle  fmn  :  the  right  line  se,  or  its  paraDel  pq, 
will  therefore  be  vertical  in  rae  case  of  the  equilibrium;  and 
this  condition  will  evidently  be  expressed  by  the  equation  pm::: 
PN,  in  both  figures.  From  the  point  p  demit  upon  the  sides 
FE,  FH,  the  perpendiculars  pa,  pd  :  then  will  pa=:^  »n  m, 
PD  =:  X:  sin  n^  fa  zizk  cos  m,  fd  =  A;  cos  n.  Therefore  nd  s= 
k  cos  n  — ^,  and  am  =:  A;  cos  m  — a?.  But  pm  =  pn  gives 
AP*  +  AM^  =:  pd'  +  DN* :  that  is,  k^  nin^m  =  {k  cos  m  —  xy 
=:  k*  sin'n  -}*  (^  ^^  ^'  ***  VY  •  ^^^  which,  by  reduction,  we 
find 

^^—  2ky  cos  nzzx^Skx  cos  m. 

If  for  y  in  this  equation  we  substitute  separately  each  of  its 
values  deduced  from  the  two  equations  No.  1,  there  will  result 
two  equations  containing  only  x  and  known  quantities,  and 
which  will  express  the  conditions  of  equilibrium  for  the  re- 
spective cases  of  figs.  10.  and  11.    They  are  as  follows: 

;r4-.2ib:3cotm  +  2  (I -r)a«fex.cos»— (I— r)%^=0  )  •••  v*^^ 

These  equations  being  of  the  fourth  degree,  and  having  the 
last  term  n^ative,  have  at  least  two  real  roots  (Lacroix^s  Alg. 
No.  ^19.):  but  the  roots  may  be  all  four  real,  and  then 
the  disposition  of  the  signs  indicate  that  three  of  the  roots  are 
positive,  and  the  fourth  negative.  This  latter  root  is  obviously 
useless  in  the  present  case,  because  the  solidtation  of  gravity 
being  constantly  downwards,  the  right-line  fm  can  only  be 
placed  on  one  side  with  regard  to  the  point  f.  There  most, 
consequently,  be  dither  one  or  three  positions  of  equilibrium, 
which  wiU  be  determined  by  the  positive  roots  of  the  equatioiis 
marked  (II.)  The  comaspcmding  values  of  ly  will  be  famished 
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by  the  equations  (I.)     We  must  always,  however,  have  x<,a^ 
and  y  <  A. 

416.  The  preceding  reasonings  may  now  be  applied  to  the 
isosceles  triangle,  as  the  most  likely  to  occur  in  practice :  and 
to  prevent  the  calculus  from  being  very  complicated,  let  us 
merely  conader  the  case  where  one  angle  only  of  the  triaoffle  is 
immersed  in  the  fluid:  the  other  case  oeing  easily  deduced  by 
transforming  in  the  results  r  into  1  —  r,  as  may  be  shown  by 
comparing  togetlier  either  the  equations  No.  II.  or  those  of 
No.  I.  Here,  therefore,  we  have  mzzn,  and  a=:6,  from  which 
there  arises 

xy  ■=.  a^r^  and  x^ — 9Je3i^  cos  m  -J-  Za^rJcx  cos  m  —  r^a*= 0. 

The  factors  of  the  second  degree  of  this  latter  equation  be- 
ing j;*— -aVziO,  and  4r^— 2Ajrcos»»  +  aV=0,  we  thence  con* 
elude,  taking  only  the  positive  roots,  that, 

xzza  ^/r,  and  x:=zkcos  m±  v'(A;*cos*i»— aV) 
whence,  ^=^,  and  ^n  A  cos  m:^  >v/(A;*co8*«»— aV). 

The  first  root  indicates  that  there  will  be  only  one  position  of 
equilibrium  when  eh  is  horizontal :  and  the  same  applies  to 
the  case  of  fig.  11.  The  other  positions  are  given  by  the  other 
two  roots;  but  they  must  be  such  as  to  correspond  with  .the 
conditions  of  the  remarkable  limits :  for  we  ought  to  have  x  <  a, 
and  every  root  real ;  and  from  this  we  find 

r> ,  and  r  < — - — • 

In  like  manner  we  shall  find  the  limits  for  the  second  case, 
by  changing  r  into  1— r;  whence  there  results 

r  < 9  and  r> 

If  we  suppose  the  triangle  equilateral  we  shall  have  7cz=a  \/-J, 
and  cos  m  =12  a/ I;  therefore  cos  m=i|a:  and  the  preceding 
limits  will  become— 

First  case,  r  >  -i,  and  r<  ^%:  second  case,  r  <i-,  and  r  >  ^\. 

417.  Paop.  When  ajlocuing  body  is  in  equiUbrio  in  any 

fmd^  and  an  extraneous  cause  as  an  impulsion  move  the  bdcb/^ 

it  is  proposed  to  determine  whether  this  perturbation  'voiU  permit 

the  body  to  return  to  its  Jirst  position^  or  constrain  ity  on  ike 

contrary f  to  move  stUlJiirther^/rom  thcU  qf  equilibrium. 

As  the  investigation  of  this  problem  in  its  utmost  extent 
woukl  lead  into  very  tedious  and  complex  discussions,  we  shall 
premise  three  hypotheses,  in  order  that  we  may  obtain  compa- 
ratively sihiple  results. 

1.  We  8up]3ose  the  floating  body  to  be  symmetrical  with  re- 
spect to  a  vertical  plane  passiQg  through  its  centre  of  gravity 
when  the  whole  is  at  rest ;  and  of  such  a  kind  that  we  need 
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only  resolve  the  problem  for  the  area  of  a  plane  section  of  the 
body. 

S.  We  conceive  the  derangement  to  be  indefinitely  small. 
Thus,  in  fig.  IS.  pi.  XVI.  where  ab  is  the  plane  of  floatation^ 
G  the  centre  of  gravity  of  the  floating  boay  dfe,  and  o  the 
centre  of  gravity  pf  afb,  or  of  the  fluid  displaced  when  the  line 
AB  coincides  with  the  plane  of  floatation ;  the  inclination  of 
the  body  will  then  be  the  angle  gov  formed  by  go  and  the 
vertical  line  ov  passing  through  the  centre  of  avb ;  and  we  put 
this  evanescent  angle,  or  the  arc  which  measures  it,  =:  a. 

3.  We  disregard  the  vertical  motion  of  the  centre  of  gravity 
of  the  body  as  indefinitely  small ;  and  suppose  that  the  new 
position  is  consistent  with  the  equality  of  the  weights  of  the 
body  and  of  the  fluid  displaced.  Thus  will  the  portion  Aca, 
which  is  moved  out  of  the  fluid,  be  equal  to  the  part  bc6, 
which  has  entered  it  in  consequence  pf  the  motion. 

Granting  these  suppositions,  the  equal  areas  Kca  and  Bcd 
may  be  regarded  as  isosceles  triangles,  since  we  may  suppose 
AC  n  ac  and  cbzz  cbi  hence  it  will  follow  that  acr:icb%  that 
is,  the  intersection  c  of  the  two  lines  of  floatation  is  in  the  middle 
of  AS. 

The  upward  pressure  of  the  fluid  on  a¥b  is  eq^ual  to  the 
weight  of  a  lamina  of  that  fluid  of  an  equal  magnitude ;  and 
this  vertical  force  acts  at  the  centre  of  gravity  of  avb.  So 
that,  as  it  is  necessary  to  know  this  centre,  we  shall  proceed  to 
asngn  its  position.  In  order  to  this,  it  may  be  observed,  that 
arb  =afb  +  CBb  —  Aca;  and  if  we  conceive  the  laminae  of  the 
fluid  equal  to  these  areas,  it  is  evident  that  the  moment  of  the 
upwara  pressure  of  the  fluid,  taken  with  relation  to  any  vertical 
whatever,  is  equal  to  the  sum  of  the  moments  of  the  fluid  la- 
xmnesi  of  which  the  volumes  are  afb  and  cb&,  minus  the  moment 
of  the  lamina  Aca*  Let  us  then  estimate  these  moments  with 
respect  to  the  vertical  Gi.     So  shall  we  have 

I.  The  moment  of  the  weight  of  the  fluid  laminae  afb  is 
w  •  Gv ;  w  representing  the  weight  of  the  body,  or  that  of  the 
fluid  displaced. 

II.  Representing  by  w  [cbA]  the  weight  of  a  volume  of  fluid 
equal  to  cb&,  we  have  for  the  moment  of  this  weight  its  pro- 
duct by  the  distance  qi :  the  point  q  being  the  foot  of  the  per^ 
pendicular  demitted  upon  cb  from  the  centre  of  gravity  of 
CB&,  that  is,  taking  c;  =  yc6.  Thus  the  moment  of  cb6  is 
w  [cb6]  X  qi. 

III.  Lastly,  the  moment  of  Aca  is,  in  like  manner, 
w  [aco]  X  pi ;  making pc  =  fac.  Where,  as  this  latter  force 
tends  to  produce  a  motion  in  the  contrary  direction  to  the 
former,  it  must  be  taken  negatively;  and  since,  moreover, 

VOL.  I.  D  u 
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it  ought  to  be  subtracted  from  the  two  others^  it  becomes  posd* 
tive,  and  the  moment  m  of  the  pressure  of  the  fluid  upon  avb 
is  (because  cb6  =  Aca)  expressed  thus ;   m  =  (w  x  gv)  4- 
w  [cb6]  X  pq. 

Now,  since  the  fluid  is  supposed  homogeneous,  the  areas 
AFB  and  Bc6  are  proportional  to  the  weights  of  the  quantities 
of  fluid  to  which  they  are  respectively  equal ;  that  is  to  say,  if 
we  put  the  surface  afb  r=  s,  since  cb  =  c6,  and  moreover  Be 
=  CB  X  sin  A  r=  A  •  cb,  we  have  the  triangle  cbJ—  ^a-cb •CB  t 
therefore, 

s :  w  : :  iA(Bc)* :  w  [cb6]  =^  a  (bc)«. 

But  ^g—l^ifi,  and  gv  =  A  •  go.  Putting  therefore  go  n  a, 
and  ab  =  6  =  2bc,  there  results 

M  =  A .  w  (a  +  — ) (i.) 

418.  Since  we  consider  the  body  as  if  it  were  retained  by  a 
fixed  axe  passing  through  o,  the  preceding  vdueof  m  will  mea- 
sure the  {X'essure  of  the  fluid.  So  that,  if  we  would  compare 
together  these  pressures  upon  difierent  bodies,  we  must  insider 
them  in  reference  to  the  same  aosle  of  inclination  a,  and  the 
relative  stabilities  will  be  measured  by 

^(iTsi^) ^^-J 

Cor.  If  the  solid  be  of  an  irregular  form,  the  stability  will 

be  as  the  sum  of  all  the  w  (rr  i:  a). 

By  stabiltiy  we  would  here  be  understood  to  mean  the  resist- 
ance which  a  body  opposes  to  its  change  of  position;  that  is, 
the  effort  made  by  the  fluid  to  retain  the  body  in  its  position  of 
equilibrium,  or  to  carry  it  further  from  it.  In  fig.  12.  we  have 
pmced  the  centre  of  gravity  of  the  body  behw  that  of  the  fluid 
displaced,  whence  it  follows  that  the  body  is  not  homogeneous: 
and  this  is  what  happens  most  frequently  (ships  of  war  being 
excepted),  because  it  is  customary  to  dispose,  in  the  inferior 
parts  about  f,  some  substances  specifically  heavier  than  the 
materials  of  the  floating  body.  If  the  centre  of  gravity  of  the 
body  were,  on  the  contrary,  "higher  than  that  of  the  miid  dis- 
placed, it  would  be  necessary  to  take  a  as  negative :  on  this  ac- 
count we  have  put  in  the  formulae  (ii.)  the  double  sign  ±  heSott 
the  quantity  a, 

419.  The  value  ii.  may  (in  conformity  with  art.  412.)  be 
either  positive,  nothing,  or  negative.  1st.  Whai  the  centre  of 
gravity  of  the  body  is  lower  than  that  of  the  fluid  displaced,  the 
stability  will  be  positive  so  long  as  a  retains  the  upper  sign : 
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and  it  will  be  positive  in  die  oontrm*jr  caae,  when  o  is  below  g^ 
wbein^er  ^  <  jgj.     In  Itbese  cases  the  pre^ure  pf  ibe  fltiid 

teqcU  obviously  to  carry  back  the  body  to  its  first  position.  This 
tendency  is,  besides,  the  stronger,  as  the  value  (ii)  is  the  greater. 
We  see  dso  the  advioitage  of  naviiiff  llie  floating  body  nairower 
towards  the  bottom  than  towards  nie  plane  offloatation ;  and 
the  corresponding  advantage  of  imdcing  the  upper  parts  of  sudi 
BUtterials  9s  have  the  least  specific  gravity. 
Sdly.  In  the  two  other  cases  the  centre  of  gravity  of  the  body 

is  higher  thm  that  of  Ae  4uid  dispboed :  if  we  have  a  >  r^^ 

the  stability  is  negative^  and  the  ag^egate  pressure  tepds  to 
move  the  pody  in  the  oppo»te  direction,  or  so  as  to  increase  the 
angle  a  ;  for  then  the<;entre  of  gravity  of  avb  being  on  the  other 
sick  of  oi  miist  cause  the  body  to  proceed  further  from  its  first 

position  of  equilibrium.     If  ^  ^  [2^9  ^^^  stability  is  nothing  or 

indiffkreni;  and  the  total  prestwrp  does  not  eapert  any  suehefbvt 
calculated  to  turn  the  booy,  because  the  centre  of  gravity  of 
a¥b  is  then  upon  oi,  And  consequently  ip  llie  same  vertic^line 
as  a* 

490.  If  the  quantity  Oi)  he  divided  by  w,  |Jb«  wieigbt  of  jthe 
fiaid  displaced,  1^  ^otiiept  will  express  the  distawe  frpjn  tb^ 
vertical  oi  tp  the  direoUoa  of  th^  n^suJtWBut  pf  the  upwfird  prei^ 
sure  of  the  ffuid:  that  distance  being  taken  =  gti,  we  have 

Gw  =  ^±ov  =  A.(— ±a) (m.) 

ISbU  positive,  the  vertical  ^i  &IIs  to  the  Jejd  of  the  ^entr/^ 
of  grav^y  of  l;he  jSuid  dispUced ;  in  diis  ca3e  Gn  must  be  taken 
to  tbe  j*ig^  of  Gx:  the  same  thipg  obtains  ip  the  pontrary  C4Mse« 

piy>vided  that  we  haveav  <-j2->  the  vertical  ng  injtersectjlng 
the  i;ig^tliBe^o  in  a  point  ^inore  elevaied  tbaa  g.  But  if,  ja 
ik»  Irtter  f»ai^  xjv;s:  -jjj-,  we  have  tbesp  6»  ;;;;  0,  wd  g"  falfc 
upon  fti.    Finally,  if  wie  hftve  av  >  r^,  apd  o  cppsta^itly 

higher  lliaji  o,  the  line  en  must  he  taken  to  the  left  of  g{,  and 
the  pointy  will  fall  below  o.  To  find  the  distance  g^  it  may 
be  oDserved  that  og"  •  sin  A  =  on,  or,  {)ecause  an  evanescent  arc 
m^iy  be  substitutep  for  its  sin^^  a  •  e^  =  an ; 

wherefore  . . .  o^:;:  —  ±  a . . . .  (Iv^) 

DD  ^ 
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The  point  g  oorregponds  with  our  definition  of  metacentre 
(art.  411.),  we  may  therefore  announce  the  result  of  this  in- 
vestigation thus :  tke  stabUUy  of  a  body  or  tfessel  is  posiHve, 
nothwff,  or  negative,  according'  as  the  maiacentre  is  more  ele^ 
rated  J,  the  same,  or  lower  tha/n  tke  centre  ^gravity  of  the  body. 

421.  Pbop.  If  the  floating  body  be  a  homogeneous  rect^ 
angular  paraUelopiped,  whose  altitude  is  perpeimictdar  to  t/ie 
surface  of  thefia%d,  iJts  stability  will  be  proportional  to  the  dif^ 
Jerence  between  the  ^ixth  part  of  the  square  of  the  breadth  of 
the  base  and  the  product  of  the  square  of  the  altittide^  into  the 
dWerence  between  the  nurnber  expressing  the  specific  gravity  of 
the  solid  and  its  square,  that  qfthejluid  being  unity. 

Let  h  be  the  height  of  the  solid,  b  the  breadth  of  the  base, 
and  s  the  specific  gravity  of  the  solid ;  then  will  the  cube  of  the 
line  coinciding  with  the  plane  of  floatation  =  6'  as  before,  the 
height  of  the  part  immersed  =zsh,  and  s  the  space  proportional 
to  the  part  immersed  =  sbh ;  go  the  distance  between  the 
centres  of  gravity  of  the  whole  body  and  of  the  part  immersed 

s:  -jA  —  4^*  =  '^~^'    Consequently  the  stability^  whidi  varies 

As  an  example  to  illustrate  this  proposition,  suppose  the  height 
&(  the  parallelopiped  equal  to  the  breadth  of  the  base,  or  Azri, 
and  let  it  be  required  to  ascertain  the  spedfic  gravity  of  the 
solid,  when  it  will  float  in  the  equilibrium  of  indifference. 

Here  ~  =  A^ .  (5-**),  or,  since  A  =  6,  we  have  s*  —  «  =  —  J; 

whence  s:=:i±  V(i  —  i)  =4  ±^  ^/S  =  -78868  or  -21132 
nearly,  either  of  which  may  be  taken  for  the  specific  gravity  of 
the  solid,  that  of  the  fluid  being  unity.  If  the  fluid  were  rain- 
water^  the  bodies  would  have  nearly  the  same  specific  gravity 
as  apple-tree  and  cork. 

42».  Peop.  If  the  floating  body  be  cm  homogeneous  cylinder 
whose  axis  is  vertical,  its  stability  will  be  as  ihe  quotient  qftiie 
square  of  the  radiums  of  the  base  divided  by  Jour  times  the  height 
Of*  the  part  immersed,  diminished  by  the  distance  between  the 
centres  of  gravity  of  (he  whole  solid  and  tfiepart  immersed. 

Let  DEFG  (fig.  2.  pi.  XVII.)  be  the  section  of  the  cylinder 
coinciding  with  the  plane  of  floatation,  ab  any  line  in  tliat  sec- 
tion, or  the  breadth  of  any  variable  vertical  section  of  the 
cylinder ;  cg  z=  r,  cv  =:  ^ ;  thed  ab  =:  2  ^{r*  —  ,r*),  and  ab' 

=8(r«  -^«)i  But  (r*-ar*)^=(r«-a:*)^xr«-(r*-.:r*)^x  ^* 
Also  r«(r*-a:*)*  =  r^  x  ^  of  the  circle  whose  radhis  is  r,  when 
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X  increases  from  0  to  r ;  and  x^  (r*  —  x'^\^  =:  ra?*  —  -r-  —  -|-r, 

'  V  /  ^r    .  '   8r3 ' 

&c.  and  the  quantity  genettited  =^  —  •— -gj^,  &c.  which, 

when  X  increases  from  0  to  r,  becomes  r*  x  (t'^tW""  sVy&^O 
=  r**  X  ^  of  a  circle  whose  diameter  is  unity  (vide  Ami.  per 
Equationes,  pfu  74.)  ipr'-*  x  -rs-  of  a  .circle  whose  radius  is  n 

Consequently,  the  whole  quantity  generated  by  (r^  —  ir*)*  will 
be  r^  X  (J  —  ■^)  of  a  circle  whose  radius  is  r  =  r^  x  -^^  of  that 
circle  =  r*  x  tV^^*  —  tV*^*  Hence  the  sum  of  all  the  ab^ 
in  one  semicircle  =  8r»  x  -^u'r',  =  ^■Tz'r*,  and  the  sum  of  all 
the  AB^  in  both  semicircles  =  Siir* ;  while  the  volume  of  the 
part  immersed  is  equal  to  its  depth  (d)  x  circle  defg  :=;  •n'dr*. 

Therefore/*— =:  /^  ~2T'  *^^^  ^'^^  general  expression  for 
the  stability  (iij  is  proportional  to^^ — ^  GO,  as  in  the  propo- 

SitiW..        ;    -,  ,  '  . 

Cor!  If  5  be  the  specific  gravity  of  the  solid,  that  of  the  fluid 
being  unity,  and  A  uie  height  of  the  cylinder,  then  wilj.ihe 

depth  of  the  part  immersed  =  sh,  and  go  =  -y-  :  so  that  the 
Stability  of  the  cylinder  will  be  proportional  to  tt-—  — y-,ancl 
will  vanish  or  become  indifferent  when  T-r=:  -tt-j    or    when 

«*—*=:—  — ,  or  5  =  t  ±  V{^  —  -TTj) :  where  the  expression 

under  the  radical  vanishes  if  r  =  /*  v'i,  or  2r*  r:  A*.  So  that, 
j/*  ^ife  specific  gravity  of  the  cglh^derbe  half  thai  ofthef/aid^ 
and  tlie  radius  of  the  base  be  toJJie  height  qfjhe  ct/linder  as 
1  to  ^%  the  cyUnder  ixiill  float  in  a  state  of  insensible  e^uir 
librium. 

GoB.S,  Z^s  r=  1^,  ^len  in  ihe.ctj^e  of  insen^ihk  equilibrium 
r  will  be  to  has  ^S  to  2\/S.  And  itszz^we  shall  have  the 
same  ratio;    ^ 

423.  Prop.  Considering  the  fluid  cisn^f^r^sMnff^tfwfloiq^^ 
ififf  body  wiU  oscillate  incessantly  about  a  horizontal  axis  pass- 
ing  through  its  centre  of ^  gravity j  accord^f\gto  la^s  analogous 
to  those  of  bodies  in  a  vacuum :  it  is  proposed  to  examine  the 
particular  nature  qf  these  oscillations f  regarding  them  as  in- 
definitely smalls  .  .  .       • 

Supposing  that  the  vertical  line  passing  dirough  the  centre^  of 
gravity  of  the  body,  in, its  equilibrated  positicMi,  has  been  ill- 
clined.by  the, quantity jfj  then?  denotii^  by  a  the  inclination  of 
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the  body  at  the  end  of  the  time  t,  and  by  a  the  are  deseiibed 
by  the  point  placed  at  the  unit  of  distance  from  g  (fig,  IS. 
pi.  XVI*)^  we  shaU  have  a  =y-*  «•  Now  the  angular  aecde- 
rating  force,  ks  has  been  seen  in  the  Dynamics,  is  the  quoUent 
of  the  sum  of  the  momenta  of  the  moving  forces  divided  by  the 
ntomentum  of  inertia :  the  dividetid,  being  the  total  verdcstl 
pressure  of  the  fluid,  is  given  by  the  vaJue  art  418.  i. ;  the 
oi visor  is  m&^,  m  bdng  the  moss  of  the  body^  and  Jc^  the  quo- 
tient of  the  momentum  of  inertia  (with  respect  to  an  axe  pa»^ 
ing  through  the  centre  of  gravity)  divided  by  the  mass.  Hence, 
as  the  weight  w  of  the  body  is  equivalent  to  ^m  (art«  108.)  we 
have,  for  uie  angular  accelerating  force. 

Or,  if  we  put  I  for  (a  +  — )  -r-  A^,  there  will  arise  -r- 

n  y-  (/-  a).     Multiplying  this  by  a,  we  obtain  for  the  fluent 

•  • 

(4)^  =  J  (2A  -  a*)  +  c,  a  constant  quantity.     Here  ^  is 

*  t 

the  angular  velocity ;  so  that  at  the  same  time  that  j-=:0,  azzlO, 
and  0=0,  which  gives 

^  =  •  J-  .  _i 

Taking  the  fluents  again,  we  have 

T<)  corf ect  this  we  fnu^t  coMder  thdt  when  ^  z=  0,  a  =  0, 
atid  c^ t=  d;  wfa^ce  w^ find 

^:^im{i  ^-f  ),  ot «  r:/(l  ods  (Vf )). 

The  Tariables  comprised  in  this  equation  are  the  arcs  a  and 

i  V^^:  "Whstei  tf  we  attribute  mMmiv^  fb 

#4/|-the  valufes.  .0,  i*-,  ir,  {it,  fht,  &c. 

wefind.,.  f^ff%Ji    (h^cistit 

the  corresponding  values  of  a ;  which  shows  that  thtf  M>Vtt)g 
body,  after  d«»canbkig  the  descettding  atc^  wiB  deisciribe  an 
ateendihg  arc /"in  the  saind  tiiifi^,  then  return  and  rise  the  coto- 
trktf  way,  and  so  ott.  It  is  obvious  also^  that  the  time  of  making 
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a  complete  oscillation  is  given  by  taking  it  nt  ^-f-  since  that 
hypothesis  gives  «  r:  ^,  as  it  ought  to  do.   Hence  there  results 

This  expresfflon  for  the  time  does  not  comprise  the  quantity /; 
whence  it  follows^  that  the  vibrations  are  isochronal :  and,  oy 
coinparing  the  above  with  the  value  of  t  for  the  simple  pendu« 
lum  vibrating  in  indefinitely  smaU  arcs  (art.  269.),  it  will  appear 
that  tbev  exactly  i^ree :  consequently,  the  chief  circumstances 
traced  there  apply  immediately  to  the  present  case.  Now  if  we 
restore  the  value  of  I  we  shall  have 


I2as  +  ht* 


an  expression  which  shows  the  length  of  the  synchronal  simple 
pendulum. 
And^  for  the  time  of  oscillati<Na, 

4S4.  By  way  of  applying  tiiaae  principles,  take  the  instance 
of  a  prismatic  nody,  sucn  that  the  transverse  section  of  the  im- 
merged  part  in  the  position  of  equilibrium  is  an  isosceles  tri- 
angle, or  which  the  vertices  c^  the  equal  angks  are  in  the  plane 
of  floatation :  the  upper  part  of  the  section  may  have  almost 
any  variety  of  form.  Let  b  represent  the  semi-boae  of  the  isos- 
celes triangle^  which  is  the  transverse  section  of  the  part  im- 
mersed, h  the  height  of  this  triangle,  and  d  the  distance  of  the 
umet  surface  of  the  fluid  from  the  centre  of  gravity  of  the 
body :  the  distance  of  that  surface  from  the  centre  of  gravity  of 
the  trian^  immersed  will  be  -^ :  consequently,  the  distance 
between  tae  centres  of  gravity  erf*  the  body  and  of  the  fluid  dis- 
placed will  be  a  =:  ({  —  ^% ;  the  area  immersed  will  be  s  ==  bh^ 
»nd  the  value  (418.  ii.)  of  the  stability  will  be 

which  may  be  dither  positive,  nothing,  or  negative,  as  in  the 
various  cases  before  specified.    The  length  of  the  synchronal 

pendulum  wifl  be  =  sSh^TH^' 

We  may  here  remark,  that  the  oscillations  of  a  floating  body 
m  finite  angles  are  not  analogous  to  those  of  a  cycloidal  pendu- 
lum :  for  the  force  of  stability  varies  in  a  proportion  very  dif- 
ferent from  that  of  the  distance  from  quiescence,  unless  the  arcs 
.of  vibration  be  oif  evanescent  magnitude. 
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426.  The  determination  of  the  stability  and  the  time  of  os- 
cillation of  floating  bodies^  a  sketch  of  which  is  given  in  this 
chapter,  is  by  no  means  a  matter  of  mere  curiosity ;  but  is,  when 
considered  more  at  large,  of  considerable  practical  importance. 
Those  students  who  wish  to  pursue  this  suUect  may  read  with 
much  advantage  the  admirable  treaUse  by  Leonard  Euler,  en- 
titled Theorie  Complette  de  la  ConstrucHm  eidela  Mcmceuvre^ 
des  Vaisseaux,  or  the  English  translation  by  colonel  Henry 
Watson ;  and  an  ingenious  paper  in  the  Philosophical  Trans-^ 
actions  for  1796,  by  Mr.  Atwood.     In  ships  of  war  and  mer- 
chandise the  calculations  are  very  complex  and  operose,  and 
not  always  so  accurate  as  is  desirable ;  but  in  river  and  canal 
boats  the  regularity  and  simplicity  6f  the  form  of  the  vessel 
itself,  together  with  the  compact  disposition  and  homogeneal 
quality  of  the  burden,  render  the  computations  far  more  easy. 

In  that  valuable  miscellany  Tilloch's  Philosophical  Maga- 
zine, there  is  a  paper  on  this  suoject  by  Mr.  John  English ;  mm 
which  we  shall  make  an  extract,  showing  the  application  of  the 
principles  to  river  and  canal  boats. 

**  Vessels  of  this  kind/'  says  Mr.  E.  "  are  generally  of  the 
same  transverse  section  throughout  their  whole  length,  except 
a  small  part  in  prow  and  stern,  formed  by  segments  of  circles 
or  other  simple  curves;  therefore  a  length  may  easily  be  as^gned 
such,  that  any  of  the  transverse  sections  being  multiplied  ther^ 
by,  the  product  will  be  equal  to  the  whole  solidity  oi  the  vessel. 
The  form  of  the  section  abcb  is  for  the  most  part  either  rect* 
angular,  as  in  fig.  IS,  pi.  XVI.  trapezcndai,  as  in  fig.  1. 
pi.  XVII.  or  mixdlineal,  as  in  fig.  14.  pi.  XVI.,  in  all  which 
MM  represents  the  line  of  floatation  when  upri^it,  and  ef 
that  when  inclined  at  any  an^e  mxe  ;  also  6  represents  the 
centre  of  gravity  of  the  whole  vessel,  and  r  that  of  tlie  part 
immersed. 

^^  If  the  vessel  be  loaded  quite  up  to  the  line  ab,  and  the 
specific  gravity  of  the  boat  and  buraen  be  the  same,  then  the 

Eoint  G  IS  simply  the  centre  of  gravity  of  the  section  abcd  ; 
ut  if  not^  the  centres  of  gravity  of  the  boat  and  burden  must 
be  found  separately,  and  reduced  to  one  by  the  common  me- 
thod, namely,  by  dividing  the  sum  of  the  momenta  by  the  sum 
of  the  weights,  or  areas,  which  in  this  case  are  as  the  weights. 
The  point  r  is  always  the  centre  of  gravity  of  the  section 
MMCDy  which,  if  consisting  of  different  figures,  must  slao  be 
found  by  dividing  the  sum  of  the  momenta  by  the  sum  of  the 
weights  as  common.  These  two  points  being  found,  the  next 
thing  necessary  is  to  determine  tne  area  of  the  two  equal  tri- 
angles MXE,  MXF,  their  centres  of  gravity  o,  o,  and  the  perpen- 
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dicular  projected  distance  run  of  these  points  on  the  water 
line  £F.  This  being  done,  through  r  and  parallel  to  £F 
draw  RT=:a  fourth  proportional  to  the  whole  area  mmcd, 
cither  triangle  mxe  or  mxf^  and  the  distance  nn\  through 
T,  and  at  right  angles  to  rt  or  ef,  draw  ts  meeting  the 
vertical  axis  of  the  vessel  in  s  the  metacentre;  also  through 
the  points  o,  b^  and  parallel  to  sx,  draw  kgw  and  bv; 
moreover,  through  s,  and  parallel  to  ef,  draw  wsv,  meeting 
the  two  former  in  v  and  w;  then  sw  is  as  the  stability  of 
the  vessel,  which  will  be  positive,  nothing,  or  negative,  ac- 
cording as  the  point  s  is  above,  coincident  with,  or  below, 
the  point  g.  If  now  we  suppose  w  to  represent  the  weight 
of  the  whcJe  vessel  and  burden  (which  will  be  equal  to  the 
section  mmcd  multiplied  by  the  length  of  the  vessel),  and  p 
to  represent  the  required  weight  applied  at  the  gunwale  b  to 
sustain  the  vessel  at  the  given  angle  of  inclination ;  we  shall 
always  have  this  proportion  :  as  vs :  sw : :  w :  p :  which  pro^ 
portion  is  general,  whether  sw  be  positive  or  negative ;  it  must 
only  in  the  latter  case  be  supposed  to  act  upward,  to  prevent 
an  overturn. 

^^  In  the  rectangular  vessel,  of  given  weight  and  dimensions, 
the  whole  process  is  so  evident,  that  any  further  explanation 
would  be  unnecessary.  In  the  trapezoidal  vessel,  after  having 
found  the  points  c  and  r,  let  ad,  bc,  be  produced  until  they 
meet  in  k.  Then,  since  the  two  sections  mmcd,  efdc  are 
equal,  the  two  triangles  mmk,  efk,  are  also  equal ;  and  there- 
fore the  rectangle  ek  x  kf=:km  x  xMrrKM*;  and  since  the 
angle  of  inclination  is  supposed  to  be  known,  the  angles  at 
E  and  F  are  given.  Consequently,  if  a  mean  proportional  be 
found  between  the  sines  of  the  angles  at  e  and  f,  we  shall  have 
the  following  proportions : 

^^  As  the  mean  proportional  thus  found :  sdn  il  £ : :  km  :  kf, 
and  as  the  said  mean  proportional :  sin  z.  f  : :  km  :  ke  ;  there- 
fore me,  mf  become  known ;  from  whence  the  area  of.  either 
triangle  mxe  or  mxf,  the  distance  m»,  and  all  the  other  requi- 
sites, may  be  found. 

^^  In  the  mixtiliiieal  section,  let  ab=:9  feetnlOS  inches; 
the  whole  depth  =  6  feet  r=  7^  inches,  and  the  altitude  of 
mm  the  line  or  floatation  4  feet  or  46  inches ;  also  let  the  two 
curvilinear  parts  be  circular  quadrants  of  two  feet,  or  24  inches 
radius  each.  Then  the  area  of  the  two  quadrantsr: 904*7808 
square  inches,  and  the  distance  of  their  centres  of  gravity^  fvom 
the  bottom =18*81 77  inches  very  nearly ;  also  the  area  of  the 
included  rectangle  aWe=:1440  square  inches,  and  the  altL- 
tude  of  its  centrel  of  gravity  12  inches ;  in  like  manner,  the 
area  of  the  rectangle  A'Bcd  wdl  be  found =5184  square  inches^ 
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and  the  altitude  of  its  centre  of  gravity  48  inches ;  therefcNre  we 
dball  have 

Momeotum  o[^^  «.904-7808  x  13-817<*13501-98966016 
two  quad.  J 

Momratom  rf thel  ^  j^^.        ^  ^^        ^  j^^^g^, 

Moinenittm  of  the)      5jg^.        x  4«        -248832- 

rectan.  Aira       |  »      _______«^_«^_-^ 


7528-7808  278613-98966016 

<^  Now  the  sum  of  the  momenta,  divided  by  the  sum  of  the 
areas,  will  give  ""^TJ?^^^^  =  87-006  inches,  the  altitude 

7528 -7oOo 

of  »,  the  centre  q(  gravity  of  the  section  abcd  above  the 
bottom.  In  like  manner,  the  altitude  of  a,  the  centre  of 
gravity  of  the  section  mhcd,   will  be  found  to  be  equal 

—  ^  —  =  24-934  inches;  and  consequently  their  dif- 
ference, or  the  value  of  6a=12'072  inches,  will  be  found. 

*^  Suppose  the  vessel  to  heel  15^,  and  we  ahall  have  the  fol* 
lowing  proportion ;  namely.  As  radius :  tai^ent  of  Iff^ : :  hx= 
54  inches:  14*469  inches  ==  me  or  mf;  and  consequently  the 
area  of  either  triangle  bixb  or  mxf=:  390*663  square  inches. 
Therefore,  as  4936-7808:  890  663: :  78  =  fifi=:|.AB:  5*6975 
inches r:RT;  and,  again,  as  radius:  sine  of  15^::1S'072= 
gr:  3*1245  inches  =  AN;  consequently  rt—bn  =  5*6975^ 
8*1S45=S*578  indies=sw,  the  stability  required. 

^^  Moreover,  as  the  sine  of  15^:  radius: :  5*6975  =  bt: 
82-018=:rs,  to  which,  if  we  add  34*934,  the  altitude  of  the 
point  R,  we  shall  have  46-947  for  the  heieht  of  the  meta- 
cenize»  which  taken  from  72,  the  whoie  altitude,  there  re- 
mains 85*053 ;  from  which,  and  the  half  width =54  inches,  the 
distance  Bs  is  found =59*529  inches  very  nearly,  and  the  angle 
sBv^SO^  06^  42";  from  whence  sv=58*645  inches. 

^'  Again :  Let  us  suppose  the  mean  length  of  the  vessel  to  be 
40.feet,  or  480  inches,  and  we  shall  have  the  weicht  of  the  whole 
vessel  equal  to  the  area  of  the  section  mhcd =4986*7808  mul- 
tiplied by  480  =  2369654*784  cubic  inches  of  water,  which 
weighs  exactiy  85708  pounds  avoordupoise,  allowing  the  cubic 
fix>t  to  weigh  62*5  pounds. 

'<  And,  finally,  as  sv  :  sw  (t .  e.)  as  58*645  :  2*573  : : 
85708 :  3760 -f- the  weight  on  the  gunw^e  which  will  sustain 
the  vessel  at  the  given  mdination.  Therefore  a  vessel  of  the 
above  dimensions,  and  weighing  38  tons,  5  cwts«  28  lbs.  will 
i^qunre  a  weight  of  1  ton,  13  cwts.  64  lbs.  to  make  her  in- 
cHne  15^. 

"  In  this  example,  the  deflecting  power  has  been  supposed 
to  act  perpendicularly  on  the  gunwale  at  b;  but  if  the  vessel 
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is  navigated  by  sails,  the  centre  velique*  must  be  found ;  with 
which,  and  the  angle  of  deflection,  the  projected  distance 
thereof  on  the  line  sv  may  be  obtained ;  and  then  the  power, 
calculated  as  above,  necessary  to  be  applied  at  the  projected 
point,  will  be  that  part  of  the  wind^s  force  which  causes  the 
vessel  to  heel,  and  conversely,  if  the  weight  and  dimensions  of 
the  vessel,  the  area  and  altitude  of  the  sails,  the  direction  and 
velocity  of  the  wind,  be  given,  the  angle  of  direction  may  be 
found.'' 

*  The  centre  veHque  (a  term  first  uied  by  M.  B&ugner)  ig  the  centrt  of  gravity 
of  the  equivalent  sail;  that  is,  of  the  sail  whose  position  and  magnitude  are  such  as 
cause  it  to  be  acted  upon  by  the  wind  when  the  Tesad  is  sailing,  in  a  manner  equivalent 
to  the  action  of  the  wind  upon  all  the  sails  together  which  the  vessel  actually  carries. 
8ee  also  Euler  on  VeneU,  Book  III.  Chap.  ii.  1 10. 1 1 .,  and  Bossut  Hydrodynatnique, 
parti.ch.  12,  13,  14. 
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CHAPTER  IV. 


ON  THE  PHENOMENA  OF  ATTRACTION  IN  CAPILLARY  TUBES. 

426.  The  appellation  capjUary^  in  a  general  sense,  is  gjven 
to  any  thing  on  account  of  its  extreme  fineness,  because  it  in 
that  respect  resembles  hair.  In  physics,  capillary  tubes  are  small 
pipes  of  glass  whose  canals  are  extremely  narrow.  The  internal 
diameter  of  these  tubes  may  vary  from  ^  to  ~  of  an  inch :  in- 
deed Dr.  Hook  affirms  that  he  drew  tubes  in  the  flame  of  a  lamp 
much  smaller,  and  resembling  a  ^ider'^s  thread. 

If  several  capillary  tubes  of  different  diameters,  and  open  at 
both  ends,  be  immersed  a  little  way  into  water,  the  fluid  will  be 
seen  to  stand  higher  in  the  tubes  than  the  surface  of  the  water 
without,  and  this  in  a  greater  degree  as  the  tube  is  smaller : 
the  height  of  the  surface  of  the  fluid  in  the  tube  above  that  of 
the  fluid  in  the  reservoir  being  nearly  in  the  reciprocal  ratio 
of  the  diameter  of  the  tube :  so  that  the  diameter  of  the  tube* 
multiplied  into  the  altitude  of  the  fluid  in  it  (above  that  in  the 
reservoir)  is  nearly  a  constant  quantity  for  the  same  fluid.  This 
constant  quantity  is  found  by  experiment  to  be  about  •048  of  an 
inch  when  the  fluid  is  water ;  -086  of  an  inch  for  vinegar  or  d. 
tar.  per  deli^uium ;  and  •024  of  an  inch  for  sweet  oil.  When 
quicksilver  is  put  into  the  tube,  the  contrary  to  all  this  takes 

!)lace ;  for  that  fluid  stands  lower  within  the  tube  than  its  sur- 
ace  in  the  vessel,  and  the  lower  as  the  tube  is  smaller. 

*  Among  the  various  methods  of  determming  the  diameter  of  a  uniform  capillaiy 
tube,  the  following  seems  the  best  and  most  accurate.  Pour  into  the  tube  a  certain 
quantity  of  mercury  whose  weight  in  troy  grains  is  tr,  and  measure  carefully  the  length 

/  of  the  tube  which  it  occupies ;  then  is  the  diameter  d  » -0192523  ^  — .  For,  the  spe- 
cific gravity  of  mercury  being  13568,  a  cubic  inch  weighs  3435*  16  grains;  hence 
l\  d^l-^r  •785398  :  :  3435*  16 :  w.   Whence,  by  multiplying  means  and  extremes,  &c. 

we  find  d=  a/ — •0192523  V — , 

^3435^16X^785398X/      "'^-^^-^^ '^   ;  • 

If  I  be  the  whole  length  of  the  tube  in  inches,  and  to  the  difference  in  troy  grains  be- 
tween its  weight  when  empty  and  when  full  of  mercury,  the  same  theorem  will  obviously 
ascertain  the  diameter. 
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Another  phenomeOQn  of  these  tubes  is,  that  such  of  them  as 
would  naturally  only  discharge  water  by  drops^  when  electrUied 
yield  a  continued  and  accelerated  stream ;  and  the  acceleration 
18  proportional  to  the  minuteness  of  the  tube.  Nay ,  the  effect 
of  electricity  is  so  considerable  that  it  produces  a  continued 
stream  from  a  very  small  tube,  out  of  whico  the  wat^  would  not 
drop  at  all  previous  to  the  excitation  by  electricity.  But  we 
shall  not  attempt  here  any  explanation  of  this  phenomenon  of 
the  continued  stream :  our  present  object  being  merely  to  state 
the  most  approved  method  of  aocountmg  for  the  ascent  and  sus- 
pension of  fluids  in  these  tubes,  aocoraing  to  the  principle  of 
attraction  or  of  adhesion. . 

In  accounting  for  these  phenomena  of  capiHary  tubes  we 
must  deviate  from  the  method  we  have  generally  followed 
hitherto,  of  demonstrating  a  series  of  connected  propositions : 
for  the  mode  of  elucidation  we  adopt  has,  at  most,  only  proba- 
bility on  its  side ;  and  we  woula  not  willingly  deluae  the 
student  with  an  aj^arance  of  strict  demonstration,  when  that 
kind  of  proof  is  incompatible  with  our  present  knowledge  of 
the  subject. 

427.  It  will  be  necessary  first  to  premise  that  the  attraction 
.between  the  particles  of  glass  and  water  is  greater  than  the 
cohesive  attraction  between  the  particles  of  water  itself.  For  if 
•  this  were  not  the  case,  the  least  quantity  or  drop  of  water  ap- 
plied to  the  underside  of  a  glass  tube  placed  horizontally  would 
not  adhere  to  it,  but  fail  down  immediately  in  the  direction  of 
^avity ;  whereas  this  does  not  happen  till  the  bulk  and  weight 
of  the  drop  be  so  far  increased  as  to  exceed  the  attractive  power 
of  the  glass,  and  then  it  falls  off. 

Since,  then,  we  find  such  a  strong  attractive  power  exerted 
at  the  surface  of  glass,  it  will  be  natural  to  conceive  that  such 
power  must  act  sensibly  on  the  surface  of  a  fluid  that  is  not 
viscid  (water,  for  instance)  contained  within  the  small  cavity  of 
a  glass  tube,  and  that  it  will  be  proportionally  stronger  as  the 
internal  diameter  of  the  tube  is  the  smaller:  for  that  the 
efficacy  of  the  power  to  hold  up  the  fluid  in  the  tube  will 
follow  the  inverse  proportion  of  the  diameter  will  be  highly 
probable,  if  we  consider  that  only  such  particles  as  are  in  con- 
tact with  the  fluid,  and  those  immediately  above  the  surface, 
can  affect  it. 

.  438.  Hence  most  philosophers  assert  that  the  si^Sjpension  of 
Uie  fluid  in  ca/pHUary  tubes  is  ozvinff  to  the  aMractton  of  the 
9tarrow  ring  of  glass  contiguous  to  the  upper  surface  of  the 
fluid.  The  reastoning  adduced  is  of  this  kind :  Every  ring  of 
class  bebw  the  surrace  attracts  the  water  above  it  as  much 
downwards  as  it  attracts  the  water  below  it  upwards,  and  con- 
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sequentlj  can  contribute  nothing  towards  the  sapport  of  the 
column :  and  the  action  of  the  lowest  ring  upon  all  the  fluid  of 
the  tube  within  its  surface  of  attraction  must  either  concur 
with  the  force  of  gravity  to  bring  the  fluid  downwards,  or  act- 
ing upon  it  at  right  angles  can  have  no  effect  in  suspending  it 
within  the  tube.  The  fluid,  th»efore,  can  only  be  supported 
by  the  ring  of  glass  contiguous  to  its  upper  surface,  which, 
attracting  upwards,  opposes  the  action  of  gravitation  by  which 
the  fluid  ;s  solicited  downwards.  And  the  same  kind  of 
reasoning  may  be  applied  to  the  fluid  raised  between  parallel 
planes  of  glass. 

429.  The  preceding  reasoning  bein^  admitted,  it  will  follow, 
in'  conformity  with  the  esmeriments,  that  in  capitlaty  ittbea  the 
heights  to  which  the  fluid  rises  by  virtue  of  the  attraction  anre 
inversely  as  the  internal  diameters.  For  the  fluid  being  sus- 
pended by  the  action  c^the  annulus  of  glass  contiguous  to  the 
upper  surface,  and  the  distance  to  which  the  attraction  of  glass 
upon  any  one  fluid  reaches  being  unvaried,  the  force  which  sus- 
tains the  fluid  will  be  as  the  number  of  attracting  particles,  that 
is,  as  the  circumference,  or  as  the  diameter  of  the  upper  ring, 
or  of  the  tube.  Let  q,  q,  then,  represent  the  quantities  of  fluid 
to  be  raised  in  two  tubes  of  different  bores ;  d,  d,  the  respective 
internal  diameters ;  and  h,  A,  the  heights  to  which  fluids  rise  in 
tlie  tubes ;  then,  because  q,  ;,  represent  two  cylinders  of  the 
fluid,  we  have  a :  ? : :  n^H :  Sh;  and,  from  the  nature  of  this 
attraction,  which  is  as  the  diameters  of  the  tubes,  d  :  (2 : :  q  :  j ; 
consequently  ©•h  :  d^k :  :  d  :  (I,  or  dh  :  eft : :  1 : 1,  or,  finally, 
J) :  d   :  h :  n. 

Dr.  Jurin^  who  first  offered  this  solution  of  the  phen^nenon, 
says,  the  effect  is  the  same  in  vacuo  as  in  the  m :  but  in  his 
time  the  air-pumps  would  not  exhaust  sufficiently  to  determine 
this  point ;  the  pomps  which  are  now  made  may  perhaps  show 
that  the  water  will  not  be  supported  after  a  very  great  degree 
of  exhaustion. 

Mr.  Martin  s^s,  tne  power  by  which  die  fluid  is  raised  will 
keep  it  in  the  tube  for  any  time  without  exhaling  or  evapora- 
tion ;  as  he  tried  by  hanging  several  capillary  tubes  thus  charged 
with  llieir  fluids  for  months  together  m  the  summer  sun,  whose 
heat  did  not  appear  to  diminish  the  fluids  in  the  least  senaMe 
d^ree. 

4S0.  Ayiotiier  curious  cxrcumftance  ascribed  to  ^e  same 
cause  is  the  following:  Betzveen  tjto  glass  plates j  meeting  on 
one  side,  and  kept  open  at  a  small  dimince  on  the  <f^r,  water 
win  rise  unemiaib/ ;  and  its  upper  sttrfaee  willjbrm  a  hyper^ 
bolic  eurvCy  in  zmich  the  altitudes  qf  the  several  points  c^bovs 
the  surface  of  the  fluid  in  the  reservoir  will  be  to  one  another 
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redproddfy  as  their  perpencUctUar  distances  ^rom  ike  line  in 
whtch  the  plates  meet.  This  was  first  observed  by  Dr.  Brook 
Tavior^  and  is  thus  accounted  for  on  tbe  same  hypothesis  as 
bet^.  Let  AE  (fig.  8.  pL  XVII.)  be  the  horizontal  sur&ee 
of  the  fluid  in  the  reservoir,  af  the  line  in  which  the  ph^tes 
meet,  hgucl  the,  curve  formed  by  the  surface  of  the  suspended 
fluid ;  0B9  ic,  KD,  L£,  perpendiculars  to  ae^  showkig  the  neights 
of  the  respective  points,  g,  i,  k,  l,  above  the  horizontal  sixmce 
AE,  and  AB,  AC,  AD,  AE,  perpendiculars  to  af,  measuring  tbe 
distances  of  the  same  points  from  the  line  in  whidi  the  planes 
meet:  these  heights  and  distances  are  redpiocally  popor^ 
tional.  For  let  the  lines  gb,  ic,  kd,  lb,  represent  pillars  of 
fluid  of  an  equal  evanescent  breadth :  diose  portions  of  the 
glass  plates  which  by  their  attraction  support  these  pillars, 
being  of  equal  breadth,  will  sustain  equal  quantities  of  fluid  ; 
that  IS,  the  pillars  will  be  equal.  But  the  pillars  may  be  cofii* 
sidered  as  parallelopipeds,  which  are  equal  wnen  thdr  bases  and 
altitudes  are  reciprocally  poportional.  And  the  bases,  being 
of  equal  breadth,  are  as  their  lengths ;  that  is,  as  the  interval 
between  the  plates :  and  since  these  intervals  continually  in^ 
crease  as  the  oistance  from  the  line  af  increases,  these  intervals 
at  the  points  b,  c,  d,  e,  are  as  their  distances  ax,  ac,  ad,  ae» 
from  the  line  af.  Since^  then,  the  heists  of  the  pillars  are 
reciprocally  as  the  intervals,  the  heights  on,  ic,  &c.  are  rect«> 
procally  as  the  distances  ab,  ac,  &c.  and  hgikl  is  a  hyp«>bolB 
whose  asymptotes  are  af  and  ak. 

481 .  If  two  lon^  glass  planes  aiB  first  smeared  over  with  oil 
and  then  set  together  at  meir  ends,  and  inclined  to  each  other 
under  a  very  small  angle,  and  a  drop  of  the  oil  so  placed  be*- 
tween  them  as  to  touch  both  planes,  it  will  immediately  begin 
to  move  towards  the  tooehing  ends,  or  angles  of  die  planes; 
and  that  motion  will  be  continued  with  an  accelerated  velocity^ 
by  reason  of  die  increasing  action  of  the  plimes,  on  account  of 
the  decreasing  distance  between  dsiem,  ana  the  larger  portion  of 
touchin?  surface  on  each  side  of  the  drop. 

43S.  If  glass  be  applied  to  any  other  fluid  whose  pertides 
attract  each  other  more  strcmgly  than  glass  attracts  them,  all 
the  phenomena  of  such  a  fluid  in  capillary  tubes,  and  between 
glass  planes,  will  be  just  the  reverse  of  those  which  we  have 
stated  as  taking  place  with  regard  to  water.  Now  quicksilver 
is  such  a  fluid,  and  ^erefore  it  will  stand  low^  withm  a  capil* 
lary  tube  than  without  (art.  4S6.) ;  tbe  surface  will  be  convex, 
and  not  concave,  as  in  water ;  and  between  the  planes  it  will 
move  tbe  contrary  way.  But  if  a  basin  or  dish  be  made  of 
copper  or  brass,  and  polished  well  within,  and  tben  tinned  alt 
over,  mercury  put  into  such  a  vessel  will  eveiy«where  unite 
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with  the  tin^  and  may  perhaps  be  said  to  zvet  it^  as  water  does 
glass;  and  the  mercury  put  into  this  mercurial  basin  will,  if 
dean,  be  attracted  and  rise  all  around  the  sides,  and  have  the 
same  phenomena  with  water  put  into  a  wet  glass,  transparency 
alone  excepted. 

433.  If  water  rise  in  any  capillary  tube  t  to  a  certain  height, 
and  another  vessel  be  put  into  the  water,  having  the  upper  end 
capillary  and  of  the  same  diameter  as  the  tube  t,  but  the  lower 
part  of  any  greater  size ;  then,  if  the  air  be  drawn  out  of  this 
vessel  by  suction  until  the  water  enters  into  the  capillary  part,  it 
will  stand  at  the  same  altitude  as  in  the  tube  T  afler  the  suction 
ceases  and  the  air  is  admitted  into  the  capillary  part.  In  this 
case  the  cylindrical  part  of  the  irregular  vessel  whose  diameter 
and  height  equal  those  of  the  capillary  tube  seems  to  be  sup- 
ported by  the  same  power  as  the  water  in  the  latter,  that  is,  by 
the  attraction  of  the  glass  annulus  contiguous  to  the  upper 
surface  of  the  fluid :  and  the  other  part  surrounding  this  capil- 
lary cylinder  is  supported  by  the  pressure  of  the  air  upon  the 
surface  of  the  water  in  the  reservoir ;  which  i$  proved  hence, 
that  if  the  whole  be  placed  under  the  receiver  of  an  air-pump, 
and  the  air  exhausted  from  the  surface  of  the  vessel,  the  water 
will  not  be  supported  as  before. 

434.  The  opinion  that  the  suspension  of  the  fluid  in  capillary 
tubes  is  occasioned  by  the  attraction  of  the  glass  annulus  conti- 
guous to  the  upper  surface  has  been  pretty  generally  acquiesced 
m :  but  the  ingenious  Dr.  Hamilton  is  of  opinion,  on  the  con- 
trary (see  his  Essays),  that  the  fluid  is  supported  by  the  lower  an- 
nulus contiguous  to  the  bottom  of  the  tube ;  this  he  ima^nes  will 
first  draw  up  a  {date  of  water  immediately  under  it,  and  then  a 
succession  of  plates,  till  the  weight  of  the  whole  is  equivalent  to 
the  attraction  of  that  annulus.  A  similar  opinion  is  embraced 
by  Dr.  Matthew  Young,  But  Dr.  Parkmson  and  Mr.  Vince 
object  to  Dr.  Hamilton's  solution.  Mr.  Vince  says,  "  If  this 
were  the  case,  the  quantity  supported,  and  consequently  the  alti- 
tude of  the  fluid,  would  depend  upon  the  orifice  at  the  l>ottom ; 
whereas  experiments  show  that  the  altitude  at  which  the  fluid 
is  supported  depends  upon  the  diameter  of  the  tube  at  the 
upper  surface  of  the  fluid,  without  any  regard  to  the  form 
or  the  tube  below  it.  Again,  if  in  a  capillary  tube  water  will 
stand  at  the  altitude  of  an  inch  above  the  surface  of  the  fluid  in 
the  vessel,  and  you  depress  the  tube  till  there  be  only  an  inch  of 
it  above  the  surface,  ttie  water  will  then  not  rise  to  the  top  of 
the  tube,  and  if  you  depress  the  tube  still  lower,  the  water  will 
not  rise,  to  the  top.  Thus  there  will  always  be  an  annular  sur- 
face of  the  tube  ab&ve  the  fluid,  which  is  a  strong  argument  in 
favour  of  the  fluid  b^eing  supported  by  the  attraction  of  such  a 
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surface^  If  the  fluid  were  raised  by  the  attraction  of  the  annulus 
at  the  bottom,  when  tlie  length  of  the  tube  above  the  surface 
was  less  than  an  inch,  the  fluid  ought  to  run  over,  and  thus  a 
p^petual  motion  would  be  formed. '    Hydrostatics^  p.  68. 

485.  Still,  though  the  attraction  of  the  glass,  and  perhaps  of 
the  annulus  immediately  a'oove  the  upper  surface  of  tne  fluid  in 
the  tube,  be  the  chief  cause  of  the  ascent  of  any  fluids,  yet  it 
must  be  allowed  that  the  nature  and  quality  of  each  particular 
fluid  is  to  be  regarded  in  most  of  the  phenomena,  which  are  not 
proportioned  to  the  attracting  power  of  the  glass  solely,  but  to 
that  conjointly  with  the  various  disposition  of  fluids  to  yield  to 
it :  nor  is  the  density  of  the  fluid  of  primary  consideration ;  it 
being  manifest  from  experiment,  that  some  lighter  fluids  will 
rise  to  a  less  height  than  others  which  are  much  heavier.  Nor, 
again,  does  it  depend  on  the  viscidity  or  tenacity  of  parts ;  for 
hard  white  varnish  (very  thick  and  viscid)  and  spirit  of  wine 
ascend  nearly  to  the  same  height.  From  experiments  it  like- 
wise appears  that  heat  and  cold  are  not  concerned  in  this 
ascent  of  fluids,  very  hot  water  standing  at  the  same  height  as 
cold.  And  a  solution  of  any  salt  in  water  makes  but  very 
little  difierence  in  the  heights. 

Mr.  Martin  made  and  repeated  frequently  a  series  of  ex- 
periments on  several  fluids,  to  ascertain  the  altitudes  at  which 
they  would  be  sustained  in  a  tube  whose  internal  diameter  was 
about  -j^Q,  or  more  accurately  —j-  of  an  inch :  the  results  are 
given  below : 

AIL  Alt 

Common  spring  water  l«2incA.Red  wine      .     .     .  O'l&vnch. 

Spirit  of  urine    .     .  1-1  White  wine  .     .     .  -75 

Tincture  of  galls      .1-1  Ale -75 

Recent  urine .     .     .  1-1  01.sulp.percampanum«65 

Spirit  of  salt  .     .     .  -9  Oil  of  vitriol ...  -65 

01.  tar.  per  deliq.     .  -9  Sweet  oil  .     .     .     •  -6 

Vinegar    ....  -95  Oil  of  turpentine    .  -55 

Small-beer     ...       -9  Geneva    ....  -65 

Strong  spirit  of  nitre  -85  Rum '5 

Spirit  of  hartshorn  .       '86  Brandy     ....  -S 

Cream '8  White  hard  varnish  -5 

Skimmed  milk         .       -8  Spirit  of  wine    .     .  -45 

Aquafortis    ...       -75  Tincture  of  Mars  .  -45 

M.  Clairaut^  in  his  excellent  work  on  the  figure  of  the  earth, 
says,  "  The  truth  is,  that  when  we  compare  the  elevation  of  the 
same  fluid  in  two  different  tubes,  the  attraction  of  each  surface 
is  the  result  of  all  the  particular  attractions  exerted  by  the  dif- 
ferent moleculae  of  the  glass  upon  all  those  of  the  liquid  which  are 

VOL.  I.  ^  ® 
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at  distances  small  enough  to  be  subjected  to  the  effect  of  these 
attractions." 

The  Abb6  Hauy,  in  his  Traite  EUmentaire  de  Physiqne, 
adopts  the  same  hypothesis,  and  ingeniously  applies  it  to  the 
elucidation  of  various  phenomena.  See  my  translation  of  that 
work,  vol.  i.  p.  170. 

SCHOLIUM. 

The  celebrated  Laplace  has  published  several  distinct  essays 
on  capillary  action.  A  syllabus  of  one  of  these  is  g^iven  in  a 
note  to  the  translation  of  Haiiy's  Philosophy  just  cited.  In 
another  published  in  the  Journal  de  Physique,  Dec,  1806i 
he  adopts  a  method  which  is  very  simple  and  general,  and  re- 
sembles in  some  measure  the  mode  of  demonstration  employed 
in  Dr.  M.  Young's  Analysis,  although  it  is  certainly  much  mor« 
unexceptionable.  He  begins  with  showing  that  the  weight  of 
the  fluid  supported  in  any  prismatic  and  vertical  tube  is  equal 
to  the  length  of  the  interior  circumference  of  the  prism,  muU 
tiplied  by  a  certain  constant  quantity ;  and  that  tnis  quantity 
for  the  same  fluid  is  proportional  to  the  excess  of  twice  the  at- 
tractive force  of  the  solid  above  that  of  the  fluid.  His  reason- 
ing is  exhibited  in  a  condensed  form,  in  the  remainder  6f  this 
scholium.  The  attraction  of  a  capillary  tube,  which  tends  to 
elevate  the  column  of  fluid  contained  in  it,  consists  of  two  equal 
parts,  one  of  which  is  derived  from  the  action  of  the  portion 
above  the  fluid  on  the  upper  part  of  the  column,  the  other  from 
that  of  the  end  of  the  tube  on  the  imaginary  continuation  of 
the  base  of  the  column^  a  little  below  the  tube ;  and  these  forces 
are  opposed  by  the  attraction  of  that  part  of  the  fluid  which 
forms  an  imaginary  continuation  of  the  tube^  tending  to  dr£^w 
the  column  downwards,  in  the  same  manner  as  each  ofthe  other 
forces  draws  it  upwards :  so  that  the  weight  of  the  fluid  elevated 
must  be  proportional  to  the  excess  of  twice  the, density  of  the 
solid  above  that  of  the  fluid.  M.  Laplace  compares  this  pro^ 
position  with  the  experiments  of  Gellert  on  rectangular  and 
triangular  tubes,  and  finds  that  they  agree  as  well  as  could  be 
expected  from  the  degree  of  accuracy  with  which  these  experi- 
ments appear  to  have  been  performed.  Secondly,  if  the  vessel^ 
into  which  the  tube  is  immersed  contain  fluids  of  different  kinds, 
the  weight  sustained  in  consequence  of  the  capillary  action  will 
be  the  same  as  if  the  vessel  contained  only  that  fluid  in  which 
the  lower  end  of  the  tube  is  situated  ;  the  only  effective  action 
being  exerted  on  this  fluid.  Thirdly,  if  the  tube  be  wholly  im- 
mersed, and  its  superior  part  be  in  one,  and  its  inferior  in  an- 
other, of  two  fluids  contained  in  the  vessel,  the  weight  ofthe  por- 
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tion  of  the  lower  fluid  raised  above  its  natural  level,  considered 
as  situated  in  the  upper,  will  be  equal  to  the  difference  of  the 
weights  of  the  two  fluids  which  would  be  separately  supported 
in  the  same  tube.  Fourthly,  where  the  tube  is  inclined  to  the 
horizon,  the  relative  weight  to  the  fluid  elevated  will  be  the 
same  as  when  it  is  vertical,  and  the  actual  quantity  raised  will 
be  inversely  as  the  sine  of  the  angle  formed  by  the  tube  with 
the  horizon.  Fifthly,  the  space  between,  two  parallelopipeds, 
the  one  being  placed  within  the  other,  may  be  considered  as  a 
single  tube.  Sixthly,  if  the  parallelopipeds  be  of  different  sub- 
stances, the  weight  of  the  fluid  raised  may  be  determined  from 
the  length  of  the  line  of  contact  of  each  with  the  surface  con- 
sidered as  acting  independently  of  the  other  in  raising  its  ap- 
]3ropriate  weight.  Seventhly,  the  angle  formed  by  the  termina- 
tion of  the  fluid  is  investigated  with  the  as^stance  of  the  author's 
former  demonstrations ;  his  reasoning  may  agidn  be  thus  briefly 
expressed,  as  in  the  fourth  paper.  Supposing  the  fluid  to  be 
elevated  in  a  very  narrow  space  of  a  given  breadth,  the  half  of 
this  breadth  being  the  radius,  the  secant  of  the  angle  of  contact 
will  become  equal  to  the  radius  of  curvature  of  the  surface,  which 
is  always  inversely  as  the  height  of  the  elevated  column ;  hence, 
the  cosine  of  the  angle  of  contact  will  be  directly  as  the  height ; 
that  is,  as  the  difference  between  the  density  of  the  fluid  and 
and  twice  that  of  the  solid,  the  whole  density  of  the  fluid  being 
represented  by  the  radius.  Lastly,  for  discs  of  the  same  diameter 
raised  from  a  given  fluid,  the  squares  of  the  forces  required  to 
separate  them  are  proportional  to  the  magnitude  of  the  at- 
traction ;  and  if  different  fluids  be  thus  compared,  the  squares 
of  the  forces,  divided  by  their  specific  gravities,  will  show  their 
comparative  attractions.  It  must  however  be  observed  in  all 
cases,  that  where  the  attractive  power  of  the  solid  is  greater 
than  that  of  the  fluid,  it  must  always  be  supposed  to  be  covered 
by  a  thin  stratum  of  the  fluid,  which  becomes  the  immediate 
agent  in  all  the  effects  of  the  capillary  force. 

Dr.  Thomas  Younffj  also,  in  an  ingenious  paper  on  the  cohe- 
sion of  fluids,  published  in  the  Philosophical  Transactions  for 
1805,  has  developed  many  analogous  results.  See  also  his 
Natural  Philosophy,  vol.  ii.  p.  649.  After  all,  however,  the 
theory  of  capillary  action  is  without  an  ewpervmentum  cruds^ 
or  a  fact  which  will  compel  those  who  know  it,  to  adopt  one' 
mode  of  explication  only. 
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Introductory  Remarks^ 

436.  Hydrodynamics  is  that  part  of  mechanical  science 
whicli  relates  to  the  motion  of  non-elastic  fluids,  and  the  forces 
with  which  they  act  upon  bodies. 

Tliis  branch  of  mecnanics  is  the  most  difficult,  imd  the  least 
advanced :  whatever  we  know  of  it  is  almost  entirely  due  to  die 
i^esearches  of  the  modems ;  for  the  only  work  on  the  mecha- 
nism of  fluids  which  has  reached  us  from  the  ancients  is  the 
-piece  o(  Archimedes^  in  two  books,  De  IfisldentHus  humidoy  in 
which  the  inquiries  respect  solely  the  inking  and  floating  of 
bodies  in  fluids,  their  relative  gravities,  levities,  situations,  and 
positions,  while  in  equilibrio.  We  And,  it  is  true,  some  hints 
and  rules  upon  the  motion  of  fluids,  in  a  treatise  attributed  to 
Sexius  Julius  FrontinuSf  inspector  of  public  fountains  at  Rome, 
under  the  emperors  Nerva,  Cocceius,  and  Trajan,  entitled  De 
AqucB  ductibus  urbis  Romce  commentarius ;  but  they  are  not  of 
sufficient  importance  to  deserve  much  attention  by  a  student  of 
this  science.  Benedict  CasteUi  was  the  first  who  opened  the 
way  to  a  true  measure  of  the  flux  of  waters,  in  his  treatise  Delia 
mesura  deWAcque  Currenti;  which  measure  he  found  to  depend 
upon  the  area  of  the  section,  and  the  velocity  of  the  water, 
conjointly.  The  most  valuable  and  important  discoveries  and 
theorems  in  this  department  of  science  are  given  in  Sir  Isaac 
Newton* s  Prindma^  book  II. ;  the  Hydrodynamigue  o^  Daniel 
Bernoulli ;  the  Traiti  des  Fluides  by  M.  D^Alembert ;  the  Ex- 
amen  Maritimo  Theorico  Practico  of  D.  Georse  Juan ;  the 
Hydrodynamigue  of  M.  Bossut ;  Principes  dl^drauMaue  by 
M.  Buat ;  and  the  Handbuch  der  Mechanik  und  der  HyaravlQc 
by  Mr.  Eytelwein.  To  these  may  be  added  an  ingenious  paper 
on  the  Motion  and  Resistance  of  Fluii^  by  Mr.  Vince^  in  the 
Philosophical  Transactions  for  179S;  those  by  the  late  Dr. 
Matthew  Youngs  in  the  Irish  Transactions ;  and  Dr.  ITiomas 
Young's  Investigations  relative  to  the  Motion  of  Water  in  Pipes. 
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437.  Could  we  know  with  certainty  the  mass,  the  figure,  and 
the  number  of  particles  of  a  fluid  m  motion,  the  laws  of  its 
motion  might  be  determined  by  the  resolution  of  this  problem, 
viz,  to  find  the  motion  of  a  proposed  system  of  small  free 
bodies  acting  one  upon  the  other  in  obedience  to  some  given 
exterior  force.     We  are,  however,  very  far  from  being  in  pos- 
session of  the  data  requisite  for  the  solution  of  this  problem  : 
and  even  if  we  were  in  possession  of  them,  it  is  doubtful 
whether  we  should  be  much  farther  advanced  ;  as  it  might  be 
extremely  difficult  to  deduce  any  convenient  practical  results 
from  the  intricate  and  complex  expressions  which  might  stand 
at  the  foot  of  the  investigation.     The  wisest  philosophers  have 
had  their  doubts  with  regard  to  every  abstract  theory  concern- 
ing the  motion  of  fluids ;  and  the  greatest  geometers  and  ana- 
lysts affirm  that  those  methods,  which  have  directed  them:  to 
such  curious  and  useful  conclusions  in  the  mechanics  of  solid 
bodies,  do  not  furnish  any  conclusions  with  respect  to  fluids  but 
such  as  are  too  general  and  uncertain  for  the  ^eater  number  of 
particular  cases.     On  these  accounts  a  detailed  exhibitloiQ  of 
the  theory  alone  would  scarcely  be  of  any  utility :  we!  shall, 
therefore,  enter  but  little  into  the  theoretical  part  of  QydrO- 
dynamics ;  but  present  merely  a  few  propositions  that  ar^  least 
dubious  in  their  nature,  and  endeavour  to  supply  th^  deficiency 
by  stating  the  results  of  some  of  the  most  ingenious,  careful^ 
and  sati^actory  experiments  with  which  we  are  acquainted. 

The  motion  of  the  water  in  pumps,  depending  in  part  upon 
the  principles  of  Pneumatics,  will  be  treated  of  in  our  fifth 
book* 
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CHAPTER  L 


ON  THE  DISCHARGE  OP  FLUIDS,  THROUGH  APERTUEES  IN  THE 
BOTTOM  AND  SIDES  OF  VESSELS,  AND  ON  SPOUTING  FLUIDS. 

438.  Prop.  If  a  fluid  run  through  amy  tube,  which  is  kept 
continually  fiM^  and  (he  velocity  of  the  fluid  in  eoery  part  ef 
one  and  the  same  section  he  the  same^  the  velocities  in  different 
sections  mil  be  inversely  as  the  areas  of  the  sections. 

For  as  the  tube  is  always  equally  full,  the  same  quantity  of 
fluid  will  run  through  every  seiction  in  the  same  time  :>  but  the 
quantity  passing  through  any  section  s  with  the  velocity  v  in 
any  ^ven  time,  manifestly  varTes  as  s  and  v  conjointly,  or  as 
s  •  v ;  and  in  like  manner,  the  quantity  passing  through  any 
other  section  s  with  velocity  v  must  vary  as  s*  v  m  a  given 
time:  consequently  we  must  have  s  •  v  =  5  •  t',  and  s:^:: 
V*  V. 

It  is  supposed  in  this  proposition  that  the  changes  in  the 
diameters  of  the  tube  are  continual,  and  nowhere  abrupt  so  as 
to  break  the  law  of  continuity  in  the  sides  of  the  tube :  for  if 
there  be  any  angles,  or  considerable  sinuosities  in  the  tube,  they 
will  produce  eddies  in  the  motion  of  the  fluid,  and  the  pro- 
position will  not  obtain. 

439«  Paop.  If  a  fluid  flawing  through  a  very  small  orifice 
in  the  bottom  of  a  vessel  be  Tcept  constantly  at  tlie  same  height 
in  the  vessel,  by  being  supplied  as  fast  ab&oe  as  it  runs  oui 
below,  the  velocity  (f  the  effluent  fluid  will  be  equal  to  thai 
which  a  heavy  body  would  acquire  in  falling  Jreely  through 
the  height  of  the  fluid  above  the  orifice. 

Let  MNOP  (fc.  4.  pi.  XVII.)  represent  a  vessel  filled  with 
a  fluid  up  to  the  level  gh;  mp  the  bottom  in  which  is  the 
aperture  cd  {very  small  compared  with  mp)  ;  cikd  the 
column  of  the  fluid  standing  directly  above  the  aperture,  and 
cabd  the  lowest  plate  of  the  fluid  immediately  contiguous  to 
the  aperture.  Also  let  v  denote  thfr  velocity  which  a  heavy 
body  would  acquire  in  falling  freely  through  bo  the  height  of 
the  plate,  and  v  the  velocity  acquired  by  the  same  plate  during 
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its  descent  through  the  same  space  until  it  is  discharged  by  the 
pressure  of  the  column  cikd.  If  we  suppose  the  lowest  plate 
of  fluid  ACBD  to  fall  as  a  heavy  body  through  the  height  bd, 
its  moving  force  will  be  its  own  weight.  Again,  suppose  it  to 
be  accelerated  by  its  own  weight,  together  with  the  pressure  of 
the  ambient  fluid,  about  the  column  cikd,  that  is  (art.  386.), 
by  the  weight  of  the  column  cikd,  through  the  same  space, 
that  is,  while  it  is  accelerated  from  quiescence  until  it  is  actually 
discharged :  then  (by  what  has  been  shown  in  Dynamics,  art. 
5^88.),  the  velocity  in  the  former  case  will  be  to  that  in  the 
latter  as  the  moving  forces  and  the  times  in  which  they  act 
directly,  and  the  quantities  of  matter  moved  inversely.  But 
the  moving  forces  are  to  each  other  as  the  heights  bd  and  kd  ; 
the  limes  m  which  they  act  are  inversely  as  the  velocities,  the 
space  through  which  the  body  is  accelerated  being  given  ;  and 
the  quantities  of  matter  moved  are  equal :  therefore,  t? :  v  : : 
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■J-  •  —J  whence  v^ :  v* : :  bd  :  kd,  or  w :  v : :  v^  bd  :  \/kd.    Now 

V  is  the  velocity  which  a  heavy  body  would  actually  acquire  in 
filing  through  the  space  bd  ;  consequently  v  the  velocity  of 
the  effluent  fluid  is  that  which  a  heavy  body  would  acquire  in 
falling  through  kd,  the  whole  altitude  of  the  fluid  above  the 
jorifice. 

Cor.  1.  In  the  same  manner  it  may  be  shown,  that  if  a  pipe 
be  inserted  horizontally  in  the  vessel  mnop  (fig.  5.),  the  plate 
of  fluid  ACBD  will  be  discharged  with  the  same  velocity  as 
before  (if  its  centre  of  pressure  be  of  the  same  depth)  whatever 
be  the  thickness  of  the  plate ;  this  velocity  not  depending  upon 
^  cojitinual  acceleration  through  the  length  of  the  tube,  other- 
wise the  effluent  fluid  could  not  attain  its  full  velocity  until  a 
cplumn  had  been  discharged  whose  base  is  equal  to  the  orifice 
and  height  equal  to  the  length  of  the  tube :  whereas  we  find 
b3r  experience  that  this  full  velocity  can  be  attained  by  the 
thinnest  plate  which  can  be  let  escape  from  the  aperture. 

CoR.  8.  The  velocities  and  quantities  discharged  at  diflerent 
depths  are  as  the  square  roots  of  the  depths. 

Gob,  $i  The  quantity  run  out  in  any  time  }^  equal  to  a  cy- 
linder, or  prism,  whose  base  is  the  area  of  the  orifice,  and  its 
altitude  the  space  described  in  that  time  by  the  velocity  ap, 
quu-ed  by  falling  through  the  height  of  the  fluid. 
So  that  if  h  denote  the  height  of  the  fluid, 
a  the  area  o^ithe  aperture, 
g,  32^  feet,  or  386  inches, 
md  /  the  time  of  efflux, 
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we  shatl  have  for  the  quantity  discharged  Q—ai  V^gh ; 
Or,  when  a  and  h  are  in  feet    .     .     .     a  iz  8-0^8a/  >/ A,  feet ; 
When  a  and  A  are  in  inches     .     .     .     Q,=^27'TSS7atVh,inch. 
If  the  orifice  is  a  circle  whose  diameter 

is  dy  then  '785398  d*  must  be  sub- 
stituted for  a; 
And,  when  d  and  h  are  in  feet     .     .     a=:6*29952(ZV  v^A,feet; 
When  d  and  h  are  in  inches  .     .     .     a=2l'78592£f^\/A,inc. 

And  from  either  of  these  it  will  be  easy  to  find  either  a,  /,  or 
hf  when  the  other  three  quantities  are  given. 

CoR.  4.  The  force  with  which  the  effluent  water  impinges 
against  any  quiescent  body  is  proportional  to  the  altitude  of  the 
fluid  above  the  orifice. 

For  the  force  is  as  velocity  x  quantity  of  matter;  but  the 
quantity  discharged  in  a  given  time  is  as  the  velocity:  therefore 
the  force  is  as  the  square  of  the  Velocity,  that  is,  by  the  demon* 
stration  of  the  proposition,  as  the  height  of  the  fluid. 

Cor.  6.  The  water  spouts  out  with  the  same  velocity  whe- 
ther it  be  downwards,  or  upwards,  or  sideways;  because  the  pres- 
sure of  fluids  is  the  same  m  all  directions  at  the  same  depth. 

Cob.  6.  Hence,  if  the  adjutage  be  turned  upwards,  the  jet 
will  ascend  to  the  height  of  the  surface  of  the  water  in  the 
vessel.  And  this  is  confirmed  by  experience,  from  which  it 
appears  that  jets  really  ascend  nearly  to  the  height  of  the 
reservoir;  the  small  quantity  abated  ariang  from  the  friction 
against  the  sides,  the  resistance  occasioned  by  the  oblique 
motion  of  the  fluid  in  the  bended  pipe,  and  the  resistance  of 
the  air. 

SCHOLIUM. 

-  440.  What  is  said  in  this  proposition  and  corollaries  of  the 
velocity  of  the  effluent  water,  is  true  only  of  the  middle  fila- 
ment of  particles  which  issue  through  the  centre  of  the  aperture, 
which  are  supposed  in  theory  to  experience  no  retardation, 
and  which,  in  feet,  sufler  no  other  retardation  than  what  arises 
from  the  resistance  of  the  air,  and  their  mutual  adhesion  and 
attrition  against  each  other.  But  those  which  issue  near  the 
edges  of  the  aperture  undergo  a  greater  attrition,  and  therefore 
suffer  a  greater  retardation.  Hence  it  follows  that  the  mean 
velocity  of  the  whole  column  of  effluent  fluid  will  be  oon^der-* 
ably  less  than  according  to  theory. 

Sir  Isaac  Newton,  who  examined  every  subject  that  came  be- 
fore him  with  peculiar  accuracy,  first  discovered  a  contraction 
in  the  vein  of  effluent  water;  and  found,  that  at  the  distance 
of  about  a  diameter  of  the  orifice  the  section  of  the  vein  con* 
tracted  nearly  in  the  subduplicate  ratio  of  2  to  1.     Hence  he 
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concluded  that  the  velocity  of  the  water,  after  its  exit  from  the 
aperture,  was  increased  in. this  proportion,  the  same  quantity 
passing  in  the  same  time  through  a  narrower  space.  From  the 
quantity  of  water  discharged  in  a  given  time  through  that  narrow 
section,  he  found  that  its  velocity  there  was  that  which,  a  heavy 
body  would  acquire  in  falling  through  the  height  of  the  water 
above  the  orifice ;  and  since  the  velocity  there  was  greater  than 
immediately  in  the  orifice  in  the  subdufdiicate  ratio  of  2  to  1,  he 
concluded  that  the  velocity  of  the  effluent  water  in  the  <n:ifice 
was  equal  to  that  which  a  heavy  -body  would  acquire  in  falling 
through  half  the  altitude.  But  all  this  is  true  only  of  the  mean 
velocity ;  for  there  is  no  cause  which  can  actually  accelerate  the 
water  after  its  exit  from  the  orifice,  whatever  causes  may  con- 
tribute to  its  retardation.  The  manner  in  which  the  mean 
velocity  of  the  water  is  increased  after  its  discharge,  though  the 
actual  velocity  of  the  several  particles  continues  unvaried,  might 
be  easily  explained ;  but  it  need  not  be  dwelt  upon  here.  A 
circumstance  of  considerable  importance  in  the  escape  of  fluids 
through  a  horizontal  orifice  seems  to  have  been  entirely  neg- 
lected by  most  writers:  we  allude  to  a  whirling  motion:  the 
fluid  will  revolve  about  the  aperture,  and  at  some  distance  from 
it,  and  escape  with  a  revolving  motion;  the  flaid' rushes  from 
all  sides  in  spiral  streams  to  supply  the  continual  wa^e.  Thi» 
circumstance  will  be  explained  more  distinctly  in  a  sUbseqiji^t 
proposition :  but,  excepting  that,  the  remainder  of  this  chapter 
will  be  trtoted  in  conformity  with  the  common  hypothesis; 
which,  when  corrected  by  the  experiments  in  the  ensuing  chap- 
ter, will  furnish  tolerably  correct  results. 

441.  Prop.  When  a  vessel  is  l^  gradually  to  discharge 
itself  by  an  orifice  in  the  bottom,  if  the  area  of  the  section 
parallel  to  the  bottom  be  every  where  the  same,  the  velocity  of 
the  surface  of  the  Jhiid,  and  consequently  the  velocity  of  tne 
efflux,  will  be  uniformly  retarded. 

For  (art.  438.)  the  velocity  of  the  descending  surface  is  to  the 
velocity  at  the  orifice,  as  the  area  of  the  orifice  to  the  area  of 
the  surfiK^e,  which  is  a  constant  ratio ;  consequently,  the  velocity 
of  the  descending  surface  varies  as  the  velocity  at  the  orifice,  or 
as  ^hy  cor.  %  of  the  last  article ;  that  is,  the  velocity  of  the 
descending  surface  varies  as  the  square  root  of  the  space  which 
it  has  to  describe :  so  that  this  exactly  corresponds  with  the  case 
of  a  body  proje«^«d  perpendicularly  upwards  (art.  245.),  where 
the  velocity  is  as  the  square  root  of  the  space  to  be  described : 
whence,  as  the  retarding  force  is  constant  in  the  instance  re- 
ferred/to^  it  must  also  be  constant  in  the  case  before  us,  and  the 
retardation  uniform. 
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Comparing  this  with  the  instance  just  pointed  out,  we  deduce 
these  obvious  corollaries : 

CoE.  1.  The  quantities  of  water  in  a  prismatic  vessel  di&-. 
charged  through  an  aperture  in  the  bottom  decrease  in  equsl 
times  as  the  series  of  odd  numb^^,  1^  3,  5,'  7,  9,  &g.  tak^n  in 
an  inverted  order.  '.    . 

CoR,  2.  Hence,  if  it  were  proposed  to  construct  a  clepdydra. 
Or  water  clock,  by  means  of  a  prismaticc^r  cylindric  vessel,  having 
an  orifice  at  the  bottom,  let  the  altitude  iwb  (%*  9.  pi.  XVII.) 
which  will  be  completely  exhausted  in  a  given  time,  say  12 
hours,  be  determined  experimentally.  Call  that  height  144, 
and  set  off  fk>m  the  bottom  towards  the  top,  portions  increasing 
as  the  odd  numbers,  1,  8,  5,  7,  &Cv  up  to  28 ;  they  will  mark 
the  spaces  through  which  the  uppier  surface  of  the  fluid  will 
successively  descend  in  each  hour  of  the  Exhaustion. 

CoE.  3.  The  quantity  of  water  contained  in  an  upright 
prismatic  vessel  is  ^a^tnat  which  would  be  discharged  in  the 
time  of  the  entire  gradual  evacuation  of  the  vessel,  if  the  water 
be  kept  always  at  the  same  altitude. 

442.  Peop.  To  determirhe  the  time  of  emptying  a  vessel  of 
water  byun  <mjice  in  the  bottom  of  it^  or  in  the  ^iSe  contiguous 
to  the  bottom^  the  height  of  the  or^e  being  very  smaU  compared 
with  the  altitude  of  the  fluid. 

Let  a  =:  the  area  of  the  aperture  ? 

h  =:  the  whdle  height  of  the  fluid  above  theaperdire ; 

X  =  the  rertical  space  descended  by  the  upper  surface 
in  any  time  ^ ;  • 

A  =  the  area  of  the  upper  surface ; , 

g  =  32|^  as  before,  the  measure  of  the  force  of  gravityi 
Then  will  the  velocity  of  the  effluent  fluid  at  any  time  be 
jippresented,  not  by  V%A  as  in  art.  439.  but  by  -•[^A—^;)]. 
This  velocity  will  vary  continually,  .because  x  iocreases,  aiid  .the 
differelK^e  A— or^mimsbes.  continually y-but  ii  may{b6  regarded 

aer  constant  during  the  indefinitely  small  tinie  t :  so  that  in  the 

time  i  there  will  escape  through  the  orifice  a  prism  of  the 
fluid  which  has  that  orifice  a  for  its  base,  and  a/[^(A  — jr)]  fOr 
its  altitude.    Thus  the  quantity  of  fluid  discharged  during  the 

instant  ^  is  =:;:  aj(  V[^(A— .a?)].  But  durij^g  the  same  time 
the  upper  surface  has  descended  through  the  space  x,  and  the 
vessel  has  lost  a  prism  or  cyKnder  of  the  fluid  whose  height  is  x 
and  base  a,  that  is,  a  prism  whose  capacity  is  Ax.    Hence  we 

have  hx  =  (it  \/[^(A  — a;)] ; 
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As  the  area  a  will  be  given  in  functions  of  :r,  by  the  form  of 
the  vessel,  the  second  member  of  this  equation  may  be  consi- 
dered as  containing  only  the  variable  quantity  x ;  and  it  will 
be  very  easy  in  most  cases,  by  simply  finding  the  fluents,  to 
discover  the  successive  depressions  and  discharges  of  the  fluid 
in  any  vessel  of  known  form. 

443.  By  way  of  application,  take  the  following  examples : 

I.  luct  the  vessel  be  an  upright  prism  or  cylinder.  Here  the 
area  a  will  be  constant,  because  every  horizontal  section  of  the 
prism  will  be  equal  to  its  base.     Hence  we  have 

<  =  -T-.    /-rr— x=--4^ 'v/(A-x)+c. 

Now  when  the  time  t  is  nothing,  the  depression  of  the  upper 
surface  a  of  the  fluid  is  nothing  also :  thus  we  have  at  the  same 
time  .r  =  0,  and  /  =:  0 ;  this  condition  determines  the  constant 

quantity  c  ==  -^  ^/A ;  and  gives  for  the  time  of  depressing 

the  upper  surface  through  the  space  r, 

*=^g\.^^'-^(^-^)'i ("•> 

To  find  the  time  of  completely  emptying  the  vessel,  we  have 
only  to  make  xzzhy  in  which  case  the  preceding  expression  will 

become  .......  ^  =  —  • — . 

«       g 

CoR.  The  time  just  found  is  double  that  in  which  an  equal 

?[uantity  would  be  discharged,  if  the  vessel  were  kept  constantly 
uU.     For,  in  art.  489.  cor.  3.  we  have  o,  =  at^(Sgh),  where, 

if  Q  =  A^,  we  have  t  =  — 7—7=  ^  v^ir-=  -tt-  a/— j  which  is 

'  ay/*Jgh        a         2g         2a        g^ 

half  the  preceding  value  of  t. 

Hence  the  result  of  this  example  corresponds  with  cor.  % 
art.  441 .  as  it  manifestly  ought  to  do. 

II.  Let  the  vessel  be  any  solid  of  rotation^  of  which  the  axis 
is  vertical.  Here  a  will  be  the  area  of  a  circle  which  has  for  its 
radius  the  ordinate  y  of  the  generating  curve :  that  is,  if  tT  = 
3*  141693,  we  shall  have  a  3:  inf-.  Introducing  this  value  into 
the  equation  marked  J.  we  have 


^  = 


•f-W^) ("!•) 


aV2g 

In  any  particular  examples  it  will  be  necessary  to  put  fory 
its  value  aeduced  in  terms  of  x  from  the  equation  of  the  gene^ 
rating  curve,  and  to  find  the  fluents,  which  will  be  corrected 
by  making  at  the  same  time  ^  =  0,  and  «r  1=  0. 

III.  Let  the  solid  of  rotation  be  a  paraboloid  with  its  vertex 
dormmards.    I(p  be  the  parameter  of  the  generating  parabola, 
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the  equation  of  the  curve  will  bey^zrpx,  when  the  origin  of 
the  curve  is  supposed  at  v  (fig,  2.  pi.  XIII.),  the  point  where 
we  conceive  the  aperture  to  be ;  or  if  we  transfer  tne  origin  to 
A,  the  equation  will  be  y^zzpQi  —  x) :  this  substituted  for^^  in 
equation  III.  gives  for  the  fluent 

Determining  the  constant  quantity  as  above  directed,  we 
obtain  for  the  correct  fluent 

If  we  make  hzzx.  we  have  t  =  -^  ^  -—  =  ~4^  V  -tt- 

=  -—  V — ,  where  s  is  the  area  of  the  upper. surface  of  the 

fluid  at  the  beginning  of  the  exhaustion,  and  h  the  whole 
height. 

The  above  may  suflice  as  a  specimen  of  the  method,  on  the 
supposition  that  the  velocity  of  efflux  is  that  due  to  the  whole 
height  of  the  fluid.  A  \ery  ingenious  and  complete  paper  on 
this  subject,  according  to  the  hypothesis  that  the  velocity  is  that 
due  to  Ao^the  height  of  the  fluid  above  the  aperture,  is  given 
by  Dr.  Hutton  in  his  Mathematical  Miscellany. 

444.  Prop.  If  the  water  of  a  reservoir  which  Jhws  thrcyugh 
a  horizontal  aperture  be  influenced  by  anyjbreign  motion^  it 
wHlJbrm  a  hollow  whirl  above  the  oryfice  itself. 

Let  DQ  (fig.  6.  pi.  XVII.)  represent  a  horizontal  plane  near 
the  orifice  ef,  through  which  the  fluid  of  the  reservoir  mn 
flows.  A  fluid  particle,  d,  situated  in  this  plane,  has  a  motion 
DB  inclined  to  the  axis  ab  ;  which  may  be  decomposed  into  two, 
DC,  CB.  Let  us  suppose  the  plane  Da  to  descend  parallel  to  it- 
self along  the  axis  with  the  motion,  and  then  inquire  into  the 
motion  ot  the  particle  d  on  the  plane  Da :  a  motion  which  im- 
presses  upon  all  the  particles  situated  in  the  plane  Da  a  qentri- 
petal  force  towards  the  centre  c.  Let  any  other  horizontal 
motion  whatever,  not  coincident  in  direction  with  do,  be  im- 
pressed upon  the  same  particles :  under  the  joint  influence  of 
.the  two  moving  forces  the  particles  will  describe  round  the 
centre  c  areas  proportional  to  the  times,  and  by  the  equilibrium 
of  these  motions  they  may  assume  a  horizontal  circular  rotation. 

Imagine  that,  dur^g  this  horizontal  circulation,  the  particle 

D  in  its  approach  towards  the  centre  c,  as  in  a  spiral,  shall 

describe  circular  orbits,  of  which  the  diameters  are  successively 

diminished :  put  the  rotatory  velocity  of  the  particle  Dizt? ;  its 

.  distance  cd  from  the  centre  =r,  the  time  of  one  revolution  z:t : 
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then,  aboe  die  areas  inust  be  as  the  Umes,  we  shall  have  nearly 
V(X — 9  tCCr^;  and  the  centrifugal  force  of  the  particle  d  will 

Oc  — .  Indeed,  when  the  particles  which  revolve  at  the  sur- 
face of  the  funnel  at  mn  are  observed,  it  is  seen  that  the  effect 
which  really  takes  place  in  nature  is  conformable  to  far*  very 
nearly.     Since,  therefore,  the  centrifugal  force  in  approaching 

the  centre  c  increases  as  — ,  it  will  become  sufficient  to  form 

n 

an  equilibrium  against  the  upper  pressure  so,  which  produces 
the  centripetal  force  dc:  a  cavity  krthpv  will  therefore  be 
formed,  round  which  the  whirling  fluid  will  support  itself  by  the 
centrifugal  force  of  its  rotation. 

Let  DarR  represent  a  circular  fluid  zone,  the  particles  of 
which  revolve  about  the  cavity  rp  according  to  the  law  here 
indicated.  Let  the  gravity  of  a  fluid  particle  heznw,  cR^a, 
RDz:ft,  j>xzzZy  xz=:2;,  and  the  velpcity  of  the  particle  nrzt;. 
If  the  centrifugal  force  of  the  particle  j>  were  equal  to  its 
gravity,  its  velocity  (art.  282.  cor.  3.)  would  be  equal  to  that  of 

a  body  falling  by  gravity  alone  through  the  space  -— .     And 

as  a  heavy  body  falls  in  one  second  through  the  space  l&i^  feet 
z:^,  the  velocity  of  the  particle  d  wiU  be  represented  by 

'/(^•~T~)  =  'v/[5t^"f"^)]*  The  centrifugal  force  in  the 
circle  is  as  t^^  ;  therefore  the  centrifugal  force  of  i>  will  actually 
be  r:  J"  '!..     And  since  the  centrifugal  force  a  — ;  taking 

; — rr- :  r — r — -  \  \   7    rx  •  »  fourth  term,  we  shall  have  the 

(a +6)3     (a +  6^2)3       ^(fl  +  6) 

centrifugal  force  of  the  element  of  dx  in  x  =   ,^     l^ ;   and 

o  ^(a  +  6~«)3' 

that  of  the  filament  dx  itself  =:  J^t  vo+c.  When  z=:0.  the 
fluent  =  0,  whence  c  =:  ^~^ :  and  taking  zzzb,  the  centri- 
fugal force  of  the  filament  dr  will  be  =:  ■--^.  (2a -j-  5).     Now 

the  <j[uantity  bw  is  the  gravity  of  the  filament  dr  :  hence  the 
gravity  of  this  filament  is  to  its  centrifugal  force  as  t»*  {2a +b), 
to  2a^. 

445.  When  the  fluid  zone  drpq  is  nearer  tlie  orifice  ef,  the 
pressure  sd  increases;  whence  the  centrifugal  fierce  of  the 
zone  must  also  be  increased,  in  consequence  of  the  radius  Rcof 
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the  cavity  being  diminished:  hence  we  may  determine  the 
nature  of  the  curve  which  forms  the  vertical  section  of  the 
cavity  krt.  For  greater  simpUcity,  let  it  be  supposed  that 
the  sides  of  the  vessel  hd,  nq,  have  the  same  shape  as  those  of 
the  cavity  itself;  so  that  DRrz A  may  be  constant  Let  ac=:«v 
and  CRrr^.  In  the  preceding- formula  substitute  ^  for  d ;  and? 
since  the  gravity  of  the  filament  dr  is  to  that  of  the  filament 
SD  as  i  to  Xy  we  shall  have,  by  composition  of  ratios,  the  cen- 
trifugal force  of  the  filament  dr  to  the  pressure  sd,  as  bv^ 
(2y-|-6)  to  %.z^\  In  order  that  there  may  be  an  equilibriuti», 
this  last  must  be  a  ratio  of  equality,  that  is,  6v^  (2y  +  ^)z2gj7jf^; 

whence  we  deduce  xy'^ ^  —  i-~-  n  0,  for  the  equation  of 

the  curve  kbt.  This  is  the  64th  species  in  Sir  Isaac  Newton's 
Enumeration  of  Lines  of  the  Third  Order:  its  convexity  is 
turned  toward  the  axis;  apd  it  has  two  asymptotes,  one  of 
which  is  the  axis  ab,  and  the  other  is  in  mn,  supposing  the  two 
points  MN  to  be  infinitely  distant. 

If  the  assumed  positions  in  this  and  the  preceding  articles  do 
not  absolutely  coincide  with  nature,  they  approximate  to  its 
effects  very  nearly.  It  is  not  only  possible,  but  there  does 
actually  exist  in  nature  a  whirling  stream,  of  which  the  cavity 

turns  its  convex  part  to  the  axis,  and  in  which  ten  —  very 

nearly,  as  is  shown  by  numerous  experiments. 

If  any  body,  which  floats  at  the  surface  of  the  liquor  after  the 
funnel  has  been  formed,  be  of  sufficient  size  to  cover  the  whole 
cavity,  it  will  destroy  the  funnel  in  the  upper  part,  and  some- 
times also  the  lower.  For  the  body  itself  can  only  turn  round 
its  centre  according  to  the  law  vCXr,  it  therefore  destroys  by 

friction  the  law  %;a  —  in  the  parts  of  the  fluid  contiguous  to  it, 

and  consequently  destroys  the  upper  part  of  the  funnel,  if  not 
the  funnel  itself. 

^  » 

446.  Prop.  If  a  notch  or  sluice  inform  of  a  rectan^  be  cut 
in  the  vertical  side  of  a  vesselJvU  of  water ^  or  amy  omerjlmd^ 
the  quantity  of  water  flowinff  through  it  ztnU  be^  of  the 
qudrntity  which  would  Jlow  through  an  equal  orifice  placed 
hotissontalhf  ai  the  whole  depths  in  the  sarnie  time;  the  vessel 
being  constanihf  heptfuU, 

Let  ABCD  (fig.  7.  pi.  XVII.)  be  the  vertical  side  of  the 
reservoir,  efgh  the  rectangular  notch  in  it,  and  let  iiM  be  a 
parallelogram  of  evanescent  breadth.  Then  the  velocity  with 
which  the  water  escapes  at  gh  is  to  the  velocity  with  which  it 
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escapes  through  iLt/  as  >y  eg  to  v"  £i  (art.  439.  cor.  ^) ;  and 
by  the  same  corollary  the  quantities  discharged  in  a  giTeo  time 
through  an  evanescent  parallelogram  at  the  depth  eg,  and  the 
evanescent  parallelogram  iLf7,  are  in  the  same  ratio ;  that  is,  as 
OH  to  IK,  the  ordinates  in  a  parabola  ekh,  whose  axis  is  eg,  and 
greatest  ordinate  gh.  Therefore,  the  sum  of  all  the  quantities 
discharged  through  all  the  parallelograms  iiAl,  of  which  the 
Tedangie  ffgh  is  composed,  is  to  the  sum  of  all  the  quantities 
discharged  through  as  many  equal  parallelograms  iiSl  at  the 
depth  EG  as  the  sum  of  all  the  elements  itki  of  the  parabola, 
to  the  sum  of  all  the  corresponding  elements  lUi  of  the  rect- 
angle ;  that  is,  as  the  area  of  the  parabola  ekgh  to  that  of  the 
rectangle  efgh  :  or,  the  quantity  running  through  the  notch 
EFGH  IS  to  the  quantity  running  through  an  equal  horizontal 
area  placed  at  gh,  as  ekhg  to  eghf,  that  is,  as  2  to  3,  by  the 
nature  of  the  parabola. 

Cor.  1.  The  mean  velocity  of  the  fluid  in  the  notch  is  equal 
to  two-thirds  of  that  at  gh. 

Cob.  2.  The  quantity  flowing  through  the  rectangle  ilhg 
is  to  the  quantity  discharged  through  an  equal  rectangle  placed 
horizontally  at  gu,  as  the  parabolic  zone  ikug  is  to  the  rect- 
angle ILHG.  As  is  evident  from  the  demonstration  of  the  pro- 
position. 

447.  Prop.  To  determine  the  relation  between  the  time  and 
the  quantity  of  water ,  or  other  non-elastic  Jluid^  discharged 
from  a  vessel  through  any  vertical  orifice ;  the  velocity  ojtlie 
eMuent  fluid  at  any  point  being  {as  heretofore)  supposed,  that 
due  to  the  altitude  of  the  upper  surface  of  the  fluid  in  the  vessel 
ahove  that  point. 

Let  xYvz  {fig,  8.  pi.  XVIII.)  be  the  vertical  side  of  the  vessel, 
and  am^^m'  a  vertical  orifice  therein,  of  which  the  contour  is  a 
plane  curve ;  sb  a  vertical  line  passing  through  a,  the  highest 
point  of  the  orifice ;  and  let  mm',  mm',  be  two  horizontal  lines 
indefinitely  near  the  one  to  the  other.  Then,  the  upper  surface 
of  the  fluid  being  supposed  to  pass  through  s,  put  sa=A', 
8B=iA,  A  mar,  MM'rry,  the  velocity  8£^f.  which  gravity  com- 
municates at  the  end  of  a  second  zzgy  and  the  time  :=,t:  so 
shall  AB=A— A',  and  vpzzx. 

1.  We  propose  first  to  ascertain  what  will  be  the  discharge 
{q)  at  this  orifice  during  a  determinate  time  t,  supposing  the 
vessel  is  all  that  tim^  kept  full  up  to  the  level  qfs. 

Now  the  velocity  of  the  fluid  discharged  through  the  ele- 
mentary trapezoid  mm'  m'm^  whose  surface  is  yxf  may  be  con- 
sidered as  that  due  to  the  height  svzzK-^x:  consequently,  if 
for  a  we  substitute  its  value  yx^  and  for  h  its  value  m  the  first 


CHAP.  I.      DISCHAB6S  OP  FLUIDS  THROUGH  ORIFICEIS,  433 

formula  in  art.  439.  cor.  3.  we  shall  have  for  the  quantity  dis- 
charged through  that  trapezoid  in  the  time  t 

^yW [%(*' + x)\  or  t  xyx  V{h! + a)  x  i/%. 

Therefore  the  quantity  discharged  during  the  time  t  through  the 
pcNTtion  of  the  orifice  amm'  is  equal  to 

Thus  taking  the  fluent  contained  between  j:=0,  and  4;  =  ab 
:^h'-h\  we  have  for  the  quantity  of  efflux  sought 

q=tvmfyx\^{N'{-x)^c) .  (i.) 

Here  it  may  be  observed,  that  as  the  nature  of  the  line  which 
bounds  the  orifice  is  considered  as  known,  we  may  always 
substitute  for  y  a  function  of  x,  and  in  finding  the  fluent  there 
will  in  fact  be  no  other  variable  quantity  than  <r ;  and  of  course 
the  constant  quantity  c  will  be  determined  by  considering  that 
when  ^=0,  the  quantity  discharged  is  also  =0.  And  when  c 
is  known,  the  whole  quantity  discharged  is  readily  found  by 
introducing  into  the  value  of  the  discharge  through  amm^  for  x 
its  value  h  —  JJ. 

448.  Let  s  be  such  a  height  as  if  the  fluid  issued  from  all 
points  of  the  orifice  with  the  velocity  due  to  that  height,  the 
total  discharge  through  the  orifice  would  be  the  same  as  has 
place  naturally,  conformably  to  equation  i. ;  then  will  the  velocity 
of  the  issuing  fluid  be  =  \/^5,  and  the  discharge  through  the  . 
elementary  trapezoid  u'^mlm^^Xy  in  the  time  t,  will  be  re- 
presented by  t»/9igsjyx\  and  since  this  ought  to  be  equal  to 
the  value  of  5  in  equation  i.  we  shall  by  making  that  equality, 
and  reducing,  find 

^-      (/yi+c')«        ^"-^ 

The  fluent  of  the  denominator  must  manifestly  be  taken 
between  the  same  values  of  a;  as  that  of  the  numerator;  and 
the  constant  quantity  c'  is  determined  by  considering  that  when 
j?=0  the  portion  amm'zzO  also. 

The  quantity  5,  which  we  have  just  shown  how  to  determine, 
is  generally  called  the  mean  height  of  the  fluid  above  the 
orifice :  the  rule  for  finding  this  height  is  obviously  nothing 
more  than  to  divide  tJie  value  ofq^^nd  equa.  i.  art.  447.  ^ 
the  product  ofW^g  into  the  surface  of  the  orifice^  and  to  square 

the  quotient.  • 

449.  II.  Let  us  inquire,  secondly,  into  the  relation  between 
the  time  and  the  quantity  discharged,  supposing  the  vessel 
empties  itself;    that  is,   let  us  ascertain,   according  to  this 

VOL.  I.  ^  ^ 
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hypothesis,  the  quantity  of  fluid  expelled  during  a  ^ven 
time. 

This  determination  will  evidently  fumisli,  at  the  same  time, 
the  depression  of  the  upper  surface  of  the  fluid  in  the  vessel,  of 
which  the  interior  form  is  known ;  because  the  portion  of  the 
capacity  of  the  vessel  which  is  exhausted  is  equal  to  the  volume 
of  fluid  expelled  at  the  orifice.  Let  us,  in  order  to  solve  this 
branch  of  our  general  proposition,  suppose  that  at  the  com- 
mencement of  the  motion  the  surface  of  the  fluid  is  at  s, 
and  that  at  the  end  of  the  given  time  t  it  has  descended  to  k  : 
making  SK  =2;,  we  shall  have  to  obtain  an  equation  between 
Z9 1^  ^9  «r,  hj  and  V.  This  may  be  accomphshed  thus :  we 
conceive,  at  first,  that  the  vessel  is  kept  constantly  full  to  the 
height  K  during  the  time  t,  and  thence  find,  from  wnat  has  just 
been  done,  for  the  discharge  in  that  time  the  value  tV^ 
L/'yi' v'CA'+jT— js)+c].  Since  z  is  here  supposed  constant,  it 
will  be  very  easy  to  find  the  fluent  of  this  expression ;  and  it 
may  be  corrected  as  the  former  fluent,  by  the  condition  that 
when  x=0  the  discharge  is  likewise  nothing;  the  whole  fluent 
being  found  by  taking  xzr.h^h!. 

The  value  of  tV2g\fyx  <v/(A'  +  j;*  —  z)  +  cl  found  in  the 
manner  just  explained,  comprises  only  z  and  constant  quan- 
tities: we  next  suppose  that  the  vessel  empties  during  the 

element  of  time  t  and  that  the  surface  oq  is  depressed  to  Br, 
through  a  distance  Kkzz%\  which,  if  we  put  the  section  oq  of 
the  vessel  =s,  gives  for  the  quantity  discharged  s«.  Now,  on 
this  hypothesis,  the  descent  through  nJc  may  be  ima^ned  to 
take  place  with  a  uniform  velocity,  and  the  velocity  at  each 
point  of  the  orifice  to  continue  the  same  as  when  the  fluid  had 
its  surface  at  k  :  therefore,  since  when  the  velocities  are  equal 
the  quantities  discharged  vary  as  the  times,  we  have  this 
analogy. 


whence  t  zz.^ 


Be 


and  the  time  t  zz  -J—/——— 1* — ^ Lc' (iii.> 

When  the  form  of  the  vessel  is  known,  s  is  given  in  functions 
of  Zf  and  of  constant  qualities ;  on  the  other  hand,  when  the 
integration  indicated  by  the  denominator  is  efiected,  it  contmns 
likewise  only  the  quantity  z  and  invariable  quantities :  so  that 
the  complete  value  of  t  may  be  found  by  the  integration  of  an 
expression  which  contains  only  the  variable  quantity  z.    The 
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oonstont  magnitude  d  will  be  determined  from  the  considera-^ 
tion  that  when  «  =:  0,  ^  =  0. 

Now  it  is  known  that  fluents,  such  as  those  in  equations  (i.) 
and  (iii.)  of  this  proposition^  which  comprise,  under  the  i^ign  of  in«» 
tegration,  only  one  variable  quantity  and  its  fluxion,  may  always 
be  referred  to  the  rules  for  the  quadrature  of  curves.  In  eflect, 
let  X  be  an  expression  composed  of  the  varialfle  quantity  x  and 
a  constant  quantity,  the  fluxion  x^  will  be  the  dement  of  fhe 
surface  of  a  plane,  terminated  by  a  curve  of  which  x  will  be 
the  ordinate,  x  the  corresponding  abscissa,  andy*xx  the  sur- 
face itself.  Thus,  grantmg  the  equation  to  be  y^x,  and 
squaring  the  curve,  which  is  designed  by  this  equation,  between 
a  certain  value  of  ;r  and  another  certain  value  of  ^,  determined 
by  the  conditions  of  the  case  in  hand,  the  resulting  surface  will 
be  equivalent  to  the  value  off'S.x  taken  within  suitable  limits. 

450.  Let  us  now  proceed  to  give  a  few  examples  of  the  ap- 
plication of  the  preceding  formula  to  particular  cases. 

Ex.  I.  Suppose  the  vessel  constantly  kept  JuU,  and  the 
orifice  a  rectangle  whose  sides  a/re  horizonted  and  vertical  re^ 
spectively. 

Let  the  horizontal  sides  of  the  rectangle  be  each  equal  to  b : 
putting  this  value  instead  of  y  in  the  equation  (i.)  of  art.  447. 
and  taking  the  fluents^  we  have 

9  =:  ^&\/%  X  T  [(A'+  a?)*  •+•  c].  The  constant  quantity,  de- 
termined according  to  the  method  previously  explained^  will 

be  c  =  —  A*.  Substituting  this  value  of  c  for  it,  in  the  equa- 
tion just  given,  it  becomes  J  =  4^ J^ /%[(*'+ 4?)*  -  **|.  Then 
makmg,  conformably  to  the  directions  in  art.  447.  x  =  A— A', 
we  obtain  for  the  total  discharge  through  the  orifice 

az=  *  ft^v/2^(A*— A'') (iv.) 

If  the  theorem  above  be  compared  with  the  known  rule  for 
finding  the  area  of  a  parabolic  zone,  it  will  thence  appear  that 
this  value  of  a  furnishes  the  same  result  as  cor.  %  art«  446. 
A  corroboration,  if  any  were  needed,  of  the  theoretic  truth  of 
both. 

The  mean  height  of  the  fluid,  determined  by  the  rule  in  art 
44.  will  be  found 

451.  Ex.  II.  Suppose  the  orifice  a  triangle  whose  vertex  is 

F  F  2 
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uppermost,  and  the  baee  horizantaly  the  vessel  being  con$taf^l^ 
keptjidl. 

Let  the  altitude  of  the  triangle  be  to  the  base  as  m  to  1,  then 
istf^mxj  and  the  equation  art.  447.  (i.)  will  become 

Making  JJ+xzzz,  we  have  xzzk,  and  x=:z — K:  whence  arises 

=^A'+J7)* g-(A'+ir)*+c.     The  fluent  vanishing  when 

x  =  0,  we  have  c  =:  —  I^A'^+^A*  zi  t\A'^,  and  the  value  of  5 

becomes  .  .  .  qzzmt  V2g[\{h'  +  x)'—  *A'  (W  +  x)*  +  t^^W*]. 

When  azzh-^h'j  we  have  for  the  total  discharge  at  the 
aperture 

Q-^^mt^/^{3h^  +  2A'*-  SA'A*) (v.) 

The  area  of  the  triangular  orifice  is  }w(A— A')*,  which  is  the 
value  ofy*^  X,  taken  with  reference  to  the  present  instance. 

Thus  t  <%/y  ;t  =  imt  V^(A- A')* 
whence,  by  the  method  pointed  out  in  art.  448.  we  find  the 
mean  height  of  the  fluid  by  the  equation 

'= — 225(/*-i::X)r- M 

45@.  Ex.  III.  Let  the  orifice  be  a  tria/ngky  as  in  the  pre^ 
ceditig  exampUy  btU  having  its  vertex  downwa/rdsy  and  its  base 
horizontal. 

In  this  caseynm  (A-A'— ^),  and,  by  a  calculus  Uttle  more 
difficult  than  the  above,  we  shall  find 

a  =  TT^  ^^?(2A*  +  SA/^-SAA*) (vii.) 

And  the  mean  height  of  the  fluid  as  below, 

16(2^4+3^'*— 5AV*  .   ...V 

*= — 225(ip:v> —  •  •  •  •  (^"^) 

468.  Ex.  IV.  Suppose  the  orifice  a  circle^  and  the  vessel  kept 
constanih/JuU. 

The  general  theorem  (art.  447.  i.)  may  be  most  readily  ap 
plied  to  the  present  example,  hj  an  approximation  which  will 
be  sufficiently  accurate  for  practice,  thus:  Put  dz:  the  diame- 
ter of  the  circle,  then  from  the  property  of  that  figure  ^y  = 
V({ir— X*),  whence  the  general  equation  just  referred  to  be- 
comes 
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Making/(dir — xaiy  (hl-^xy  xzzfzxj  the  int^ration  is  re- 
duced to  the  finding  the  area  of  a  curve  whose  equation  is  2 = 

((ir— ara:)"(A'+a7)  ,  its  origin  being  at  the  point  where  ^  +  0. 
We  may  approximate  to  me  quadrature  of  this  curve  bv  the 
method  of  equidistant  ordinates,  adopting  the  first  general  pro- 
position in  Sect.  II.  Part  iv.  HuUov^s  Mensuration.  To  this 
end,  suppose  x  divided  into  four  equal  parts ;  then  shall  we  find 
the  five  ordinates  corresponding  to  the  points  of  division,  by 
substituting  in  the  preceding  equation  for  z  the  values  0,  ^  x 
4^9  7^»  anu  X :  these  values  founds  we  add  to  the  sum  of  the 
first  and  fifth  four  times  the  sum  of  the  second  and  fourth,  and 
twice  the  third ;  one  third  of  this  latter  sum,  multiplied  into  the 
common  distance  between  the  ordinates,  will  be  the  approximate 
value  of  the  surfaceyari-;  which,  multiplied  into  2ty/2gf  pro- 
duces at  length 

2{idx  -  ^x)\h!+ix)^ 

^  +2  (idx-^^xx)\h!+lx)^     ^ 
+i(dx'-xx)^(hl+x)^ 

If  in  this  equation  we  make  xz^drzh^Ky  and  perform  the 
requisite  reductions,  we  shall  have  for  the  total  discharge  at 
the  orifice 

e  =  t^^^,^VtimL^-^+i:^^y ....  («.) 

This  theorem  may  be  reduced  to  computation  in  any  par- 
ticular case  with  tolerable  facility.  Had  the  number  of  equi- 
distant ordinates  been  much  increased,  the  additional  accuracv 
of  the  approximation  would  not  have  compensated  for  the  ad- 
ditional labour  which  would  attend  the  resulting  formula. 

A  rigorous  integration  would  require  the  aid  of  infinite  series. 
If  r  be  the  radius  of  the  orifice ;  n  the  quotient  of  the  distance 
of  its  centre  from  the  upper  surface  of  the  fiuid,  divided 
by  r ;  and  ft  =  3«  141698 ;  we  should  then  have 

Q  =  ^r«./%T^x(l-^-^-&c.) (X.) 

and  *  =  m  (1  -^-  r^^&c.) (xi.) 

In  both  these  series  the  first  three  terms  are  all  which  will  be 
needed  in  practice. 

464.  Ex.  V.  To  determine  in  what  time  t,  the  upper  surface 
qfthejluid^  shall  be  depressed  through  a  vertical  distance^  z,  the 
vessefbeing  supposed  prismatic,  and  the  orijlce  rectangular. 
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The  section  s  of  the  vessel^  and  the  breadth  y  of  the  orifice, 
are  in  this  instance  constant  quantities.  According  to  the  me.- 
thod  explained  in  art.  1A9y  we  first  determine  the  quantity  of 
fluid  which  would  escape  through  the  orifice  during  the  time 
t^  on  the  supposition  that  the  vessel  were  kept  full  to  the  height 
h- — Zy  above  the  upper  part  of  the  orifice ;  for  which  purpose 
we  must  find  the  fluent  of  the  expression  yfSt^^iJi+X''Z)y 
supposing  z  constant.  This  gives  for  the  discharge  sought 
fy(^'+^--*)|:^^-     But  ^^^  quantity  being  nothing  when 

:r  =  0,  we  have  c  =  -^yyih-^zY^  and  the  correct  tiueat  is  \y 
[(A'  -|-  4: — «)*  —  ( A'  -  z)^\     Extending  this  to  the  whole  of  the 

orifice  by  making  ^=:  A  —A',  we  shall  have  fy [(A— •«)*--'(&  -^  2)*}: 
and  if  this  value  be  substituted  iorfy  x^{hl+x^z)  •+•  c,  in 
the  equa.  iii.  440.  it  will  become 

t  n  ^  *  ,^    '  f ' (xii.) 

If  we  put  a  for  the  altitude  of  the  orifice,  6  for  its  breadth, 
and  ^  for  the  distance  of  the  upper  surface  of  the  fluid  from  the 

bottom  of  the  orifice,  we  shall  have  I  =  A — z ;  «  z;  — i ;  A  =  7a' 
+  a ;  A'  rz  ^  —  a ;  and  the  preceding  equation  will  be  trans- 
formed to  this : 

i'=-   ,,.    .„      •  /  -;; 1 (xm.) 

The  quantity  which  is  found  under  the  sign  of  integration 
in  this  equation  is  susceptible  of  being  made  rational ;  but  the 
equation  would  be  very  complicated.  The  most  easy  method 
of  obtaining  a  result  is  to  square  by  approximation  the  curve, 

which  for  each  value  of  I  has  an  ordinate  equal  to  -^ , 

in  the  same  manner  as  was  adopted  in  the  last  article.  Observ* 
ing  now  that  when  ^  =  A,  ^  =  0,  the  surface  may  be  estimated 
between  the  limits  ^  =  A,  and  ^  =  a ;  and  as  in  this  case  we 
should  only  have  the  terms  to  transcribe  from  the  preceding 
article,  there  can  of  course  be  no  occasion  to  copy  here  the 
final  equation. 

If  the  altitude  of  the  orifice  a  be  equal  to  the  height  A  of  the 
vessel,  the  time  of  exhaustion  to  any  variable  depth  Zy  reckoned 

from  the  bottom,  would  be  equal  to  ^=  -4^  x  ^a/^7^^^  . 

^  hv^lg  hx 

whence  2;  =  0,  this  expression  is  infinite ;  that  is,  the  time  of 
complete  exhaustion  is  infinite. 
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» 

The  student  who  wishes  to  pursae  further  this  part  of  Hydro- 
dynamics may  consult  VHyarodynamique  de  M.  Bossmt^  the 
Select  Exercises  at  the  end  of  Dr.  Huttori^  Conies^  or  in  the 
3d  vol.  of  his  8vo.  Tracts,  and  Blanks  Ht/drostaiics. 

456.  Prop.  If  upon  the  altitude  of  the  fluid  in  a  vessel  as  a 
dicmteter^  we  describe  a  semicircle^  ike  horizontal  space  described 
by  the  fluid  moutingfrom  a  vertical  orifice  at  awf  paint  in  the 
diameter  wiU  be  as  me  ordinate  of  the  circle  drawn  from  that 
pointy  the  horizontal  space  being  measured  on  the  plane  of  the 
bottom  of  the  vessel. 

When  the  aperture  is  vertical,  and  indefinitely  small  (as  sup- 
posed here),  the  fluid  will  spout  out  horizontally  with  the  velo^ 
city  due  to  the  altitude  of  the  fluid  above  the  onfice  (art.  439*) ; 
and  this  velocity,  combined  with  the  perpendicular  velocity 
arising  from  the  action  of  gravity,  wiH  cause  every  particle,  and 
consequently  the  whole  jet,  to  describe  the  curve  of  a  parabola. 
Now  the  veiodty  with  which  the  fluid  is  expelled  from  any  hoie^ 
as  G  (figl  9.  pi-  XVII.),  is  such  as,  if  uniformly  preserved,  would 
carry  a  particle  through  a  space  equal  to  Sbg  in  the  time  of 
the  fall  through  bo  :  but,  after  quitting  the  orifice,  it  describes 
the  parabolic  curve,  and  arrives  at  the  horizontal  plane  of  in 
the  same  time  as  a  body  would  fall  freely  through  gd  ;  so  that, 
to  find  the  distance  de,  ance  the  times  are  as  tne  roots  of  the 
spaces,   we  have  this  analogy^   ^Z  gb  :  \/  on  :  :  2bg  :  de  = 

^'^  ^°  =:2  >v/(bG'Gd)  =2gh,  by  the  nature  of  the  circle.    And 

the  same  will  hold  with  respect  to  any  other  point  in  bd. 

Cor.  1.  If  apertures  be  made  at  equal  distances  from  the  top 
and  bottom  of  the  vessel  (kept  full  of  the  fluid),  the  horizonUl 
distances  to  which  the  water  will  spout  from  these  apertures 
will  be  equal.  For  when  d^=bg,  we  shall  have  2  \/(Bg'-^n) 
=2>v/(bg«6d),  and  conseauently  de  the  same  in  both  cases. 

CoR.  2.  When  the  orifice  is  at  the  point  bisecting  the  alti- 
tude  of  the  fluid  in  the  vessel,  the  fluid  will  spout  to  the  greatest 
distance  on  the  horizontal  plane ;  and  that  distance,  if  measured 
on  the  plane  of  the  bottom  of  the  vessel,  will  be  equal  to  the 
depth  of  fluid  in  it.  For  ik,  the  ordinate  from  the  centre  i, 
is  the  greatest  which  can  be  drawn  in  the  semicircle,  and  df, 
which  IS  =  2iK,  is  then  z:  2bi  =  bd. 

Cor.  3.  If  a  right  line  be  drawn  from  b  to  f,  since  bd  = 
DF,  that  line  bf  w31  make  an  angle  of  45*'  with  bd.  And  all 
the  jets  which  are  formed  by  adjutages  at  g,  i,  f,  &c.  in  the 
verbcid  bd,  will  have  for  a  common  tangent  the  right  line  bf, 
or  its  prolongation. 

Cor.  4.  Smce  the  distance  to  which  the  fluid  spouts  depends 
upon  the  height  of  its  surface  ab  above  the  orifice,  and  not  in 
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any  degree  upon  the  depth  of  the  fluid  below  the  orifice,  it  will 
follow  that  whether  the  fluid  in  any  vessel  reach  down  to  any 
horizontal  plane  cf,  or  whether  the  bottom  of  the  vessel  stand 
at  some  higher  point  p,  the  distances  de,  df,  to  which  the 
fluid  will  spout  from  the  apertures,  a,  i,  will  be  the  same;  and 
the  maximum  distance  will  be  when  the  fluid  is  expelled  from 
an  orifice  half  way  between  the  planes  ab  and  cf.  If  the 
bottom  of  the  vessel  be  higher  than  the  point  i,  then  the  nearer 
to  that  point  the  orifice  is  placed  the  greater  will  be  the  distance 
to  which  the  fluid  will  spout  on  cf. 

Cor.  5.  Since  the  middle  filament  of  particles  issuing  from 
an  orifice  in  the  side  of  a  vessel  is  discharged  with  the  full  velo- 
city due  to  the  entire  altitude  of  the  fluid  above  the  orifice  (art. 
444)09  experiments  made  on  the  distance  or  height  to  which 
fluids  spout  will  be  found  to  agree  very  well  with  theory ;  but 
it  by  no  means  follows  that  all  the  nlaments  should  be  ex- 
pelled with  the  same  velocity :  consequently,  the  quantity  of 
the  fluid  discharged  in  a  given  time  may  be  less  than  that 
which  would  be  discharged  if  all  the  filaments  were  expelled 
with  the  velocity  due  to  the  entire  altitude ;  because  this  quan- 
tity depends  on  the  mean  velocity  of  all  the  filaments.  Hence, 
therefore,  we  cannot  infer  (as  several  authors  have  done)  from 
these  experiments,  compared  with  those  which  relate  to  the 
height  or  distance  to  which  the  fluid  spouts,  that  the  velocity  of 
the  water  in  the  orifice  is  less  than  that  which  is  due  to  the- 
entire  altitude,  and  that  it  is  accelerated  immediately  after  it 
gets  out  of  it ;  because  the  distance  to  which  the  fluid  spouts 
depends  upon  the  central  filament  only ;  but  the  quantity  dis- 
charged on  the  mean  velocity  of  the  whole, 

SCHOLIA. 

466. 1.  If  the  fluid  issue  from  the  orifice  not  horizontally,  but 
in  any  oblique  direction,  it  will  describe  the  curve  of  a  parabola 
very  nearly ;  consequently  the  theorems  given  in  arts.  ^2. 268. 
for  the  motion  of  projectiles  in  a  non-resisting  medium,  may  be 
applied  to  the  determination  of  the  various  analogous  particulars 
respecting  the  motion  of  fluids  expelled  from  springs  or  re- 
servoirs. The  letter  i,  which  denotes  the  impetus  in  those 
theorems,  will  here  represent  the  height  of  the  fluid  in  the  re- 
servoir above  the  orifice,  h  the  greatest  height  to  which  the 
fluid  spouts  above  any  plane  passing  through  the  aperture, 
and  the  other  letters  the  range,  the  velocity,  &c.  As  an  ex- 
ample of  the  use  of  these  formulae,  suppose  that  a  short  pipe 
elevated  in  any  direction  from  an  aperture  in  a  conduit,  throws 
the  water  in  a  parabolic  curve  to  the  distance  or  range  R  on  a 
horizontal  plane  passing  through  the  orifice,  and  that  the  greatest 


CHAP.  I.  SPOtTtlKG  OF   FLUIDS.  441 

height  of  the  spouting  fluid  above  that  place  is  h,  we  may 
thence  determine  the  height  i  of  the  reservoir  ^hich  supplies  the 
^nduit,  without  acttuilly  measuring  the  angle  of  elevation  £  of 
the  pipe.     For  from  art.  268,  we  have  R=2isin2E,  or  i  zr 

r^r-T-,  and  I  z:   -— — .     Hence,  ^,  .  .    =  -r-r-     and,   by  re- 

auction,  we  find  ^  =  4^  =  ^  =  2  cot  e.     Thus  the 

angle  k  will  become  known ;  and  then  either  the  equation  i  = 

jj^,  or  I  =  g  .^    ,  will  determine  the  height  of  the  reservoir, 

as  required. 

456.  II.  The  foregoing  investigations  relate  to  the  issuing  of 
a  fluid  from  an  orifice  in  a  vessel  at  rest ;  but  it  may  not  be 
amiss  to  point  out  the  mode  of  conducting  the  inquiry  when 
the  fluid  escapes  from  an  orifice  in  a  vessel  in  motion.  To  as- 
sume one  of  the  simplest  cases :  let  a  vessel  supposed  full,  at 
first,  be  raised  by  means  of  a  weight  w  acting  upon  the  vessel 
through  the  intervention  of  a  cord  passing  over  two  fixed  pul- 
leys, so  that  the  weight  hangs  freely  and  draws  up  the  vessel ; 
and  let  it  be  proposed  to  investigate  the  circumstances  of  the 
discharge  through  an  aperture^  of  area  a,  in  the  bottom  of  the 
vessel,  during  its  motion  upwards.  Suppose  g  to  be  the  centre 
of  gravity  of  the  total  mass  of  the  vessel  and  water  which  it 
contains,  m  denoting  that  mass.  Suppose,  also,  that  if  the  two 
masses,  w  and  m,  were  left  to  the  free  action  of  gravity,  they 
would  descend,  in  an  instant,  through  the  small  equal  spaces 
WW,  G.r,  (easily  conceived  without  a  diagram) ;  but  that  be- 
cause of  the  mutual  action  of  the  two  masses  w  and  m  through 
the  intervention  of  the  cord  which  unites  them,  w  descends  only 
through  wkf  and  m  ascends  through  the  equal  space  oy.  Then, 
the  quantity  of  motion  lost  by  w  being  equal  to  the  quantity 
gained  by  m  in  the  same  direction,  if  ^  be  put  for  the  force  of 
gravity,  and./* for  the  simple  accelerating  force  measured  by  wi 
or  Gy,  we  shall  have  w  {g—f)^^A(g-\-f)j  whence  we  obtain 

•>^=^^Ti'  *"^  consequently,  ary  =  0:0+03^  =g-+^^=^  = 
-^   the  expression  of  the  force  which  carries  upwards  each 

particle  of  the  mass  m  ;  so  that,  if  there  should  be  impressed 
an  equal  and  contrary  motion  upon  all  the  particles  of  the 
system,  the  whole  would  be  in  equilibrio.     But  in  this  latter 

case,  by  reason  of  the  force  -^  which  would  act  vertically 

downwards  on  each  particle  of  the  fluid,  every  point  of  the 
bottom  and  sides  of  the  vessel  would  experience  a  pressure, 
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whicli  18  to  the  ptciBure  wUcli  each  tuch  point  sustains  when 
the  fluid  is  subjected  to  the  action  of  gravity  angly,  as  ^^  to 

^,  or  as  3w  to  w-f-M.  Hence,  putting  h  for  the  height  of 
water  in  the  vessel  regarded  as  inunoveimle,  the  height  due  to 
the  velodty  at  the  onfice,  in  the  hypothecs  of  the  problem, 

will  be  h . 

Therefore,  to  express  the  elementary  quantity  of  liquid  q 
which  will  issue  during  the  instant  of  time  /,  we  have  only  to 

substitute  in  the  first  theorem  in  cor.  3,  art.  439.  h for  A, 

/  for  t,  and  a  for  q,  it  will  thus  become  adapted  to  the  present 
case^  and  be  Q=:Sa^\/  -^— • 

The  vessel  being  ima^ned  to  empty  itself  by  the  aperture  a, 
without  recdving  fresh  supplies  of  the  liquid,  call  the  variable 
height  of  the  liquid  ^,  the  horizontal  section  of  the  vessel  at  the 
surface  of  the  liquid  x,  (this  being  a  function  of  «r,  given  by  the 

form  of  the  vessel),  then  we  shall  have  dzz  —  jix^  and  m  = 
A  +«/'^>  ^  being  a  constant  quantity.    Therefore  —  xy  = 

2fl<V -5=^:  and  <  =  ^^^t^i^l 

If  the  vessel  be  a  solid  of  revolution  and  the  altitude  the 
axis,  and  the  figure  be  required  so  that  in  equal  times  the  sur- 
face of  the  liquid  in  the  ascending  vessel  shall  be  depressed  by 

equal  quantities;  then  must  /s  —7i;r,  n  being  a  given  co- 
efficient :  afterwards,  supposing  y  the  ordinate,  and  of  conse- 


this  form  i/^  x-^-syx-^-cx^  =0,  b  and  c  bemg  given  constant 
quantities.     Whence  we  obtain  the  ^^  separate  equation" —  r: 

Beeuxring  to  the  equation/  =:  g    "   ,  it  is  obvious  that 

wbea  w=:m,/=:0,  and— ^  =  1.    Of  course,  the  vessel  is 

at  rest,  at  least  during  an  instant,  when  the  discharge  of  the 

quantity  ^ty/igh^  will  destroy  the  equilibrium,  and  the  vessel 
will  ascend. 
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If  w  =  0,  then =  0,  the  pressure  of  the  fluid  on  the 

bottom  will  vanish,  and  none  will  issue  through  the  orifice. 

When  M  exceeds  w,  the  vessel  will  descend;  and,  to  deter- 
mine the  discharge,y*must  be  regarded  as  negative.     In  this 

case,  however,  the  height  due  to  the  velocity  is  h . 

For  problems  analogous  to  this,  the  reader  may  consult 
Bossut's  Hydrodynamique,  part  ii.  cap.  8,  and  the  controversial 
papers  between  Mr.  Dawson  and  Mr.  Wildbore,  in  Hutton^s 
Mathematical  Miscellany. 

Another  interesting  appfication  of  the  theory  of  hydro- 
dynamics, is  to  the  motion  of  water  in  rivers  over  weirs,  &c. 
for  which  see  Du  BtuU,  Principes  dHydranligue  s  BosstUy 
Hydrocb/namiquey  torn.  ii.  p^  25^—288 ;  and  Gregort/*^  M(xihe^ 
maJAcsJbr  Practical  Men^^  p.  296 — 308. 


*il 


CHAPTER  II. 


ACCOUNT  01^  EXPEftlMENTS  MAD£  BT  DIFTEEENT  PHII.O. 
SOPHEBS  ON  THE  DI8CHAB6E  OF  WATEB  THEOUGH  APSE- 
TUEEf  AND  TUBES;  AND  THE  PEACTICAI.  DEDUCTIONS 
FBOM  THOSE  EXPEEIMENTS. 

457'  The  greater  part  of  the  propositions  and  theorems  in 
the  preceding  chapter  are  foundra  upon  the  hypothesis,  that 
the  whok  of  the  fluid  particles  issuing  from  a  horizontal  oiifice 
in  a  vessel  is  expelled  with  the  velocity  due  to  the  height  of  the 
fluid  in  the  reservoir  above  that  orifice ;  and  the  whole  of  the 
particles  discharged  through  an  evanescent  horizontal  element 
of  a  vertical  aperture,  with  one  and  the  same  velodty.  But  this 
hypothesis,  as  we  have  hinted  more  than  once,  is  not  altogether 
consistent  with  fact.  For,  when  water  issues  from  an  orifice, 
the  particles  will  flow  from  all  rides  towards  the  orifice,  with  an 
accelerated  motion,  and  in  all  direcdons.  If  the  orifice  be  ho- 
rizontal, that  filament  of  particles  which  answers  to  its  centre 
will,  as  Dr.  M.  Young  observes,  descend  in  a  vertical  line,  and 
suffer  no  other  resistance  than  that  of  the  friction  caused  by  the 
excess  of  its  velodty  above  that  of  the  collateral  filaments,  or 
by  the  retardation  which  arises  from  the  attraction  subsisting 
between  them.  The  other  filaments  are  soon  compelled  to 
turn  from  their  vertical  course,  and  to  approach  the  orifice  in 
spiral  curves  (art.  444.);  and,  when  they  arrive  at  it,  their 
directions  become  more  or  less  horizontal,  according  as  they 
pass  nearer  to,  or  further  from,  the  edge  of  the  orifice.  The 
motion,  therefore,  may  be  decomposed  into  two  directions ;  the 
one  horizontal,  which  is  destroyed  by  the  equal  and  contrary 
resistance  of  the  filaments  which  are  diametrically  opposite ;  the 
other  vertical,  in  proportion  to  which  the  quantity  01  water  dis- 
charged is  to  be  estimated.  Hence  it  appears,  that  the  vertical  ve- 
locity of  the  filaments  decreases  from  the  centre  of  the  orifice  to 
the  circumference;  and  that  the  total  discharge  is  less  than  if  the 
filaments  had  issued  vertically,  as  that  filament  does  which  cor- 
responds to  the  centre  of  the  orifice.  It  also  follows  that  the 
filaments  which  are  nearer  to  the  centre,  moving  faster  than 
those  which  are  nearer  to  the  edges,  the  vein  of  the  fluid,  after 
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it  has  issued  from  the  aperture  (if  that  be  circular)  will  form  a 
conic  frustum  whose  greater  base  is  the  aperture;  that  is  to 
say,  its  diameter  will  diminish  to  a  certain  distance,  because 
the  exterior  filaments  are  gradually  drawn,  in  consequence  of 
their  mutual  attraction,  by  the  interior  filaments  whose  velocity 
is  jgreater,  whence  follows  a  diminution  in  the  diameter  of  the 
vein. 

This  diminution  in  the  section  of  the  vein  is  often  called  the 
corUrcusHon  of  the  vein ;  and  the  vein  itself,  from  the  orifice  to 
the  greatest  diminution,  is  called  the  vena  contractu^  the  con- 
tracted vein. 

The  contraction  of  the  stream  is  found  to  take  place  not  only 
when  water  is  discharged  from  horizontal  apertures,  but  when 
the  discharge  is  from  vertical  aperturei?,  or  apertures  inclined  to 
the  horizon  in  any  manner  whatever:  in  these  latter  cases, 
however,  the  form  of  the  contracted  vein  is  by  no  means  so  re- 
gular as  in  the  discharge  from  horizontal  orifices ;  the  stream 
often  assumes  a  very  curious  form,  having  for  a  small  distance 
from  the  aperture  tlie  appearance  of  a  plaited  band. 

When  the  orifice  is  horizontal  and  circular,  the  length  of  the 
contracted  vein  is  very  nearly  equal  to  the  semi-diameter  of  the 
orifice :  and  PoUmis  makes  the  ratio  of  the  diameters  of  the 
contraction  and  of  the  aperture  to  be  as  5-^  to  6f ;  Bemotdli,  5 
to  T;  Chev.  Du  Bttaty  o  to  9;  Bossut,  41  to  50;  Michelottij  4 
to  6 ;  Venturij  nearly  4  to  5.  And  the  latter  author  has  shown, 
by  many  experiments,  that  the  contraction  of  the  stream  takes 
place  at  a  greater  distance  under  strong  charges  than  in  those 
which  have  but  little  elevation.  The  ratio  of  the  surface  of  the 
section  of  the  fluid  vein  at  the  place  of  greatest  contraction,  to 
the  area  of  the  orifice,  does  not  much  depend  on  the  figure  of 
the  orifice ;  but  this  ratio  is  suUect  to  variations,  to  which  we 
should  have  regard  when  the  side  or  the  bottom  of  the  vessel  is 
more  or  less  thick,  or  when  an  additional  tube  is  adapted  to  the 
orifice.  The  situation  of  the  orifice  with  respect  to  tne  »des  of 
the  vessel  has  likewise  a  certain  influence  on  the  contraction ; 
but  the  differences  thus  occasioned  may  be  generally  neglected 
in  practice.  We  may  infer  from  what  has  now  been  said,  that 
to  obtain  formula  which  will  furnish  results  applicable  to  prac- 
tice, we  should,  in  the  different  cases,  substitute  for  the  actual 
area  of  the  orifice  the  area  of  the  smallest  section  of  the  con- 
tracted vein.  This  reduced  area  should  be  considered  as  the 
true  orifice  through  which  the  discharge  is  made,  and  its  vertical 
distance  from  the  upper  surface  of  the  fluid  as  the  height  due 
to  the  velocity  of  the  fluid  issuing  through  this  little  onfice. 

468.  From  the  preceding  remarks  the  necessity  of  giving 
extension  to  the  theory  of  Hydrodynamics,  by  combining  witn 
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it  the  results  of  experimeDU,  must  be  prettj  obrious :  we  sball 
in  this  chapter,  therefcve,  give  a  concise  view  of  ihe  most  useful 
concluuons  deduced  from  the  experiments  of  different  philoeo- 
pherB,  commencing  witfi  those  of  M.  Bogsut,  which  appear  to 
hare  been  v^y  numerous,  judicious,  and  exact. 


Wb  propose  to  determine  from  the  experiments,  first,  what 
is  the  ratio  between  the  area  of  the  contraction  of  the  oem  m^ 
that  of  the  orifiee;  secondly,  ihe  quantity  (^discharge  ikrou^ 
thin  plates ;  thirdly,  the  discharge  through  additional  tubee, 
their  length  being  small  comparM  with  the  depth  of  the  water 
in  the  reservoir. 

In  M.  Bossut's  first  experiments,  the  apertures  for  the  efflux 
of  the  water  were  all  piened  perpendicularly  in  plates  about  4 
a  line  thick. 

M .  Bosmt  has  ^ven  in  hia  Hydrodynamique  (tome  II.  pa.  46.) 
the  following  table  relative  to  the  discharge  through  orifices 
pierced  in  thin  plates:  the  measure  is  the  Paris  root  royal, 
which  is  to  the  Eoglish  foot  as  1535  to  1440,  or  IO66  to  1000 : 
the  fourth  column,  which  expresses  the  relation  betweoi  the 
results  of  the  experiments  and  those  of  the  theory,  is  from 
M.  Prony. 
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It  appears  from  this  table  that  the  actual  dischai^s,  as  well 
as  those  resulting  from  the  theory,  are  sensibly  proportional  to 
the  square  roots  of  the  depths  of  fluid  in  the  resarydr.  Thus, 
for  example,  if  we  take  the  depths  4  and  9,  whose  square  roots 
are  as  2  to  3 ;  the  corresponding  actual  discharges,  taken  from 
the  third  column,  are  5436  and  8135 :  and  these  numbers  are 
very  nearly  in  the  ratio  of  2  to  3,  the  ratio  being  2  to  2*9931. 

If  the  numbers  in  the  last  column  are  multiplied  together, 
and  the  15th  root  of  the  last  product  taken,  we  shall  have 
'61932  for  the  true  mean  of  the  effective  discharges,  compared 
with  the  theoretic  discharge  1 ;  and  the  arithmetical  mean  be- 
tween the  numbers  in  the  last  column  standing  against  the 
heights  7  and  8,  is  '61938:  the  mean  ratio  between  the  actual 
and  theoretic  discharges,  then,  is  not  widely  distant  from  that 
of  *62  to  1 :  whence  it  follows,  from  the  remarks  in  art.  457, 
that  *62  is  the  number  by  which  we  must  multiply  the  real  area 
of  the  orifice  to  obtain  the  area  of  the  smallest  section  of  the 
contracted  vein. 

459.  Another  set  of  experiments  made  by  M.  Bossut,  with 
different  apertures,  are  the  following,  in  which  the  water  was 
kept  constantly  at  the  altitude  of  11  feet,  8  inches,  10  lines, 
from  the  centre  of  each  aperture. 

«  No.  of  cubic  inches 

^"P*  furnished  in  I  min. 

1.  With  a  horizontal  circular  aperture,  6  lines  diameter  2311 

2.  With  a  circular  horizontal  aperture,  1  inch  diameter  9281 

3.  With  a  circular  horizontal  aperture,  2  inches  diameter  37203 

4.  With  a  rectangular  horizontal  aperture,  1  inch  by  3 

lines        .  .  .  .  ...     2933 

5.  With  a  square  horizontal  aperture,  the  side  1  inch  .  11817 

6.  By  a  square  horizontal  aperture,  the  sides  2  inches  •  47361 

Constant  height  ^feet, 

7.  Lateral  circular  aperture,  6  lines  diameter      .  2018 

8.  Lateral  circular  aperture,  1  inch  diameter         .        .     8135 

Constant  height  4ijeet. 

9*  Lateral  circular  aperture,  6  lines  diameter     .  .     1353 

10.  Lateral  circular  aperture,  1  inch  diameter        .      .     5436 

Constant  height  7  lines. 

11.  By  a  lateral  and  circular  orifice,  1  inch  diameter   .       628 

From  the  preceding  experiments  we  may  make  the  following 

deductions: 

1.  ^^  The  quantities  of  fluid  discharged  in  equal  times  firom 
difierent  sized  apertures,  the  altitude  of  the  fluids  being  the 
same,  are  nearly  to  each  other  as  the  areas  of  the  apertures. 
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Thus  in  the  second  and  third  experiments  the  areas,  of  the 
apertures  are  as  one  to  four,  and  the  water  discharged  9^1 
cubic  inches  to  3^9I03  is  nearly  in  the  same  ratio. 

2.  *^  The  quantities  of  water  discharged,  in  equal  times,  by 
the  same  aperture,  with  different  altitudes  of  the  reservoir,  are 
nearly  as  the  square  roots  of  the  corresponding  altitude  of  the 
water  in  the  reservoir  above  the  centre  of  the  aperture.'*  Com- 
paring together  the  eighth  and  tenth  experiments,  in  which  the 
respective  altitudes  of  the  reservoir  were  of  9  and  4  feet,  of 
which  the  square  roots  are  8  and  %  we  find  the  water  dis- 
charged by  the  first  was  8135  cubic  inches,  the  second  5436 
cubic  inches  nearly  in  the  proportion  of  3  to  S,  as  before  ob- 
served. 

8.  **  That,  in  general,  the  quantities  of  water  discharged  in 
the  same  time,  by  different  apertures  and  under  unequal  alti- 
tudes of  the  reservoirs,  are  to  each  other  in  a  compound  ratio 
of  the  areas  of  the  apertures  and  the  square  roots  of  the  alti- 
tudes." 

4.  "  That,  on  account  of  the  friction,  the  smallest  apertures 
discharge  less  water  than  those  that  are  larger  and  of  a  similar 
figure,  the  water  in  the  respective  reservoirs  being  at  the  same 
height." 

5.  "  That  of  several  apertures  whose  areas  are  equal,  that 
which  has  the  smallest  circumference  will  discharge  more  water 
than  the  others,  the  water  in  the  reservoirs  being  at  the  same 
altitude,''  and  this  because  there  is  less  friction.  Hence  circuit 
apertures  are  most  advantageous,  as  they  have  less  rubbing  sur- 
face under  the  same  area. 

Hence,  then,  to  thake  the  formulse  in  the  theory,  for  instance, 
those  in  cor.  3.  art.  439.  furnish  such  results  as  would  agree  with 
experiments,  we  must  deduce  the  aperture  a  in  those  theorems 
in  the  ratio  of  *6^  to  1 ;  or  multiply  the  quantities  resulting 
from  the  theorems  as  they  now  stand  by  the  decimal  *62;  or, 
lastly,  if  great  accuracy  he  required,  take,  instead  of  the  constant 
multiplier  '62,  the  number  standing  against  the  height  of  fluid 
in  the  reservoir  above  the  orifice,  in  the  last  column  of  the  table 
in  the  preceding  article :  thus,  if  the  altitude  of  the  fluid  be  10 
feet,  the  multiplier  will  be  •61883. 

4(30.  If  the  water,  instead  of  flowing  through  an  aperture 
pierced  in  a  thin  substance,  pass  through  the  end  of  a  vertical 
tube  of  the  same  diameter  as  the  aperture,  there  is  a  much 
greater  discharge  of  water,  because  the  contracted  stream  is 
^eater  in  the  first  instance  than  in  the  second.  In  the  follow- 
ing experiments  the  constat  height  of  the  water  in  the  reservoir 
above  the  upper  aperture  of  the  tube  was  11  feet  8  inches  10 
lines,  the  diameter  of  the  tube  1  inch. 
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Different  lengths  of  the  tiibe^  expressed  in 

lines. 


Exp.  1 

2 
S 


Lines 
48 


Q^  I    The  stream  filling  the 
JO  I        tube. 


I 


^        18  S    ^^^  water  not  filling 
^        the.  tube. 


Number  of  cubic 
inches  of  water 
discharged  in  1 
minute. 


It  appears,  on  comparing  the  first  three  experiments,  that 
the  longer  the  vertical  tube  is,  the  greater  is  tne  discharge  of 
the  water,  because  the  contraction  ^  the  stream  is  l^ss;  it  is» 
however,  always  somewhat  contracted,  even  when  it  appears 
to  fill  the  tube. 

By  comparing  the  quantities  of  water  discharged  in  the  third 
and  fourth  experiments,  we  find  the  two  discharges  12168, 
9282,  are  to  each  other  nearly  in  the  proportion  of  13  to  10; 
but  we  have  seen  that  the  water  discharged  through  a  thin  aper- 
ture without  any  contraction  in  the  stream,  would  be  to  the 
same  aperture  with  a  contracted  stream  as  1  to  '6%  or  as  16  to 
iO.  From  hence  we  may  conclude,  that,  the  altitude  in  the 
reservoir  and  the  apertures  being  the  same,  the  dischai:ge 
through  a  thin  aperture  without  any  contraction  in  the  stream, 
the  disdharge  through  an  additional  tube,  and  the  discharge 
through  a  similar  aperture  with  a  contracted  stream,  are  to  each 
other  nearly  as  the  numbers  16, 13, 10 ;  these  proportions  are 
sufficiently  exact  for  practice.  Hence  it  is  plain  that  an  addi- 
tional tube  only  destroys  in  part  the  contraction  of  the  stream, 
which  contracuon  is  greatest  when  the  water  passes  through  a 
thin  aperture  from  a  mrge  reservoir. 

If  the  additional  tube,  instead  of  being  vertical,  or  placed  at 
the  bottom  of  the  reservoir,  were  horizontal,  or  placed  in  the  side, 
it  would  furnish  the  same  quantity  of  water,  provided  it  was  of 
the  same  length,  and  that  the  exterior  aperture  was  at  the  same 
distance  ftom  the  surface  of  the  water  in  the  reservwr. 

If  the  additional  tube,  instead  of  bring  cylindrical,  were 
conical,  having  its  largest  base  nearest  the  r^rvoir,  it  would 
discharge  a  greater  quantity  of  water.  The  most  advantageous 
form  that  can  be  given,  in  order  to  obtain  the  greatest  qyamtUy 
of  water  in  a  given  time  by  a  jriven  aperture,  i«  that  which  the 
stt^m  assume* in  coming  out  ^  the  aperlwre ;  u  e.  the  t,ube  must 
be  of  the  form  of  a  truncated  cone,  whose  largest  base  should  be 
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of  the  same  diameter  as  the  aperture ;  the  area  of  the  small  base 
should  be  to  that  of  the  larger  base  as  10  to  16 ;  and  the  distance 
from  one  base  to  the  other  should  be  the  semidiameter  of  the 
largest  base ;  and  the  efflux  of  water  will  be  as  abundant  as  it 
would  be  through  a  thin  aperture  equal  to  the  smallest  base^  and 
where  the  stream  was  not  contracted.  This  form  may  be  ap- 
plied wh^re  it  isnecessary  to  obtain  a  certain  quantity  of  water 
trom  a  riveri  an  aqueduct^  &c.  by  a  canal  Xii  lateral  tube. 

On  comparing  the  efflux  of  water  through  additional  tabes 
of  different  diameters,  and  with  different  alDtudes  of  the  water 
in  the  reservoirs,  the^  following  results  were  obtained;  the  addi- 
tional tubes  were  two  inches  long,  and  were  vertical  and  placed 
at  the  bottom  of  the  reservoir. 


Constant  altitude  of  the  water 
above  tlie  tub  e. 


Diameter  of  the  tubes, 
expressed  in  lines. 


Number 
of  cub.  in. 
in  1  min. 


Exp,l 
2 


8  feet  10  inches 


8 

4 

5 
6 


6  7  Water  filling  the 
10  3     tube 


C1689 
(470S 


I 


2  feet 


7 
8 


6  >  The  water  not 
10  3  foUowingthe  sides 

6}  The  water  filling 
10  3     the  tube 


31^3 
13598 

C1222 
1 34m 


6>  The  water  not 
103     filling  the  tube 


C  935 
^2603 


It  results  from  these  experiments,  1.  *  That  the  discharges  by 
different  additional,  tubes,  with  the  same  altitude  of  the  reser- 
voir, are  nearly  in  proportion  to  the  area  of  the  apertures,  or  to 
the  sauares  of  the  diameters.  2.  That  the  discharges  of  water 
by  aciditidnal  tubes  of  the  same  diameter  with  different  alti- 
tudes of  water  in  the  reservoir,  are  nearly  proportional  to  the 
liquare  root  of  the  altitude  of  the  reservoir.  3.  That  in  ge- 
neral  the  dischaiges  of  water  in  the  same  time,  throi^h  difikent 
ftdditiopal  tubes,  .with  different  altitudes  <?f  water  in  the  same 
reaerviAr,  are  to  each  other  nearly  as  the  product  of  the  square 
of  the  diameters  of  the  tubes  by  the  square  root  of  the  ^tude 
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of  the  rMsrvoire.'  So  that  addition^  tubes,  transtnitdng  water, 
n^w  (amoi^  themselvca)  the  aame  laws  as  through  tlie  thin 
orifice.  The  followii^  table  was  formed  from  the  foregoing 
experimeiits. 


■s  i 

|fl! 

'ik 

pi 
fill 

HI 

In-- 
|iit 

4381 

3539 

2722 

0-81781 

6169 

5002 

3846 

0-80729 

7589 

6126 

4710 

0-80724 

8788 

7070 

5436 

0-80681 

0797 

7000 

6075 

0-80638 

10732 

8654 

6654 

0-80638 

11592 

9340 

7188 

0-80573 

1S39S 

9975 

7672 

0-30406 

13144 

10579 

8135 

0-80485 

138S5 

11151 

8574 

0-80433 

14530 

11693 

8990 

0-80477 

15180 

12205 

9384 

0-80403 

15797 

12699 

9764 

0-8039O 

16393 

13197 

10130 

0-80382 

16963 

13620 

10472 

0-80270 

The  mean  of  the  Qumbers  in  the  last  colunm  of  this  table  is 
somewhat  less  than  -81 ;  we  may,  however,  in  most  cases,  take 
•81  as  a  very  good  approximation  to  the  truth :  using  it  as  a  con- 
stant co-eflicieat  in  the  formula  for  the  value  of  a  given  in  cor, 
9.  art.  439.  when  we  wish  to  know  the  discharge  through  a 
cylindric  tube  of  the  dimensions  speciGed  at  the  h^id  of  column 
the  third.  Thus  we  shall  have  a=:-81al  v(^);  the  dimen- 
aioiu  being  all  in  feet,  or  all  in  inches. 


461.  We  now  pass  to  M.  "BotavS*  experiments  on  the  e%- 
hauation  of  vessels  (which  have  Ho  extraneous  supply)  by  little 
oriftcoL 

The  cXperimedts  upon  the  time  of  complete  exhaustion  of 
v«aiHa  which  emp^  freelv  are  not  easy  to  make,  at  least  in  a 
coQcluiivc  manner:  for,  besides  that  in  some  cases  the  com- 
G  g2 
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plete  exbausUon  would,  aooording  to  the  theory,  require  sat 
unlimited  time,  it  is  found  that,  nmen  the  surface  of  the  water 
arnves  within  a  small  distance,  as  two  or  three  inches,  of  a 
horizontal  orifice,  it  forms  above  that  orifice  a  conical,  or  rather 
conoidal  funnel,  which  diminishes  the  effect,  and  makes  the 
conclusion  of  the  discharge  uncertain*  It  is  best,  therefore,  not 
to  make  experiments  upon  the  time  of  total  discharge,  but  upon 
the  time  in  which  the  upper  surface  is  depressed  through  a  cer- 
tain vertical  distance  or,  the  greater  the  better,  provided  the 
upper  surface  has  not  sunk  so  low  as  to  permit  the  formation 
of  the  funnel  just  spoken  of. 

It  was  shown  (art.  443  equa.  II.)  that  when  the  primitive 
height  of  the  water  in  a  prismatic  vessel  was  :^A,  the  constant 
section  of  the  vessel  =a,  the  time  t  employed  by  the  fluid  to 
descend  through  the  space  a:  was  expressed  by  this  equation : 

Now  when  the  orifice  a  is  supposed  pierced  in  a  thin  plate 
we  must  substitute  the  contracted  orifice  *6Sa^  and  the  formula 
will  become 


tzz 


•62x8*0208  a 

When  the  aperture  is  a  circle,  and  its  diameter  dy  we  have 
'786398  d^^a:  this  value  of  a  substituted  for  it  in  the  pre- 
ceding equation  gives 

the  dimensions  being  given  in  English  statute  feet ;  or  if  the 
dimensions  are  in  terms  of  the  Fans  foot  royal,  then 

^  = -62862^  [v/A- V(A- ar)]. 

This  latter  theorem  may  be  applied  to  the  experiments  made 
by  M.  Bossuty  in  order  to  compare  the  results  which  it  gives 
with  those  which  are  furnished  by  the  experiments :  the  whole 
is  comprised  in  the  following  table. 


The  constant 
section  a  of 
Uie  vessel  is 
9  square  feet 
The  primitlFe 
height  A  of  the 
water  is  11*6^7 
Pkiisfeet 


Diameter  of  the 
horisontal  cir- 
cular oriiice,  or 
value  of  d. 


•083833 1 
•166666 


{ 


Depression  of  the 
water,  or  value 
of  dr. 


Fee». 

4 

9 
4 

9 


Time  of  the  de- 
pression of  the 
water. 


Seconds. 

445*5 
1^^4*5 

iia- 

306- 


Time  of  the  de- 
pression, calcu- 
lated by  the  last 
theorem. 


Seconds. 

44304 

1I0'76 
305-25 
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Hence  we  see  that  the  diflFerence  between  the  results  of  the 
computation  and  those  of  the  experiments  is  extremely  small : 
mucn  smaller  indeed  than  might  be  expected,  considering  the 
many  circumstances  which  may  contribute  to  vary  the  times 
given  by  observation.  So  that  we  may  regard  the  formulae 
given  in  this  article  as  sufficiently  correct  for  practice ;  at  least 
within  the  limit  suggested  by  the  formation  of  the  conoidal 
funnel.  What  has  been  here  said  applies  principally  to  hori- 
zontal apertures ;  but  it  may  be  applied  without  fear  of  material 
error  to  small  lateral  orifices,  when  the  fluid  in  the  reservoir 
stands  higher  than  the  upper  side  of  the  orifice,  and  taking  for 
the  height  A  the  distance  of  the  centre  of  gravity  of  the  orifice 
from  the  upper  surface  of  the  fluid. 

For  an  account  of  Bossuf  s  experimental  researches  on  the 
motion  of  water  in  rectangular  canals,  see  Hydrodynam.  tom.  ii. 
p.  811— 258. 

GXP£RIM£NTAL  INaUIRIES  OF  VENTURI. 

« 

462.  The  experiments  and  researches  of  M.  J.  B»  Venturis 
professor  of  natural  philosophy  at  Modena,  are  neither  so 
extensive  nor  so  important  as  those  of  M.  Bossut :  but  as  he 
has  noticed  two  or  three  curious  circumstances  relative  to  the 
motion  of  fluids,  which  seem  to  have  escaped  the  observation 
of  preceding  philosophers,  we  shall  present  the  reader  with  a 
concise  account  of  the  result  of  his  inquiries. 

I.  In  any  fluid,  those  parts  which  are  in  motion  carry  along 
with  them  the  lateral  parts  which  are  at  rest. 

To  show  the  truth  of  this  proposition  M .  Venturi  introduced 
a  horizontal  current  of  water  into  a  vessel  filled  with  the  same 
fluid  at  rest.  This  stream  entering  the  vessel  with  a  certain 
velocity,  passes  through  a  portion  of  the  fluid,  and  is  then 
received  in  an  inclined  channel,  the  bottom  of  which  gradually 
rises  until  it  passes  over  the  border  or  rim  of  the  vessel  itself. 
The  effect  is  found  to  be,  not  only  that  the  stream  itself  passes 
out  of  the  vessel  through  the  channel,  but  carries  along  with 
it  the  fluid  contained  in  the  vessel :  so  that  after  a  short  time  no 
more  of  the  fluid  remains  than  was  originally  below  the  aper- 
ture at  which  the  stream  enters.  This  fact  is  adopted  as  a  prin- 
ciple or  primitive  phenomenon  by  the  author,  under  the  de- 
nomination of  the  lateral  commtmication  of  motion  in  fluids, 
and  to  this  he  refers  many  important  hydraulic  facts.  He  does 
not  undertake  to  give  an  explanation  of  this  principle,  but 
shows  that  the  mutual  attraction  of  the  particles  of  water  is  far 
from  being  a  sufficient  cause  to  account  for  it. 
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II.  If  that  port  of  ao  additional  eylindric  tube  wludi  is 
nearest  the  side  of  the  reservoir  be  eontracted,  acoacdinff  to  the 
form  of  the  contracted  vein  c(  fluid  which  issues  throu^  a  hole 
of  the  same  diameter  in  a  thin  plate,  the  expenditure  will  he 
the  same  as  if  the  tube  were  not  contracted  at  all ;  and  the 
velocity  of  the  stream  within  this  tube  will  be  greater  than  that 
of  a  jet  through  a  thin  plate  in  the  ratio  of  121  to  100. 

III.  The  pressure  of  the  atmosphere  increases  the  expense 
of  water  through  a  simple  cjlindricu  tube,  when  comparea  with 
that  which  issues  through  a  hole  in  a  tb'm  plate,  whatever  may 
be  the  direction  of  the  tube. 

IV.  In  descending  cylindrical  tubes,  the  upper  ends  of  which 
possess  the  form  of  the  contracted  vein,  the  discharge  is  such 
as  corresponds  with  the  height  of  the  fluid  above  the  inferior 
extremity  of  the  tube, 

V.  In  an  additional  conical  tube,  the  pressure  <^  the  atmo> 
sphere  increases  the  expenditure  in  the  proportion  of  the  ex- 
terior section  of  the  tube  to  the  section  of  the  contracted  vein, 
whatever  may  be  the  position  of  the  tube,  provided  its  internal 
figure  be  adapted  throughout  to  the  lateral  communication  of 
motion. 

VI.  In  cylindrical  pipes  the  expenditure  is  less  than  through 
conical  pipes,  which  divei^  from  the  place  of  the  c(»itraeted 
vein,  and  have  the  same  exterior  diameter. 

For,  in  the  space  between  the  invcsrted  contracted  vein  and 
the  ffldesof  the  e]jrltnder,  eddies, or  drcular  whirls,  are  produced, 
as  in  a  basin  which  receives  water  by  a  channel ;  and  these  re- 
tard the  efflux  of  the  stream,  and  produce  a  corresponding 
failure  in  the  effect. 

VII.  By  means  of  proper  adjutages  applied  to  a  given  cylindric 
tube  placed  horizontally,  it  is  possible  to  increase  the  expen* 
diture  of  water  through  that  tube  in  the  proportion  of  24  to  10, 
the  char^  or  height  of  the  reservoir  remaining  the  same. 

For  this  purpose,  the  inner  extremity  of  the  tube  An  (fig^  11^ 

i)l.  XVII.)  must  be  fitted  at  ab  with  a  conical  piece  of  thc^ 
brm  of  the  contracted  vm ;  this  increases  the  expenditure  as 
lis*  1  to  10.  Every  other  form  will  afford  less.  If  the  diameter 
at  A  be  too  great,  the  contraction  must  be  made  beyond  b,  and 
the  section  of  the  vmi  will  be  smalls  than  the  section  of  the 
tube.  Secondly,  at  the  other  extremity  of  the  ppe  Bc  apply  ^ 
truncsted  oonical  tube  en,  of  which  let  the  lengtn  be  nearly  nme 
times  the  diameter  c,  and  its  external  diameter  p  must  be  l*8c« 
This  additional  jneoe  will  increase  the  ex^nditure  a0  S4  to  12*1^ 
So  that  the  quantity  of  effluent  water  will  be  increased  by  the 
two  ad|jutages  in  the  ratio  of  24  to  10.  All  this  is  on  the  sup- 
position that  the  pipe  bc  has  no  elbows,  or  unuosities. 
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VIII.  The  expenditures  out  of  a  straight  tube,  a  cunred  tube 
in  a  quadi^antal  arc,  and  an  elbowed  tube  having  the  angle  90^ 
(each  being  posited  horizontally)  are  ccet*  par.  nearly  as  76^  d(^ 
and  45. 

IX.  The  internal  roughness  of  a  pipe  diminishes  the  ex- 
penditure,  though  the  fncticm  of  the  water  i^nunst  these  as- 
j>erities  does  not  form  any  oottsiderable  part  of  the  eaose.  A 
right-lined  tube  mav  have  its  intenml  surface  hi^ly  pcdished 
throughout  its  whole  length ;  it  may  every*where  have  a  cbu 
meter  greater  than  the  orifice  to  which  it  is  applied ;  but,  aot^ 
withstanding,  the  expenditure  will  be  greatly  din^iushed  if  the 
pipe  should  have  enlaiged  parts,,  or  swellings:  for,  by  reason  of 
these  sudden  changes  in  tne  interior  dimenmoas  of  the  pipe^ 
much  of  the  motion  will  be  consumed  in  eddies.  This,  as  M. 
Veniuri  remarks,  is  a  very  interesting  circumstance,  to  which, 
][)erhap6,  sufficient  attention  htbs  not  been  paid  in  the  construc- 
tion of  hydraulic  machines.  It  is  not  enough  that  elbows  and 
contractions  are  avmded ;  for  it  may  happen,  by  an  interme£ate 
enlargement,  that  the  whole  advantage  may  be  lost  which  may 
have  been  procured  by  the  ingenious  di^poi^dona  of  the  other 
parts  of  the^machine. 

The  above  comprises  what  to  us  appeared  most  important  in 
M.  Venivar^s  researches,  relative  immediately  to  the  subject  of 
hydrodynamics.  Those,  however,  who  are  desirous  of  seeing  a 
more  detailed  account  of  this  ingenious  author^s  expeviments, 
may  consult  Mr.  Nicholson's  translation  of  his  work  ^  On  tht 
Lateral  Communieaiion  ^Moiion  in  Fhiidi^  sold  by  Taylor, 
Holborn. 

PEACTICAIi  CONCLUSIONS  OF  MB.  STTBLWBIN. 

468.  Mr.  Eyi^mem  published,  at  Berlin,  in  1801,  a  treatise 
entitled  H<mdbmh  der  Mechanik  und  der  H^dtrauUk;  from  the 
second  part  of  which,  rdiative  to  hydrodynamiosy  we  shall  ex^ 
tract  a  tew  particulars. 

I.  In  the  chapter  on  the  motion  of  water  flowing  out  of  re- 
servoirs, and  on  the  contrac&Mi  of  the  stream,  this  pUkfiopher 
makes  the  area  of  a  section  at  the  distance  of  about  hatf  its 
diameter  from  the  orifice  about  4|-  of  thai  of  the  i^erture : 
hence  the  diameter  is  reduced  to  -l^.  The  quantity  of  water  dift- 
<duirged  is  very  nearly,  but  not  quite,  sufficient  to  fill  this  section 
with  the  velocity  due  to  the  hekiit :  for,  finding  more  accuratieily 
the  quantity  discWged,  the  orifice  must  be  supposed  dinunished 
to  *d19,  or  nearly  |.  Hence  the  square  root  of  the  height  may 
be  multiplied  by  5  instead  of  8  (an  approximate  root  of  64^) 
for  the  mean  velocity  in  a  simple  orifice. 
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II.  If  we  apply  the  shortest  jnpe  that  will  cause  the  stream 


a  multiplier. 

-  III.  The  greatest  dimiimtloQ  is  produced  by  inserting  a  pipe 
so  as  to  project  within  the  reservoir,  probably  because  of  the 
greater  interference  of  the  motions  of  tne  particles  approaching 
Its  orifice  in  all  directions:  in  this  case  the  discharge  is  reduced 
nearly  to  a  half. 

IV.  A  conical  tube  approaching  to  the  figure  of  the  contrac- 
^n  of  the  stream  procured  a  discharge  of  *9^,  and,  when  its 
edges  were  rounded  o£P,  a  dischaige  of  *98,  calculating  on  its 
least  section. 

V.  Mr.  Eytelw^n  is  of  opinion  that  the  assertion  of  Ventuii 
(art.  462.  vh.)  is  too  strong,  and  observes,  that  where  the  pipe 
b  already  very  long,  scarcely  any  efiect  is  produced  by  tae 
addition  of  such  a  tube.  He  proceeds  to  describe  a  number  of 
experiments  made  with  different  pipes,  where  the  standard  of 
comparison  is  the  time  of  filling  a  ^ven  vessel  out  of  a  large 
reservoir,  which  was  not  kept  always  full,  a&  it  was  difficult  to 
avoid  agitation  in  replenishing  it ;  and  this  circumstance  was 
perfectly  indifferent  to  the  results  of  the  experiments.  They 
ccmfirm  the  assertion  that  a  compound  conical  pipe  may  in- 
crease  the  discharge  to  twice  and  a  half  as  much  as  through  a 
simple  orifice,  or  to  more  than  half  as  much  more  as  would 
fill  the  whole  section  with  the  velocity  due  to  the  height:  but 
where  a  considerable  length  of  pipe  intervenes,  the  additional 
orifice  appears  to  have  little  or  no  effect. 

y  I.  Tne  first  chapter  concludes  with  a  general  table  of  the 
coefficients  for  finding  the  mean  velodty  of  the  water  dischi^ged 
by  the  pressure  of  a  given  head  under  different  circumstances. 

1.  For  the  whole  velocity  due  to  the  height,  the  coefficient 
by  which  its  Mjuare  root  is  to  be  multiplied  is  8*0208. 

2.  For  an  orifice  of  the  form  of  the  contracted  stream,  7*8*  ^ 
8.  Fcfc  wide  opening  of  which  the  bottom  is  cm  a  level 

with  that  of  the  reservoir ;  for  sluices  with  walls  in  a  line  with 
the  orifice ;  for  bridges  with  pointed  piers,  7*7. 

4.  For  narrow  openings,  of  which  the  bottom  is  on  a  level 
with  that  of  the  reservoir ;  for  smaller  openings  in  a  sluice  with 
side  walls;  for  abrupt  projections  and  square  piers  of  Inidges, 
6*9. 

5.  For  short  pipes,  from  two  to  four  times  as  long  as  their 
diameter,  6*6. 

6.  For  openings  in  sluices  without  dde  walls,  5*1. 

7.  For  orifices  in  a  thin  plate,  5^ 
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yil-  In  the  chapter  on  the  diacbarge  by  rectangukr- orifices 
in  the  side  of  a  reservoir,  extended  to  the  surface,  this  author 
makes  use  of  the  same  priociples  as  w6  have  adopted  in  art  446* 
,and  shows  that  the  quantity  of  water  discharged  may  be  found 
by  taking  two-thirds  of  the  velocity  due  to  the  mean  height, 
and  allowing  for  the  contraction  according  to  the  form  of  the 
opening. 

On  comparing  the  factors  here  deduced  by  Eytelwein  from 
his  researches,  with  those  in  our  account  of  Bossufs  experi- 
ments^ it  will  be  found  that  there  is  no  yery  great  disagreement 
between  them :  though  Bossut^s  manifestly  chim  the  preference 
in  point  of  accuracy.  A  further  account  of  Eytelwein's  labours 
(by  Dr.  T.  Young)  may  be  seen  in  Nicholson^s  Journal,  Nos. 
9,  10,  N.  S. 

RESEARCHES  OF  DR.  M.  YOUNG  AND  MR.  VINCE. 

464.  Dr.  Matthew  Youngs  the  late  bishop  of  Clonfert,  paid 
particular  attention  to  the  various  circumstances  connected  with 
the  discharge  of  fluids  from  orifices  of  different  kinds ;  but  he 
appears  to  have  been  most  successful  in  his  inquiries  into  the 
cause  of  the  increased  velocity  of  efflux  through  additional 
tubes.  This  chapter  will,  therefore,  be  terminated  uy  an  extract 
from  his  paper  in  vol.  YlI.  of  the  Transactions  qfthe  Ro^ai 
Irish  Academy^  which  contains  some  judicious  remarks  relative 
to  his  own  experiments,  and  applicable  at  the  same  time  to,  some 
experiments  made  by  Mr.  Professor  Vince. 

"  When  a  tube  mnrs  (fig.  10.  pi.  XVII.)  is  inserted  into  the 
vessel  ABCD,  it  is  found  that  the  velocity  is  increased  nearly  in 
the  subduplicate  ratio  of  the  length  of  the  pipe;  and  that  it 
approaches  nearer  to  that  subduplicate  ratio  according  as  the 
length  of  the  pipe  is  increased.  To  account  for  this  increase  of 
velodty  has  appeared  a  matter  of  some  difficulty,  since  the  water 
cannot  issue  at  rs  with  a  greater  velocity  than  it  enters  at  mn ; 
and  it  does  not  appear  how  the  velocity  at  mn  can  be  increased 
by  inserting  a  tube  beneath  it.  In  order  to  explain  the  cause  of 
this  efibct,  we  are  to  consider  that  the  whole  force  with  which 
the  plate  mn  is  pressed  down  is  the  weight  of  a  column  of  water 
equal  to  emrif,  together  with  the  weight  of  a  column  of  air  of 
the  same  base,  reaching  to  the  top  of  the  atmosphere ;  and  the 
whole  fi;>rce  with  which  it  is  pressed  up  is  the  weight  of  an 
equal  column  of  air,  diminished  by  the  weight  of  a  column  of 
water  equal  to  mnrs ;  therefore  the  actual  force  with  which  the 
{^te  mn  is  pressed  down  is  the  weight  of  a  column  of  water 
equal  to  efrs :  the  velocity  therefore  with  which  the  plate  mn 
will  issue  through  the  orifice  mn  will  be  the  same  as  through 
the  orifice  rs  in  the  vessel  hbcD ;  that  is,  equal  to  the  velocity 
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which  a  heavy  body  would  acquire  in  fallinff  through  the  altitude 
er:  and  all  the  plates  of  water  in  the  tube  mnrs  will  descend 
with  the  same  velocity ;  for  they  cannot  descend  faster,  because 
otherwise  there  would  be  a  vacuum  left  in  the  tube,  which  is 
prevented  by  the  upward  pressure  of  the  atmosphere.  And  the 
velocity  of  the  effluent  water  will  be  the  same,  whatever  be  the 
pressure  of  the  atmosphere,  provided  the  weight  of  a  column  of 
air  of  the  same  base  with  rs,  and  whose  height  is  equal  ta  that  of 
the  atmosphere,  be  either  ^eater  than  or  equal  to  the  weight  of 
the  pillar  of  water  niinrs.  This  might  be  proved  experimentally 
by  a  vessel  of  water  with  a  pipe  inserted  in  the  bottom  placed 
under  an  exhausted  receiver.  But  as  the  operation  of  exhaus- 
tion is  obstructed  more  by  the  evaporation  of  water  than  <^ 
mercury,  it  will  be  better  to  use  mercury  in  these  experiments. 
Now  if  D  be  the  defect  of  the  gauge  from  the  standard  altitude, 
it  will  measure  the  pressure  of  the  air  on  the  surface  of  the 
mercury  in  the  vessel :  let  a  be  the  altitude  of  the  mercury  in 
the  vessel  above  the  upper  orifice  of  the  pipe,  and  p  the  length 
of  the  pipe ;  then  the  wnole  force  pressing  downwards  the  plate 
of  mercury,  which  is  immediately  in  the  upper  orifice  d  the 
ppe,  will  be  =d-^a  ;  and  the  whole  force  pressing  the  same 
Dlate  upwards  will  be  n  —  p ;  and  the  difference  between  these 
ibrces  will  be  the  absolute  force  pressing  the  same  plate  of  mer* 
cury  downwards :  while  d  is  greater  than  p,  this  absolute  force 
will  consequently  be  equal  to  a+p;  when  i>=:p,  o— p  vanishes, 
and  the  force  pressing  the  plate  downwards  is  z=d+a=:p+a  ; 
hence  therefore  no  variation  in  the  time  of  the  efflux  will  be 
perceived,  while  the  altitude  of  the  mercury  in  the  &LUge  h 
e^ual  to  or  less  than  the  difference  between  the  length  of  the 
pipe  and  the  standard  altitude.  When  d  is  less  than  P,  the 
force  upwards  is  also  nothing;  and  therefore,  as  before,  the 
whole  force  pressing  the  plate  downwards  is  =:  d  -f-  a  ;  and  a 
being  given,  it  decreases  according  as  0  decreases;  and  when 
D  vanishes,  that  is,  when  the  receiver  is  absolutely  exhausted, 
the  force  becomes  equal  to  a,  and  the  time  of  tne  efflux  will 
be  the  same  as  if  the  pipe  had  not  been  inserted  in  the  bottom 
of  the  vessel.  To  try  the  truth  of  these  thines  by  experiment^ 
I  inserted  a  tube  7*8  inches  long  in  a  cylindrical  vessel,  ood^ 
closing  the  orifice  of  the  pipe,  I  filled  the  vessel  with  mercury 
to  the  height  of  6  inches ;  then  pladng  the  apparatus  under 
the  receiver  of  an  air-pump,  when  the  barometer  was  at  SO 
inches,  and  the  gauge  at  28*5,  the  time  of  the  efflux  was  26  se- 
conds ;  when  the  experiment  was  repeated  precisely  in  the  same 
manner,  but  in  the  open  air,  the  time  of  the  efflux  was  only  19 
seconds.  Now  as  the  gauge  stood  at  28*5,  the  defect  d  was 
80— -28'5=:1«5,  and  the  pressure  on  the  plate  of  mercury  was 
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=6  +  ly=7|-;  in  the  open  air  the  pressure  wasr:6+7*8=::13*8: 
therefore  the  ratio  of  the  velocity  of  efflux  in  both  cases,  which 
is  the  same  with  the  reciprocal  ratio  of  the  times,  was  V7^  to 
a/138,  or  as  273  to  S-7 ;  but  2-73 is  to  37  as  19  to  26,  very 
nearly. 

^^  No  difference  was  observed  in  the  times  of  the  efflux,  when 
in  the  open  air  and  exhausted  receiver,  unless  the  gauge  stood 
higher  than  22^  inches ;  that  is,  unless  the  height  of  the  mercury 
in  the  gauge  was  greater  than  the  difference  between  the  length 
of  the  pipe  and  the  standard  altitude.  In  another  experiment, 
when  the  gauge  stood  at  27*9,  the  height  of  the  barometer  was 
29*9;  the  defect  therefore  was  =::2,  and  the  pressure  =8.. 
But  V8=2-828,  and  Vl3-8=:3-7;  but 2-828:  37  : :  19  :  24, 
and  by  experiment  the  time  of  the  efflux  appeared  to  be  23 
seconds.  When  the  efflux  is  made  in  vacuo,  it  is  obvious  to 
observe  that  the  pipe  is  not  filled  during  the  efflux,  as  it  is  whilo 
the  discbarge  is  made  in  the  open  air. 

465.  '^  Since  the  column  ot  water  in  the  pipe  mnrs  adds  to 
the  pressure  which  the  plate  mn  sustains,  by  diminishing  the 
upward  pressure  of  the  lur  through  the  pipe,  it  appears  £at  it 
produces  this  increase  cf  pressure  m  the  plate  mn  alone,  without 
producing  any  lateral  pressure  in  the  water  which  is  on  a  level 
with  mn ;  for  it  is  manifest,  that  if  an  aperture  were  made  in 
ntB  or  9ec,  the  velocity  of  the  water  issuing  through  it  would  not 
be  affected  by  the  insertion  of  the  pipe ;  and  consequently  tl^at 
the  plate  mn,  which  is  immediately  in  the  orifice  of  the  pipe,  is 
the  only  one,  on  the  same  level,  whose  tendency  downwards  is 
increased  by  the  insertion  of  the  pipe.  Hence  the  particles  of 
water  at  the  edge  of  the  aperture  having  their  perpendicular 
pressure  increased  by  the  weight  of  the  column  mnr^,  without 
any  increase  of  their  lateral  pressure,  thejr  will  issue  through 
the  orifice  un  more  perpendicularly ;  the  sides  also  of  the  tube 
will  obstruct  the  converging  motion  of  the  particles,  and  conse-^ 
quently,  on  both  these  accounts,  the  quantity  of  water  discharged 
through  a  pipe  thus  inserted  will  exceed  that  discharged  througli 
a  simple  orifice,  in  a  greater  ratio  than  the  sulMlupIicate  of  tne 
height  of  the  water.  And  according  as  the  lengtn  of  pipe  in- 
creases, the  ratio  of  the  quantity  of  water  actually  discharged  by 
experiment,  to  that  which  should  be  discharged  accordmg  to 
theory,  will  increase ;  because  the  ratio  of  the  perpendicular  to 
the  horizontal  pressure  increases,  in  the  ratio  ci*  the  sum  of  the 
depth  of  the  vessel,  and  length  of  the  pipe,  to  the  depth  of  the 
vessel.  It  follows,  therefore,  that  experiments  made  in  this  man<- 
ner  will  approach  nearer  to  coincidence  with  theory  than  when 
made  with  a  simple  orifice ;  except  cither  when  the  tube  is  so 
long  as  that  the  friction  of  the  fluid  against  the  sides  of  the  tube 
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shall  produce  a  sensible  effect,  or  when  it  is  so  short  as  not  to 
be  sufficient  to  give  the  particles  a  vertical  direction.     All 
which  agrees  very  well  with  the  experiments  made  by  the 
ingenious  Mr.  Vince,  of  which  he  has  given  us  an  account  in 
the  Phil.  Trans,  for  the  year  1 795.  Thus  he  tells  us,  that  having 
inserted  a  tube,  a  quarter  of  an  inch  in  length,  into  a  cylindrical 
vessel  12  inches  deep,  he  found  that  the  velocity  did  not  sensibly 
differ  from  that  through  the  orifice ;  the  cause  of  which  he  dis- 
covered to  be  this,  that  the  stream  did  not  fill  the  pipe,  but  that 
the  fluid  was  contracted,  as  when  it  flowed  through  the  simple 
orifice.     When  the  pipe  was  half  an  inch  long,  inserted  into  a 
vessel  of  the  same  depth  as  before,  the  velocity  of  the  water 
from  the  pipe  and  from  the  orifice,  which  ought  by  theory 
to  have  been  as  Vl2'6  to  •IS,  or  49  to  48,  was  by  expen- 
ment  found  to  be  nearly  in  the  proportion  of  4  to  8.     Now  if 
the  ratio  of  49  to  48  be  increased  in  the  ratio  of  7  to  6  (because 
this  is  the  ratio  of  the  diminution  of  the  velocity  on  account  of 
the  contraction  of  the  vein,  and  this  contraction  either  nearly  or 
entirely  vanishes  in  a  pipe),  we  shall  have  the  ratio  of  8*67  to  8. 
When  the  pipe  was  an  inch  long,  the  velocity  from  the  pipe 
and  from  the  orifice,  which,  according  to  theory,  ought  to  have 
been  as  ^13  to  v^  12,  or  as  26  to  25,  appeared  by  experiment 
very  nearly  in  the  ratio  of  4  to  8 ;  now  if  tne  ratio  of  26  to  25  be 
increased  m  the  ratio  of  7  to  6,  we  shall  have  the  ratio  of  3'64 
to  8.     When  he  made  use  of  longer  pipes,  the  velocity  of  the 
effluent  water  by  experiment  approached  nearer  to  that  which 
ought  to  have  been  discharged  according  to  theory ;  so  that  in 
long  pipes  the  difference  between  theory  and  experiment,  he 
sa^s,  was  not  greater  than  what  might  be  expected  from  the 
friction  of  pipes,  and  other  causes  which  may  be  supposed  to 
retard  the  velocity.     When  he  inserted  a  pipe  of  the  same 
diameter  with  the  aperture,  which  terminated  in  a  truncated 
cone  fixed  in  the  orifice  (see  the  Philosophical  Transactions 
for  the  year  1795),  he  expected  that  the  quantity  of  water 
discharged  in  a  given  time  would  have  been  diminished,  because 
the  water,  issuing  through  the  orifice  ww,  would  have  room  to 
form  the  vena  contracta  in  the  enlarging  cone ;  but  he  found 
that  the  same  quantity  of  water  was  discharged  as  if  the  pipe 
had  continued  throughout  of  the  same  diameter  with  the  orifice. 
The  reason  of  this  is  manifest  from  what  has  been  said,  for  the 
pressure  of  the  air  will  not  suffer  the  truncated  cone  to  remain 
partly  empty,  as  it  would  be  if  the  vena  contracta  were  formed ; 
It  will  therefore  continue  full,  and  consequently,  the  water  will 
pass  through  it  in  the  same  manner  as  if  the  water  in  the  cone, 
surrounding  the  pipe  mabn,  were  congealed. 

466.  "  Mr.  Vince  likewise  inserted  into  the  bottom  of  the 
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vessel  a  perpendicular  pipe,  in  form  of  a  truncated  cone,  the 
narrower  part  being  fixed  in  the  orifice,  by  which  he  found  the 
e£B[ux  to  be  increased  more  than  if  he  had  inserted  a  cylindrical 
pipe  of  the  same  length,  whose  diameter  was  equal  to  that  of  the 
narrowest  part  of  the  conical  pipe.  This  efiect  may  be  explained 
on  the  same  principle  by  which  we  account  for  the  augment- 
ation of  the  diameter  of  a  vertical  vein  of  water  through  a 
^dmple  orifice,  when  the  velocity  of  the  efflux  is  considerable. 
For  when  a  perpendicular  pipe  is  inserted,  the  velocity  of  the 
discharge  being  considerably  increased,  the  resistance  from  the 
air  will  DC  so  likewise ;  and  thus  the  diameter  of  the  vein  has  a 
tendency  to  enlarge  itself:  now,  in  the  widening  cone,  the  pipe 
admits  of  this  augmentation,  at  the  same  time  that  it  increases 
the  velocity ;  but  the  cylindrical  pipe,  though  it  equally  increases 
the  velocity,  yet  it  does  not  permit  the  vein  to  enlarge  itself,  and, 
by  thus  confining  it,  the  efflux  is  obstructed,  and  the  quantity 
discharged  in  a  given  time'is  diminished.  Accordingly,  under 
the  receiver  of  an  air-pump,  even  in  a  moderate  degree  of  ex^ 
baustion,  there  is  no  difference  perceived  between  the  velocities 
with  which  a  fluid  is  discharged  through  a  conical  or  cylindrical 
pipe.'' 

For  more  on  this  subject  consult  Mr.  Vince's  paper  in  Phil. 
Trans,  vol.  Ixxxv.  or  Jvira?  Abridgement^  vol.  xvii.  p.  466.  ard 
the  abridged  account  of  M.  Hachette's  experiments  at  pp. 
216 — 2^  of  the  article  Hydeodynamics,  in  the  Encychpcedia 
Metropoliicma^ 


CHAPTER  HI. 


ON  THE  £FF£CT  OF  VAtER  TTPON  THE  MOTIOM  OF  WATER- 

467.  Water-mills  are  distinguished  into  four  kinds :  breast^ 
mills^  wtdershot-miUsi  overshoUmUlSy  and  miUs  wUh  horizaaial 
toheds ;  of  wtuch,  however,  the  latter  kind  is  by  far  the  lea^ 
common,  beinc  very  disadvantageous  and  deficient  in  point  dT 
viUlity*  In  a  breast-miil  the  water  falls  down  upon  die  wheel 
at  right-angles  to  the  float-boards  or  buckets  placed  all  round 
the  wheel  to  receive  it :  if  float-boards  are  used,  the  water  acts 
only  b^  its  impulse ;  but  if  buckets,  it  acts  also  by  the  weight  of 
water  m  the  buckets  in  the  under  quadrant  of  the  wheel,  which 
is  considerable.  In  the  undershot  wheel  float-boards  only  are 
used,  and  the  wheel  is  turned  merely  by  the  force  of  the  current 
running  under  it,  and  striking  upon  the  boards.  In  the  overshot- 
wheel  the  water  is  poured  over  tne  top,  and  thus  acts  principally, 
though  not  altogetner,  by  its  weight ;  for  the  fall  upon  the  upper 
part  cannot  be  very  considerable,  lest  it  should  dash  the  water 
out  of  the  buckets.  Hence  it  is  evident  that  an  undershot- 
wheel  must  require  a  much  larger  supply  of  water  than  any 
other;  the  breast-mill  the  next,  unless  the  fall  is  very  great; 
and  an  overshot-mill  the  least. 

It  was  long  believed  that  the  float-boards  of  an  undershot- 
wheel  ought  to  be  so  proportioned  that  when  one  of  them  was 
in  a  vertical  position,  or  at  the  middle  of  its  immersion,  the  next 
board  should  be  just  entering  the  water :  but  it  is  now  well 
known  that  the  more  float-boards  such  a  wheel  has,  the  greater 
and  more  uniform  will  be  its  effect.  According  to  the  expe- 
riments made  by  M.  Bossut  on  this  subject,  a  wheel  furnished 
with  48  float-boards  produced  a  much  greater  effect  than  one 
fumbhed  with  24 ;  and  the  latter  a  greater  effect  than  one  with 
IS ;  their  immersion  in  the  water  bang  equal.  And  the  same 
thing  will  appear  from  some  of  the  experiments  of  Mr.  Smeaton, 
described  in  the  fourth  chapter  of  this  book. 
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It  isy  also,^  wdl  established^  that  in  fluids,  which  may  be  re^ 
garded  as  of  indefinite  extent,  whai  a  surface  is  struck  directly 
by  a  curi^nty  the  force  of  the  impulsion  is  equal  to  the  weigfd 
of  0  column  of  that  fluids  whose  base  is  the  surface  impeSed, 
and  aUitude  the  heigm  due  to  the  vdocHy  4ff  the  current.  When 
the  stream  is  comprised  within  a  canal  whose  section  is  dxacdy 
occupied  by  the  mir&ce  .struck^  the  altitude  of  ibe  column  must 
be  double  the  hdgfat  due  to  the  velodtty  with  which  the  im«- 
pulsion  is  made.  Hence  the  absolute  measure  of  the  force 
with  which  a  ^ven  fluidy  mo^ng  with  a  given  velocity,  strikeis 
a  ^ven  suffaee^  may  be  easily  ascertMoed.  Take,  for  example, 
water  moving  with  a  velocity  of  1  foot  per  second,  and  striking 
a  surivMse  of  a  foot  square.    The  base  of  the  equivalent  columa 

is  1*;  its  altitude  s'  =  2TJ5  the  weight  of  a  cubic  foot  6B4lbs. 

avoirdupois.  Consequently  the  weight  of  the  column  ia  I'  x . 
—  X  S^i  =  ^  —  — ,  or  nearly  lib.  avoirdupois,  in  the  case 

1^  an  indefinite  fluid.  When  the  fluid  is  confined  to  a  narrow; 
diannel^  the  measure  is  4  a  pound.  Hence,  it  appears  that  jf 
the  several  measures  be  in  feet,  the  force  of  the  direct  impul- 
sion in  pounds  will  be  indicated  either  by  the  product,  or  by 
the  hall  product,  (^  the  surface  struck  into  the  square  of  the 
velocity,  according  as  the  fluid  is  indefinite  or  definite. 

468.  The  varying  force  which  communicates  motion  to  water^ 
wheels,  and  the  r^istances  occasioned  by  friction,  tenacity^  and 
various  other  causes,  render  the  application  of  the  theory  to 
practice  in  these  cases  extremely  difficult.  Frqm  this  reason 
probably  it  happens,  that  the  art  of  constructing  machines  to 
pe  moved  by  the  force  of  water  has  been  almost  wholly  prac- 
tical ;  the  best  improvements  having  generally  been  deduced 
from  constant  observation  and  reiterated  experiments.  Since 
the  theory  of  mechanics  is  confessedly  inadequate  to  the  com- 
plete investigation  of  every  circumstance  in  the  motion  of  hy- 
draulic machioes,  it  lias  been  thence  supposed  that  the  same 
laws  of  motion  would  not  extend  to  all  branches  of  mechanics, 
but  that  different  principles  were  to  be  accommodated  to  the 
motion  and  mutual  action  of  different  kinds  of  bodies.  If  thi^ 
were  truly  the  case,  the  science  of  mechanics  would  fall  far  short 
of  that  superior  excellence  and  extent  which  it  is  generally 
allowed  to  possess.  But  it  is  highly  probable  that  there  is  no 
kind  of  motion,  whether  of  the  most  simple  or  complicated  na- 
ture, but  what  may  be  refeired  to  the  same  prindples  qb  were 
assumed  at  the  commencement  of  this  work  (art.  21.) :  and  if 
we  axe  not  enabled  to  investigate  the  effects  from  the  data  in 
every  case  whu^  can  arise^  the  defidency  must  not  be  ia^>uted 
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to  the  first  principles  of  mechanics,  but  to  the  want  of  methods 
of  applying  our  mathematical  knowledge  to  the  peculiar  cir* 
cumstances  under  discusaon ;  or  to  our  inability  to  reduce  to 
computation  the  various  causes  of  reastance  and  obstruction  to 
the  moving  forces.  For  these  reasons,  however,  we  shall  not 
dwell  long  upon  the  theory  of  the  motion  of  water-wheels; 
but  shall  merely  exhibit  a  few  propositions,  the  consideration 
of  which  may  enable  the  student  to  appreciate  more  exactly 
the  value  and  importance  of  the  experimental  researches  of 
Smeaton,  and  some  other  practical  writers. 

469.  Prop.  If  a  stream  of  wetter  impinge  en  thefloaiioards 
qfom  undershot'Wheely  and  escape  from  it  the  very  instant  q/ier 
it  has  made  its  impact^  the  quaniity  of  water  which  actually 
impinges  against  the  wheel  will  he  to  the  whole  quantity  whim 
passes  by  it  in  a  given  time,  as  the  difference  between  the  velo- 
cities of  the  water  and  of  the  wheel  to  the  absolute  velocity  of 
the  waiter. 

Let  wH  (fiff.  %  pi.  XVIII.)  be  the  wheel,  ba  the  stream 
of  water,  and  let  the  float-board  f  first  receive  the  impact  from 
the  water  at  f,  and  quit  it  at  c ;  also  let  df  be  to  fc  as  the 
absolute  velocity  of  the  water  to  the  velocity  of  the  float-board. 
Then,  when  f  arrives  at  c,  the  particle  at  d  will  have  passed 
at  F ;  and,  taking  de  =:  fc,  all  the  water  in  the  space  de  will 
pass  by  the  wheel  without  impinging  against  it :  for  it  cannot 
impinge  on  the  float  f,  because  that  m>at  emerges  from  the 
water  at  c ;  neither  can  it  impinge  on  the  subsequent  float,  be- 
cause it  has  already  passed  it.  Therefore  the  whole  quantity 
of  water  which  passes  by  the  wheel  in  a  given  time,  is  to  that 
which  actually  impinges  against  it  as  df  to  ef. 

Cor.  1.  Hence  we  may  correct  the  mistake  of  Mr.  Waring^ 
in  his  New  Doctrine  of  Mills,  who  lays  it  down  as  a  funda- 
mental principle,  that  while  the  stream  is  invariable,  whatever 
be  the  velocity  of  the  wheel,  the  same  number  of  particles  or 
quantity  of  the  fluid  must  strike  it  somewhere  or  other  in  a 
^ven  time.  See  the  Sd  vol.  of  the  Transactions  of  the  Ame- 
rican Society,  pa^e  144. 

CoR.  2.  Thejorce  of  the  impinging  water  is  as  the  square  of 
ihe  diffference  between  the  velocities  ^the  wheel  and  the  water. 

For  the  force  is  as  the  relative  velocity  into  the  quantity  of 
impinging  matter,  and  the  latter  is  manifestly  as  the  relative 
velocity ;  therefore  the  force  will  be  as  the  square  of  the  rela- 
tive velocity. 

470.  Prop.  Ifvr  he  a  weight  fastened  to  a  Ihie  which  is 
wound  round  the  horizontal  axis  of  an  undershot  water-wheel^ 
A  the  altitude  of  a  column  of  water  equivalent  to  the  force  of 
the  impact  of  the  water  on  the  wheels  when  the  wheel  is  quiescent^ 
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V  the  velocity  with  which  the  water  impinges  on  thejioai-boardsi 

V  the  velocity  of  the  drcumference  of  the  wheels  R  the  radius  of 
the  wheel,  and  r  the  radius  oft  he  aixle;  then  xoiU  the  velocity  rf 

the  wheel  bey  n  v—  v  ^z— ► 

For  the  relative  velocity  with  which  the  water  strikes  the 
wheel  is  V  — » :  whence,  because  the  force  of  the  stroke  is  as 
the  square  of  the  relative  velocity,  we  have  v*  :  (v  —  »)*::  a  :  f, 
the  force  of  the  water  to  turn  the  wheel,  when  its  velocity  is  v; 

and  F  =  A  C—)%  or  t;=:v-v  •  >/— •     But  the  acceleration 

of  the  wheel  will  cease  when  the  force  of  the  water  to  torn 
the  wheel  is  equal  to  the  force  of  the  weight  which  opposes  it ; 

that  is,  when  FRrrwr,  or  f=  — .    Hence,  substituting  this 

yglue  of  F  for  it  in  the  preceding  value  of  w,  there  results  v  zz 

V  -  v  v^— ,  for  the  vdocity  of  tlie  wheel  when  its  acceleration 

ceases. 

This  conclusion,  it  should  be  observed,  is  true  only  on  the 
hypothesis  that  the  water  escapes  from  the  wheel  as  fast  as  it 
impinges. 

Cor.  1.  The  expression  F  =:  A  {^^)^  found  above,  is  the 


V 

w — ▼, 


same  in  effect  as  the  expression  Fzi9( )*  found  in  art^  377. 

II.  Only  we  have  now  made  a  change  in  the  notation,  to  suit 
it  for  more  easy  recollection  in  the  inquiry  before  us.  Hence, 
pursuing  similar  methods  to  those  adopted  in  the  place  just 
referred  to,  we  may  deduce  similar  practical  inferences;  and 
which,  without  a  repetition  of  the  investigation,  may  be  ex- 
pressed as  below. 

CoR.  2.  If  the  weight  w  vary^  its  momentum  wiU  he  the 
greatest  possible  when  the  wheel  has  acquired  its  wiiform  *qelo- 

City,  sf  w  =  — . 

Cor.  3.  The  greatest  momentum  generated  in  the  ascending 
weight  will  6^:=  a'V  ^^' 

Cor.  4f.  When  the  momentum  of  the  ascending  weight  w  is 
a  maximum,  that  weight  wiU  be  ^  of  the  weight  which  wouM, 
if  suspended  from  the  axle,  balance  the  force  of  the  stream.  - 

Cor.  6.  When  the  momentum  of  the  ascending  weight  is  a 
maximum,  the  velocity  of  the  wheel  will  be  \  of  the  absolute 
velocity  of  the  sir  earn, 

VQL.  I.  H  ^ 
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Cor.  6.  When  the  unyhrm  veliKHff  of  the  ascending  weight  w 

is  a  maximum,  the  raditis  of  the  wheel  wiU  be  ==  — . 

For  the  radius  of  the  wheel  being  b,  and  that  of  the  axle  r, 
the  uniform  velocity  of  the  ascending  weight  will  be  found  by 

multiplying  v  —  vv^ —  into  the  fraction  — ;  that  is,  the  velo- 
city of  w  will  be=  —  V  —  Vv^-r;:  which,  supposing  R  variable^ 

and  making  the  fluxion  =  0,  gives  e  =  — . 

471.  Prop.  If  the  velocity  of  stream  be  given,  the  greatest 
effect  will  be  as  the  quantity  of  water  expend. 

For,  by  cor.  3.  last  prop,  the  greatest  effect  is  as  ^  av  ; 
that  is,  once  ^\k  constant,  the  effect  is  in  a  ratio  compounded 
of  the  force  of  impact  and  the  velocity  of  the.  stream :  but  the 
force  of  the  impact  is  as  the  quantity  of  water  expended  and 
velocity  oonjokltly ;  eonsequently  the  effect  is  as  tne  quantity 
of  water  expended  and  the  square  of  the  velocity ;  or,  if  the 
velocity  be  given,  as  the  quantity  of  water  expendied. 

CoR.  1 .  When  the  expense  (^the  "mater  is  the  same,  the  greatest 
effect  will  be  as  t?ie  square  of  the  velocity. 

Cor.  %  The  expense  qf  water  being  the  same,  the  effect  wiU 
he  as  the  height  qftlie  head  qf  water. 

For  v=:  V^,  whence  h  a  v®. 

Cor.  8,  The  aperture  being  the  same,  the  effect  will  be  as 
the  cube  qfihe  velocity. 

For  the  effect  is  as  q  (the  quantity  of  water)  into  v*;  and 
when  the  aperture  is  given  q  oc  v,  whence,  effect  a  v^. 

4/72.  Proi>.  If  all  the  z&ater  whidi  passes  by  an  undershot 
wheel  be  supposed  to  impinge  against  it,  the  force  qf  the  stream 
will  be  simply  in  the  direct  ratio  of  the  relative  velocity. 

Because  the  number  of  particles  which  strike  the  wheel  in  a 
given  time  is  given,  whatever  be  the  velocity  of  the  wheel. 

Cott.  1.  According  to  this  hj/potf^sis,  v  the  velocity  qf  the 

wheel  wUl  be  equal  to  v  —  v  —  • 

For,  in  this  case,  we  have  v :  v  —  u : :  a  :  F,  whence  v  zzy 
;  whichy  by  substituting  for  f  its  value  — ,  becomes  v  zz 


vwr 

V  —   . 

AR 


Cor.  2.  Retaining  the  same  hypothesis,  if  w  vary,  its  mo- 
mentum  mil  be  =:  ^,  when  it  is  a  maximum.  .     . 
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Far  since  the  uniform  Yfhcity  of  the  cinaumferenoe  of  the 
wheel  is  =v—  -^,  which,  multiplied  into  -^,  gives  ~  "^ 
fov  the  uniform  veloc.  of  the  ascending  weight  w:  henee  its 

•    Vrw         Yr^xti^         1*11*  •  f 

momentum  is — — ;  whicn  mma  a  maimuum  we  make 

its  fluxion  =  0,  considering  w  as  variable,  whence  results  w  "^z 

AR 

CoR.  3.  On  the  saine  supposition^  the  veheity  of  the  wheel 
^iU  he  half  tlte  velocity  (ff  the  stream^  *when  the  effect  is  a 
maximum. 

FoTf  by  oor*  1. 1;  r:  v  -<"  — - ;   and  in  the  case  of  the  last 

•^  AR 


AR 
All 

2r 


cor.  07  =r  — .    Putting  this  for  v  in  the  former  equation,  it  is 


VAar 


transformed  to  t?  =  v  —  r-^  =:iv. 

2ARr       * 

Cor.  4.  Still  retaining  the  same  hypothesis^  the  greatest  mo- 
mentum  generated  in  the  ascending  weight  wUl  be  z±  |.av. 

For  iv  •  ~  =  1^  is  the  uniform  velocity  of  the  aspendiog 

.  *  AR  ^^ 

weight ;  and  the  weight  moved  w  is,  by  cor.  2.  :=  - -.      Consc- 
quently  5—  •  5p  —  i^^,  the  momentum. 

SCHOLIUM. 

4^3*  In  practice,  the  velocity  of  the  wheel  when  tlie  tna- 
chine  is  in  its  greatest  perfection  will  be  between  one^third 
and  one-half  of  the  velocity  of  the  stream.  For  the  water  does 
not  all  escape  the  instant  after  it  has  made  the  impact,  but  is 
eonfined  by  the  channel  for  some  time :  $0  that  the  succeeding 
water»  which  would  otherwise  pass  by  the  wheel  in^fficacipusly, 
drives  the  confined  water  against  the  float-boards,  and  tlierefore 
acts  in  the  same  manner  as  if  it  actually  impinged  against  the 
wheel.  Experiments  show  that  when  the  most  work  is  done  in 
a  given  time  the  velocity  of  the  wheel  is  much  nearer  the  half 
than  the  third  of  the  velocity.  See  the  following  chapter,  art. 
483. 

The  discrepances  betw^^en  the  results  of  the  experiments  and 
the  conclusions  from  the  preceding  theory  arise,  as  before  sug- 
gested, from  our  ignorance  of  the  diiTereiit  drcumstaneee  which 
affed  the  motion.  It  may  not  be  amiss  to  point  out  how  tlie 
investigation  miglit  be  cend«icted  suppeeing  these  things  to  be 

HU  S 
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discoyered.  To  this  end  let  it  be  considered,  that  the  moving 
force  will  generally  consist  of  the  impact,  and  the  weight  of 
such  portion  of  the  water  as  may  tend  to  move  the  wheel  by 
its  gravity  i  this  entire  moving  rarce,  whether  determined  by 
theory  or  by  experiment,  may  be  denoted  as  before  by  a.  After 
the  moving  force  which  impels  the  circumference  of  the  wheel 
has  been  determined,  the  resistance  opposed  to  this  force  must 
be  found ;  for  on  the  relation  between  the  moving  force  and 
the  resistance  will  depend  the  acceleration  of  the  machine. 
The  resbtance  will  arise,  1.  from  inertia*  This  may  be  readily 
estimated :  for  let  the  distance  of  the  centre  of  gyration  of  the 
wheel  from  that  of  motion  be  f ,  the  wheel's  weight  w,  and  the 
other  quantities  as  in  the  general  notation  of  this  chapter,  then 
will  the  inertia  of  the  wheel,  which  resists  the  communication 


w/; 


of  motion  to  the  circumference,  be  expressed  by  -^,  (art.  310« 

cor.  4.).  And,  in  a  nearly  similar  manner,  the  inertia  of  any 
parts  of  the  system  may  be  obtained,  knowing  the  weight,  figure, 
and  position,  by  some  of  the  rules  in  chap.  IV.  of  t^k  II. . . . 
S.  It  the  machrae  be  one  that  raises  w^ter  or  other  weights,  the 
weight  raised,  allowing  for  its  mechanical  effect  on  the  point 
whose  acceleration  is  sought,  must  be  subducted  from  the 
moving  force  before  found ;  and  this  will  be  a  constant  quantity. 
3.  There  are  likewise  other  kinds<  of  resistance  homogeneal  to 
weight,  viz.  those  of  friction,  tenacity,  &c.  which  vary  in  some 
ratio  of  the  velocity  of  the  machine :  and,  in  order  to  proceed 
with  the  investigation,  the  exact  quantity  of  weight  to  which 
the  friction  is  equal,  when  the  wheel  moves  with  a  given  velo- 
city, must  be  known,  as  well  as  the  variation  of  the  resistances 
in  respect  of  the  velocities ;  circumstances  which  must  be  de- 
termined by  experiment.  If  then  the  force  equivalent  to  the 
friction,  &c.  be  subtracted  from  the  moving  force,  the  re- 
mainder will  show  the  moving  power  by  which  the  circumfer- 
ence maj  be  considered  as  actually  impelled ;  and  this,  divided 
by  the  mertia  of  the  mass  moved,  will  give  the  force  which 
accelerates  the  circumference.  Thus,  if,  when  the  velocity  of 
the  wheePs  circumference  is  v,  the  friction  is  equal  to  the 
weight  a  applied  at  the  circumference,  and  varies  as  the  nth 
power  of  the  velocity,  we  shall  have  the  force  which  accelerates 
the  circumference,  as  follows  : 

A  .y—v  v^       aa         war  r«q»«» 


t»  +  w  ^     V     '^         ,ga         w+Wf)«         v»(w+w)^«* 

whence,  if  <r  be  the  space  which  has  beei^  described  by  the  cir- 
cumference when  the  velocity  is  »,  and  ^=32^  feet,  the  prin- 
opks  of  acceleration  will  give  us  this  equation : 


CHAP.  III.  OVERSHOT   WHEELS.  469 

» 

And  from  this  if «;  be  determined  in  functions  of  x,  and  con- 
stant quantitiesy  the  velocity  communicated  to  the  wheel  may  be 
ascertained.  It  is  only  by  taking  all  these  circumstances  into 
the  account  that  we  can  produce  an  exact  ooinddence  between 
theory  and  matter  of  fact.  Further  observations  may  be  seen 
in  Atwood  s  Treatise  on  Motion^  &c.  §  vi, 

474.  Prop.  In  (my  proposed  aoershot-wheely  io  compute  the 
effective  weiffht  of  water  in  the  btwkets. 

An  overshot  unloaded  is  considered  as  perf^tly  in  equilibrio 
upon  its  axis :  but  when  it  is  loaded,  the  equilibrium  is  destroyed; 
because  the  weight  of  the  water  lies  all  upon  one  moiety  of  the 
circumference,  and  causes  it  to  preponderate. 

Let  ACB  (fig.  1.  pi.  XVIII.)  represent  an  overshot^whedl,  of 
which  the  buckets  d,  b,  c,  b,  d,  e^  are  loaded  with  water;  and 
let  there  be  supposed  an  equal  quantity  of  fluid  w  in  each 
bucket.     Now  the  centre  of  gravity  of  the  bucket  a  being  di- 
rectly over  the  axle  c  of  the  wheel  will  have  no  tendency  to 
give  it  a  rotatory  motion,but  will  merely  cause  it  to  press  more 
firmly  upon  its  pivots,  just  as  it  would  if  a  weight  d,  equal  to 
that  of  the  water  in  the  bucket «,  hung  directly  underneath  the 
axle.     But  the  second  bucket,  whose  centre  of  ^avity  is  6, 
acts  in  the  same  manner  upon  the  wheel  as  would  an  equal 
weight  6'  han^ng  freely  at  the  pointy*;  consequently  its  effort 
will  be  proportional  to  the  product  w  x  cf=zvox  sin  acb: 
and  the  same  will  hold  with  respect  to  the  weight  in  the  bucket 
e.     The  water  in  the  buckets  c  and  d  acts  in  the  same  manner 
as  would  the  equal  weights  c*  and  d',  hanging  freely  at  the  point 
^;  their  joint  effort,  therefore,  will  be  proportional  to  2w  x  ci 
=iwx  2sin  ace.    And  the  water  in  the  bucket  B,  acting  at  the 
extremity  of  the  radius,  will  have  its  effect  proportional  to  wx 
sin  90  =  Z0Tiy  R  being  the  radius  of  the  wheel.     Hence,  1«  if 
there  be  1^  buckets  about  the  wheel,  as  in  the  figure,  the  arcs 
ah^  bc^  CB,  &c.  will  each  contain  80^;  and  we  shall  have  (0  + 
£sin  30*^+  2sin  60o+ 1)  w=:(0 +1  +  V3  +1)  tt^=8'7320608a;, 
for  the  effective  weight  of  the  water  on  the  wheel,  while  its  real 
weight  is  6to :  so  that  the  real  weight  of  the  water  is  to  its  ef- 
fective weight  as  6  to  3-7320508,  or  as  1  to  -622008. 

2.  If  the  number  of  buckets  were  24,  and  all  supposed  equally 
full ;  then,  pursuing  a  similar  course,  we  should  find  (2sin  15+ 
2sin80^+2sin  45*'-h2sin  60«+2sin  75*  +  sm  90^)  X  2»  = 
7*685754  w,  for  the  effective  weight  of  water  on  the  wheel,  its 
real  weight  being  12n' :  hence  the  latter  will  be  to  the  form^ 
as  12  to  7-586754,  or  as  1  to  -682214. 

3.  If  we  suppose  the  number  of  buckets  to  be  so  increased, 
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that  the  weight  may  be  considered  tm  equally  diffused  over  the 
semi-circumference  tf  bn  of  tl>e  wheel ;  then  will  the  smn  of  all 
the  efforts  to  turn  the  wheel  be  equal  to  the  sum  of  all  the  di- 
staaees,  as  n  into  all  the  corresponding  weights  at  e ;  that  is,  by 
the  nature  of  the  centre  of  gravity,  as  the  semicir.  aBV  x  c*,  k 
being  the  centre  of  gravity  of  the  semicircular  arc.  Now,  by 
nxu  118,  ck=A''68G62cB :  consequently,  the  actual  weight  will 
be  to  its  effective  weight  as  arc  obn  to  ■68©8S  x  arc.  «bn, 
or  as  1  to  -63662.  This  bdng  the  ratio  to  which  the  others 
approximate. 

475.  Prop.  In  an  overshot-wTieel  the  machine  wilt  have  the 
greatest  rotatory  velocity  when  the  dlaTneier  of  the  wheel  is  troo- 
thirds  of  ike  hdght  of  the  water  abaoe  the  lowest  point  of  the 
wheel. 

If  the  wheel  abn  (fig.  1.  pi.  XVllf.)  revolve  with  a  velo- 
city, such  as  a  body  would  acquire  in  falling  through  the  alti- 
tude CO  above  the  tipper  part  a  of  the  wheel,  the  water  will  fell 
into  the  backets  without  any  impulse  (because  then  v — 7?=:0), 
and  produce  its  effect  by  its  weight  only.  Let  h^a  +  an,  the 
heignt  of  the  supply  of  water  above  the  lowest  point  n  of  the 
whed.  Now,  as  we  have  already  observed  in  the  latter  pnrt  of 
the  preceding  article,  the  sum  of  all  the  effective  forces  of  the 
water,  in  all  th6  buckets  of  the  semicircle  aBN,  tvill  be  equal  to 
the  semtcirrfe  dBN  x  dc,  Jc  being  the  centre  of  gravity  of  the 
semicirculat  arc ;  that  is,  it  will  be  z^  the  quantity  of  water 

tec  .  ^    ^1.  •     ^  T»     X    7  BC'flN  BC' 

OBN*  -r*  actmfr  at  the  point  b.    But  Arcn  — —.=5^- • ; 

cB '  ®  *^  arc  aBJf     ^   acB 

consequently,  the  force  of  all  the  water  to  turn  the  wheel  is  = 

quantity  of  wftter  aBW  •  — ,  acting  at  b  =  quantity  of  water 

Sbc,  ot  ajJt  acting  at  b.  Hence,  if  bc  =  r,  the  whole  force  of 
water  an  X  a^  =r  rx  (A— o:).  J^t  the  velocity  of  the  wheel 
is  i/(^ar);  and,  consequently,  the  £arce  of  the  water  to  pro- 
duce the  rotatory  motion  of  the  wheel  is  =:  r  \/^J7  —  (h-^x) : 
this  beiii^  made  a  mlDumum,  will  require  h*a  — -  ^jc^  +  ^'^  ^ 
max.  or  its  fluxion  h^Jt^iJucx-^Qa^jitiLOy  whence  we  find 
sun^h.  Consequently  the  herght  of  the  supply  of  water  above 
the  upper  pttrt  of  the  wheel  should  be  one-third  of  the  whole 
haght ;  and  the  diameter  of  the  wheel  two-thirds  of  thait  he%h  t, 
that  the  machine  may  have  its  maximum  velocity. 

Cotft*  Tl^e  veloit^y  of  AA  ovensfaot-irberel,  wli^n  the  water 
prodoties  ki  effect  by  its  wieigbt  only^  and  the  macfaiiie  id  hi  its 
state  of  greatest  rotatifon,  is  to  the  velocity  of  an  undersbot- 
wheel  as  v^  3  to  1,  on  the  supposition  that  ail  the  water  escapes 
fram  tlitt  u¥idershet« wheel  the  moment  after  it  makes  its  impact. 
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For,  h  being  the  height  of  the  water,  the  velocity  of 
shot-wheel  wili  ben  V-J^A,  and  the  velocity  of  the  und 


the  over- 
undershot  r: 
\/fg*A^  consequently,  the  former  is  to  the  latter  as  ^/-^  to  -/f, 
or  as  v^8  to  1. 

476.  Prop.  The  efficatyf  of  an  cvershot-wheel  &  to  ihat  of  ari 
undershot^wfieely  the  height  of  the,  water,  aperture,  anct  dia- 
meter,  bei^ig  given,  4M  IS  to  5  nearly. 

If  A  be  the  altitude  of  the  column  of  water,  whose  weight  is 
equal  to  the  force  of  impact  on  the  undershot-wheel,  when 
quiescent,  since  the  velocity  of  the  wheel  is  equal  to  j  of  that  of 
the  stream,  (art.  470.  cor,  5.),  we  shall  have  this  analogy,  3': 
(3— 1)^::  a:^a,  the  weight  which  is  equival^it  to  the  force 
of  the  stream  when  the  machine  is  in  its  greatest  perfection. 
Whence,  if  v  be  the  velocity  acquired  in  falling  down  the  alti- 
tude A,  the  momentum  of  the  wheel  wiil  be  =:U-a  x  j-v  zz^-j  av 
(art.  470.  cor.  3),  when  in  its  best  state.  Ii^  the  overshot- 
wheel  the  weight  of  the  water  acting  at  the  circumference  is 
equivalent  to  yA,  and  the  velocity  is  V{jgA)  when  the  macliine 
has  its  most  rapid  rotation.  But  \^fgA=,\\^^:  consequently, 
the  momentum  of  the  overshot-wheel  =  yA  x  v  Vf  =  yAv 
A/y ;  and  is  to  that  of  the  undershot- wheel  as  I-a/t  to  -^,  or  as 
1^3  to  1,  or  as  ^•6987  to  1,  or  nearly  as  13  to  5. 

CoR.  In  theory  there  is  no  limit  to  the  weight  which  a  given 
stream  of  water  can  raise  by  means  of  a  water- whed. 

For  either  the  radius  of  the  wheel  may  be  increased,  or  that 
of  the  axle  diminished,  without  limit  But  this  is  &r  from 
being  the  case  in  practice* 

SCHOLIUM. 

476.  A.  It  must  not  be  concluded,  however^  that  when  an 
overshot-wheel  raises  a  given  weighty  a  given  altitude  itk  the 
least  dme,  the  maximum  of  effect  is  produced.  Bossut  has 
shown  (Hydrodynamique,  torn.  i.  p.  542 — 544.),  that  if  a  be 
the  quantity  of  water  issuing  in  a  second,  and  h  the  height  due 
to  the  velocity  of  the  circumference  of  the  wheel,  the  effect  of 
an  overshot-wheel  varies  as  a  (2r— A).  This  will  manifestly 
be  a  maximum  when  h  vanishes.  StiU,  the  conclusion  that 
overshot-wheds  are  the  more  powerful  the  slower  they  move, 
requires  limitations,  which  must  be  prescribed  by  experiment. 
(Vide  art.  481—3.) 

Generally,  to  render  any  hydraulic  machine  the  most  perfect, 
or  capable  of  producing  the  ^atest  possible  effect,  it  is  requi- 
site, 1st.  So  to  construct  it  tnat  the  fluid  shall  lose  absolutely 
all  its  motion  by  its  action  on  the  machine,  or  at  least  that  it 
shall  only  retain  precisely  the  quantity  necessary  to  ensure  its 
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escape  after  iu  action.  Sdlj.  That  it  shafl  lose  all  its  motion 
bj  imperceptible  d^grees^  and  without  there  being  any  violent 
percusnon^  dther  on  the  part  of  the  fluid,  or  on  that  of  the  solid 
materials  of  the  machine.  These  being  ensured,  the  form  of 
the  machine  would  be  but  of  small  consequence ;  yet  the  en- 
suring of  both  conditions  is,  in  many  cases,  absolutely  impos- 
sible; and  hence  arises  the  necessity  of  judicious  selecdon  in 
the  kind  of  machine  to  be  adopted. 

The  intelligent  reader  may  advantageously  consult  Fdbre^ 
Essai  sur  la  Construction  aes  Machines  HydrauHqties^  the 
treatises  of  Albert  Eider  and  Bossutf  and  TredgotcTs  edition 
of  Buchanan  on  MiU-work. 
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CHAPTER  IV. 

ACCOUNT  OF  MR.  SMEATON's  EXPERIMENTS  ON  WATER-WHEELS. 

477.  The  late  ingenious  and  experienced  engineer,  Mr. 
John  Smeaton,  paid  very  great  attention  to  the  construction  of 
mills  and  water-wheels;  and  as  his  experiments  and  observations 
relative  to  these  subjects  were  very  extensive  and  judicious,  we 
trust  a  concise  account  of  his  inquiries  will  be  both  interesting 
and  beneficial. 

In  the  51st  vol.  of  the  Phil.  Trans.  Mr.  Smeaton  has  given 
a  valuable  paper  on  water-wheels,  of  which  the  following  is  an 
abridgment. 

Having  described  the  machines  and  models  used  for  making 
his  experiments,  he  observes,  that,  with  regard  to  power^  it  is 
most  properly  measured  by  the  raising  of  a  weight :  or,  in  other 
words,  if  the  weight  raised  be  multiplied  by  the  height  to  wUch 
it  can  be  raised  in  a  given  time,  the  product  is  the  measure  of 
the  power  raising  it ;  and,  of  consequence,  all  those  powers  are 
equal  whose  products  made  by  such  multiplication  are  ec^ual : 
for,  if  a  power  can  reuse  twice  the  weight  to  the  same  height, 
or  the  same  weight  to  twice  the  height,  in  the  same  time  Uiat 
another  can,  the  former  power  may  be  considered  as  double  the 
latter ;  but  if  a  power  can  only  raise  half  the  weight  to  double 
the  height,  or  double  the  weight  to  half  the  height,  in  the  same 
time  that  another  can,  the  two  powers  are  equal.  This,  how- 
ever, as  Mr.  Smeaton  remarks,  <^  must  be  understood  only  of  a 
slow  and  equable  motion  without  acceleration  or  retardation.*' 
Indeed  this  must  be  looked  upon  merely  as  a  popular  measure, 
or  abridged  representative,  oi  easy  comprehension  and  remem- 
brance, and  tolerably  well  adapted  to  the  Uses  of  those  engaged 
in  the  construction  of  machines,  when  restricted  to  those  cases 
where  the  power  expended  and  work  performed  are  of  the 
same  kind  as  when  a  neayy  body  descends,  and  by  its  prepon- 
derance raises  another  body ;  but  it  is  vague,  inadequate,  and 
unfit  for  general  adoption;  for  tJie  quantity  of  motion  extin- 
guished or  produced^  cmd  not  (he  product  of  the  wAght  and 
mighty  is  the  truCy  unequivocal^  measure  of  mechanical  power 
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reaUy  expended^  or  the  mechanical  effect  actually  produced  g 
OAid  these  two  are  always  equal  and  opposite.  Mr.  Smeaton's 
measure,  however,  is  mostly  applicable  to  the  cases  in  which 
he  adopts  it,  and  as  such  it  was  necessary  to  explain  it,  that 
the  student  might  the  better  understand  the  foundation  of 
Mr.  Smeaton's  rules  and  inferences. 

478.  To  compute  the  effects  of  water-wheels  exactly,  it  is 
necessary  to  know,  in  the  first  place,  what  is  the  real  velocity  of 
the  water  which  impinges  on  the  wheel ;  2.  The  quantity  of 
water  expended  in  a  given  time ;  and,  8.  How  much  of  the 
power  is  Jost  by  the  friction  of  the  machinery. 

1.  With  regard  to  the  velocity  of  the  water,  Mr.  Smeaton 
determined  by  experiments  with  the  machinery  described  in  the 
Tolume  referred  to,  that  with  a  head  of  water  16  inches  in 
height,  the  velocity  of  the  wheel  is  8*96  feet  in  a  minute.  The 
area  oJF  the  head  being  105-8  inches,  this  multiplied  by  the 
wei^t  of  a  cubic  incri  of  water  equal  to  -579  of  an  ounce 
avoirdupois,  gives  61'26  ounces  for  the  weight  of  as  much 
wa;tet  as  is  contained  in  the  head  upon  one  inch  in  depth ;  and 
by  fuither  calculations  derived  from  the  machin^y  nuide  use 
of,  he  computes  that  364*7  pounds  of  water  descend  m  a  mi- 
nute through  the  ^psLce  of  15  inches.  The  power  of  the  water, 
therefore,  to  produce  mechanical  effects  in  this  case  will  be 
S64'7  X  15,  or  8970.  From  the  result  of  the  experiment, 
however,  it  appeared  that  a  vast  quantity  of  the  power  was 
lost ;  the  effect  being  only  to  raise  9*375  pounds  to  the  height 
of  185  inches :  so  that  the  power  was  to  the  effect  as  8970  to 
9-876  X  135  =r  1806,  or  as  10  to  3-18. 

This,  according  to  our  author,  must  be  considered  as  the 
greatest  single  effect  of  water  upon  an  nndershot-wheel,  where 
the  water  descends  from  a  height  of  15  inches ;  but  as  the 
force  of  the  current  is  not  by  any  means  exhausted,  we  must 
consider  the  true  proportion  betwixt  the  power  and  effect  to 
be  that  betwixt  the  quantity  of  water  already  mentioned  and 
the  sum  of  all  the  effects  producible  from  it.  This  remainder 
of  power,  it  is  plain,  must  be  eqnal  to  that  of  the  velocity  of 
the  wheel  itself  multiplied  into  the  weight  of  the  water.  In 
the  present  experiment,  tlie  circumference  of  the  wheel  moved 
wilh  the  velocity  of  3*123  feet  in  a  second,  which  answers  to 
a  head  of  1*82  inches;  and  this  height  being  multiplied  by 
264*7,  the  quantity  of  water  expended  in  a  minute,  gives  481 
for  the  power  of  the  water  after  it  has  passed  the  wheel ;  and 
henoe  tne  true  proportion  betwixt  the  power  and  the  effect  wiH 
be  as  3849  to  1266;  or  as  11  to  4. 

As  the  wheel  revolved  86  times  in  a  minute,  the  velocity  of 
the  water  must  be  equal  to  86  circumferences  of  the  wlieel ; 
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which,  according  to  the  dimensions  of  the  app&ratus  used  by 
Mr.  Smeaton,  was  as  86  to  30^  or  as  SO  to  7. — The  greatest 
load  with  which  the  wheel  would  move  was  9ib.  6oz.;  and 
b}*^  ISlb  it  was  entirely,  stopped.  Whence  our  author  cop* 
ciudesi  that  the  impulse  of  the  water  is  mcure  than  double  o£ 
what  it  ought  to  be  according  to  theory :  but  this  he  accounts 
for  by  observing,  that  in  his  experiment  the  wheel  was  pla<^ 
not  in  an  open  river,  where  the  natural  current  after  it  has 
communicated  its  impulse  to  the  float  has  room  cm  all  sides  to 
escape^  as  the  theory  supposes,  but  in  a  conduit,  to  which  the 
float  being  adapted,  the  water  cannot  otherwise  escape  than  by 
moving  auHig  with  the  wheeL  It  is  observable,  that  a  wheel 
working  in  this  manner,  as  soon  as  the  water  meets  the  floaty 
receiving  a  sudden  check,  it  rises  up  against  the  float  like  a 
wave  against  a  fixed  object,  insomuch  that  when  the  sheet  of 
water  is  not  a  quarter  of  an  inch  thick  before  the  float,  yet  this 
sheet  will  act  upon  the  whole  surface  of  a  float  whose  height  is 
three  inches :  and  consequently,  were  the  float  no  higher  thaA 
the  thickness  of  the  sheet  of  water,  as  the  theory  also  supposes, 
a  great  part  of  the  force  would  have  been  lost  by  the  water 
dashing  over  the  float.    (See  art.  467.) 

479.  Mr.  Smeaton  next  proceeds  to  give  tables  of  the  vekh- 
cities  of  wheels  with  difierent  heights  of  water ;  and  from  Uie 
whole  deduces  the  ibllowing  conclusions:  1.  The  virtual  or 
eflective  head  being  the  same,  the  effect  will  be  nearly  as  the 
quantity  of  water  expended.  S.  The  expense  of  water  bei^ 
tiie  same,  the  efiect  wjU  be  nearly  as  the  height  c^  tlie  virtual  or 
eflective  head.  3.  The  quantity  of  water  expended  being  the 
same,  the  efiect  is  nearly  as  the  square  c^  the  velodty.  4.  The 
aperture  being  the  same^  the  efiect  will  be  nearly  as  the  cube 
of  the  velocity  of  die  water.  Hence,  if  water  passes  out  of  an 
aperture  in  the  same  section,^  but  with  different  velocities,  the 
expense  will  be  proportional  to  the  velocity ;  and  therefore)  if 
the  expense  be  not  proportional  to  the  velocity,  the  section  of 
the  water  is  not  the  same.  5.  The  vvrtual  head,  or  that  from 
which  we  are  to  calculate  the  power,  bears  no  proportion  to 
the  head  water ;  but  when  the  aperture  is  larger^  or  the  Velo^ 
city  of  the  water  less,  they  approach  nearer  to  a  coincidence : 
and,  consequently,  in  the  large  openings  of  mills  and  sl^iees^ 
where  greai:  quantities  of  water  are  discharged  from  modemle 
heads,  the  head  of  waler,  and  virtual  hem  determined  from 
the  velocity,  will  nearly  agree ;  which  is  also  confirmed  by  ex>- 
perience.  6.  The  most  general  proportion  betwixt  the  power 
and  efiect  is  that  of  10  to  3 ;  the  extremes  10  to  3*2,  and 
10  to  2*8.  But  it  is  observable,  that  where  the  power  is 
greatest,  the  seccnnd  term  of  the  ratio  is  greatest  also :  he^ce 
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we  may  allow  the  proporUon  subsisting  in  great  works  to  be  as 
three  to  one.  7.  The  proportion  of  velocitybetween  the  water 
and  wheel  is  in  general  aoout  6  to  ^  8.  There  is  no  certain 
ratio  between  the  load  that  the  wheel  will  carry  at  its  maximum, 
and  what  will  totally  stop  it ;  though  the  proportions  are  con- 
tained within  the  limits  of  SO  to  19,  and  20  to  16 ;  but  as  the 
effect  approaches  nearest  to  the  ratio  of  20  to  15,  or  of  4  to  S, 
when  tne  power  is  greatest  either  by  increase  of  velodty  or 
quantity  ot  water,  this  seems  to  be  the  most  applicable  to  large 
works ;  but  as  the  load  that  a  wheel  ought  to  have  in  order  to 
work  to  the  best  advantage  can  be  assigned  by  knowing  the 
effect  that  it  ought  to  produce,  and  the  velocity  it  ought  to  have 
in  producing  it,  the  exact  knowledge  of  the  greatest  load  it  will 
bear  is  of  the  least  consequence  in  practice. 

Mr.  Smeaton,  after  having  finisned  his  experiments  on  the 
undershot  mills,  reduced  the  number  of  floats,  which  were 
originally  24,  to  12;  which  caused  a  diminution  in  the  ^ect, 
by  reason  that  a  greater  quantity  of  water  escaped  between  the 
floats  and  the  floor  than  before :  but  on  adapting  to  it  a  circular 
sweep  of  such  a  length  that  one  float  entered  into  the  curve  be- 
fore the  other  left  it,  the  effect  came  so  near  that  of  the  former, 
as  not  to  give  any  hopes  of  advancing  it  by  increasing  the  num- 
ber of  floats  beyond  24  in  this  particular  wheel. 

480.  Our  author  next  proceeds  to  examine  the  power  of 
Water  when  acting  by  its  own  gravity  in  turning  an  overshot- 
wheel :  "  In  reasoning  without  expOTment,"  says  he,  **  one  might 
be  led  to  imagine,  that  however  different  the  mode  of  applica- 
tion is,  yet  that  whenever  the  same  quantity  of  water  descends 
through  the  same  perpendicular  space,  the  natural  effective 
power  would  be  equal,  supposing  the  machinery  free  from 
friction,  equally  calculated  to  receive  the  full  effect  of  the 
power,  ana  to  make  the  most  of  it:  for,  if  we  suppose  the 
height  of  a  column  of  water  to  be  30  inches,  and  resting  upon 
a  base  or  aperture  of  one  inch  square,  every  cubic  inch  of 
water  that  departs  therefrom  will  acquire  the  same  velocity  or 
momentum  from  the  uniform  pk'essure  of  30  cubic  inches  above 
it,  that  one  cubic  inch  let  fall  from  the  top  will  acquire  in  fall- 
ing down  to  the  level  of  the  aperture :  one  would  therefore 
suppose  that  a  cubic  inch  of  water  let  fall  through  a  space  of 
80  inches,  and  there  impinging  upon  another  body,  would  be 
capable  of  producing  an  equal  effect  by  collision,  as  if  the 
same  cubic  inch  had  descended  through  tne  same  space  with  a 
slower  motion,  aiid  produced  its  effects  gradually.  But,  how- 
ever conclusive  this  reasoning  may  seem,  it  will  appear  in  the 
course  of  the  following  deductions,  that  the  effect  of  the  gra- 
vity of  descending  bocues  is  very  different  from  the  effect  of  the 


CHAP.  IV.    SMEATON^S  EXPERIMEKTS  ON  WATEE-WHEELS.      47T 

stroke  of  such  as  are  non-elastic,  though  generated  by  an  equal 
mechanical  power /^ 

Having  made  such  alterations  in  his  machinery  as  were  De« 
cessary  for  overshot-wheels,  Mr.  S.  next  gives  a  table  of  ex^ 
periments  with  the  apparatus  so  altered.  In  these  the  bead 
was  6  inches,  and  the  height  of  the  wheel  S4  inches ;  so  that 
the  whole  descent  was  30  inches;  the  quantity  of  water  ex-* 
pended  in  a  minute  was  967  pounds ;  which,  multiplied  by  30 
mches,  gives  the  power  =2900 :  and,  after  making  the  proper 
calculations,  the  effect  was  computed  at  1914 ;  whence  the  ratio 
of  the  power  to  it  comes  to  be  nearly  as  3  to  S.  If,  however, 
we  compute  the  power  from  the  height  of  the  wheel  only$  the 
power  will  be  to  the  effect  nearly  as  5  to  4. 

481.  From  another  set  of  experiments  the  following  .condu- 
fflons  were  deduced : 

1.  The  effective  power  of  the  water  must  be  reckoned  upon 
the  whole  descent ;  because  it  must  be  raised  to  that  height  in 
order  to  be  able  to  produce  the  same  effect  a  second  time.  The 
ratios  between  the  powers  so  estimated,  and  the  effects  at  a 
maximum^  differ  nearly  from  4  to  3,  and  from  4  to  2.  Where 
the  heads  of  water  and  quantities  of  it  expended  are  the  least, 
the  proportion  is  nearly  from  4  to  3 ;  but  where  the  heads  and 
quantities  are  greatest,  it  comes  nearer  to  that  of  4  to  2 ;  so  tliat 
by  a  medium  of  the  whole,  the  ratio  is  nearly  as  3  to  2.  Hence 
it  appears,  that  the  effect  of  overshot-wheels  is  nearly  doubU 
to  tnat  of  undershot  ones ;  the  consequence  of  which  is,  that 
non-elastic  bodies,  when  acting  by  their  impulse  or  collision, 
communicate  only  a  part  of  their  original  impulse,  the  re- 
mainder l)eing  spent  in  changing  their  figure  in  consequence 
of  the  stroke.  The  ultimate  conclusion  is,  that  the  effects,  as 
well  as  the  powers,  are  as  the  quantities  of  water  and  per- 
pendicular heights  multiplied  together  respectively. 

S.  By  increasing  the  head,  it  does  not  appear  that  the  effects 
are  at  all  augmented  in  proportion ;  for,  by  raising  it  from  9 
to  11  inches,  the  effect  was  augmented  by  less  than  one-seventh 
of  the  increase  of  perpendicular  height.  Hence  it  follows,  that 
the  higher  the  wheel  is  in  proportion  to  the  whole  descent,  the 
greater  will  be  the  effect;  because  it  depends  less  upon  the 
impulse  of  the  head,  and  more  upon  the  gravity  of  the  water 
in  the  buckets :  and  if  we  consider  how  obliquely  the  water 
issuing  from  the  head  must  strike  the  buckets,  we  shall  not  be 
at  a  loss  to  account  for  the  little  advantage  that  arises  from  the 
impulse  thereof,  and  shall  immediately  see  of  how  little  conse- 
quence this  is  to  tlie  effect  of  an  overshot- wheel.  This,  how- 
ever, as  well. as  other  things,  must  be  subject  to  limitation; 
for  it  is  necessary  that  the  velocity  of  the  water  should  be  some- 
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whit  greater  than  the  wheel,  otherwise  the  latter  wAl  not  only 
be  retarded  by  the  striking  of  the  buckets  against  the  water, 
but  Bome  of  the  power  will  be  lost  by  the  dathing  of  the  water 
over  the  buckets. , 

S.  To  determine  the  velocity  which  the  circumference  of  the 
wheel  ought  to  have  in  order  to  produce  the  greatest  effect,  tAr, 
Smeaton  observes,  that  the  tnore  slowly  any  body  descends  by 
the  force  of  gravity  when  acting  upon  any  piece  of  machinery, 
the  more  of  that  force  will  be  spent  upon  it,  and  consequently 
the  effect  will  be  the  greater.     If  a  stream  of  water  falls  snto 
the  bucket  of  an  overshot-wheel,  it  will  be  there  retained  till 
the  wheel  discharges  it  by  moving  round ;  and^  of  consequence, 
the  slower  the  wheel  moves,  the  more  water  it  will  receive ;   so 
that  what  is  lost  in  velocity  is  gained  by  tlie  greater  pressure  of 
water  upon  the  buckets.     From  the  expef imefits,  however,  it 
appears,  fbat  when  the  wheel  made  about  SO  turns  in  a  minute 
the  effect  was  greatest ;  when  it  made  only  18i  the  motion  was 
irregular;  and  when  loaded  so  as  not  to  admit  its  turning  18 
times,  the  wheel  was  overpowered  with  the  load.     When  it 
made  80  turns,  the  power  was  diminished  by  about  ^,jth,  and 
when  the  number  of  turns  was  increased  to  40,  it  was  dimi- 
nished by  one-fourth.     Hence  we  see,  that  in  practice  the  ve- 
locity of  the  wheel  should  not  be  diminii^ed  further  than  what 
will  procure  some  solid  advantage  in  point  of  power ;  because, 
cceteris  paribus^  the  bucket  must  be  larger  as  the  motion  is 
slower ;  and  the  wheel  being  more  loaded  with  water,  the  stress 
will  be  proportionably  increased  upon  every  part  of  the  work. 
The  best  velocity  for  practice,  therefore,  will  be  that  when  the 
wheel  made  80  turns  in  a  minute,  which  is  little  more  than 
three  feet  in  a  second.     This  velocity  is  applicable  to  the 
highest  overshot-wheels  as  well  as  the  lowest.     Experienc<i 
however  determines,  that  high  wheels  may  deviate  further 
from  this  rule  before  they  will  lose  their  pow^,  by  a  given 
aliquot  part  of  the  whole,  than  low  ones  can  be  permitted  to 
do ;  for  a  wheel  of  9A  feet  high  may  move  at  the  rate  of  »x 
teetper  second ;  while  our  author  has  seen  ope  of  8S  feet  high 
move  very  steadily  and  well  with  a  vekxaty  cf  little  mow  than 
two  feet.     The  i-eason  of  this  su})erior  velocity  in  the  24  feet 
wheel  may  probably  be  owing  to  tlie  small  proportion  that  the 
head,  requisite  to  give  the  proper  velocity  to  the  wheelj  bears 
to  the  whole  height. 

4.  The  maximum  load  for  an  overshcrt-wheel  is  that  which 
reduces  the  circumference  of  the  wheel  to  its  proper  veloeky ; 
which  is  known  by  dividing  the  effect  it  ought  to  pixxluce  itt  a 
given  time  by  the  space  intended  to  be  describea  by  the  cir- 
cutnference  of  tlie  wheel  in  the  same  time ;  the  quotient  will  be 
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I  the  resistance  overcome  at  the  circumferejQce  of  the  wheels  and 

I  is  equal  to  tlie  load  required,  including  the  friction  and  resist^ 

I  ance  of  the  machinery. 

5.  The  greatest  velocity  that  an  overshot-wheel  i&  capable 
t              of  depends  jointly  upon  the  diameter  or  height  of  the  wheel 

and  the  velocity  of  falling  bodies ;  fcwr  it  is  plain  that  the  velo- 
city of  the  circumference  can  never  be  greater  than  to  describe 
a  semi-circumferenee,  while  a  body  let  fall  from  the  top  de- 
scribes the  diameter,  nor  even  quite  so  great;  as  the  difference 
in  point  of  time  must  ^ways  be  in  favour  of  that  which  falls 
through,  the  diameter.  Tnus,  supposing  the  diameter  of  the 
wheel  to  be  16  feet  and  an  inch  m  diameter,  a  heavy  body 
would  fall  through  this  space  in  one  second  ^  but  such  a  wheel 
could  never  arrive  at  this  velocity,  or  make  one  turn  in  two 
SQcondSf  nor  could  an  overshot-wheel  ever  come  near  it:  be- 
cause;, after  it  has  acquired  a  certain  velocity,  great  part  of  the 
water  is  prevented  from  entering  the  buckets,  and  part  is  thrown 
out  again  hy  the  centrifugal  force :  and  as  these  circumstances 
hav)er  a  ot^nsiderable  dependence  upon  the  form  of  the  buckets, 
it  is  impossible  to  lay  down  any  general  rule  for  the  velocity  of 
this  kind  of  wheels. 

6.  Though  ^in  theory  we  may  suppose  a  wheel  to  be  niade 
capable  ol*  overcoming  any  resistance  whatever,  yet  as  in  prac- 
tice it  is  necessary  to  make  the  wheel  and  buckets  of  some  cer- 
tain and  determinate  size,  we  always  find  that  the  wheel  will 
be  stopped  by  such  a  weight  as  is  equal  to  the  effort  of  the 
water  m  all  the  buckets  of  a  semi-circumference  put  together. 
This  may  be  determined  from  the  structure  oi  the  buckets 
themselves ;  but,  in  practice,  an  overshot-wheel  becomes  un- 
serviceable long  before  this  time ;  for  when  it  meets  with  such 
an  obstacle  as  diminishes  its  velocity  to  a  certain  degree,  its 
motion  becomes  irregular;  but  this  never  happens  till  the  velo- 
city of  the  circumference  is  less  than  two  feet  per  second,  when 
the  resistance  is  equable. 

7.  From  the  above  observations  we  may  easily  deduce  the 
force  of  water  upon  breast-wheels,  Ssc.  but,  in  general,  all 
kinds  of  wheels  where  the  water  cannot  descend  through  a 
^ven  space  unless  the  wheel  moves  with  it  are  to  be  con- 
sidei?ed  as  over^ot-wheels ;  and  those  which  receive  the  im- 
pulse or  shock  of  the  water,  whether  in  a  horizontal,  oblique, 
or  perpendicular  direction,  are  to  be  considered  as  ujidershots. 
Hence  when  the  water  strikes  at  a  certain  point  below  the  sur- 
face of  the  head,  and  after  that  descends  in  the  arc  of  a  circle, 
preasio^  by  its  gravity  upon  the  wheel ;  the  effect  of  such  a 
wheel  will  be  equal  to  that  of  an  undershot  whose  bead  is  equal 
to  the  diff&^ace  of  level  between  the  stpfsioe  of  the  water  in 


m  HYDRODYNAMICS.  book  iv. 

the  reservoir  and  the  point  where  it  strikes  the  wheeK  added  to 
that  of  an  overshot,  whose  height  is  equal  to  the  difference  of 
level  between  the  point  where  it  strikes  the  wheel  and  the  levd 
of  the  tail- water. 

48S.  In  the  Philosophical  Transactions,  toL  51 ,  for  the 
year  1759^  there  is  another  paper  with  experiments  on  mills 
turned  both  by  water  and  wind,  by  Mr.  Sroeaton.  From  those 
experiments  it  appears,  page  IdQ,  that  the  effects  obtained 
by  the  overshot-wbeel  are  frequently  4  or  5  times  as  great  as 
those  with  the  undershot-wheel,  in  the  same  Ume,  with  the 
same  expense  of  water,  descending  from  the  same  height 
above  the  bottoms  of  the  wheel ;  or  that  the  former  performs 
the  same  effect  as  the  latter,  in  the  same  time^  with  an  expense 
of  only  one-fourth  or  one-fifth  of  the  water>  from  the  same 
head  or  height.  And  this  advantage  seems  to  arise  from  the 
water  lodging  in  the  buckets,  and  so  carrying  the  wheel  about 
by  their  weight.  But,  in  page  130,  Mr.  Smeaton  reckons  the 
enect  of  overshot  only  double  to  that  of  the  undershot-wheel. 
And  hence  he  infers,  in  general,  ^^  that  the  higher  the  wheel 
is  in  proportion  to  the  whole  descent,  the  greater  will  be  the 
effect;  because  it  depends  less  upon  the  impulse  of  the  head, 
and  more  upon  the  gravity  of  the  water  in  the  buckets.  How- 
ever, as  every  thing  has  its  limits,  so  has  this ;  for  thus  much 
is  desirable,  that  the  water  should  have  somewhat  greater 
velocity  than  the  circumference  of  the  wheel  in  coming 
thereon,  otherwise  the  wheel  will  not  only  be  retarded  by  the 
buckets  striking  the  water,  but,  thereby  dashing  a  part  of  it 
over,  so  much  of  the  power  is  lost"  He  is  further  of  opinion 
that  the  best  velocity  for  an  overshot-wheel  is  when  its  cir- 
cumference moves  at  the  rate  of  about  3  feet  in  a  second  of 
time. 

483.  Lastly,  in  the  Philosophical  Trans,  for  1776,  p.  457, 
the  same  author  says,  "  The  velocity  of  the  wheel,  which  ac- 
cording to  M.  Parent's  determination,  adopted  by  Desaguliers 
and  Maclaurin,  ought  to  be  no  more  than  -J.  of  thalt  of  the 
water,  varies  at  the  maximum  between  one^third  and  one  half; 
but  in  all  the  cases  in  which  the  most  work  is  performed  in 
proportion  to  the  water  expended,  and  which  approach  the 
nearest  to  the  circumstances  of  great  works  when  properiy 
executed,  the  maximum  lying  much  nearer  one  half  than  one- 
third,  one  half  seeming  to  be  the  true  maximum,  if  nothing 
were  lost  by  the  resistance  of  the  air,  the  scattering  of  the  water 
carried  up  oy  the  wheel,**  &c. 

M.  Bossut  has  detailed,  in  the  second  volume  of  his  va- 
luable Hvdrodi/namique,  a  variety  of  experiments  in  relation 
to  this  subject.   Most  of  his  results  correspond  with  the  analo- 
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gous  determinations  of  Smeaton.  In  undershot- wheels  he 
found,  as  has  already  been  observed  in  art.  467,  that  48  was 
the  most  efficacious  number  of  float-boards.  He  also  found 
that  the  best  portion  of  the  outer  arc  of  the  wheel  to  be  im- 
mersed  was  about  24^  54^  in  small  wheels.  When  the  wheels 
were  large,  as  from  20  to  24  feet  in  diameter,  the  arc  immersed 
may  extend  from  25  to  30  degrees ;  but  must  not  exceed  the 
latter  quantity. 

It  appears,  likewise,  from  Bossut*s  experiments,  that  under- 
shot-wneels  are  most  efficacious  when  the  velocity  of  the  centre 
of  impression  of  the  float-board  is  about  two-jyihs  of  that  of 
the  stream. 

With  regard  to  the  position  of  the  float-boards,  he  found  that 
when  their  number  was  48,  the  construction  was  most  advan- 
tageous when  they  were  directed  towards  the  centre.  At  an 
inclination  of  8  degrees  with  the  radius  the  effect  was  less ;  at 
an  inclination  of  12  degrees  still  less ;  but  that  at  an  inclination 
of  16  degrees,  the  eflect  was  nearly  the  same  as  when  the  floats 
boards  were  directed  to  the  centre.  Of  these  results  he  presents 
thephysical  explication. 

Witn  respect  to  overshot-wheels  (in  reference  to  which, 
however,  the  experiments  of  this  philosopher  were  but  few), 
he  observed  that  the  velocity  required  for  the  greatest  eflfect 
was  to  the  velocity  with  which  tiie  wheel  would  move  if  the 
mill  performed  no  work,  as  S^  to  40^,  or  nearly  as  1  to  6. 

Many  other  experiments  tending  to  improve  the  theory  of 
water-wheels  are  described  by  Mr.  Banks  in  part  IV.  of  his 
Treatise  on  Mills.  See  also  a  Memoir  on  the  most  advanta- 
geous Construction  of  Water-wheels  by  Mr.  Malkt  of  Geneva, 
in  Phil.  Trans,  for  1767;  two  papers  by  M.  Lambert  in  tlie 
Berlin  Memoirs  for  1776;  and  Mr.  TredgolcPs  edition  of 
Buchanan^s  Essays  on  MilUwork. 

An  extensive  chronolo^cal  catalogue  of  writings  on  the 
subject  of  Mill-work  in  general  may  be  seen  under  the  word 
Mill,  in  our  second  volume. 
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Preliminary  Remarks  on  the  Mechanical  Properties  of 

Atmospheric  Air. 

484.  The  term  Pneumatics^  as  well  as  the  word  Pneumato^ 
logyy  IS  derived  from  a  Greek  word  denoting  air,  or,  more  pro- 
perly, breaih;  but  in  their  modern  acceptation  the  terms  differ 
widely ;  the  latter  denoting  the  science  of  the  intellectual  phe- 
nomena depending  upon  the  operations  or  affections  of  the  mind 
of  man ;  wnile  the  former  relates  to  that  part  of  natural  philo- 
sophy which  treats  of  the  mechanical  properties  of  air,  and  the 
dinerent  elastic  fluids.  Thus  Pneumatics  includes^  as  an  im- 
portant branch,  the  doctrine  of  Aerostatics,  common  air  being 
the  most  extensive  and  universal  of  the  fluids  which  possess 
elasticity. 

l*revious  to  our  entering  upon  the  theoretic  part  of  this 
science,  it  will  be  proper  to  relate  some  of  the  most  obvious 
and  natural  experiments  tending  to  prove  the  existence  of  the 
different  mechanical  affections  which  are  usually  ascribed  to 
the  air  as  a  body :  to  this  object  we  shall  therefore  appropriate 
a  few  of  the  following  articles. 

485.  I.  Air  is  a  ponderofus  ftuid  which  swrrownds  the  emflh. 
For^  that  it  is  a  fluid  is  obvious,  because  its  parts  are  easily 

moved,  and  yield  to  the  smallest  inequality  of  pressure :  and  that 
it  is  ponderous  will  appear  from  the  following  considerations : 

1*  It  always  accompanies  this  globe  in  its  orbit  round  the 
sdii,  surrotrnding  it  to  a  certain  distance,  under  the  name  of  the 
Aimosphere,  which  indicates  the  being  connected  with  the  earth 
bjr  its  general  force  of  gravity.  It  is^  chiefly  ui  consequenee  of 
this  that  it  is  continual^  moving  round  the  earth  from  east  to 
west,  forming  what  is  called  the  trade-wind. 

2.  It  is  in  like  manner  owing  to  the  gravity  of  the  air  that 
it  supports  the  clouds  and  vapours  which  we  see  constantly 
floating  in  it.  We  have  seen  boidies  of  no  inconsiderable  weight 
float,  and  even  rise,  in  the  air.   Soap-bubbles  and  balloons  filled 

I  t2 


484  PNEUMATICS.  book  v. 

with  inflammable  gas  rise  and  float  in  the  same  manner  as  a 
cork  rises  in  water.  This  phenomenon  proves  the  weight  of  the 
air  in  the  same  manner  that  the  swimming  of  a  piece  of  wood 
indicates  the  weight  of  the  water  which  supports  it. 

3.  But  we  are  not  left  to  these  refined  observations  for  the 
proof  of  the  air's  gravity.     We  may  observe  familiar  pheno- 
mena, which  would  be  immediate  consequences  of  the  sup- 
position that  air  is  a  heavy  fluid,  and,  like  other  heavy  fluids, 
presses  on  the  outsides  of  all  bodies  immersed  in  or  surrounded 
by  it.     Thus,  for  instance,  if  we  shut  the  nozzle  and  valve 
hole  of  a  pair  of  bellows,  after  having  squeezed  the  air  out  of 
them,  we  shall  find  that  a  very  great  force,  even  some  hundred 
pounds,  is  necessary  for  separating  the  boards.   They  are  kept 
together  by  the  pressure  of  the  heavy  air  which  surrounds  them, 
in  the  same  manner  as  if  they  were  immersed  in  water.  In  like 
manner,  if  we  stop  the  end  of  a  syringe  after  its  piston  has  been 
pressed  down  to  the  bottom,  and  then  attempt  to  draw  up  the 
piston,  we  shall  find  a  considerable  force  necessary,  viz.  about 
15  or  16  pounds  for  every  square  inch  of  the  section  of  the 
syringe.  Exerting  this  force,  we  can  draw  up  the  piston  to  the 
top,  and  we  can  hold  it  there :  but  the  moment  we  cease  act- 
ing, the  piston  rushes  down  and  strikes  the  bottom.   It  is  called 
a  suction,  because  we  fbel  something  as  it  were  drawing  in  the 
piston ;  but  it  is  really  the  weight  of  the  incumbent  air  pressing 
It  in.     And  this  obtains  in  every  position  of  the  syringe ;  be- 
cause the  air  is  a  fluid,  and  presses  in  every  direction.     Nay, 
it  presses  on  the  springe  as  well  as  on  the  piston ;  and  if  the 
piston  be  hung  by  its  nng  on  a  nail,  the  syringe  requires  force 
to  draw  it  down  (just  as  much  as  to  draw  the  piston  up) ;  and 
if  it  be  let  go,  it  will  spring  up,  unless  loaded  with  at  least  15 
pounds  for  every  square  inch  of  its  transverse  section. 

4.  Let  the  sir  be  exhausted  from  a  glass  vessel,  and  by  means 
of  a  cock  let  the  vessel  be  kept  exhausted :  if  the  vessel  be 
weighed  while  it  is  exhausted,  and  then  again  when  the  ear  is 
re-admitted,  there  will  be  a  manifest  difference,  exhibiting  the 
weight  of  as  much  air  as  the  vessel  contained. 

5.  If  a  glass  tube  more  than  SI  inches  in  length,  one  end  of 
which  is  closed  up,  be  filled  with  mercury,  and  be  held  vertically, 
the  other  extremity  being  immersed  in  a  vessel  of  the  same  fluid, 
then  the  mercury  in  the  tube  will  descend  from  the  upper  ex- 
tremity, and  will  remain  suspended  at  some  altitude  oetween 
38  and  31  inches  from  the  surface  of  the  external  mercury : 
the  suspension  of  the  mercury  is  occasioned  by  the  pressure  of 
the  external  air  upon  the  surface  of  the  mercury  in  the  vessel ; 
when  this  pressure  is  removed  by  placing  the  tube  and  vessel 
under  a  receiver  and  exhausting  the  air,  the  mercury  will  sink 
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in  the  tube,  and  on  re-admitting  the  air,  will  rise.   This  is  called 
the  Torricellian  experiment. 

The  instrument  here  used  is  called  a  Baron^eter;  because 
the  weight  of  a  column  of  mercury  whose  base  is  the  orifice  of 
the  tubcj  the  altitude  equal  to  that  of  the  mercury  in  the  tube 
above  the  surface  in  the  reservoir,  is  equal  to  the  weight  of  a 
coliiinn  of  air  extending  to  the  top  of  the  atmosphere,  arid  whose 
base  is  equal  to  the  same  orifice.  And  since  tne  weight  of  this 
column  of  quicksilver,  cceterie  paribus,  is  as  its  altitude,  it  fol- 
lows that  the  weight  of  the  air  is  proportional  to  the  altitude  of 
the  mercury  in  the  barometer. 

The  altitude  at  which  the  mercury  is  sustmned  in  the  baro- 
meter above  the  surface  of  the  mercury  in  the  reservoir  is  called 
the  standard  altitude,  and  will  be  the  same  in  any  number  of 
tubes,  whatever  be  their  bore  or  their  position,  provided  the  tube 
is  not  so  very  slender  as  to  expose  the  mercury  to  a  sensible 
iteration  from  the  capillary  attraction  (art.  43?.).  The  pres- 
sure of  the  atmosphere  is  equal  to  about  161b.  avoirdupois 
upon  every  square  inch,  at  the  medium  height  of  the  mercury 
in  the  barometer :  for  a  cubic  foot  of  mercury  weighs  about 
13668  ounces,  and  VraV  x  291  =  888;6oz.  =  14;6Tbs.  ; 
'6.  If  a  barometer  tube,  instead  of  bring  hermetically  sealed 
at  the  top,  be  closely  covered  with  a  piece  of  bladder,  the  mer- 
cury will  rise  to  the  same  height  as  in  a  common  barometer; 
but  on  piercing  the  bladder  with  a  t\eedle  so  as  to  admit  the 
air,  the  mercury  will  fall :  for  in  this  case  the  weight  of  the  air 
presses  upon  the  mercury  in  the  tube,  and  the  weiffht  of  these 
two  together  must  obviously  preponderate  over  the  contrary 
pressure,  and  destroy  the  equilibrium. 

486.  II.  The  pressure  of  the  atmosphere  varies  at  different 
altitudes  above  the  surface  of  the  earth. 

Let  a  glass  tube,  open  at  both  ends^  be  put  through  a  cork 
into  a  large  phial  containing  a  small  quanti  iy  of  coloured  water; 
let  the  lower  end  of  the  tube  be  in  the  water;  and  let  the  cork 
and  tube  be  closely  cemented  to  the  neck  of  the  bottle:  then 
blow  through  the  tube  till  the  quantity  of  air  within  the. phial 
is  so  increased  that  the  water  will  rise  above  the  ^eck  of  the 
phial.  Let  this  phial  be  placed  in  a  vessel  of  sand>  to  keep  the 
air  within  of  the  same  temperature :  then  will  the.  water  stand 
at  diflerent  heights  in  the  tube,  according  to  the  elevation  of  the 
place  .where  it  is  set ;  whence  it  appears  that  the  pressure  of  the 
atmosphere  varies  at  difiTerent  altitudes.  And  the  same  thing 
will  appear  more  clearly  in  a  subsequent  article.  In  ascending 
the  mountain  of  Snowden,  which  is  3720  feet  high,  the  baro  ^ 
meter  sunk  8'8  inches.  -  .      . 

Hehice  the  proportion  of  the  specific  gravity  of  air  near  the 
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earth^s  gurfeee  to  tb^t  of  water  may  be  ascertiuned.  Thmt  if 
the  difference  in  height  of  the  two  places  where  the  above  ex- 
periment is  made  be  52  feet,  and  that  difference  o^use  a  varia- 
tion of  ^  of  an  inch  in  the  height  of  the  water ;  it  follows,  that 
a  column  of  water  of  1^  of  an  inch,  or  -j^-  of  a  foot,  is  equipon- 
derant to  a  column  of  air  of  52^  feet,  having  the  same  base: 
consequently  the  specific  gravity  of  water  is  to  that  of  air  as 
S3  to  ^,  or  as  832  to  1. 

487.  III.  Air  is  elastic^  or  capable  of  compression  and  ar- 
ptmsion. 

This  is  proved  by  various  experiments :  1.  By  the  great  ex- 
pansion of  a  small  quantity  of  air  in  a  bladder  ^pparenUy  nearly 
empty,  when  the  air  is  removed  from  the  external  parts  in  the 
receiver.  2.  By  the  extrusion  of  a  fluid  from  a  glass  bubble, 
by  the  expansion  of  a  bubble  of  air  contained  in  it.  3.  By  the 
expulsion  of  the  white  and  yolk  of  an  egg  through  a  small  hole 
in  the  little  end,  by  the  expansion  of  the  air  contained  in  the 
greater  end.  4.  By  putting  an  almost  emptied  bladder  into  a 
small  box,  and  laying  a  proper  weight  on  the  lid,  which,  on  «t- 
hausting  the  air,  will  be  raised  up  by  the  expansion  of  the  air  in 
the  bladder*  6.  Alsp  a  bladder  filled  with  ^ir,  and  just  mad? 
tQ  sink  with  a  weight,  will  upon  exhaustion  soon  rise  by  the 
expanaon  of  the  contained  air.  6,  Glass  bubbles  and  images 
filled  with  water  se^  ^  to  make  them  j^st  sink  in  that  flui4>  wdl, 
on  exhaifstting  th?  ajr  from  the  surface,  ri^  to  the  top  of  the 
vessel.  7.  Beer,  cyder,  watea-,  and  PQTOua  bodies,  emit  great 
quantities  of  air  under  the  exhausted  receiver.  &  A  shrivelled 
apple,  when  put  under  an  exliaus^ed  ireeeiver,  wDl  have  its  coat 
distended  by  the  internal  air  8p  a?^  to  Jpok  smopth.  9.  If  the 
^^pen  end  of  a  t^be^  ^^^^fm  ^her  ^4  is  olosed,  be  immewed 
perpendicularly  in  water,  the  sp^c?  occupied  by  th^  air  will  b^ 
diminished,  as  the  depth  of  the  tube  or  the  upward  pressure  of 
t|ie  water  is  increa^?^ :  or,  if  the  shorter  leg  of  a  beat  tub?  be 
cksed,  aud  mercury  poured  into  the  longer,  the  air  wUl  be  coip- 
pressed  ia  the  shorter  leg  into  a  sj>ace  continually  decreasing  a^ 
the  quantity  of  pressing  mercury  is  increased ;  and  if  some  of 
the  mercury  be  taken  from  the  longer  leg,  the  air  in  the  shorter 
will  expand  and  occupy  a  proportionably  larger  space.  10.  The 
mercury  may  be  raised  by  the  expansion  of  a  small  quantity  erf 
confined  air  to  the  same  height  in  an  exhausted  tube  above  the 
air-pump,  as  that  to  which  it  is  raised  in  the  mercurial  gauge 
by  the  pressure  of  the  atmosphere  below  it. 

The  limits  of  the  condensation  and  rarefactipn  of  air  by  bu^ 
man  powers  a4?e  not  ascertained.  Dr.  Hales;  found,  that  whe^ 
dry  wood  was  put  into  a  strong  vessel,  which  it  almost  filled, 
and  the  remainder  was  filled  with  water,  the  swelling  of  the 
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wQod^  occasio»«d  by  its  iirinbitiaki  of  water^  oandensed  the  air 
of  his  gauge  into  tbe  tbotisandth  of  its. original  buUu  He 
found  tbat  f)ease  treated  in  the  same  way  generated  eltuBtio-eir^ 
which  pressing  on  the  air  in  the  gauge  cand^stsed  it  into  tbe 
fifteen  hundredth  part  of  its  bulk.  TUs  is  the  greatest  con- 
densation that  has  been  as^rtained  with  pre(»si<»iy  althou^  in 
other  experiments  it  has  certainly  been  carried  much  further; 
bqt  the  precise  degree  could  not.  be  ascertained* 

The  main  use  to  be  made  of  this  obserratiott  at  present  is| 
that  since  we  have  been  able  to  exhibit  air  in  a  density  a  thou- 
sand times  gteater  than  tbe  ordinary  doosity  of  tlie  air  we 
breatbe>  it  cannot^  as  $om«  imagiiie^  be  only  a  different  farm 
of  water  ;  for  in  this  state  it  is  as  dense  or  denser  thaU  water^ 
ai»d  yet  retains  its  great  eltpannbility. 

Another  important  observation  is^  that  in  ^6rf  sblle  of  deil-» 
^ly  in  which  we  find  it,  it  retains  its  perfect  fluidity,  trans^ 
mitling  all  prespyures  wfateh  are  apj^yied  fo  it  with  utidiminished 
fbroe^  as  appears  by  t;he  eq<iality  constantly  observed  between 
the  opposuig  ccdumns  of  Water  or  other  fluid  by  whoch  it  is 
compressed,  and  b|y  the  facility  with  which  all  melons  are  per* 
formed  in  it  in  the  most  compressed  states  in  winch  we  can 
make  observaticms  of  tbis  kind.  This  fact  ia  totally  incompa- 
tible with  the  opinion  of  those  who  ascribe  the  elasticity  c^  air 
to  the  spruf^y  ramified  structure  of  its  partidesi  touching  each 
other  liKe  so  many  pieces  of  sponge  or  foot-balls.  A  collection 
of  such  particles  mieht  indeed  be  pervaded  by  solid  bodies  with 
considerable  ease,  ifthey  were  ma*ely  touching  each  other,  and 
not  sul^ted  to  any  external  pressure.  Sut  the  moment  such 
pressure  Is  exerted,  and  the  stM&eMttgt  squeezed  into  a  smaller 
space^  each  presses  on  its  adjoining  particles:  they  are  indi- 
vidually compressed,  flaitteiied  in  their  touching  surfiuses,  and 
before  the  demiijf  is  doMed  they  are  squeeaed  into  the  iosja  et 
p^fect  cubes^  and  compose  a  masc^  which  may  indeed  propa* 
gate  pressure  from  one  place  to  another  in  an  imperfect  man* 
nery  and  with  great  diminution  of  its  intensity,  but  will  no  more 
be  fluid  than  a  mass  of  soft  clay. 

488»  IV.  The  dasticjbree  of  the  air  is  equal  to  ilu  force  of 
tonmression. 

For  if  the  air  be  exhausted  from  an  c^n  tube  whose  low^ 
part  is  immersed  in  a  vessel  containing  mercury,  the  s^  within 
the  vesael  bding  prevented  from  escaping,  then  will  this  sur  hy 
its  elasticity  force  the  mercury  up  the  tube  very  nearly  to  the 
same  height  as  it  would  be  raised  by  the  pressure  of  the  atmo- 
sphere. 

Thie  proposition  is  sometimes  proved  independent  of  expe- 
riments in  the  following  manner :  if  the  force  with  which  the 
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air  endeavours  to  expand  itself  when  it  is  compressed  were  less 
than  the  compressing  force,  it  would  yield  still  further  to  that 
force ;  if  it  were  greater,  it  could  not  have  yielded  so  far.  Con- 
sequently, when  any  force  has  so  compressed  the  air  that  it  re- 
mains at  rest,  the  force  of  the  air  arising  from  its  elasticity  can 
neither  be  greater  nor  less  than  the  compressing  force :  that  is, 
it  must  be  equal  to  it. 

But  it  must  be  confessed  that,  in  this  case,  the  experimental 
proof  is  the  most  satisfactory. 

489.  V.  The  eltisticUy  (fair  not  very  different  from  its  non 
tural  state,  is  inversely  as  the  space  occupied  by  it. 

1.  Let  a  cjrlindrical  tube  bc  (fig.  7.  pi.  XI.)  open  at  one  end 
B,  be  filled  with  mercury  to  an  altitude  equal  to  bd  before  in- 
version, and  after  the  immersion  of  b  in  a  basin  of  mercury, 
the  air,  which  before  occupied  a  space  equal  to  cd,  is  dilated 
through  a  larger  space  as  ca,  and,  if  bn  be  the  standard  alti- 
tude (art.  485.  v.),  depresses  the  mercury  from  m  to  a.  Now 
the  elastic  force  of  air  in  its  natural  state^  or  occupying  a  space 
equal  to  CD  (e),  is  to  the  elastic  force  of  air  occupying  the 
space  bd  {e)  as  the  columns  of  mercury  which  they  are  capable 
of  supporting  (art.  488.) ;  that  is,  as  bn  to  ak  :  but,  it  is  ool- 
lectea  from  experiments,  that  bn  :  ak  : :  ac  :  od;  consequently 
AC :  6D : :  £ :  ^. 

And  the  same  thing  may  be  otherwise  shown  by  experiments 
Willi  bent  tubes.  » 

Hence,  since  the  density  of  the  mr  is  inversely  as  the  magni- 
tude or  space  occupied  (art.  10.),  it  is,  therefore,  as  the  elasti- 
city, or  as  the  compressing  force  (art.  488.):  so  that,  putting  d 
for  the  densitv,  c  the  compressing  force,  £  the  force  of  elasti- 
city, and  s  the  space,  we  have  c  a  d  a  e  a^.  These  rela- 
tions, however,  are  confined  within  very  narrow  limits,  for  it 
has  been  asserted  that  when  the  air  is  compressed  into  a  space 
only  fpur  times  less  than  the  space  it  occupies  in  its  natural 
state,  it  does  not  then  vary  inversely  as  the  force  of  compression, 
the  resistance  increasing  much  more  rapidly.  Comment.  Bonon, 
vol.  I.  p.  209,  &c. 

The  experiments  of  Boyle,  Mariotte,  and  Amontons,  were 
not  extended  to  very  ^eat  compressions:  so  that  they  found 
generally  that  the  elasticity  of  the  air  was  proportioned  to  its 
density ;  and  the  law  was  long  acouiesced  in,  being  called  the 
Boylean  law.  But  later  philosopners  have  carried  the  com- 
pression much  further.  Thus  Sulzer  compressed  air  into  |.  of 
Its  former  dimensions:  the  results  of  his  experiments  are  ex- 
hibited in  the  following  table,  where  the  columns  d  show  the 
densities,  and  those  marked  e  the  corresponding  elasticities. 
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1st  Set. 

2d  Set. 

1 

3d  Set. 

D 

E 

D 

X 

D 

B 

1-000 

1000 

1-000 

1000 

1000 

1000 

1-100 

1-093 

1-236 

1-224 

1091 

1-076 

l-22ii{ 

1-211 

1-294 

1-288 

1-200 

1-188 

1-315 

1-284 

1-375 

1-832 

1-333 

1-303 

1-571 

1-599 

1466 

1-417 

1-500 

1-472 

1-692 

1-669 

1571 

1-615 

1-714 

1-659 

1-833 

1-796 

1-692 

1-647 

2-000 

1-958 

2000 

1-964 

2-000 

1-900 

2-288 

2-130 

2-444 

2-375 

^*444 

2-392 

2400 

2241 

3-143 

2-936 

3143 

3-078 

3-000 

2-793 

3-666 

3-391 

3-666 

3-575 

4-000 

3-706 

4-000 

3-631 

4-444 

4-035 

4-444 

4-320 

4-888 

4-438 

5-500 

4-922 

5-500 

5-096 

5-882 

5-522 

7-333 

6-694 

6-000 

6-297 

8-000 

6-836 

Other  experiments  for  the  same  purpose  were  instituted  by 
Professor  Robison,  the  results  of  which  may  be  seen  below. 


Dry  Air. 

Moist  Air. 

Camph.  Air. 

9 

E 

D 

E 

> 

E 

1000 

1-000 

1-000 

1-000 

1-000 

1-000 

2000 

1-957 

2-000 

1-920 

2000 

1-909 

3-000 

2-848 

3-000 

2-839 

8-000 

2-845 

4-000 

8-737 

4000 

3-726 

4-000 

8-718 

6-500 

4-930 

5-500 

5000 

6-500 

6-104 

6-800 

5-842 

6-000 

5-462 

6000 

6-463 

7-620 

6-490 

7-620 

6-776 

7-620 

6-812 

Here  it  appears  again  in  the  clearest  manner  that  the  elasti- 
cities do  not  increase  so  fast  as  the  densities,  and  the  differences 
are  even  greater  than  in  Mr.  Sulzer's  experiments. 

The  second  table  contains  the  results  of  experiments  made 
on  very  damp  air  in  a  warm  summer's  morning.     In  these  it 
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appears  that  the  elasticities  are  almost  precisely  proportional  to 
the  densities  +  a  small  constant  quantity,  nearly  0*11,  deviating 
from  this  rule  chiefly  between  tne  densities  1  and  I'S,  within 
which  limits  we  have  very  nearly  x>  z:  e^*^^^  .  As  this  air  is 
nearer  to  the  constitution  of  atmospheric  air  than  the  former, 
this  rule  may  be  safely  followed  m  cases  where  atmospheric 
air  is  concerned,  as  in  measuring  the  depths  of  pits  by  the 
barometer. 

The  third  table  diows  the  compression  and  elasticity  of  air 
strongly  impregnated  with  the  vapours  of  camphire*  Here  the 
Boylean  law  appears  pretty  exact,  or  rath€sr,  the  elasticity  seems 
to  increase  a  uttle  faster  than  the  density. 

490.  VI.  Heat  increases  the  elasticity  of  the  air^  and  cold 
diminishes  it.     Or,  heat  expands  and  cold  condenses  the  air. 
This  property  is  likewise  proved  by  experience. 

1.  Tie  a  bladder  very  close  with  some  air  in  it,  and  lay  it 
before  the  fire :  then  as  it  warms  it  will  more  and  more  distend 
the  bladder,  and  at  last  burst  it,  if  the  heat  be  continued,  and 
increased  high  enough.  But  if  the  bladder  be  removed  from 
the  fire,  as  it  cools  it  will  contract  again,  as  befOTe.  Indeed  it 
was  upon  this  principle  that  the  first  air-balloons  were  made  by 
Montgolfier:  for,  by  heating  the  air  within  them,  by  a  fire 
underneath,  the  hot  air  distends  them  to  a  size  which  occupies 
a  space  in  the  atmosphere,  who^e  weight  of  common  air  exceeds 
that  of  the  balloon. 

2.  Also,  if  a  cup  or  glass,  with  a  little  air  in  it,  be  inverted 
into  a  vessel  of  water;  and  the  whole  be  heated  over  the  fire, 
or  otherwise;  the  air  in  the  t(^  will  expand  till  it  fill  the  glass, 
and  expel  the  water ;  and  part  of  the  air  itself  will  follow,  by 
continuing  or  increasing  the  heat. 

Many  other  experiments  to  the  same  effect  might  be  adduced. 

The  expansion  of  air,  though  exposed  to  the  same  de^ee  of 
heat,,  is  not  the  same  in  experiments  made  at  difierent  times ; 
owing  to  the  difference  of  density,  oddness,  humidi^,  &c.  The 
expansive  force  of  hot  steam  may  exceed  the  force  of  gunpowder 
more  than  30  times,  and  indeed  is  irresistiUe  when  the. force  is 
intense.  Hence  it  follows,  that  when  air  is  much  impregnated 
with  water  it  will  possess  an  expansive  power  by  heat,  much 
greater  than  that  of  pure  air.  Whether  the  degree  of  expani^on 
m  pure  air  be  jMropc^ional  to  that  of  the  heat  by  which  it  is 
produced^  is  not  known ;  but  it  is  manifest  that  the  variation  of 
space  occupied  by  a  portion  of  air  exposed  to  different  d^rees 
of  heat  may  be  sufficient  to  convey  a  tolerable  idea  of  the  actual 
quantity  oi  heat  Upon  this  principle,  therefore^  liave  been 
constructed  air  thermometers,  to  exhibit  small  variations  of  heat. 
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Taking  an  average  it  has  been  found,  by  experimentf  that  for 
each  degree  of  heat  measured  by  Fahrenheit^s  thermometer, 
mercury,  water,  and  air,  expand  by  the  following  parts  of  their 
own  bulk,  viz. 

Mercury  the  9600th  1 

Water  .  .  .  6666tli  ?•  part  of  its  own  bulk. 

Air  .  •  .  .  435th  3 
In  mercury  the  corresponding  expansions  for  l""  gradually 
diminish,  being  expressed  by  *0001177  at  S^^  of  the  thermo- 
meter, and  by  "OOOOTSd  at  81£^:  but  at  13^  the  expanmsi  car* 
responding  to  a  degree  of  variation  in  beat  is  '0001160,  and  at 
102^  it  is  -0001003,  so  that  between  these  limits  the  variation  in 
the  measure  of  expansion  is  very  trifling.  Taking  into  the  esti- 
mate the  changes  m  the  expan^n,  8sc,  the  specific  gravities  of 
these  fluids  at  different  temperatures  have  been  stated  as  below* 
Spec.  grav.  of  air^^^.     .      ^^1   Kfaen  the  barom.  is  at  29-87, 

mercury  11365  j  ""**  ^^  thermom.  at  63». 

"^'  wJtAr     "     '      am^  L  ^^^"  ^^  barom.  is   29-27, 
Scary"     \  llWs  J  and  the  thennom.  at   Sfio. 
Q     1  •  n    ^  when  the  barom.  is    29'6, 

'  .„«♦  *     '  *       QoA»    1  and  the  thermom.  is    55% 

water    .  .       ctZk}  <     i.*  i         ^t_  •  u  •  L* 

_^  T 1  oo»y    i  which  are  their  mean  heimts 

mercury  .  11227    I      •    .i  •  ^  ° 

•^  V     m  this  country. 

Or  thus,  air     .     1-201  or  1^1 

water    •     •     1000   >  in  the  last  circumstances. 

mercury     .  13692  J 
Or  thus,  air    .     .     .1  222  "^  nearly  when  the  ba- 

or    .     .  -^7  V     ^^^'  ^s  •     •     •    •     ^y 

water    .     .     1000    T  and    thermo- 

mercury     .  13600   J     meter     ....     55. 

On  this  subject  the  student  may  advantageously  consult 
General  Roy's  paper  in  the  Phil.  Trans,  vol.  67.  Also  Sir 
Geo.  Shuckburgas  and  M.  De  Luc's  papers  in  the  same  volume ; 
and  Mr.  Dalton's  Chemical  Philosophy. 

For  the  principal  formulae  and  results  of  M.  Biox's  researches 
into  the  dilatations  of  li(j[uids  and  solids  under  different  tem- 
peratures, turn  to  the  article  Thermometer  in  the  2d  volume 
of  this  work* 

In  permanently  elastic  fluids,  the  law  which  connects  the 
temperature  with  the  elasticity  is  simple,  the  latter  increasing  in 
a  geometrical  progression  when  the  former  follows  the  anth- 
metical.    If  the  elasticity  of  such  a  fluid,  at  any  temperature,  be 
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denoted  hy  unity^  if  the  number  of  degrees  above  that  tempe- 
rature be  x^  andy'thc  elastic  force ;  then  is 

X 

/=  (1-376)''^ 

Or,  log./=  jIj  X  log.  1-376. 

The  law  which  connects  the  elasticity  and  the  expansion  of 
aeriform  fluids  is  different  from  that  which  regulates  the  elasti- 
city and  expansion  of  vapour,  while  the  latter  remains  in  con- 
tact with  the  liquid  from  which  it  is  generated.  But  when 
the  communication  between  them  is  cut  off,  the  same  law  is 
observed  b^  the  expanaon  from  heat  and  the  augmentation  of 
elasticity,  m  both  kinds  of  fluids.  According  to  the  experi- 
ments of  Gay  Lussac,  the  expansion  is  at  the  rate  of  1*S76  to 
1 ,  for  180®  of  Fahrenheit ;  and  for  any  other  temperature  a:,  it  is 
—  1 

180  180 

(1-376)      or  (1-376)     x  (1-376)',  which  reduces  to  (1-0018) 
(1-376)-. 
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CHAi^TER  I. 


EaUXLIBRIUM  OF  ELASTIC  FLUIDS. 

491 .  Prop.  To  investigate  equations  of  equilibrium  Jbr  elastic 
fluids* 

This  will  be  very  easy,  if  we  consider  that  such  fluids  must, 
from  the  nature  of  perfect  elasticity  (art.  3S9*)9  occupy  a 
smaller  space  in  proportion  as  the  forces  which  compress  them 
are  greater,  and  restore  themselves  to  their  primitive  volumes, 
when  the  action  of  the  compressing  forces  cease.  Let,  then, 
p  be  a  pressure  exerted  upon  a  quantity  m  of  the  fluid,  whose 
density  is  B ;  p  another  pressure,  m  the  mass  or  volume  the 
fluid  takes  in  consequence  of  this  pressure,  and  d  the  density  of 
this  mass;  so  shall  we  have  these  equations:. 

PM  zzpm,  MD:=:md,  and  pd=pD (I.) 

When  vzzpf  then  M=:m,  as  is  obvious. 

These  values  only  give  the  pressures  exerted  upon  a  unit  of 
surface ;  but  if  we  drop  the  consideration  of  gravity^  or  any 
otber  force  which  may  cause  a  variaUon  of  density  in  the  dif- 
ferent parts  of  the  fluid,  we  may  then  reason  from  the  prin- 
ciples of  hydrostatics.  This  granted,  the  pressure  p  exerted 
upon  any  surface  denoted  by  a  will  be 

ad  au  /YT  \ 

_p=:-p,orjj=— p (II.) 


m 


Pressures  being  commonly  valued,  as  we  have,  often  seen,  by 
iveights,  we  may  represent  that  which  is  erected  upon  a  unit  of 
surface  by  the  weigtit  of  a  prism  of  the  same  fluid  whose  height 
will  be  given.  Let  h  be  tne  height  corresponding  to  p^  and  h 
to  p ;  then  we  have  hd  for  the  mass  of  this  prism,  and  hd^  its 
weight  (g  denoting  the  force  of  gravity) :  hence  p  ~  UDg ;  and  in 
like  manner  p  =  hdff.  Substituting  these  for  p  and  p  in  the 
equations  marked  (1.)  above,  we  have  hxtzzBd^  and  Afn=:HM. 
Whence  we  learn  that  the  property  of  non-elastic  fluids,  demon- 
strated art.  388,  obtains  liKewise  with  regard  to  elastic  fluids. 

Instead  of  taking  the  same  fluid,  we  may  employ  another 


494  PNEUMATICS.  book  v. 

whose  density  is  B,  and,  by  proceeding  in  a  similar  manner,  get 
the  following  general  equation  for  the  pressure, 

p  =— flg^H—— ag^H (HI') 

Many  other  equations  might  be  deduced  with  equal  facility; 
but  those  here  given  are  among  the  most  useful. 

492.  Peop.  If  an  elastic  Jhiid  be  quiescent^  a/nd  composed  of 
particles  equally  repulsive  at  eqtuil  distances,  and  at  unequal 
distances,  repeUvng  each  otiier  cuxording  to  any  law  of  the  di- 
stcmce,  its  density  wUl  be  uniform. 

For  if  the  distances  of  any  two  particles  from  an  intermediate 
partidebe  unequal,  their  repulsive  forces  must  be  unequal,  and, 
of  ^onseduence,  motion  must  ensue ;  which  is  contrary  to  the 
by^theiat&:  therefore  the  fluid  mudt  huve  its  particles  at  equal 
distances,  or  be  uniformly  dense. 

Co&.  If  any  portion  cu  an  elastic  fluid  be  uniformly  dense, 
and  equally  compressed  on  all  sides,  it  must  be  quiescent. 

493-  PAOp.  If  the  component  particles  of  a  unvfbrm  cubical 
mass  qfajluid  repel  each  other,  with  forces  varymg  according 
to  any  inverse  or  direct  ratio  of  their  distances  {less  than  the 
direct  duplicate)  the  fluid  will  be  elastic. 

For  the  whole  repulsive  force  of  any  surface  of  the  fluid  is  ds 
the  number  of  particles  in  that  surface,  and  the  force  of  each, 
or  as  the  number  in  l  the  length  of  that  surface,  into  the  number 
in  B  the  breadth,  into  the  force  of  each  particle ;  or,  substituting 
R  for  the  whole  repulsive  force  of  the  surface,  t  for  the  interval 
or  distance  between  two  contiguous  particles,  and  f  for  the 

force  with  vhieb  tb^  repel  eadi  other^  a  will  vary  a8~* 

Hence,  if  f  vary  in  any  inverse  ratio,  or  any  direct  ratio  less 
than  the  duplicate  ratio  of  i,  k  will  vary  in  some  inverse  ratio 
of  I,  which  IS  a  necessary  condition  of  elastic  fluids. 

494.  Prop.  If  the  particles  of  On  elastic  fluid  repel  each  other 
mthforces  varying  irwersely^  as  the  nth  power  qfthdr  distances, 

that  is  ci^^,  and  the  cortrpressing  force  c  upon  any  surface  be 

4qual  to  Us  whde  repuhAxx  force  &,  then  wiU  c  vary  as  thai 

power  of  the  density  d  whose  exponent  is  -r-. 

For^  let  a  portion  aS  the  fluid  be  contained  in  a  given  cubic 

space,  one  of  whose  faces  is  the  rectangle  of  l  x  b,  the  com- 

pvesni^  fixrce  being  applied  to  that  sur&ce.  Now,  the  number 

*  1 

of  particles  of  the  given  square  surface  is  as  — ;  and  by  hy- 
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pothesis^  the  force  f,  with  which  two  particles  repel  each  other^ 

is  as — ;  therefore  the  elastic  force  of  the  fluid,  and  of  conse- 
nt ' 

quence  the  compressive  force  c,  is  as  —  x  —  or  as  '-;^'     But 

the  denfiity  of  the  fluid  contained  in  the  given  culncal  i^Mice  is 
inversely  as  the  cube  of  the  distance  between  the  centres  of  the 

particles ;  that  is,  d  a  --^  and  i  a  — :  whence,  by  substituting 
^     for  I,  in  the  expression  c  a  -5^,  we  have  c  a  D— • 

n  +  2 

Cor.  1,  Cwiversely,  if  D"*^vary  as  c,  the  repulsive  force 
of  each  particle,  or  r,  must  vary  as  — . 

Por  the  quantity  of  matter  being  given,  d  a  —  a  —  and 
D  "3~  will  vary  as  ^^ :  but  f  varies  as  c  divided  by  the  num- 

n  +  2 

berof  particlesinL^orascxiSor  QD  3  xi*,  or  ai*-ri«+^ 
or  a  — . 

in 

CoR.  ^  Hence  again  we  see,  since  n  +  S  must  be  always 
positive  to  make  c  positive,  that  n  must  be  either  some  whole 
positive  number,  or  a  nc^tive  number  less  than  %  in  order  to 
constitute  a  fluid  of  particles  which  repel  each  other. 

CoR.  d.  If  water  be  supposed  compresnble  in  a  very  small 
degree  (art.  891.)  the  particles  mast  be  kept  at  a  distance  by 
some  repulsive  force,  while  d  remains  nearly  constant.    Now, 

n  +  2  _  3 

rince  c a  d*"*?**,  wc  shall  have  n  a  Cn-f  2;  in  which,  that  c  T+i 

may  be  nearly  invariable,  n  must  be  a  very  great  number : 
hence,  aceardmg  to  ikis  kgpothesia,  the  reptdsioe  Jbree  cf  the 
particles  of  waiter  varies  inversely  in  a  very  high  power  of  tJieir 
distances. 

CoR.  When  the  density  of  the  fluid  varies  as  the  force 

n  +  2 

which  compresses  it,  or  dQc,  the  expression  cCcd^^  becomes 

can  3  andnziX;  whence  pa — becomesFOf— ,  or  the  force 

of  each  particle  is  inversely  as  the  iatert al  between  two  conti- 
guous particles. 
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'  Cor.  5.  Hence,  because  the  density  of  the  air  is  nearly  pro- 
portional to  the  force  which  compresses  it  (art.  4890  ^^  ^^^~ 
stituent  particles  must  repel  one  another  with  forcds  varying 
inversely  as  their  distances. 

Cor.  6.  The  density  of  the  air  varying  as  the  compressing 
force,  and  that  perpetually  decreasing  in  ascending  the  atmo- 
sphere, th^  density  and  elasticity  of  the  air  also  perpetually 
decrease. 

495.  Def.  a  homogeneous  atmosphere  is  an  atmosphere  supr 
pos^  to  be  of  the  same  weight  as  that  which  actually  surrounds 
the  earth ;  its  density  being  uniform,  and  every-where  equal  to 
the  density  of  the  air  at  the  earth *s  surface. 

496.  Prop.  To  find  the  altitude  of  a  homogeneous  atmo- 
sphere. 

Let  H  be  the  height  of  the  homogeneous  atmosphere,  its  uni- 
form density  being  d,  the  same  as  the  density  of  the  air  pressing 
upon  the  mercury  in  the  basin  of  the  barometer ;  h  the  height 
of  the  mercury  in  the  barometer  tube,  and  d  the  density  of  that 
fluid:  then  (art.  491.)  we  have  Mzrm,  or  hd=:A£2, 

whence  h  = — . 

D 

Now  it  appears  from  article  490,  that  when  the  densities  of 
air  and  mercury  d  and  d  are  as  1|.  and  13600,  the  height  h  of 
the  mercury  in  the  barometer  is  2^  feet. 

Hence  h  =  —  ir  i36^<2i  ^giyglS  feet,  =6-268  miles.     So 

9 

dia^  the  height  of  the  homogeneous  atmosphere  is  rather  more 
than  5^  miles. 

Cor.  If  it  were  not  for  the  changes  of  temperature,  the  height 
H  of  the  homogeneous  atmosphere  would  be  invariable^  Jbr  one 
and  the  same  latitude,  whatever  might  be  the  height  of  the 
mercury  in  the  barometer. 

'For  if  J  be  constant,  because  the  specific  gravity  of  air  varies 
as  D  its  density,  and  this  again  as  h,  the  height  of  the  mercury 

in  the  tube,  it  follows  that  —  is  invariable,  and  consequently 

u  =  —  is  constant  likewise. 

Another  method  of  ascertaining  the  height  of  the  homo- 
geneous atmosphere  is  given  in  the  scholium  at  the  end  of  the 
next  proposition. 

49*.  Prop.  Supposing  thejbrce  of  gramty  to  vary  as  the 
Dih  power  of  the  distance  Jrom  the  centre  of  the  earth,  and  the 
compressive  force  to  vary  as  the  density,  to  find  the  relation  be- 
tween  the  density  of  the  air  and  the  mtitade  above  the  surface 
of  the  earth. 
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Let  si  represent  the  variable  distance  from  the  surface  of  ttier' 
earthy  the  radius  of  the  earth  being  unity,  dihe  density  of  the 
air  at  the  distance  <r,  and  k  the  height  of  the  homc^neouS: 
atmospheres  Now,  smce  by  hypothesis  the  compriesstng  force 
varies  as  the  density^  the  fluxion  of  the  former  will  vary  a»  the? 
fluxion  of  the  latter:  while,  at  dny  distance,  Xj  the  flu:iion  of  the 
compressing  force  must  vary  as  the  force  of  gravity,  the  density, 
and  the  fluxioii  of  the  altitude,  conjointly ;  so  that  the  fluxion^ 
of  the  compressing,  force  will  be  to  that  of  the  density  in  the 

constant  ratio  of  a?"di  to— rf,  the  latter  fluxion  having  ^he  nega- 
tive »ga,  because  the  density  decteasesr  ^hile  the  Stkucle  in- 
creases. Consequently,  since,  by  the  definition  of  a  hom(^;e^ 
neous  atmosphere,  ii  will  represent  the  compressing  force  at 

the  surfaxre  of  the  earth,  we  have  fl  :  1 : :  af'dx :  -  d,  whence 
a^i=:'— Hx-T,  and — _±:— H-hyp,Iog.d  +  c. 
Now  to  correct  Uie  fluent,  we  must  consider  that  when  xzzl^ 

dzzl;  whence  we  find  C  n  -^  for  the  value  of  the  constant 

«+i 

quantity:  and  the  correct  fluent  is-— j-  =:^:;rj*— h. nyp^log. 

d.    Hence 

which  is  the  general  equation  expresang  the  relationi  betweeir 
the  ialtitude  and  the  density. 

Cor.  1.  When-  the  force  of  gravity  taries  inversely  as  the; 

square  of  the  distance,  n  =  —  2,  and  ^  rrn-byp.log.rf; 
becomes  -^ —  1  =  h  *  hyp.  log.  d.  So  that  if  or  increase  in  har- 
motiic  progression^  —will  decrease  in  arithmetic  progression,- 

and  consequently  hyp.  log.  d  will  decrease  in  arithmetic  pro« 

gres^n.  .  • 

Cor.  2.  If  the  force  of  gravity  be  supposed  constant,  »=:My 
and  1— jr=:H-hyp.  log.  d.  Consequently,  if  ^r  increase  in  arith- 
metic progression,  since  1— x  will  then  decrease  in  arithmetic 
progression,  the  hyp.  log.  otdwH  decrease  in  arithmetic  pro- 

gressionr 

CoR.  3.  Since  the  hyperbolic  l<?garithms  are  to  the  common. 
Ipgarithms  in  a  constant  ratio,  viz,  that  of  1  to  -43429448,  &c. 
it  follows  that  when  x  increases  in  arithmetic  progression,  the 

VOL.  I.  ^^ 


s:  H  •  hyp.  log.  (^ 
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eonunoii  hguMmm  of  the  douities  will  deorease  in  antfametic 
pngreMOD,  and  the  densities  themadves  in  geometrical  pvo^ 
gresnon^  on  the  soppodtion  of  equal  gravity . 

Cor*  4.  Henee^  retaimng  the  same  hypotheas,  diffoent  alti-^ 
tudes  above  the  earth'^s  surface  will  vary  as  the  nej^ve  loga^ 
rithms  of  the  densities  or  weights  of  air  at  those  altitudes*  ^  So- 
that  ifn  and  d  denote  the  densities  at  the  hdghtsHand  A,  since- 
na  —  log.  p,  and  A  a  «—  log.  d,  the  difTeienoe  h—  &a  —log-- 

p  — (  —  log.d)alog.  D  — log.rfjor.alog. -^.  And  if  H— 0,  or 

n  =  the  dennty  at  the  earth's  surface,  then  any  altitude  above 

the  surface  is  as  the  log.  of -j-.    Or  generally  the  log»  of — 

varies  as  the  altitude  of  the  one  place  above  the  other^  whether 
the  lower  place  be  at  the  surface  of  the  earth  or  not  i  and  upon 
this  property  is  founded  the  method  of  finding  the  hdght&oT 
mountains,  «c.  by  the  barometer. 

SCHOLIUM, 

4fS6.,  The  properties  comprised  in  Aeypreceding  corollaries 
are  sometimes  proved  by  means  of  the  logarithmic  curve ;  .and 
as  a  description  of  the  relation  which  obtains  between  the 
ordinates  of  that  curve  and  the  denrnty  of  the  air  will  furnish 
an  agreeable  illustration  of  what  is  done  above,  such  description 
is  subjoined^ 

Let  ARa(fig*  3.  pi.  XVIIL)  represent  a  section  of  a  terrestrial 
bembphere  by  a  plane  through  its  centre  o,  iroam  a  vertical 
line,  AE  a  horizontal  line  through  a,  a  point  on  the  earth'^s  sur- 
face. Let  this  line  ae  represent  the  density  of  the  air  at  a  ;  and 
let  DH  parallel  to  ae  be  taken  to  ae,  as  the  density  at  d  to  the 
denrity  at  a:  then  it  is  mantfest  that  if  a  logistic.or  logarithmie 
curve  ehn  be  drawn,  having  am  for  its  axis,  and  passing 
through  the  points  E  and  h,  we  density  of  the  air  at  any  other 
point  c  in  the  vertical  am  will  be  represented  by  cg,  the  or- 
dinate to  the  curve  in  that  point :  for  it  is  a  known  property 
of  this  curve,  that  if  portions  ab,  ac,  ad,  of  its  axis  fee  taken 
in  arithmetical  progression,  the  ordinates  ae,  bf,  cg,  will  be  in 
geometrical  progression. 

Another  property  of  this  curve  is,  that  if  ek  or  hs  touch  the 
curve  in  K  or  h  the  subtangent  ak  or  ds  is  a  constant  quantity, 
being  the  modulus  of  the  system  of  logarithms  which  the  parti- 
cular curv^^represents.  And  a  third  property  is,  that  the  infi- 
nitely extended  area  aenm  is  equal  to  the  rectangle  aelk  of 
liie' ordinate  at  a  and  the  subtangent;  and,  in  like  manner,  the 
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area  mdhn  above  dh  is  equal  to  the  rectangle  sj)»dh  or 
KA*DH ;  so  that  the  area  lying  above  or  beyond  any  ordinate  is 
proportional  to  that  ordinate.  (See  Emerson  on  Curve  Lines, 
book  I.  §  5.  Button's  Dictionary,  art.  Logarithmic  Curved 
or  the  Treatise  on  Curve  Lines  at  the  end  of  Robertson's  Conic 
Sections.) 

Now  these  geometrical  propei'ties  of  this  curve  are  analogous 
to  the  chief  circumstances  in  the  varying  density  of  the  atmo- 
sphere, on  the  supposition  of  equal  gravity.  Thearea  mbfn, 
for  instance,  represents  the  whole  quantity  of  the  elastic  fluid 
which  is  above  b  :  for  bf  is  the  density  at  b,  and  bc  is  the  thick- 
ness of  the  stratum  between  B  and  c ;  whence  bfgc  will  be  as 
the  quantity  of  air  in  that  stratum :  in  like  manner  cghd  will  be 
as  the  quantity  of  aerial  matter  in  the  stratum  whose  thickness 
is  CD;  and  the  same  of  their  sums,  or  of  mbfn,  the  whole  area; 
Also,  as  each  ordinate  is  proportional  to  the  area  above  it,  so 
each  density,  and  the  quantity  of  aii*  in  each  stratum,  is  propor- 
tional to  the  quantity  of  air  above  it.  Atid  again,  as  the  whole 
area  aenm  is  equal  to  the  rectangle  a  elk,  so  the  whole  air  of 
variable  density  above  a  might  be  contained  in  a  column  ka  of 
the  same  base,  if,  instead  of  being  compressed  by  its  own  weight, 
it  were  without  weight,  and  compressed  by  an  external  force' 
equal  to  the  pressure  of  the  air  at  the  surface  of  the  earth.  In 
this  case  it  would  be  of  the  uniform  density  ae  which  it  has  at 
the  surface  of  the  earth,  and  would  constitute  the  homogeneous 
atmosph>ere,  (art.  496.) 

Hence  we  learn  that  the  height  of  the  homogeneous  atmo- 
sphere is  the  subtangent  of  the  curve  whose  ordinates  are  as 
the  densities  of  the  air  at  different  heights,  on  the  supposition  of 
equal  gravity.  This  curve  is  generally  called  the  atmospherical 
logarithmic i  and  its  subtangent,  or  tne  height  of  the  nomoge-» 
neous  atmosphere,  is  the  modulus  of  the  system  of  logarithms 
to  which  the  curve  corresponds. 

We  have  already  (art.  496.)  shown  how  to  find  the  height  of 
the  homogeneous  atmosphere  by  a  single  observation  upon  the; 
barometer :  but  the  same  thing  may  be  effected,  perhaps,  morQ 
accurately  in  a  different  manner.  When  the  mercury  and  the 
air  are  of  the  temperature  32°  of  Fahrenheit's  thermometer,  and 
the  barometer  on  the  sea-shore  stands  at  30  inches,  if  we  take  it 
to  a  place  936  feet  higher  it  will  fall  to  29  inches.  Now  in  alt 
logarithmic  curves  having  equal  ordinates  the  portions  of  the 
axes  intercepted  between  the  corresponding  pairs  of  ordinates 
are  proportional  to  the  subtangents— -(Emerson  on  Log.  Curve, 
prop.  viii.  cor.  3.) :  and  the  subtangent  of  the  curve  belonging 
to  our  common  tables  is  -43429448,  and  the  difference  of  the 
logarithms  of  30  and  29  (which  is  the  portion  of  the  axis  inter- 

K  K  2 
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cepted  between  the  ordioates  30  and  29)  is  "01 47233 ;  whence 
we  hav<j  0147233 :  -43429448 : :  935 :  27600  feet,  or  nearly 
S^  miles.  This  determination  of  the  height  of  the  homogeneous 
atmosphere  does  not  quite  corres}X}nd  with  the  former ;  but  a 
trifling  error  in  measuring  the  altitudes  of  the  mercury  in  the 
barometer  at  the  two  stations  would  cause  all  the  difference* 

499*  All  that  has  gone  before  in  this  scholium  proceeds  on 
the  supposition  of  equal  gravity,  or  the  hypothesis  of  Coe,  2. ; 
whereas  we  know  that  the  weight  of  a  particle  of  air  decreases 
as  the  square  of  its  distance  from  the  earth's  centre  increases^ 
conformably  to  Cor.  1.  Hence  we  see  that,  in  order  that  a 
superior  stratum  may  produce  an  equal  pressure  at  the  surface 
of  the  earthy  it  must  be  denser,  because  a  particle  of  it  gravitates 
less.  The  density,  therefore^ at  equal  elevations,  must  be  greater 
than  on  the  supposition  of  equal  gravity,  and  the  law  of  dioiinu- 
£ion  of  density  must  be  different. 

Make  on  :  oa  :  :  oa  :  od; 

OG  :  OA  :  :  OA  :  oc ; 

OB  :  OA  :  :  oa  :  0S7  &c. ; 
so  that  od,  oc,  o5,  oa,  may  be  reciprocals  to  on,  oc,  ob,  oa  ;. 
and  through  the  points  a,  6,  c,  d,  draw  the  perpendiculars  ae, 
6/*,  eg,  dh,  making  them  proportional  to  the  densities  in  a,  b,  c» 
d;  and  suppose  cd  to  be  exceedingly  small,  so  that  the  density 
may  be  supposed  uniform  through  the  whole  stratum.  Thus 
we  have 

OD'Od  =:  OA",  ~  oc  •  oc 

and  oc  :  od :.:  on  :  oc ; 

and  oc  :  oc  —  od  :  :  od  :  od  —  oc, 
or  oc  :  cd :  :  OD  :  DC ; 

and  cd  :  CD  :  :  oc  :  od  ; 
or,  because  oc  and  od  are  ultimately  in  the  ratio  of  equality^  we 
have 

cd :  CD  ::  oc  :  oc  :  :  oa*  ;  oc', 
and  cd  ==  on •  ^^  also  cd- egzzcD  -  eg- ~.    But  cd  •  eg-  - 

OA'*  . 

—  18  as  the  pressure  at  c  arising  from  the  absolute  weight  of 

the  stratum  cd  :  for  this  weight  is  as  the  bulk,  as  the  density, 
and  as  the  gravitation  of  each  particle  jointly ;  and  cd  expresses 

the  bulk,  eg  the  density,  and^'  the  gravitation  of  each  particle. 

Therefore  cdcg  is  as  the  pressure  on  c  arising  from  the  weight 
of  the  stratum  dc.  But  cd  •  eg  is  evidently  the  element  of  the 
eurvilineal  area  AwnE,  formed  by  the  curve  Efghn  and  the  or- 
dinates  ae,  bf^  eg,  &c.  mn.  Hence  the  sum  of  all  the  elements, 
such  as  cdhgf  that  is,  the  area  cmng  below  eg,  will  be  as  the 
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whole  pressure  on  c,  arising  from  the  gravitation  of  all  the  air 
above  it ;  but^  by  the  nature  of  air,  this  whole  pressure  is  as  the 
density  which  it  produces,  that  is,  as  eg.  Therefore  the  curve 
Eg*/!  is  of  such  a  nature  that  the  area  lying  below  or  beyond  any 
ordinate  eg  is  proportional  to  that  o2xlinate.  This  is  the  pro- 
perty of  the  logarithmic  curve,  and  Egn  is  a  logarithmic  curve. 
'  Moreover,  tnis  curve  is  equal  to  egNv  For,  let  b  continually 
approach  to  a,  and  ultimately  coincide  with  it.  It  is  evident 
that  the  ultimate  ratio  of  ba  to  aA,  and  of  bf  to  A/^  is  that  of 
equality ;  and  if  efk,  e/Xt,  be  drawn,  they  will  contain  equal 
angles  with  the  ordinate  ae,  and  will  cut  off  equal  subtangents 
AK,  aAt.  The  curves  eon,  x^>,  are  therefore  equal,  but  in 
opposite  poationsr 

-  Lastly,  if  oa^  o6,  or,  o^/,  8ic.  be  taken  in  arithmetical  pro- 
gression decreasing,  their  reciprocals  oa,  oB,  oc,  op,  &c.  will 
be  in  faarmonical  progression  increasing,  as  is  well  known :  but, 
from  the  nature  of  the  logarithmic  curve,  when  oa,  06,  oc,  o<f, 
&c.  are  in  arithmetical  progression,  the  ordinates  ae,  bf^  cg^ 
dh^  &c.  are  in  geometrical  progression.  Therefore  when  oa, 
OB,  oc,  OD,  &c,  are  in  harmonical  progression,  the  densities  of 
the  air  at  a,  b,  c,  d,  &c.  are  in  geometrical  progression ;  and 
thus  may  the  density  of  the  air  at  all  elevations  be  discovered. 
Thus  to  find  the  density  of  the  air  at  k,  the  top  of  th^  homoge- 
neous atmosphere,  make  ok  :  oa  : :  oa  :  ol,  and  draw  the  or- 
dinate LT,  so  shall  LT  express  the  density  at  k. 

Dr.  Halley  was  the  first  who  observed  the  relation  between 
the  density  of  the  air  and  the  ordinates  of  the  logarithmic  curve, 
or  common  logarithms.  This  he  did  on  the  supposition  of 
equal  gravity ;  and  his  discovery  is  acknowledged  by  Sir  Isaac 
Newton  in  Princip.  li.prop.  2^.  schoL  Halley's  dissertation 
on  the  subject  is  in  No.  181  of  the  Phil.  Trans.  Newton,  with 
his  usual  sagacity,  extended  the  same  relation  to  the  true  state 
of  the  case,  where  gravity  is  as  the  square  of  the  distance 
inversely ;  and  showed  that  when  the  distances  from  the  earth's 
centre  are  in  harmonic  progression  the  densities  are  in  geo* 
metric  progression.  He  sliows  indeed,  in  general,  what  pro- 
gression of  the  distance,  on  any  supposition  of  gravity,  will  prcv* 
duce  a  geometrical  progression  of  the  densities,  so  as  to  obtain 
a  set  of  lines  oa,  oft,  oc,  od,  &c.  which  will  be  logarithms  of 
the  densities.  The  subject  was  afterwisirds  treated  in  a  more 
familiar  manner  by  Cotes  in  his  Hydros.  Led.  and  in  his  Har^ 
monia  Mensurarum ;  also  by  Brooke  Taylor,  Method.  Incre^ 
ment;  Wolf,  in  his  Aerometria;  Herman,  in  his  Phorono- 
mioj  &c. ;  and  on  account  of  the  simplicity  and  elegance  of 
this  method,  it  now  obtains  a  place  in  almost  every  treatise  on 
pneumatics. 
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500.  Puop.  To  determine  the  actual  density  of  the  atmo- 
spheric  air  at  any  altitude  above  the  earth's  surface. 

This  may  be  done  with  the  aid  of  the  equation  in  cor.  i. 
art  497.  but  with  greater  facility  by  means  of  the  atmospherical 
logarithmic,  thus.  By  the  property  in  Emersor/s  Treatise,  re- 
ferred to  in  art.  498.  say,  as  the  height  of  tlie  homogeneous 
atmosphere  is  to  the  modulus  of  Br^gs^s  system,  so  as  the 
given  altitude  in  feet  to  a  fourth  nuiuber,  which  in  the  com-* 
mon  tables  is  the  logarithm  of  the  ratio  of  the  density  of  the  air 
at  the  earth^s  surface  to  its  density  expressed  by  unity  at  the 
proposed  height,  on  the  supposition  of  equal  gravity.  But,  if 
we  attend  to  the  variation  oi  gravity,  the  process  will  be  this. 
Suppose  c  to  be  the  point  at  which  the  denrity  is  required ; 
make,  as  directed  in  th^  last  article,  oc  :  OA : :  oa  :  oc,  or  oc : 
OA  : :  AC :  AC,  and  ac  thus  obtained  will  be  the  height  to  which 
the  density  19  tP  be  calculated  by  the  preceding,  analogy^  on  the 
hypothesis  of  equal  gravity. 

tet  us  take  for  an  example  the  height  of  7  miles,  and  con- 
ceive the  radius' of  the  earth  to  be  4000  miles.     Then  shall  we 

have  oc  (  =  4007):oa(=:4000)::  Ac(=7):  Ac=:^^^ 

=  6-98777  miles  =z  36896^  feet.  Wherefore,  taking  ^7600 
feet  for  the  height  of  the  homogeneous  atmosphere,  we  shall 
have 

27600 :  -43439448 : :  36896^ :  -5806967, 
which  is  the  common  logarithm  of  8-80799,  or  3'808  nearly. 
Consequently  the  den^ty  of  the  air  at  the  earth^s  surface  is  to 
its  density  at  the  altitude  of  7  miles  as  3|i  to  1  nearly,  allowing 
for  the  diminution  of  the  force  of  gravity. 

This  result  agrees  nearly  with  experiments.  Thus  Mr.  Cotes 
inferred  from  the  French  experiment  at  the  Puy  de  Dome,  that 
at  the  altitude  of  7  miles  the  air  was  rather  more  than  4  times 
rarer  than  at  the  surface  of  the  earth :  but  from  the  experi- 
ments of  Mr.  Caswell,  at  Snowden,  he  concluded  that  at  the 
same  altitude  of  7  miles  the  air  was  not  quite  four  times  rarer 
than  at  the  surGace.  And  Sir  Isaac  Newton,  in  the  last  edition 
of  his  Optics,  states  it  as  4  times  rarer  at  the  height  of  7^  miles : 
which,  properly  reduced,  gives  3-86  for  the  comparative  rarity 
at  7  miles. 

-601.  Returning  to  the  hypothesis  of  equal  gravity,  we  may 
readily  find  an  equation  for  the  altitude,  which  shall  include 
the  changes  in  temperature.  Thus,  let  p  and  d  represent  the 
den^ty  of  the  air  at  any  two  places,  measured  by  the  column 
of  mercury  in  the  barometer:  then,  since  the  difference  of 

altitude  a  (art.  497.  cor.  4.)  is  always  as  log.  -^,  assume  A,  so 
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that  a  =5  A  X  log*  -j ,  where  h  will  be  of  one  constant  value  for 

all  altitudes :  and  to  determine  that  value  let  a  case  be  tak«i 
in  which  we  know  the  altitude  a  corresponding  to  a  kndwn 
^density  J;  a3,  for  instance^  take  a^  1  foot,  or  1  inch,  or  some 
such  small  aldtude;  then,  because  the  density  0  may  be  mea- 
sured by  the  pressure  of  the  atmosphere,  or  the  uniform  column 
of  27600  feet,  when  the  temperature  is  55^ ;  d^ereftxe  ft'tGOO 
feet  will  doiote  the  drasity  »  at  the  lower  place,  and  ^7599 
the  less  density  d  at  1  foot  above  it ;  consequently  \rzhx  log. 

j^jjj ;  which,  by  the  nature  of  logarithms,  is  nearly  =  &  x 

nearly;  and  hence  h  =  63551  feet ;  which 


27600  635&1 

^ves,  for  any  altitude  in  general,  this  theorem,  viz.  a  = 

63551  X  log.-J-,  or  =  68651  x  log.^feet,  or  10598 x log. ^ 

fathoms;  where  m  is  the  column  of  mercury  which  is  equal  to 
the  pressure  or  weight  of  the  atmosphere  at  the  bottom,  and  m 
that  at  the  top  of  the  altitude  a ;  and  where  m  and  m  may  be 
taken  in  any  measure,  either  feet  or  inches,  &c. 

This  formula  is  adapted  to  the  mean  temperature  of  the  air 
55^  of  Fahrenheit's  thermometer ;  but  it  has  oeen  found  by  the 
experiments  of  Sir  Geo.  Shuckburgh  and  Gen.  Roy,  that  for 
every  degree  of  the  thermometer  different  from  55^  the  altitude 
<i  Will  vary  by  its  435th  part :  hence  if  we  would  chan^  the 
factor  h  from  10598  to  10000,  because  the  difference  598  is  the 
18th  part  of  the  whole  factor  10598,  and  because  18  is  nearly 
the  84th  part  of  435 ;  therefore  the  change  of  temperature  an- 
swering to  the  change  of  the  factor  h  is  84^^  which  reduces  the 

55^  to  31^.   So  that  a =10000  x  log.  ^  fathoms  is  the  easiest 

expression  for  the  altitude,  and  answers  to  the  temperature  of 
31®,  or  very  nearly  the  freezing  point:  and  for  every  degree 
above  that  the  result  must  be  increased  by  so  many  times  its 
435th  part,  and  diminished  when  below  it 

This  method  was  first  ^ven  by  Dr.  Hutton,  under  the  artide 
Atmosphere,  in  his  Mathematical  Dictionary. 

It  is  obvious  that  the  relation  between  the  altitudes  of  places 
and  the  heights  of  mercury  in  the  barometer,  is  not  exactly  the 
same  in  all  latitudes.  For  according  as  the  action  of  ^avity  is 
greater  or  less,  a  column  of  mercury  of  given  height  will  weigh 
more  or  less,  and  consequently  the  sur  subjected  to  that  pressure 
will  be  more  or  less  compressed.  We  have  seen  (art.  886.) 
that  if  gravity  at  the  earth's  surface  under  the  paraUel  of  45^, 
be  measured  by  unity,  that  any  other  latitude  A,  will  be  ex- 
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pressed  by  1  —  *0Q28S7  cob  3x:  the  density  of  the  air  at  the 
earth^s  surface  will  vary  in  the  same  ratio.  This  will  cause  a 
imkll  ebrrection  of  the  computed  aldtude  in  differioit  latitudes, 
•never  exceeding  ^^t  ^  '^^n  altitude.Thufi»  at(f..  .corr + y^ 

'*v  •  •  •  +  T^T*  ^•^  •  •  •  ■F  XZ^J  3lr  •<••-!-  7S  |>  44)^  .  •  .  +  i^'fQ^ 
.45    •  •  •  U5  Olr^  •  •  •  —  ^-ftg^y  Uv  •  •  .  "^  TTTT'   '  *^  *'.*""  "4-g<)>  "^    •  •  * 

"^^^  ■  90^« .  •  ^  yj.^  For  intermediate  latitudes  the  cor- 
rection may  readily  be  computed. 

A  correct  and  extenave  table  of  the  comparative  rarity  and 
expan$i(m,  denmty  and  compression^  of  air  at  different  altitudes, 
assuming  the  homogeneous  atmosphere  at  S97^  feet,  and  allow^. 
ing  for  the  variation  of  gravity,  is  mserted  at  p.  @$3  of  Helsham  $ 
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CHAPTER  IL 


OK  THE  ADMKASUltEMEKT  Of  ALTITUDES  BY  THE  BAR0METE8 

AND  THERMOMETER. 


'  502.  Pascal  and  Descartes  hinted  that  if  a  barometer  were 
carried  to  a  higher  situation  the  quicksilver  would  sink  in  thd 
tube ;  and  the  fact  was  verified  by  M.  Perier.  But  the  ad- 
measurement of  altitudes  by  means  of  the  barometer  was  first 
distinctly  suggested  by  Dr.  Halley,  in  a  paper  in  No.  181  of  the 
Philosophical  Transactions,  to  which  we  nave  before  referred 
(art,  499.).  He  there  states  that,  according  to  experiments 
shown  before  the  Royal  Society,  when  the  barometer  stood  at 
dO  inches,  and  in  a  mean  state  of  heat  and  cold,  the  specific 
gravity  of  air  was  to  that  of  water  as  1  to  800 ;  and  then  pro- 
ceeds as  follows:  "  By  the  like  trials  the  weight  of  mercury  to 
water  is  as  IS^  to  1,  or  very  near  it;  so  that  the  weight  of 
mercury  to  air  is  as  10800  to  1,  and  a  cylinder  of  air  of  10800 
inches  or  900  feet  is  equal  to  an  inch  of  mercury  ;  and  were 
the  air  of  an  equal  density  like  water,  the  whole  atmosphere 
would  be  no  more  than  5-^'^  miles  high ;  and  in  the  ascent  of 
every  900  feet  the  barometer  would  sink  an  incli.  But  the  ex- 
pansion of  the  air  increasing  in  the  same  proportion  as  tlid 
incumbent  weight  of  the  atmosphere  decreases,  that  is,  as  the 
mercury  in  the  barometer  sinks,  the  upper  parts  of  the  air  ait* 
much  more  rarefied  than  the  lower,  and  each  space  answering  to 
an  inch  of  quicksilver  grows  still  larger,  so  that  the  atmospherd 
must  be  extended  to  a  much  greater  height.  Now,  on  these 
principles,  to  determine  the  height  of  the  mercury  at  any 
assigned  height  in  the  air,  and  e  contra^  having  the  height  of  the 
mercury  given  to  find  the  height  of  the  place  where  the  baro- 
meter stands,  are  problems  not  more  difficult  than  curious."" 
He  then  points  out  a  method  of  solution,  and  gives  tables  of  the 
heights  of  mercury  at  different  altitudes,  and  vice  z^crs'a ;  which 
need  not  be  copied  in  this  place,  as  they  depend  upon  erro- 
neous estimates  of  the  specific  gravities  of  mercury  and  air. 
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He  also  mentions  the  condensation  and  rarefaction  by  heat  and 
cold,  and  the  effect  of  aqueous  and  other  vapours;  but  was  i£ 
opinion  that  these  would  compensate  each  other. 

503.  It  appears^  then,  that  Dr.  Halley*s  method  cannot 
apply  to  every  case,  ance  it  depends  upon  the  supposition  of 
the  relative  denaty  of  air  and  mercury  being  only  affected  by  a 
change  of  pressure.  But  cdnce  all  bodies  are  expanded  by  heat, 
and  as  they  are  not  all  equally  expanded  by  it,  it  follows  that  a 
change  of  temperature  may  change  the  relative  gravity  of  mer- 
cury and  air^  even  although  both  undergo  the  same  change  of 
temperature :  and  since  the  air  may  be  warmed  or  cooled  when 
the  mercury  is  not,  or  may  change  its  temperature  independent 
of  it,  still  greater  variations  of  specific  gravity  may  be  expected. 
Hence  many  corrections  are  required  to  adjust  the  barometrical 
method  to  the  various  attending  circumstances,  and  it  was  not 
till  long  after  Dr.  Halley's  time  that  the  method  was  turned  to 
uny  retU  use.  The  chief  improvements  and  adjustments  are  due 
to  M.  c2^  Luc^  who  had  favourable  opportunities  of  makii^ 
numerous  observations  among  the  hign  hills  of  Switzerlano, 
and  who  availed  himself  of  these  opportunities  in  almost  every 
variety  of  circumstances.  The  result  of  his  experiments  and 
inquiries  was  published  at  Geneva  *m  a  treatise  on  the  barometer 
and  thermometer,  and  in  a  paper  in  the  57th  volume  of  the 
Philosophical  Trans*  Other  curious  and  valuable  papers  on 
this  subject  by  Dr.  Maskclyne,  Dr.  Horsley,  Sir  George  Shuck- 
burgh,  and  General  Roy,  are  inserted  in  the  different  volumes 
of  these  Transactions ;  and  an  interesting  disquisition  is  ^ven 
by  M.  Biot,  in  the  3d  volume  of  bis  ^^  Astronomic  Physique.^ 

Some  other  important  deductions,  in  a  recent  jpaper  of  M. 
Biot's,  may  be  seen  in  the  article  Th£emom£T£E,  m  our  second 
volume. 

The  most  accurate  experiments  for  ascertaining  the  expansion 
of  mercury  are  those  of  General  Roy  (vol.  67,  Philosophical 
Transactions).  These  are  contained  in  the  following  table; 
where  the  first  column  expresses  the  temperature  by  Fahren- 
heit's thermometer,  the  second  expressies  the  bulk  of  the  mer- 
cury, and  the  third  the  expansion  of  an  inch  of  mercury  for  lui 
increase  of  one  degree  in  the  adjoining  temperatures. 
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SOT 


Table  I. 


Temp. 

Bnllc  of  $. 

Expans.  for  I* 

21»» 

80-5117 

0-0000763 

202 

30-4888 

0-0000787 

192 

30-4652 

00000810 

182 

30-4409 

0-0000833 

172 

80-4159 

0-0000857 

162 

30-3902 

0-0000880 

152 

30-3638 

0-0000908 

142 

30-3367 

0-0000928 

132 

SO-3090 

0-0000943 

122 

30-2807 

0-0000968 

112 

30-2518 

0-0000988 

102 

30-2228 

0-0001008 

92 

80-1922 

ff-0001028 

82 

30-1615 

0-0001043 

72 

301302 

0-0001068 

62 

30-0984 

0-0001077 

52 

300661 

0-0001093 

42 

300333 

00001110 

32 

300000 

00001127 

22 

29-9662 

0-0001143 

12 

29  9319 

00001160 

2 

29-8971 

0-0001177 

0 

29-8901 

The  General  also  made  experiments  on  the  expansion  of  the 
mercury  in  a  real  barometer :  and  in  some  rules  for  barometrical 
admeasurement,  it  will  be  necessary  to  know  the  logcmthmic 
diiFerence  to  the  expansion  of  the  mean  temperature  of  the  two 
barometers  which  are  used.  These  logarithmic  differences  are 
contained  in  the  following  table,  which  is  carried  as  far  as  112^, 
beyond  which  it  is  not  probable  that  any  observations  will  be 
tnade.  The  number  for  each  temperature  is  .the  difference 
between  the  logarithms  of  30  inches,  of  the  temperature  32, 
and  ^0  inches  expanded  by  tliat  temperature. 
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Table  II. 


Tonp. 

hoe,  Off. 

Dec.  of 
Fatfa. 

Ft    Id. 

112' 

102 

00000427 

•427 

2    7 

92 

0-0000436 

•486 

2    7 

82 

0-0000444 

MMl  K 

2    8 

72 

0*0000453 

•458 

2    9 

62 

0-0000460 

•460 

2    9 

52 

0-0000468 

•468 

2  10 

42 

0-0000476 

•475 

2  10 

32 

0-0000482 

•482 

2  11 

22 

00000489 

•489 

2  11 

12 

0-0000497 

•497 

h  0 

0 

00000504 

•504 

8    0 

General  Roy  compared  a  mercurial  and  an  air  thermometer, 
each  of  which  was  graduated  arithmetically,  that  is,  the  units 
of  the  scales  were  equal  bulks  of  mercury,  and  equal  bulks 
(perhaps  different  from  the  former)  of  air.  He  found  their 
progress  as  in  the  following  table. 

Table  III. 


Mere. 

Diff. 

20 
20 
20 
20 
20 
20 
20 
20 
£0 
20 

Air. 

Diff. 

212 

192 

172 

152 

182 

112 

92 

72 

52 

32 

12 

2120 

194-4 

176-2 

1.57-4 

138  0 

1180 

97-2 

75-6 

58-0 

81-4 

11-4 

17-6 

18-2 
18-8 
194 
20  0 
20-8 
21-6 
22-6 
21-6 
20-0 

The  subsequent  table  contains  the  expansion  of  1000  parts  of 
air,  nearly  of  the  common  density,  by  heating  it  from  0  to  212. 
The  first  column  contains  the  height  of  the  barometer;  the 
second  contains  this  height  augmented  by  the  small  column  of 
mercury  in  the  tube  of  the  manometer,  and  therefore  expresses 
the  density  of  the  air  examined ;  the  third  contains  the  total 
expansion  of  1000  pai  ts ;  and  the  fourth  contains  the  expansion 
of  1^',  supposing  it  uniform  throughout. 
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Bsrom. 

of  Air  ex- 
amined. 

Expansion 

of  1000  parts 

by  2I2«. 

Bxpanaian 
b,l.. 

29-95 
3007 
29-48 
29-90 
29-96 
29-90 
29-9S 
3007 
29-4» 

Mean 

31-SSi 
30-77 
99-90 
30-73 
80-92 
30-55 
30  60 
30-00 
3000 

463-89 
482-10 
480-74 
485-86 
489-45 
476-04 
487-55 
482-80 
489-47 

2-2825 
2-2741 
2-2C76 
22918 
2-3087 
2-245S 
2-2998 
2-2774 
2  3087 

30-62 

4«4-21   1  2-284«   i 

Hence  it  appears,  lliat  tlie  mean  expansion  of  1000  parts  of 
air  of  the  density  30'62  by  one  degree  of  Fahrenheit's  thermo- 
meter is  S-281,  or  that  1000  becomes  1002-284. 

If  this  expansion  be  supposed  to  fullow  the  same  rate  that 
was  observed  in  the  comparison  of  the  mercurial  and  air  ther- 
mometer, we  s!iall  find  that  the  expansion  of  a  thousan(i  parts 
of  air  for  one  degree  of  heat  at  the  different  intern: edi ale  tem- 
peratures wi]l  be  as  in  the  following  table. 

Table  V. 


I  T«np.  I 


Tots!  Eicpan.     EipBntUm 
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If  we  would  have  a  mean  expansion  for  any  particular  range, 
as  between  19?  and  92®,  which  is  the  most  likely  to  comprehend 
all  the  geoda^cal  observations,  we  need  only  take  the  difference 
of  the  bulks  260S8  and  222006= 195-968,  and  divide  this  by 
the  interval  of  temperature  80®,  and  we  obtain  2*4496,  or  2*4^ 
for  the  mean  expansion  for  1%  whence  a  complete  table  may 
readily  be  constructed. 

504.  Having  thus  stated  the  most  material  circumstances 
which  are  to  be  taken  into  the  account  in  this  kind  of  admea- 
surementy  and  given  such  tables  as  will  be  useful  in  the  com- 
putation, we  shall  proceed  to  exhibit  the  most  approved  precepts 
and  rules. 

In  order  that  the  observations  may  be  carefully  and  properly 
made,  the  person  who  undertakes  them  should  be  provided 
with  two  portable  barometers  of  the  best  construction  (both 
filled  with  mercury  of  the  same  specific  gravity),  on  which,  by 
means  of  a  nonius  properly  adapted  to  Uie  scale,  he  may  reaa 
off  the  height  of  the  mercurial  columns  to  the  20()th  part  of  an 
inch :  each  barometer  should  be  fitted  up  with  an  attached  ther- 
mometer, set  in  the  wooden  frame  in  tne  same  manner  as  the 
barometer  tube  is.  The  ball  of  each  thermometer  had  best  be 
nearly  of  the  same  diameter  as  the  barometer  tube.  Besides 
these  he  must  also  be  provided  with  two  other  thermometers, 
detached  from  the  barometers.  Of  these  barometers,  one  with 
its  attached  and  detached  thermometers  is  to  be  placed  in  the 
shade  at  the  top  of  the  eminence  whose  height  is  required, 
while  the  other  remains  below.  Let  them  continue  in  their 
places  at  least  a  sufficient  time  for  the  detached  thermometer  to 
acquire  the  temperature  of  the  air^  that  is  to  say,  till  the  con- 
tained fluid  is  stationary.  Then  the  observer  on  the  eminence 
must  note  down  the  height  of  the  mercurial  column  in  the 
barometer,  as  well  as  the  temperatures  exhibited  by  the  attached 
and  detached  thermometers ;  and  at  tJie  same  time  the  other  ob- 
server must  make  like  observations  upon  the  instruments  below. 
If,  in  this  manner,  three  or  four  sets  of  observations  be  taken  at 
each  station  after  short  intervals  of  time,  and  the  mean  of  the 
results  furnished  by  these  sets  respectively  be  taken  as  the  true 
altitude  (following  one  of  the  subsequent  rules),  the  probability 
of  error  will  be  much  diminished.  It  is  also  advisable  to  make 
the  observations  in  serene  weather,  between  11  and  12  o'clock. 
For  it  has  been  found  tliat  the  computed  heights  are  too  smaU 
when  the  observations  have  been  made  near  sunrise  or  sunset, 
or  when  the  wind  blows  fresh  from  the  south ;  and  that,  on 
the  contrary,  the  computed  results  afe  too  great^  when  the 
observations  are  made  about  3  o^clock  in  a  hot  summer^s  dny, 
or  during  a  brisk  wind  from  the  north  or  cast. 
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In  practice,  however,  k  will  often  be  necessary  to  deviate 
from  the  preceding  directions,  and  such  deviations  may  be 
pretty  well  guarded  against  mistake.  In  cases  where  better 
instruments  cannot  be  had,  any  well-made  portable  barometer 
so  graduated  as  to  show  the  true  change  in  the  altitude  of  the 
mercury,  may  a£Pord  such  observations  as  ought  not  to  be 
neglected.  A  small  error  in  the  portion  of  the  point  from 
whence  the  scale  of  inches' commences,  will  not  sensibly  affect 
the  result;  for  that  result  depends  chiefly  (art«  501.)  upon 

log.  -r-  or  log.  M  —  log*  my  which  will  not  be  much  affected  by 

a  small  and  eiqual  change  in  m  and  m.  Suppose,  for  example,. 
M  was  S9'S6  inches,  and  m  27*84  inches,  then  log*  m  —log.  m  =r 
280869;  but  if  m  were  29*11,  and  m  =  27*^59,  each  less  by  a 
quarter  of  an  inch,  we  should  have  log.  m  ~  \w.  m  =:  232905^ 
which  would  not  cause  a  difference  in  the  result  of  more  than 
1  fathom  in  a  hundred.  And  an  error  of  ^  of  an  inch  in  the 
positipfi  of  the  zero  is  far  greater  than  may  be  reasonably  ex- 
pected to  occur.  If  an  hour  or  more  can  be  allowed  for  the 
mercury  in  the  barometer  to  acquire  the  temperature  of  the 
surrounding  air,  which  is  shown  by  the  detached  thermometer^ 
then  the  attached  thermometer  may  be  dispensed  with.  A 
ungle  barometer  may  supply  the  place  of  two,  if  the  observa* 
tions  eaa  be  made  first  at  the  base,  then  at  the  summit,  and 
again  at  the  base,  in  a  moderate  space  of  time :  and  if  the  two 
sets  of  observations  at  the  base  correspond  pretty  nearly,  it  may 
be  presumed  that  the  density  of  the  air  below  has  undergone  no 
material  change  during  the  operations.  The  necessary  obser- 
vations being  made,  the  altitude  of  the  object  at  whose  top  and 
bottom  the  instruments  were  placed,  may  be  ascertained  by  one 
or  other  of  the  following  rules. 


I.   DR.   ROBTSON's   method. 

505.  In  this  method  no  tables  are  required ;  it  will  be  suf- 
ficiently exact  for  most  purposes,  and  is  not  difficult  to  remember^ 
It  was  deduced  from  tnese  considerations. 

1.  The  height  through  which  we  must  rise  in  order  to  pro- 
duce any  fall  of  the  mercury  in  the  barometer,  is  inversely  pro- 
portional to  the  density  of  the  air,  that  is^  to  the  height  of  the 
mercury  in  the  barometer. 

2.  When  the  barometer  stands  at  SO  inches,  and  the  air  and 

Siuicksilver  are  of  the  temperature  32%  we  must  rise  through  87 
eet  to  produce  a  depression  of  -^^  of  an  inch. 

3.  But  if  the  air  be  of  a  different  temperature,  this  87  feet 
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must  be  increased  or  diminished  by  about  0*21  of  a  foot^  for 
every  degree  of  difference  of  the  temperature  from  3^^. 

4.  Every  degree  of  difference  of  the  temperatures  of  the 
mercury  at  the  two  stations  makes  a  change  of  2*833  feet,  or  2 
feet  10  inches  in  the  elevation. 

Hence  the  following  rule  : 

I.  Take  the  difference  of  the  barometric  heights  in  tenths  of 
an  inch.     Call  this  d. 

II.  Multiply  the  difference  d  between  32°  and  the  mean  tem- 
perature of  the  air  by  *2I,  and  take  the  sum  or  difference  of  this 
product  and  87  feet.  This  is  the  height  through  which  wq  must 
rise  to  cause  the  barometer  to  fall  from  30  inches  to  29*9 ;  and 
may  be  called  L 

ill.  Let  m  be  the  mean  between  the  two  barometric  heights : 

Then  * —  is  the  approximated  elevation  very  nearly. 

IV.  Multiply  the  difference  3  of  the  mercurial  temperatures 
by  2-833  feet,  and  add  this  product  to  the  approximated  eleva* 
tion  if  the  upper  barometer  has  been  the  warmest,  otherwise 
subtract  it :  then  will  the  resulting  sum  or  difference  be  the 
corrected  elevation. 

Or,  this  rule  may  be  expressed  by  the  following  formula: 
where  d  is  the  difference  between  3^°  and  the  mean  temperature 
of  the  air,  d  is  the  difference  of  barometric  heights  in  tenths  of 
an  inch,  m  is  tlie  mean  barometric  height,  d  the  difference  be« 
tween  the  mercurial  temperatures,  and  e  is  the  correct  elevation. 

m 

For  an  example,  suppose  that  the  mercury  in  the  barometer 
at  the  lower  station  was  at  ^'4  inches,  its  temperature  50*^  of 
Fahrenheit's  thermometer,  and  the  temperature  of  the  air  45" : 
the  height  of  the  mercury  at  the  upper  station  25*19  inches,  its 
temperature  46®,  and  the  temperature  of  the  air  39°. 
Here  d  =  294-251-9  =  42-1 
^ri87  +  (10x-21)=:891 
mrzi  (29-4  +  2519)  =  37-295 

—  =  approximate  elevation  =       .     .     4123'24 

Correction  for  temp,  of  mercury  4  x  2-833  =       11-33 

Corrected  elevation  in  feet  .     .     4111*91 


Ditto  in  fathoms 685  32 
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II.    M.  DE  LUc's  METHOD.  * 

506.  I.  Subtract  the  logarithm  of  the  barometrical  height  at 
the  upper  station  from  the  logarithm  of  that  at  the  lower,  and 
count  the  index  and  first  four  decimal  figures  of  the  remainder 
as  fisithoms,  the  rest  as  a  decimal  fraction.  This  may  .be  called 
the  elevation.  ^ 

II.  Note  the  different  temperatures  of  the  mercury  at  the  two 
stations,  and  the  mean  temperature.  Multiply  the  logarithmic 
expansion  corresponding  to  this  mean  temperature  (in  table  II. 
art.  503.)  by  the  difi^erence  of  the  two  temperatures,  and  subtract 
the  product  from  the  elevation  if  the  barometer  has  been  coldest 
at  the  upper  station,  otherwise  add  it.  This  difierence,  or  sum, 
will  be  the  approximated  elevation. 

III.  Observe  the  difierence  of  the  temperatures  of  the  idr  at 
the  two  stations  by  a  detached  thermometer,  also  the  mean  tem- 
perature, and  its  difierence  of  temperature  from  32®.  Multiply 
this  difierence  by  the  expansion  of  air  for  the  mean  temperature, 
and  multiply  the  approximated  elevation  by  1  ±  this  product, 
according  as  the  air  is  above  or  below  S2^.  The  last  product 
is  the  correct  elevation  in  fathoms  and  decimals. 

Taking  the  same  example  as  bejbre,  toe  have 
$  al.  heights.        Temp.  $.         Mean.       Temp.  Air.      Mean. 

29-4  50.  .ft  45  .^ 

2519  46*  *^  39 

I.  Log.  of  29-4 1-4683478 

Log.  of  2519 1-4012282 

Elevation  in  fathoms 671*191 

11.  Expans.  for  48*  (tab.  II.)  .     .     •  473 
Multiply  by  (50-46)    ...  4 

..   .     1-892 


Approximated  elevation      ....  669*299 

III.  Expans.  of  air  at  42<>     .    .    0000238 
Multiply  by  (42 — J2)  .     .  10 

00288 
Hence  669299 x  10238=685-228,  the  correct  elevation. 

III.    SIR  GEORGE  SHUCKBUBGH's  METHOD. 

507.  I.  Reduce  the  barometric  heights  to  what  they  would 
be  if  they  were  of  the  temperature  of  32^ 

VOL.  I.  L  L  ' 
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II.  The  difference  of  the  logarithms  of  the  reduced  barome- 
trical heights  will  give  the  approximate  elevation. 

III.  Correct  the  approximated  elevation  as  before. 

Same  example, 

I.  Mean  expans.  for  l^frora  tab.  I.  is  0000111. 
l««x000011lx29-4=     ......      0069 

Subtract  this  from 29*4 

Reduced  barometric  height 29'341 

Expans.  from  tab.  I.  is  0*000111. 

14°x  0-000111  X  25-19 0039 

Subtract  from 25;190. 

Reduced  barometric  height 25*151 

II.  Log.  29*341 1*4674749 

Log.  25*151 1-400555S 

■—••••—^i^—^— •—■OB  Mai 

Approximated  elevation 669*196 

III.  This  multiplied  by  10238  gives       .     .        685-125  , 

Rema/rk  1.  If  0*000101  be  supposed  the  meaix  expansion  of 
mercury  for  1%  as  Sir  George  Shuckburgh  determines  it,  the 
reduction  of  the  barometric  heights  will  be  had  sufficiently  exact 
by  multiplying  the  observed  heights  of  the  mercury  by  the  dif- 
ference of  its  temperatures  from  32,  and  cutting  off  four  more 
decimal  places ;  thus  29*4  x  ■,.o'^,^oo  g^ves  for  the  reduced  height 
29-347and26-19xT^VW  gives  25-155,  and  the  difference  of 
their  logarithms  gives  669*4  fathoms  for  the  approximated 
elevation,  which  differs  from  the  one  given  above  by  no  more 
than  15  inches. 

Remark'  2.  If  0*0024  be  taken  for  the  expansion  of  air  for 
one  degree,  the  correction  for  this  expansion  will  be  had  by 
multiplying  the  approximated  elevation  Dy  12,  and  this  product 
by  the  sum  of  the  differences  of  the  temperatures  from  3^^, 
counting  that  difference  as  negative  when  the  temperature  is 
below  3^  and  cutting  off  four  places;  thus  669'196  x  12  x 
(1S+-07)Xt-^4^  =  16061,  whicfi  added  to  669-196  gives 
685*257,  differing  from  the  former  only  9  inches. 

IV.  DR.  button's   method. 

508.  I.  Observe  the  height  of  the  barometer  at  the  bottom  of 
%nj  height  or  depth  intended  to  be  measured,  with  the  tempera- 
ture of  the  quicksilver  by  means  of  a  thermometer  attached  to 
the  barometer,  and  also  the  temperature  of  the  air  in  the  shade 
by  a  detached  thermometer^ 
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II.  Let  the  safne  thing  be  done  also  at  the  top  of  the  said 
height  or  depths  and  at  the  same  time,  or  as  near  the  same  time 
as  may  be.  And  let  those  altitudes  of  barometer  be  reduced  to 
the  same  temperature,  if  it  be  thought  necessary,  by  correcting 
either  the  one  or  the  other;  that  is,  augment  the  heigtit  of  the 
mercury  in  the  colder  temperature,  or  diminish  that  in  the 
warmer,  by  its  ^^^  part  fCfr  every  degree  of  difference  of  the 
two.  The  altitudes  of  mercury  so  corrected  being  what  We 
denoted  by  m  and  fn^  in  ai^t.  501. 

III.  Take  the  difference  of  the  common  logarithrris  of  the 
two  heights  of  the  barometer,  corrected  as  above  if  necessary, 
tuttingj  off  three  figures  next  the  right  hand  for  decimals,  the 
rest  being  fathoms  in  whole  numbers. 

IV.  Correct  the  number  last  found  for  the  difference  of  tem- 
perature of  the  air,  as  follows :  Take  half  the  sum  of  the  two 
temperatures  for  the  mean  one ;  and  for  every  degree  which  this 
differs  from  the  temperature  31^,  take  so  many  times  the  -^^ 
part  of  the  fathoms  above  found,  and  add  them  if  the  mean 
temperature  be  ab6ve  81**,  but  subtract  them'  if  th6  inean  tem- 
perature be  below  81° ;  and  the  sum  or  difference  will  be  the 
true  altitude  in  fathoms;  or,  being  multiplied  by  6,  it  will  be 
the  altitude  in  feet.     {Maih.  Diet,  art.  Barometer,) 


Same  example. 


Thermometers. 

Detached.  Attached. 


45 
89 

Mean  4S 


50 
46 

Diff.   4 


Batbmeters. 

29*4    lower. 
26' 19  upper. 


As9600:4::29'4:'ai23 

•0123 


corr. 


Mean  42      m=:29-38T7 
Statid.  31      m=:25'19 


log.  4681656 
4012283 


Diff.  11 


As  436 :  11 : :  669-374 :  16-924 

16-924 


The  aldtude  sought  is  686-298  fathoms; 

50dl  ^uch  are  Aie  most  approved  rules  for  the  determination 
of  altitudes  by  the  batoiUeter.  By  a  comparison  of  the  foiir 
methods  it  will  be  seen  that  no  two  of  the  results  difi^ir  more 
than  a  600th  part;  so  that  in, point  of  accuracy  we  know  not 
which  should  be  prefehred;    In  ptfKStice,  perhaps,  the  first  ahd' 

I,  L  2 
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fourth  may  be  most  expeditious ;  and,  in  general,  an  arithmetical 
mean  between  the  results  of  these  two  will  not  be  far  from  the 
truth*. 

As  to  the  advantages  of  the  barometric  compared  with  the 
geometrical  method  of  measuring  elevations,  we  shall  state 
them  chiefly  in  the  language  of  Mr.  Nicholson  (Natural  Philo- 
sophy, vol.  ii.).  First,  the  instruments  are  neither  very  expen- 
sive, nor  even  difficult  for  an  ingenious  philosopher  to  make  in 
any  country  where  he  can  procure  quicksilver  and  glass  tubes ; 
but  the  geometrical  methocf  requires  instruments  of  considerable 
price,  which  cannot  at  all  be  accurately  constructed  by  the  most 
ingenious  person  who  is  destitute  of  the  tools,  and  unacquainted 
with  the  artifices  necessary  to  render  them  correct.     Secondly, 

*  Besides  the  above,  which  are  appropriated  to  English  measures  and  Fahrenheit's 
thermometer,  we  may  here  exhibit  a  few  formulse  adapted  to  the  centigrade  thermo- 
meter and  French  measures.  liet  t  and  /  be  the  temperature  of  the  air,  at  the  lower 
and  upper  stations,  indicated  by  the  centigrade  thermometer,  h  and  h  the  heights  of 
the  mercury  in  the  barometer  at  those  stations,  and  m  and  m  the  temperatures  of  the 
mercury  in  the  respective  barometers ;  then,  according  to  Laplace,  the  altitude  A,  in 
metres,  of  the  upper  above  the  lower  station,  will  be  expressed  by  a  =^  18393 

.  2{T-ht)   ,  H 

('     ■+"       ..w.n        log- 


1000  "      ,        M-7» 


6412 

This  reduced  to  English  measures  gives  for  the  altitude  in  fathoms,  a  »  10050 

.,         2(T  +  0     -  H 

<1    +  -^ log. . 

1000         *    ^(l+00018(M-m) 

M.  Biot  presents  the  following  formula,  comprehending  the  allowance  for  changes 
in  latitude,  and   not  erring  more   than    1   metre  in  1500:    namely,  a  »  18393 

\  I  +  -002837  cos  2x  \  i  1  +  HiHi?  )    log.    ^-. 
I  ]\  1000      (       ^      h 

And  lastly,  M.  Prony,  in  the  <*  Connaissance  des  Tems  pour  Tan  1816^'*  presents 
a  very  commodious  expeditious  theorem,  approximating  to  the  true  result  usually 
within  I  in  1200  ;  viz.  a  =  k9(^.  Of  these  three  factors  K  is  constant,  being  =  15969 
metres;  the  multipliers  of  this  number  are  18336,  the  double  modulus,  and  the  con- 

stant  part  of  the  term  in  which  log.  —  is  found  repeated,  the  variable  part  of  that 

2(t  +  i) 
term  being  here  neglected.     The  second  factor  9  »  I  + .    And  the  third  q^ 

-^,  where  tf=tA{l  + '000185  (t  — 01'     The  quantity  q  is  the  first  term  of  the 

•a 

foUowing  series,  log.  —  ^2Mq  (1  +j2*  +  'i5*  +  |5*+  &c.)  m  being  ^  •434294. 

When  the  altitude  exeeeds  1000  metres,  the  second  term  of  the  series  must  be  taken 
into  the  account.  The  demonstration  of  this  formula  is  given  at  p.  312  of  the  above 
cited  volume. 

For  a  simple  practical  rule  by  Sir  H.  C.  Englefield,  the  resider  may  consult 
Kicholson^s  Journal,  N^  55,  N.  S. 

And  for  an  easy  approximation  when  the  altiCUdes  do  not  exceed  ]  000  feet,  say,  as 
H  +  A  :  R>A: :  55000:  a  in  feet,  at  temperature  55®  (Fahr.).  Correct  this  by 
Adding  or  subtracting  its^^i^  for  every  degree  above  or  below  5S^, 
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the  barometers  require  no  other  adjustment  than  to  observe  are- 
viously  whether  they  agree,  and,  if  they  do  not,  to  allow  for  their 
difference.  The  barometrical  observations  are  likewise  easily 
made ;  whereas,  on  the  contrary,  the  previous  adjustment  and 
subsequent  use  of  instruments  for  measuring  angles  require 
a  degree  of  precision  and  skill  not  usually  obtained  without^ 
practice.  Thirdly,  the  el-ror  qf^ observation  in  the  barometrical 
method  for  all  elevations  is  nearly  a  constant  quantity,  never 
amounting  to  so  much  as  half  a  fathom  for  a  mistake  of  the 
500th  of  an  inch ;  but  any  error  either  in  the  mcJa^urement 
of  lines  or  angles  proportionally  affects  the  result ;  so  that  the 
greater  the  elevation  required  to  be  measured,  the  larger  the 
quantity  of  error.  Fourthly,  the  barometrical  observations  re- 
quire no  particular  circumstances  of  advantage  either  in  tllte 
figure  or  situation  of  the  mountains,  &c.  to  be  measured,  Bothing 
more  being  required  than  that  both  stations  be  accessible. 
'These  observations,  and  the  computation,  are  performed  after 
the  same  method  in  all  cases;  but,  in  the  geometrical  method, 
if  the  horizontal  distance  of  the  two  stations  be  considerable,  or 
if  there  be  not  a  convenient  plain  for  measuring  a  fundamental 
base,  the  operation  becomes  very  complicated,  and  the  pro- 
bability of  error  is  multiplied. 

After  all,  it  must  not  be  disguised  that  the  prinpiples  of  the 
geometrical  method  are  established  and  sure,  ana  that  an  ex-^ 
treme  degree  of  exactness  may  often  be  obtain^  in  this  way  b§r 
good  instruments  in  the  hands  of  a  skilful  observer :  whereas 
the  modifications  of  the  atmosphere  with  regard  to  the  effect 
whicfi  exhalations  of  various  kinds,  and  the  greater  or  less 
abundance  of  the  electric  matter,  may  have  in  expanding  the 
air  without  changing  its  temperature,  are  not  yet  sufficiently 
known  to  render  the  corrections  altogether  so  perfect  as  might 
be  wished.     These  remain  to  be  ascertained  more  accurately 
by  future  observations :  meanwhile  it  should  be  remembered, 
that  the  elevations  determined  by  the  barometer  are  most  to  be 
depended  upon  when  the  extreme  temperatures  of  the  column « 
of  air  do  not  greatly  differ,  and  when  the  air  is  cold  and  dry* 
'    The  various  circumstances  affecting  the  density  of  the  atmo- 
sphere and  likely  to  occasion  errors  in  barometrical  admeasure- 
ments, such  as  the  expansion  from  various  degrees  of  heat,  the 
change  in  the  relation  between  the  density  and  the  compressing 
force,  the  variation  in  the  force  of  gravity,  the  solution  of 
moisture  in  the  air,  the  diminution  of  the  weight  of  mercury  in 
the  upper  barometer,  &c.  have  all  been  made  the  subjects  of 
investigation  in  an  elaborate  paper  by  the  late  Professor  Playfair, 
published  in  the  Transactions  of  the  Royal  Society  ^^  Edin- 
burgh, vol.  I. :  and,  subsequently,  by  Laplace,  Ramond,  and 
others* 
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M.  iMplace  has  propofied  a  method  of  combining  the  obser- 
vatioDS  of  the  barometer  with  geographical  measures,  tp  deter- 
mine m  a  more  decisive  manner  the  poation  of  different  places. 
This  pofiition,  so  far  as  it  depends  upon  geographical  admea- 
smement,  is  diown  by  the  intersection  of  two  rectangular  co- 
ordinates; one  of  which  exhibits  the  distance  from  the  first 
meridian  of  the  longitude,  and  the  other  the  distance  from  the 
equator,  cnr  the  latitude.    He  supposes  a  third  co-ordinate  per- 
pendicular to  the  two  preceding  ones,  by  which  may  be  mea- 
sured the  vertical  distance  between  the  same  point  or  intersec- 
tion and  the  level  of  the  sea.    Thus  he  takes,  for  France,  the 
level  at  Brest,  where  the  mean  height  of  the  barometer  is  very 
nearly  76  centimetres,  or  about  ^"9^  of  our  standard  inches. 
Then  making  in  each  place  a  great  number  of  barometrical 
observations  during  a  year  or  two,  the  mean  between  all  these 
observations  fflves  the  elevation  of  the  place  proposed  above 
the  level  of  tne  sea.     It  is  recommended  to  choose  in  eadi  re- 
spective tract  of  country,  for  the  level  to  which  all  the  observa- 
tions are  to  be  referred,  the  megm  height  of  the  nearest  river. 
Such  a'course  of  observations  carefully  made  at  different  places, 
with  accurate  barometers,  might  furnish  results  very  interesting 
in  the  topography  of  different  countries.     Much,  in  tliis  way, 
has  already  been  done  in  various  parts  of  the  continent;  and 
one  of  the  tables  in  the  3d  vol.  of  the  ^^  Trigonometrical  Survey 
gf  England  and  Wales^  furnishes  numerous  important  resulta 
of  this  kind< 
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CHAPTER  IIL 


ON  THE  MOTION  Of  AIR  WHEN  THE  EQUIUBRIUM  O^  PEESSUKE 

TS  REMOVED. 


510..  In  the  present  chapter  we  shall  consider  air  (taken  for 
a  representative  of  elastic  fluids  in  general)  as  acted  ttpon  by 
gravity  equally  and  in  parallel  directions ;  and  in  a  series  of 
propositions  in()uire  into  the  circumstances  of  its  passage  from 
a  vessel  into  a  vacuum,  or  from  one  vessel  to  another,  in  whi<ih 
the  air  is  of  less  density. 

Prop.  To  determine  mth  what  vMocity  atr  zdU  rush  into  a 
void  space  when  impelled  by  its  weight  atone. 

This  is  manifestly  analogous  to  the  hydraulic  problem  of 
water  flowing  through  an  orifice  in  the  bottonl  or  side  of  a 
vessel  (art.  439.):  and  the  manner  of  investigation  there  adopted 
will  immediately  apply  to  the  present  instance,  l^oi*  when  the 
moving  force,  and  the  matter  to  be  moved,  vary  iil  the  same 
proportion,  the  velocity  will  continue  the  same ;  that  is,  since 
^asv  (art.  216.)  when  Fas,  v  is  constant.  If,  therefore, 
there  be  similar  vessels  of  air,  water,  oil,  or  any  other  fluid^all 
of  the  height  of  a  homogeneous  atchosphtre  (art.  495.) ^5^6]^ 
will  be  discharged  through  equal  and  similar  holes  with  the  same 
velocity :  for,  in  whatever  proportion  the  quantity  of  matter 
moving  through  the  hole  be  varied  by  a  changes  of  density,  the 
pressure  which  forces  it  out,  acting  in  circumstances  perfectly 
similar,  varies  in  the  skme  proportion.  Herice  it  foBow's,  th'frt 
air  rushes ^rom  the  atmosphere  into  a  void  with  the  velocity 
which  a  heavy  bddy  would  acquire  by  falling Jrcym  the  tbp  qfch 
homogeneous  atmosphere. 

Let  us  take,  then,  for  the^height  of  the  homogeneous  atmo- 
sphere H=27818  feet  (art.  496.);  and  if  we  put  ^=:  82|  feet, 
as  we  have  heretofore  done,  we  shall  have  v  =  v^  i^g^)  =  1339 
feet  nearly  =8  \/h  nearly,  the  vielocity  sought :  no  regard  being 
here  paid  to  the  velocity  which  the  air  acquires  after  its  issuing 
into  the  previous  void  by  its  continual  expansion. 
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SCHOLIUM. 

511.  The  first  solution  to  this  problem  we  recollect  was 
^ven  by  Dr.  Papin,  in  the  Phil.  Trans.  No.  184.  See  also  the 
ew  Abridgment,  part  x.  p.  334.  It  is  deduced  from  this 
proposition,  viz.  that  of  different  liquors  under  the  same  pres- 
sure, those  spedficaUy  lighter  must  acquire  a  ^eater  celerity^ 
and  their  dif^rent  velodties  will  be  to  one  another  as  the  roots 
of  the  specific  gravities  of  the  said  liquors.  "  If,  therefore,'* 
says  Dr.  Papin,  ^  we  would  know  what  is  the  velocity  of  air 
when  driven  by  any  degree  of  pressure  whatever,  we  need  only 
find  what  would  be  the  velocity  of  water  under  the  same  pres- 
sure, and  then  take  the  square  roots  of  the  specific  gravities  of 
these  two  fluids,  because,  as  much  as  the  square  root  of  the 
specific  gravity  of  water  exceeds  the  square  root  of  the  specific 
gravity  of  the  air,  so  much  in  proportion  will  the  velocity  of  the 
air  exceed  that  of  the  water.  For  example,  when  I  would  com- 
pute what  would  be  the  velocity  of  a  bullet  shot  by  the  pneu- 
matic engine,  described  in  Phil.  Trans.  No.  179, 1  shoula  first 
compute  what  was  the  velocity  of  the  air  itself  that  drove  the 
bullet :  I  therefore  observe  that  on  this  occasion  the  air  sustains 
a  pressure  much  about  tbm  same  as  that  of  water  when  its  head 
is  32  feet  high ;  now  such  water  would  spout  out  with  a  suf> 
ficient  velocity  to  ascend  32  feet  perpenaicular,  and  therefore 
it  has  the  velocity  of  45  feet  in  a  second.  It  remains,  therefore, 
only  to  know  the  proportion  of  the  gravity  of  air  to  that  of 
water :  thife  we  have  found  not  to  be  always  the  same ;  because 
the  height,  the  heat,  and  the  moisture  of  the  atmosphere,  are 
variable ;  yet  we  may  say  in  general,  that  the  ratio  of  the  specific 
gravities  of  water  and  air  is  about  840  to  1.  Taking,  then,  their 
square  roots,  which  are  29  and  1,  we  may  conclude  that  the 
veiojity  of  air  must  exceed  that  of  water  29  times;  and  so 
multiplying  45,  the  velocity  of  water,  by  29,  we  shall  find  that 
the  velocity  of  the  air,  driven  by  the  whole  pressure  of  the 
atmosphere,  is  about  1305  feet  in  a  second.'' 

This  number,  as  Dr.  Hutton  remarks,  is  too  small ;  for  the 
igean  pre|6ure  of  the  atmosphere  is  now  known  to  be  about  that 
of  a  column  of  water  of  33|;  feet,  and  this  will  give  for  its  velocity . 
464y  feet,  instead  of  45 ;  which,  multiplied  jby  the  29,  gives 
nearly  1348  feet:  a  determination  which  differs  from  that  in 
the  preceding  article  by  about  its  150th  part. 

512.  Prop.  To  deterr^ine  the  velocity  with  which  the  aif  of 
the  atmosphere  mU  rush  into  a  space  containing^  rarer  air. 

Whatever  the  density  of  the  rarer  air  may  be,  its  elasticity, 
which  varies  as  its  density,  will  balance  a  proportional  part  of 
the  pressure  of  the  atmosphere ;  and  it  is  the  excess  of  tnis  last 
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only  which  is  the  moving  force,  the  matter  to  be  moved  is  the 
same  as  before.  Let  d,  then,  be  the  natural  density  of  the  air, 
and  i  the  density  of  the  air  contained  in  the  vessel  into  which 
it  is  supposed  to  run :  let  p  be  the  pressure  of  the  atmosphere, 
and  therefore  equal  to  the  force  which  impels  it  into  a  void, 
and  7t  the  force  with  which  this  rarer  air  would  run  into  a  void. 

Then  (art  491.)  we  have  p^  =  itd,  and  ^r  =  — .     Also  the 

moving  force  in  the  present  case  is  p  —  w*,  or  p .   Lastly, 

let*v  be  the  velocity  of  air  of  density  n  rushing  into  a  void,  and 
V  the  velocity  with  which  it  will  rush  into  the  rarefied  air  of 
density  ^.  Now,  in  this  as  well  as  other  fluids,  the  pressures 
are  as  the  squares  of  the  velocities  of  efflux ;  therefore  (art. 


p3 


469.  cor.  2.)   p  :  p : :  v* :  i?',  and  by  reduction  we  find 

t;=:vx-v/(l );  an  expression  for  the  velocity  sought, 

not  considering  the  resistance  which  the  air  of  density  d  will 
experience  from  the  inertia  of 'that  in  the  vessel,  which  it  must 
displace  in  its  motion. 

Co  a.  1.  Hence,  it  appears  that  there  will  always  be  a  current 
into  the  vessel  while  $  is  less  than  d. 

Cor.  S.  Hence,  also,  we  learn  the  gradual  diminution  of  the 
velocity  as  the  vessel  fills ;  for,  because  ^  gradually  increases, 

1  —  — ,  and  consequently,  the  value  of  v  continually  diminishes. 

613.  Prop.  To  determine  the  time  t  in  seconds^  in  which  the 
air  of  the  atmosphere  will  flow  into  a  given  vessel  from  its  state 
qfva>cuityj  till  the  air  in  the  vessel  has  acquired  a/iiy  proposed 
density/ ^. 

Let  H  be  the  height  in  feet  due  to  the  velocity  v  (art.  244.), 
5  the  solid  content  or  capacity  of  the  vessel  in  cubic  feet,  and  a 
the  area  or  section  of  the  aperture  -in  square  feet,  d  represent- 
ing, as  before,  the  natural  density  of  the  air.  Now,  since  the 
quantity  of  air  to  fill  the  vessel  will  depend  upon  its  density 
and  the  capacity  of  the  vessel  conjointly,  we  may  express 
it  by  J>s  when  the  air  is  in  its  ordinary  state,  and  by  $s  when 
it  has  acquired  the  density  ^.  To  find  the  rate  at  which 
the  vessel  fills,  we  must  take  the  fiuxion  of  the  quantity  Ssy 

which  will  be  s^^  because  s  is  invariable.     The  velocity  of  in-  ' 
flux  at  the  first  instant  is  v  or  ^{Sga)  (art.  610.),  and  when 
the  air  in  the  vessel  has  acquired  the  density  $,  that  is,  at 

the  end  of  the  time  t,  the  velocity  is  \/(2g-H)  x  \/(l ) 


1 
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or  V(^gK--^.  Hence  the  rate  of  influx,  which  may 
be  measured  by  the  indefinitely  small  quarttity  of  air  which 
will  enter  during  the  time  i  with  this  velority,  will  be  de- 
noted by  V  ( Sg-n)  x   ^^^  X  J>at=:aiy/[^gJ)B{D  —  $)']. 

Making  these  two  values  of  the  rate  of  influx  equal,  we  have 

« 

at^[2gDn{D-^  $)]  =  sK  or  t  =  •^;7^  x  ^^.  Taking 

the  fluents,  we  have  t  r:  ^^^^^^^^  x  v/(d-J)  +c. 

To  determine  the  constant  quantity  c,  we  must  recollect  that 
when  ^riO,  ^  =  0,  and  <•(!)  — ^)=  Vi>':  hence  czsVd;  and 
the  correct  fluent  is 

^=  -77^ — X  X  [\/D-  a/(d-. J)]. 
Cor.  When  ^  =  d  the  motion  ceases,  in  which  case  t  be- 
comes —771 :  or  —771 — :,  or  r — 7"  nearly,  for  the  tinie  of  com-* 

pletely  filling  the  vessel-. 

614  To  illustrate  this  by  an  example  in  numbers,  let  us 
suppose  the  capacity  of  the  vessel  to  be  8  cubic  feety  or  nearly 
a  wme  hogshead,  and  that  the  orifice  by  which  the  air  of  the 
ordinary  c&nsity  (which  we  shall  make  ==  1)  enters  is  an  inch 
square,  or  ^s^  of  a  foot.     Here  4  v^h  =  4  -v/27818  =  668,  and 

t  =  ^jlgj- ^  =s  1--7245.     If  the  hole  be  only  ^i^  of  a* 

square  inch,  or  the  side  ^  of  an  inch,  the  time  of  completely 
fining  the  vessel  will  be  nearly  172^  seconds,  or  rather  less  than 
3  minutes. 

If  we  make  the  experiment  with  a  hole  cut  in  a  thin  platey 
we  shall  find  the  tiipe  greater  nearly  in  the  ratio  of  62  or  63  to 
100.  As  is  likewise  the  case  with  water  flowing  thrmigh  small 
orifices  (art.  458.  617.)>  and  for  similar  reasons. 

In  like  manner  we  can  find  the  time  necessary  for  bringing- 
the  air  in  the  vessel  to  ^  of  the  ordinary  density.  For  the  only 
variable  part  of  the  correct  fluent  above  is  -/(d— ^),  which  in 
this  case  becomes  v/(l— ^)=  ^^zz^^  whence  ^d  —  ^  i^"^) 
—  ^.  And  if  the  hole  is  a  square,  each  side  being  -^  of  an  inch, 
the  time  is  ^  of  17^^,  that  is,  86^  seconds. 

515.  jj^ROP.  Let  the  air  in  the  vessel  abcd  (fig.  4.  pi.  XVIII.) 
be  compressed  by  a  weight  acting  on  tJie  cai^r  ad,  which  is  rfiaoe-- 
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able  dawn  ibe  t>€$$ely  to  determine  the  vdocity  efihe  air  ea^peUed 
at  the  aperture  c. 

The  density  d  of  the  extepnal  air  eorresponds  to  its  pressure 
B :  and,  since  the  immediate  ^ect  of  the  external  pressure  is  to 
coinpress  the  air  ip  the  yessel  and  give  it  another  density,  let  the 
£|dditional  pressure  on  the  cover  of  the  vessel  be  p,  and  the 
density  of  the  air  in  the  vessel  be  </;  then  shall  we  have  p :  f+ 

/? :  :  D :  rf;  whence  p  =  p  •  -^,     Now,  because  the  pressure 

which  expels  the  air  is  the  difference  between  the  force  which 
compresses  the  air  in  the  vessel  and  that  which  compresses  the 
external  air,  the  expelling  force  is  p ;  and  because  the  quantities 
of  motion  are  the  forces  which  similarly  produce  them,  we  shatl 

^lave  p  :  p  • : :  mv  :  mVy  \»?here  m  and  m  express  the  qu^a^ 

lities  of  matter  expelled,  v  the  velocity  with  which  air  rushea 
into  a  vacuum,  and  v  the  velocity  required.  But  because  the 
quantities  of  aerial  matter  which  issue  from  the  same  orifice  in 
an  instant  are  as  the  densities  and  velocities  jointly,  we  shall* 

have  wrimv::  dvv  :  dvo.  <^onsequently  p :  p  •  ~^ : :  nv^rcfo^ 
And  hence  we  deduce  t;  =  v  \/  -—-. 

a 

Coil.  Another  expression  for  the  velocity  may  be  obtained 
without  considering  the  density :  for  since  p :  p  +  p : :  d  :  d, 

therefore  d=^^^M,  ^j,^  d  -  j> -^^^  - -o -^^■^—  = 
^  ;  whence  ^-Z£  =  '^  ^  ±l£l  =  .J-.  Substituting  this 
value  of  -^  for  it  in  the  final  value  of  v,  it  becomes  v  = 

a 

y^  ^^,  which  is  both  a  ample  and  convenient  expresnon% 

516.  Prop.  To  inquire  irUo  the  effect  of  the  air'*$  elastidfy/[^ 
ts^hen  ascertaining  the  velocity  with  which  the  air  will  ismejrom 
a  vessel  into  a  vacuum. 

Let  ABCO  (fig.  4,  pi.  XVIII.)  be  a  vessel  containing  air  of 
any  density  d.  This  air  is  in  a  state  of  compression,  and  if  the  ^ 
compressing  force  be  removed  it  will  expand,  and  its  elasticity 
will  diminish  with  the  density.  Now  its  elasticity  in  any  state 
is  measured  by  the  force  which  keeps  it  in  that  state  (art.  488*) ; 
and  the  force  which  keeps  common  air  in  its  ordinary  density  is 
the  pressure  of  the  atmosphere,  which  (art.  485.)  is  at  a  medium 
the  same  with  the  weight  of  a  column  of  mercury  29^  inches 
high.     If,  therefore,  we  suppose  that  this  air,  instead  of  being 
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confined  by  the  top  of  the  vessel,  is  pressed  down  by  a  move- 
able piston  carrying  a  cylinder  of  mercury  of  the  same  base, 
and  291  ii^ches  high,  its  elasticity  will  balance  this  pressure  just 
as  it  does  the  pressure  of  the  atmosphere:  and,  since  it  is  a 
fluid  and  propagates  through  every  part  and  in  every  direction 
the  pressure  exerted  on  any  one  part,  it  will  press  on  any  small 
portion  of  the  vessel  by  its  elasticity,  in  the  same  manner  as 
when  loaded  with  this  column.  Hence,  if  this  small  portion 
of  the  vessel  be  removed,  and  a  passage  made  into  the  void,  the 
air  will  begin  to  flow  out  with  the  same  velocity  as  it  would 
flow  out  when  impelled  by  its  weight  alone,  or  with  the  velocity 
acquired  by  falling  from  the  top  of  the  homogeneous  atmo- 
sphere; that  is,  a  velocity  of  1339  feet  nearly  (art.  510.).  But 
as  soon  as  any  air  has  passed  through  the  orifice,  the  density  of 
that  remaining  in  the  vessel  is  diminished,  and  its  elasticity  is 
diminished,  consequently  the  expelling  force  is  diminished : 
but  the  matter  to  be  moved  is  diminished  in  the  very  same  pro- 
portion as  the  density,  the  capacity  of  the  vessel  remaining  un- 
changed :  therefore,  since  the  density  and  elasticity  follow  the 
same  law,  the  quantity  of  matter  moved  will  vary  as  the  moving 
force,  and  the  velocity  will  continue  the  same  from  the  beginning 
to  the  end  of  the  efilux. 

SCHOLIUM. 

61 7.  Hence,  since  the  velocity  with  which  the  air  issues  out 
of  such  a  vessel  is  constant,  we  may  readily  compare  the  velo- 
city of  theory  in  art.  510.  with  that  found  by  experiment.  But 
for  this  purpose  we  shall  here  describe  the  simple  apparatus 
and  experiments  of  Mr.  Banks,  in  which  a  change  of  density 
is  avoided.  (Banks  on  the  Power  of  Machines,  p.  10.)  a  (fig, 
8.  pi.  XVIII.)  is  a  cask  of  known  capacity,  into  the  top  of 
ivhich  is  screwed  an  aperture  a  of  a  known  area.  The  tube 
Te/,  recurve  at  d,  is  soldered  or  screwed  into  the  top  of  the  said 
cask.  The  hole  a  is  stopped,  and  water  poured  into  the  tube  t 
till  it  is  full ;  at  which  time  a  quantity  of  water  will  have  passed 
out  of  the  hole  at  d,  and  condensed  the  air  in  the  cask  till  its 
spring  is  equal  to  the  weight  of  the  water  in  the  tube.  At  this 
time  a  cock  placed  over  the  tube  t,  sufficiently  large  to  supply 
water  as  fast  as  it  can  descend  into  the  vessel  a,  must  be  opened 
to  keep  the  tube  constantly  filled ;  for  this  purpose  one  |)erson 
must  attend  it,  and  another  must  open  the  aperture  a,  which 
need  only  have  been  closed  by  a  finger,  and  he  must  measure 
the  seconds  from  the  moment  that  the  finger  is  removed  till  the 
water  flies  out  at  the  jet.  Hence,  from  knowing  the  capacity 
of  the  vessel  and  the  area  of  the  jet,  the  velocity  may  be  ob- 
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taincd.  If  the  tube  rd  should  be  continued  nearly  to  the 
bottom  of  A,  while  a  was  filling  with  water,  the  length  of  the 
compressing  column  would  be  gradually  diminished,  and  of 
consequence  the  pressure  would  be  constantly  changing:  to 
avoid  any  irregularity  this  might  produce,  the  open  end  of  the 
tube  is  as  near  the  top  of  the  cask  as  is  consistent  with  a  free 
passage  for  the  water. 

Experiments.  The  vessel  contained  15Ib.  6oz.  of  water; 
from  which  we  find  its  capacity  425*088  cubic  inches.  The 
area  of  the  aperture  ^,  through  which  the  air  is  discharged,  is 
•0046  inches. 

Exn     T    J  '^^^  altitude  of  t  above  the  cask  30  inches ; 
P'      '    (  Time  of  expelling  the  air  38*,  by  several  trials. 

F  n   11    J  "^^^  altitude  of  T  6  feet ; 

P*       *   (  Time  of  expelling  the  air  21-3%  by  several  trials. 

In  the  first  experiment  425*088,  the  capacity  of  the  cask, 
being  divided  by  '0046,  the  area  of  the  hole,  gives  92410*4 
inches,  for  the  length  of  the  stream  driven  out  in  33*.     Hence 

^  '  =  233*3  feet,  the  velocity  per  second. 

From  the  second  experiment  we  deduce,  by  a  similar  process, 
361*6  feet,  for  the  velocity  per  second ;  ana,  to  show  the  cor- 
respondence of  this  with  the  first,  say,  as  \/2J  (the  head) 
:  2  33-8 : :  ^  6  (the  head) :  361*8  feet ;  diflering  from  the  former 
by  only  a  fifth  of  a  foot. 

To  compare  the  velocity  thus  found  by  experiment  with  that 
assigned  by  theory  (art.  610.),  we  may  say  as  \/6 :  361*6 : :  \/33 
(the  height  of  a  column  of  water  equivalent  in  pressure  to  the 
atmosphere) :  845*2  feet,  the  velocity  with  which  the  atmosphere 
would  begin  to  enter  into  a  vacuum.  Making  the  allowance 
spoken  of  in  art.  514.  we  shall  have  1339  x  *63=:  843*57,  agree- 
ing as  nearly  with  the  experimental  result  as  can  resonably  be 
expected. 

618.  Prop.  To  find  the  quantity  of  aerial  matter  which  wHl 
be  expelled  Jrom  the  orifice  c  of  the  vessel  abcd  (fig.  4.)  during 
cmy  time  t,  cmd  the  density  (fthe  remaining  air  at  the  end  of 
that  time. 

In  the  element  of  time  i  there  issues  (by  art.  613.)  the  capacity 

of  air  at  v(9gH),  the  velocity  v  being  constant  (art.  616.),  and 

consequently  the  quantity  of  air  adt  i/(%H).  On  the  other 
hand,  the  quantity  of  air  at  the  bemnning  of  the  efflux  was  5D, 
5  being,  as  oefore,  the  capacity  of  the  vessel ;  and  when  the  air 
has  acquired  the  density  c^  the  quantity  in  the  vessel  is  sd^  and 
STy—sd  is  the  quantity  expelled :  consequently  the  quantity  dis- 
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charged  in  the  element  of  dme  /  must  be  the  fluxion  of  sd — sd ; 

•  •  • 

that  ia—  sd.    Hence  we  have  the  equation  adt'/{2ga)zz—adf 
and  i=     -^  ,  =  —^.  X  -  4--     The  fluent  of  this  is 

t  =  — ^ hyp.  log.  d.    Now  this  fluent  must  be  so  taken 

that  when  /  =  0,  d  =  d,  or  hyp.  log.  —  =  hyp.  log.  1  n  0.    So 
that  the  correct  fluent  is  t  =  -^^ .  hyp.  log.  ~  zn  ^—^  •  hyp. 

log. —nearly. 

Cor.  Hence  it  follows  that  the  whole  air  of  a  vessel  situated 
as  in  the  proposition  will  not  flow  out  of  it  into  a  void,  in  any 
finite  time  whatever. 

519.  Prop.  To  determine  the  time  when  the  vessel,  instead  of 
discharging  its  air  into  a  void,  emits  it  into  air  of  a  less  density y 
Hfiat  density  remaining  invariable  during  the  effltix ;  as  may  be 
supposed  the  case  wfien  a  vessel  holding  condensed  air  emits  it 
into  the  surrounding  atmosphere. 

Let  the  initial  density  of  the  air  in  the  vessel  be  ^,  and  that  of 
the  atmosphere  d.   Then  it  is  manifest  that  the  expelling  force 

is  p  —  -^(art.  51S.);  and  that  after  the  time  <  it  is  — j-. 

We  Have  therefore    T'  :  '  7™ : :  mv :  ?wi? : :  ^  v* :  dt^ :  whence, 

by  reduction,  we  have  i;  =  v  v'  miZ^y    From  which  equation 

we  may  learn,  that  when  d=  d  the  motion  will  be  at  an  end ; 
and  that  if  ^=s  d  there  can  be  no  efflux. 

Now,  to  find  the  relation  between  the  time  and  the  density, 
let  H,  as  before,  be  the  hdgfat  due  to  the  velocity  v.     Hence 

the  height  dUe  to  the  velocity  of  efflux  v  must  be  H-  ^j^^,  and 

the  small  parcel  of  air  which  will  flow  out  in  the  element  of 

time  /  will  be  adt  ^{^gn-  Lj^l)*     And  another  expres- 

sioa  for  the  same  is,  as  in  the  preceding  article, -*-«d.    Making 
these  two  values  equal,  we  soon  deduce  the  fluxionary  equation 

*  =     /iiT^  X    /fZ  V  X'     The  fluent  of  this,  so  corrected 
.  that  when  ^=0,  d=r^,  is 


CpAP.  III.  MOTION  OF  AIR,  &C.  $27 

Cor.  When  d  becomes  =  d  the  efflux  is  complete,  and  the 
expression  for  the  time  will  then  becoqie 

'  =  r  ^  v/^  X  hyp. log. (-J-^^i .'). 

6^  Prop.  Xe^  ^Ae  ca/pacities  ofimso  vessels  containing  airs 
&f  different  densities  be  a  and  b  -^  tfthey^  communicate  hy  a  tube 
whose  secHo9i  is  a,  there  mU  be  a  current  ^om  the  vessel  con- 
taining the  denser  air  into  that  containing  the  rarer:  it  ispro^ 
posed  to  find  an  expression  Jbr  the  time  qfefflitx. 

Let  p  be  the  elastic  force  of  the  air  in  the  vessel  a,  q  its  den- 
sity, and  V  its  velocity ;  d  being  the  density  of  the  xiir  in  the 
vessel  whose  capacity  is  b.  After  the  time  t  let  the  density  of 
the  air  in  a  be  </,  its  velocity  v,  the  density  of  the  air  in  b  having 

become  ^,     The  force  expelling  from  a  will  then  be  p 

at  the  first  instant,  and  at  the  end  of  the  time  t  it  will  be 
^■^^^.     So  that  we  shall  have  ^^""^^ ;  !?ZL  :  :  ^v*  :  qv^  \ 

Q  Q  Q  ■ 

whence  arises  vzzy**/   ,~  \  :  and  we  see  that  the  motion 

will  cease  when  ^  =  g. 

Now  the  capacities  of  the  vessels  being  a  and  b  respectively, 
we  have  for  a  second  equation,  including  the  densities,  Aa  + 

BD=A(^-f-B^;  from  which  we  find  i=:^L-Z£i .  This  value  of 

i  being  substituted  in  the  preceding  value  of  7^,  transforms  it  to 
t?  n  v  •  \/  ^Wg*-P)---A  Q^-yJJ' .  ^^  equation  which  gives  the  re- 
lation between  the  velocity  v  and  the  density  ^. 

In  order  to  find  the  time  when  the  air  in  a  is  reduced  to  the 
density  y,  it  will  be  convenient  to  abridge  the  work  by  some 
substitutions:  thus,  make  q  (b+a)  =  m,  bq  (D  +  Q)=iN,  bq— 

BD  n  B,  and  —  =  m.    Then,  proceeding  as  in  the  propositions 
immediately  before  this,  we  obtain  the  fluxionary  equation 
oqi  V  {ftgn  '  ^^^^)  =  flux,  of  (aq  —  Ag)  =  —  Ay.      This 

inves  i  =:  ^^  '^-r  x  -77-7-^ — ;  the  fluent  of  which,  so  corrected 
that  tzzO  when  9  =  q,  is  as  below : 
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In  a  manner  not  widely  different  from  some  of  the  proportions 
in  this  chapter  might  various  other  problems  relative  to  the 
passage  of  air  from  one  vessel  to  another  be  solved :  bat  such 
problems  are  not  of  very  frequent  use  in  the  common  applica- 
tions of  Pneumatics  to  practice,  and  are  therefore  not  inserted 
here.  Some  particular  cases  are  considered  in  the  article 
Pneumatics^  Encycla  firitan.  as  well  as  in  Bossut''s  ^^  Hydrp- 
dynamique,^  part  ii.  ch.  11  and  \%  to  which  works  the  student, 
who  lushes  to  investigate  the  subject  further,  is  referred  for 
other  information* 
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CHAPTER  IV. 


ON    THE     THEORY    OF    AIR    PUMPS,    AND    PUMP^    FOR    RAISING 

WATER. 


521.  The  Air-pump  is  a  machine  formed  for  exhausting  the 
air  out  of  a  proper  vessel,  and  so  to  make  what  is  called  a 
vacuum :  it  is  one  of  the  most  useful  philosophical  instruments 
whose  operations  depend  upon  the  properties  of  the  air.  By 
the  help  of  this  macnine  the  chief  propositions  relative  to  the 
weight  and  elasticity  of  the  air  are  proved  experimentally,  in  a 
simple  and  satisfactory  manner.  This  machme  is  constructed 
in  various  ways,  one  of  the  best  of  which  will  be  described  in 
the  second  volume  of  this  work.  At  present  we  shall  describe 
one  of  a  portable  and  convenient  form ;  being  well  adapted  to 
most  of  trie  purposes  for  which  air-pumps  are  employed. 

"efgh  (fig.  1.  pi.  I.  vol.  II.)  is  a  square  table  of  wood;  a  a 
are  two  strong  barrels  or  tubes  of  brass,  firmly  retained  in 
their  position  by  the  cross-piece  tt,  which  is  pressed  on  them 
by  screws  oo,  fixed  dn  the  tops  of  the  brass  pillars  n,  n. 
'These  barrels  communicate  with  a  cavity  in  the  lowA-  part  d. 
At  the  bottom  within  each  barrel  is  fixed  a  valve,  opening 
upwards ;  and  in  each  barrel  a  piston  works,  having  a  valve  like- 
wise opening  upwards.  The  pistons  are  moved  by  a  cog-wheel 
in  the  piece  tt,  turned  by  the  handle  b,  of  which  wheel  the 
teeth  catch  in  the  racks  of  the  pistons  c,  c.  pa  is  a  circular 
brass  plate,  having  near  its  centre  the  orifice  k  of  a  concealed 
pipe  that  communicates  with  the  cavity :  in  the  piece  d  at  v  is 
a  screw  that  closes  the  orifice  of  another  pipe,  for  the  purpose 
of  admitting  the  external  air  when  required,  lm  is  a  glass 
receiver,  out  of  which  the  air  is  to  be  exhausted,  and  which 
has  obtained  the  name  of  receiver^  because  it  receives  or  holds 
the  subjects  on  which  the  experiments  are  to  be  made.  This 
receiver  is  placed  on  the  plate  pq,  which  is  previously  covered 
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with  a  wet  sheep-skin,  or  smeared  with  wax,  to  prevent  the  air 
from  insinuating  under  the  edge  of  the  glass. 

When  the  handle  b  is  turned,  one  of  the  pistons  is  raised,  and 
the  other  depressed ;  consequently  a  void  space  is  left  between 
the  raised  piston  and  the  lower  valve  in  the  correspondent 
barrel :  the  air  contained  in  the  receiver  lm  communicating 
with  the  barrel  by  the  orifice  k  immediately  raises  the  lower 
valve  by  its  spring,  and  expands  into  the  void  space ;  and  thus 
a  part  of  the  air  in  the  receiver  is  extracted.    The  handle  then, 
bemg  turned  the  contrary  way,  raises  the  other  piston,  and 
performs  the  same  act  in  its  correspondent  barrel :  while,  in 
the  mean  time,  the  first-mentioned  piston  being  depressed,  the 
air  by  its  spring  closes  the  lower  valve,  and,  raising  the  valve  in 
the  piston,  makes  its  escape.     The  motion  of  the  handle  being 
again  reversed,  the  first  barrel  again  exhausts,  while  the  second 
discharges  the  air  in  its  turn :  and  thus,  during  the  time  the 
pump  is  worked,  one  barrel  exhausts  the  air  from  the  receiver, 
while  the  other  discharges  it  through  the  valve  in  its  piston. 
Hence  it  is  evident  that  the  vacuum  in  the  receiver  of  this  air- 
pump  (and  the  same  may  be  said  of  all  others)  can  never  be 
perfect ;  that  is,  the  air  can  never  be  entirely  exhausted :  for 
It  is  the  elasticity  of  the  air  in  the  receiver  that  raises  the  valve, 
and  forces  air  into  the  barrel ;  and  the  barrel  at  each  exsuction 
can  only  take  away  a  certain  part  of  the  remaining  air,  which  is 
in  proportion  to  tne  quantity  before  the  stroke,  as  the  capacity 
of  the  barrel  to  the  sum  of  the  capacities  of  the  barrel,  receiver, 
and  communicating  pipe. 

5^2.  Now,  if  we  suppose  no  vapour  from  moisture,  &e.  to 
rise  in  the  receiver,  the  aegree  of  exhaustion  after  any  number 
of  strokes  of  the  piston  may  be  determined  by  knowing  the 
respective  capacities  of  the  barrel  and  of  the  receiver,  including 
the  pipe  of  communication,  &c.  For,  as  we  have  seen  above 
that  every  stroke  diminishes  the  density  in  a  constant  proper^ 
tion,  namely,  as  much  as  the  whole  content  exceeda  that  of 
the  cylinder  or  barrel ;  the  exhaustion  will  go  on  in  a  geome^ 
trical  progression,  the  ratio  of  which  is  the  same  as  that  which 
the  sum  of  the  receiver  and  barrel  together  bears  to  that  of  the 
receiver:  and  this  ratio  of  exhaustion  will  be  followed  unUl 
the  elasticity  of  the  included  ait  is  so  far  diminished  by  its  rare^ 
iaction  as  to  render  it  too  feeble  to  push  up  the  valve  of  the 
piston. 

Let,  then,  the  capacity  of  the  barrel,  receiver,  and  pipe  of 
communication  together  be  expressed  by  6+r,  and  that  of  the 
barrel  alone  by  6,  and  let  1  represent  the  primitive  den^ty  of 
the  air  in  the  pump :  so  shall  we  have 
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0  +  r  in:  1 :  —  r:  the  density  after  1  stroke  <rf  the  piston^ 
b  +  r:r::  ^^ :  — —  =:  density  after  2  strokes, 

*  +  ^  '  ^  •  •  (T;:;?  •  (ftTTfs  -  density  after  8  strokes; 

and  the  7ith  power  of   ) 

the  ratio  ^^,  that  is    J  Wrf  =  '^  ^^''^^  "^"^  "  "™^^'- 

Frop  which  we  may  easily  find  the  denaty  after  any  number 
of  strokes,  when  the  ratio  of  ft :  r,  and  consequently  that  of  6+r 
to  r,  is  given. 

From  the  same  formula,  jr — r^  r;  rf,  we  may  also  derive  an- 
other for  finding  the  number  of  strokes  of  the  piston  necessary 
to  rarefy  the  air  a  number  of  times,  or  to  ^ve  it  a  certain  density 
dj  the  primitive  density  being  1,  For  the  above  equaticHi,  ex- 
pressed logarithmically,  is n x  log.  t^  =  log. d;oTnx (log. r — 

log.  6  +  r)  =log.  d :  consequently,  n = r- — ^   y.     . :   in  which 

expression  d  will  be  a  fraction.  If  the  number  of  times  which 
the  air  is  rarefied  be  expressed  by  n  an  integer,  then  the  loga- 
rithmic equation  will  be  f»= , — ,^  ^'^  . . 

^  log.  (5  +  r)  —  log.  r 

A  further  reduction  of  the  same  theorem  will  furnish  us 
with  the  proportion  between  the  capacities  of  the  receiver  and 
the  barrel,  when  the  air  is  rarefied  to  the  fractional  density  d 
by  a  definite  number  n  of  strokes  of  the  piston.     For  since 

rr — r—  =  A  if  wc  takc  the  nth  root  of  both  members  of  the 

{b+ry  ' 

equation  we  shall  have  r—  =  V^.    Thus,  if  d  be  equal  ^^/^^y, 

and  the  number  of  strokes  n=:  11;  we  shall  find  ^jr-  =  log.  y ; 

so  that  r :  6  +  r : :  1  : 3,  and  6  :  r : :  2 : 1. 

52S.  For  the  numerous  uses  of  the  air-pump  the  reader  mav 
consult  the  popular  treatises  on  natural  philosophy :  we  shall 
merely  observe  in  this  place,  that  the  specific  gravity  of  air  may 
be  accurately  ascertained  by  means  of  this  machine.  The 
method  is  as  follows :  To  the  neck  of  a  glass  bottle,  made  in  the 
form  of  a  Florence  flask,  adapt  a  cap  and  valve  opening  out- 
wards ;  screw  it  on  the  pump,  and  exhaust  it  to  a  known  degree, 
which  will  be  shown  by  the  grange  attached  to  the  pump  for  that 
purpose :  then,  from  the  weight  of  the  bottle  before  and  after 
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exhaustion,  we  have  the  waght  of  the  exhausted  air ;  and  from 
the  ratio  of  the  height  of  the  mercury  in  the  gauge  to  the 
standard  altitude  we  know  the  proportion  which  the  exhausted 
parts  bears  to  the  whole  air  originally  in  the  vessel,  whose 
weight  is  therefore  known.  Subtracting  this  weight  from  the 
weight  of  the  vessel  when  full  of  air,  there  will  remmn  the 
weight  of  the  vessel  itself:  fill  it  with  water  and  weigh  it,  and 
subduct  the  weight  of  the  vessel  from  this  weight ;  the  remainder 
is  the  weight  of  a  bulk  of  the  same  magnitude  with  the  air 
which  fills  the  vessel,  and  whose  weight  was  also  previously 
ascertained. 

Following  this  method,  it  has  been  found  by  a  mean  of 
several  experiments,  that  the  specific  gravity  of  air  is  to  that  of 
water  as  1'222  to  1000,  very  nearly,  when  the  barometer  stands 
at  30  inches,  and  in  the  mean  temperature  of  55^  of  Fahren- 
heit's thermometer.  This  agrees  with  the  result  already  given 
in  art.  490. 

PUMPS  FOR  RAISING  WATER. 

524.  The  term  Pump  is  generally  applied  to  a  hydraulic  ma- 
chine for  raising  water  by  means  of  the  pressure  of  the  atmo- 
sphere. Of  pumps  there  are  a  great  many  different  sorts,  some 
of  the  best  of  which  will  be  described  in  the  second  volume  of 
this  work :  at  present  we  shall  only  speak  of  three  or  four  of  the 
most  common,  and  shall  give  merely  such  a  general  description 
of  their  construction  as  will  enable  the  student  to  understand 
theprinciples  on  which  their  operation  depends. 

The  four  kinds  of  pumps  of  which  we  shall  now  treat  are,  the 
sucking  pump^  the  lifiifig  pump^  the  forcing  pump,  and  the 
centri/ngal  pump :  of  these  the  first  three  have  some  parts  in 
common,  and  particularly  the  pistons  and  suckers ;  they  will 
therefore  be  treated  in  a  rather  connected  way :  the  properties 
of  the  centrifugal  pump  will  be  considered  separately. 

The  piston  is  a  body  abcd  of  circular  base  (figs.  6.  6.  13. 
pi.  XVllI.),  which  may  be  moved  through  the  interior  part  of 
the  tube  or  body  of  the  pump,  filling  it  exactly  as  it  moves 
along.  The  sucker  e  is  moveal3le  about  a  joint  in  such  a  man- 
ner as  either  to  permit  or  to  prevent  the  passage  of  the  water, 
according  as  it  presses  upwards  or  downwards.  In  figs.  5.  6. 
there  are  likewise  suckers  in  the  pistons,  fghk  (figs.  6.  13.) 
is  another  tube  joined  to  the  body  of  the  pump,  and  is  generally 
called  the  pipe  or  suckinff  pipe :  its  lower  extremity  is  im- 
mersed in  tne  water,  of  which  we  suppose  rs  is  the  horizontal 
surface. 

5^5.  The  suckinff  pump  is  represented  in  fig.  5.     In  this 
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pump  if  we  suppose  a  power  p  applied  to  the  handle  of  the 
piston  so  as  to  raise  it  from  i  to  c,  the  air  contained  in  the  space 
DVKHGFC  tends  by  its  spring  to  occupy  the  space  that  the 
piston  leaves  void:  it  therefore  forces  up  the  valve  e,  and 
enters  into  the  body  of  the  pump^  its  elasticity  diminishing  in 
proportion  as  it  fills  a  greater  space.     Hence  it  will  exert  on 
the  surface  gh  of  the  water  a  less  e£Port  than  is  made  by  the 
exterior  air  in  its  natural  state  upon  the  surrounding  parts  of  the 
same  surface  rg^  h s  :  and  the  excess  of  pressure  on  the  part 
of  the  exterior  air  will  cause  the  water  to  rise  in  the  pipe  gk 
to  a  certain  height  hn,  such  that  the  weight  of  the  column 
GN,  together  wiui  the  spring  of  the  super-incumbent  air,  shall 
just  be  a  counterpoise  to  the  pressure  of  the  exterior  air.  At  that 
time  the  sucker  £  closes  of  itself ;  and  if  the  piston  be  lowered, 
the  air  contained  between  the  piston  and  tne  base  iv  of  the 
body  of  the  pump  having  its  density  augmented  as  the  piston  is 
lowered,  will  at  length  have  its  density,  and  consequently  its 
elasticity,  greater  than  that  of  the  exterior  air :  this  difference  of 
elasticity  will  constitute  a  force  which  will  push  the  sucker  L 
in  the  piston  upwards,  and  some  air  will  escape  till  the  exterior 
and  interior  air  are  reduced  to  the  same  density.    The  sucker  l 
then  falls  again :  and  if  we  again  elevate  the  piston,  the  water 
will  be  raised  higher  in  fghk,  for  the  same  reason  as  before. 
Thus,  after  a  certain  number  of  strokes  of  the  piston,  the  water 
will  reach  the  body  of  the  pump ;  where,  being  once  entered, 
it  will  be  forced  at  each  stroke  of  the  piston  through  the  spout  x : 
for  the  water  above  the  piston  will  tnen  press  upon  the  sucker, 
and  keep  it  shut  whilst  thie  piston  is  rising ;  so  that  a  cylinder 
of  water  Whose  height  is  equal  to  the  stroke  OT  of  the  piston 
(or  the  vertical  distance  through  which  it  passes)  will  be  raised 
by  each  upward  motion  and"  forced  through  the  aperture  x, 
provided  it  is  of  an  adequate  magnitude. 

626.  The  lifiimg  pump  is  represented  in  fig.  6.  pi.  XVIII. 
Its  manner  of  operation  is- this:  The  piston  pod  is  here  placed 
below  the  horizontal  surface  bs  of  the  water,  and  when  it  is 
caused  to  descend  it  produces  a  vacuum  between  the  sucker  £ 
(which  is  pushed  down  by  the  external  air)  and  the  base  cd  of 
the  piston.  The  weight  of  the  water,  together  with  that  of  the 
exterior  air  about  r  and  s,  presses  up  the  sucker  l,  and  the 
water  passes  into  the  body  of  the  pump :  and  when  the  water 
ceases  to  enter,  the  weight  of  the  sucker  l  closes  it.  Then,  if 
the  piston  be  raised,  it  raises  all  the  water  above  it,  forces  up  the 
sucker  e,  and  introduces  the  water  into  the  part  ivyx.  When 
the  piston  is  raised  to  its  highest  position,  the  sucker  e  is  made 
to  close  by  the  super-incumbent  water,  and  retains  the  fluid 
there  until  by  a  fresh  stroke  of  the  piston  more  water  is  forced 
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upwards  through  the  sucker  £ ;  that  which  was  before  in  the 
upper  part  of  the  pump  being  expelled  through  a  proper  orifice 
or  spout  in  the  neighbourhood  of  x,  in  order  to  make  way  for 
a  new  supply.  And  so  the  operation  is  continued,  and  water 
delivered  at  every  stroke  of  the  piston. 

697.  Thejbrcing  pump  unites  in  some  measure  the  proper- 
ties of  the  other  twa     The  piston  abcd  (fig.  13.  pi.  XVIII.) 
which  here  has  no  sucker,  being  eleyated,  rarefies  the  air  in  the 
space  DGHVOC,  and  the  water  rises  towards  k  :  the  subsequent 
descent  of  the  piston  forces  ^me  of  the  air  in  this  space 
through  the  valve  l  :  the  next  ascent  of  the  piston  closes  the 
valve  L,  and  raises  the  water  in  gk  ;  and  so  on  till  the  water 
passes  through  the  sucker  e  and  enters  the  space  divoc.  Then 
the  piston  being  pushed  down  closes  the  sucker  e,  and  some 
of  the  condensed  air  is  forced  through  the  valve  L.     A  further 
stroke  raises  more  water  into  the  space  divoc,  and  expels 
more  air  through  l.     At  length  the  water  reaches  L,  and  the 
subsequent  strokes  raise  it  into  the  tube  uomn ;  from  whence 
it  is  carried  off  by  a  spout,  as  in  the  other  pumps.     Or,  if  this 
pump  be  closed  at  mn,  excepting  a  narrower  pipe  x>5,  then  when 
the  water  is  raised  by  the  process  just  described  to  or^  above 
the  bottom  s  of  the  tube,  tne  elastic  force  of  the  compressed 
fur  in  the  space  morn  will  compel  the  water  to  issue  from  the 
aperture  p  in  a  continued  stream  or  jet;  thus  forming  an  arti- 
ficial fountain. 

598.  Let  us  now  inquire  into  the  fundamental  properties  of 
these  machines.  By  means  of  the  lifting  pump,  water  may  be 
elevated  to  any  height  we  please,  provided  we  employ  a  suf- 
ficient force.  But  the  estimation  of  this  force  requires  various 
considerations.  We  must  have  regard  to  the  dimensions  of  the 
piston,  the  barrel  of  the  pump,  the  height  to  which  the  water 
IS  to  be  raised,  and  the  velocity  with  which  it  is  elevated ;  be- 
sides the  effects  of  friction,  &c.  At  present,  however,  we  shall 
not  eiuunine  these  particulars  in  all  their  extent;  but  shall 
confine  ourselves  to  one  of  them.  Now  it  is  certain  that  the 
power  necessary  to  raise  the  water  to  any  proposed  height  must 
at  least  be  capable  of  sustaining  in  equilibrio  the  pressure  expe- 
rienced by  the  base  of  the  piston  when  it  is  kept  at  rest,  and  the 
fluid  has  attained  the  required  height.  This  pressure,  then,  we 
proceed  to  estimate. 

In  general  the  power  must  be,  at  least,  capable  of  sustaining 
the  weight  of  a  column  of  water  which  has  for  its  base  that  of 
the  piston,  and  for  its  altitude  the  distance  between  the  surface 
Rs  of  the  water  in  the  reservoir  and  the  upper  surface  xr  of  that 
in  the  pump.  For  when  the  base  do  (fig.  6.)  of  the  piston  is 
below  the  surface  rs  of  the  water  in  the  reservoir,  it  is  manifest 
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that  the  power  has  not  to  sustain  the  pressure  of  the  water 
cotitainea  between  rs  and  dc  ;  because  that  pressure  is  countei^ 
balanced  by  that  of  the  water  surrounding  the  lower  part  of  the 
pump)  and  which  is  transmitted  by  means  of  the  inferior  orifice 
of  die  pipe.  The  power,  therefore,  has  only  to  sustain  the 
pressure  exerted  upon  the  surface  dc  by  the  fluid  comprised 
oetween  rs  and  xY  ;  which  pressure  (art.  386.)  is  eaual  to  the 
weight  of  a  column  of  water  whose  base  is  C]>  and  altitude  the 
vertical  distance  between  rs  and  xy. 

When  the  piston  is  above  r's',  the  surface  of  the  water  in 
the  reservoir,  then  it  is  evident  the  water  contained  between 
DC  and  ibJsI  does  not  press  the  piston  downwards.  But,  as  in 
that  case  it  can  only  be  sustained  above  r's'  by  the  pressure  of 
the  air  upon  the  water  surrounding  the  pump,  and  as  this 
pressure  is  only  capable  of  sustaining  in  equilibrium  the  con- 
trary pressure  of  the  air  upon  the  surface  xy,  it  follows  that 
the  surface  dc  of  the  piston  is  surcharged  by  a  weight  equiva- 
lent to  the  column  which  has  dc  for  its  base  and  cr'  for  its 
altitude.  And  this  pressure,  joined  to  that  which  is  exerted 
upon  DC  by  the  super-incumbent  fluid  between  dc  and  xy, 
makes  the  whole  pressure  upon  the  piston,  as  before,  equal  to 
that  of  a  column  of  water  whose  base  is  dc,  and  height  the 
distance  between  xy  and  rV. 

5^.  The  sucJcing  pump  requires  in  its  theory  the  aid  of  other 
principles.  To  judge  of  its  effect  a  mere  valuation  of  the 
power  will  not  suffice :  we  must  inquire  if  under  the  proposed 
circumstances  the  water  can  possibly  be  raised  to  the  piston,  and 
made  to  pass  through  the  sucker  l  ;  for  in  some  cases  the  water 
will  never  pass  a  certain  altitude,  how  many  strokes  soever  we 
give  to  the  piston.  To  understand  this,  conceive  that  the  water 
has  been  actually  raised  to  x  (fig.  5.  pi.  XVIII.),  and  that  the 
situation  of  the  piston  in  the  figure  is  the  lowest  which  can  be 
given  to  it :  and  for  greater  simplicity,  suppose  that  the  pump 
IS  of  the  same  internd  diameter  throughout.  It  is  obvious  that 
the  air  <x)mprised  in  the  space  cdtz  is  of  the  same  density  and 
elasticity  as  the  exterior  air  (at  least  dropping  the  consideration 
of  the  weight  of  the  sucker  l  and  the  friction  attending  its 
motion) ;  for  if  its  spring  were  less  the  water  would  rise  higher 
than  ZT*  and  if  it  were  greater  it  would  raise  the  sucker  l,  and 
ifiix  with  the  exterior  air  till  both  became  of  the  same  density. 
Suppose  now  that  the  play  df  the  piston,  or  the  distance  through 
which  It  is  rmsed  or  lowered  at  each  stroke,  is  do:  then  when 
the  base  c&  is  raised  to  ao,  the  air  which  previously  occupied 
the  space  CDtz  will  tend  to  expand  and  fill  the  sface  aoT£ ; 
and  if  the  water  did  not  rise  would  actually  be  so  expanded. 
Its  elastic  force  would  then  be  less  than  that  of  the  natural  air, 
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in  the  ratio  of  cdtz  to  aoTZ  (art.  489.)>  or  of  dt  to  ot.  If, 
therefore,  this  elastic  force,  together  with  the  weight  of  the 
column  of  water  whose  height  is  zb,  constitute  a  pressure  equal 
to  that  of  the  atmosphere,  or  equal  to  the  weight  of  a  column  of 
water  of  equal  base  and  height  at  a  medium  B3  feet,  there  will 
be  an  equilibrium,  and  the  water  will  not  rise  further :  if  this 
joint  pressure  is  greater  than  that  of  33  feet  of  water,  the  water 
cannot  be  retained  so  high ;  but  if  it  is  less  than  the  column  of 
33  feet,  the  water  will  continue  to  rise  in  the  pump« 

530.  From  these  considerations  we  may  readily  investigate  a 
general  theorem. 

Let  o,  the  altitude  or  vertical  distance  from  the  point  o  to  tlie 
surface  rs  of  the  water  in  the  reservoir,  pzzoD  the  play  of  the 
piston,  and  x  the  distance  ot:  then  we  have  dt=j?— jp,  and 
-ST  the  height  of  the  point  t  will  be  a— ^.  Since  the  air  con- 
tained in  CDTZ  has  the  same  density  and  elasticity  as  the  ex- 
terior air,  its  force  may  be  measured  by  a  column  of  water  of  the 
same  base  zt  and  33  feet  high ;  and  because  when  this  air  is 
so  expanded  as  to  fill  the  space  aoTz  the  elastic  force  will  be 
less  in  the  ratio  of  dt  to  ot,  we  shall  have  (rejecting  the  base 
of  the  column,  as  equally  affecting  every  part  of  the  process) 
this  latter  force  expressed  by  the  fourth  term  of  this  proportion, 

no 

a?  :  J?  —  p  : :  33 :  —  (^  —  jp).     But  the  force  which  the  water 

comprised  between  zt  and  rs  exerts  in  opposition  to  the  ex- 
terior pressure  of  the  air  is  measured  by  the  height  a— a?: 
consequently,  the  elastic  force  of  the  air  in  the  space  aoTz, 
together  with  the  weight  of  the  water  between  zt  and  rs,  will  be 

expressed  by     ^^^"^  +  ^  —  ^«     Now  in  order  that  the  water 

may  always  rise,  this  joint  pressure  must  be  less  than  the  weight 
of  a  column  of  water  of  33  feet  by  some  variable  quantity, 
which  we  will  call^:  so  that  the  following  equation  must  always 

obtain,  viz.  ^  +«— «r=33— y.    The  value  of  a:  deduced 

from  this  equation  is  ambiguous,  being  thus  expressed : 

Now,  when  the  water  stops  and  does  not  rise  any  further,  ^ 
vanishes,  and  the  equation  becomes  xzz^±  \^{^^  —  SSp) ;  of 
which  the  two  values  are  real,  so  long  as  -la^  is  greater  than  SSp. 
Hence  we  conclude  that  when  one^burth  of  the  square  of  the 
greatest  heightoftJie  piston  above  the  surface  of  the  water  in  the 
reservoir  is  greater  than  33  times  the  play  of  the  piston,  there  are 
always  two  points  in  the  sticking  pump  where  the  water  may  stop 
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in  its  motion;  and  the  pump  must  be  reputed  bcui  when  the 
lowest  point  to  which  the  piston  can  be  brought  is  found  be- 
tween tnese  two  points. 

But  if  33;p  be  greater  that  ^a®,  the  two  values  of  .r,  when  y 
is  supposed  =  0,  become  imaginary :  so  that  in  a  pump  so 
constructed  it  is  impossible  that  t/  should  vanish ;  that  is,  the 
pressure  of  the  exterior  air  always  prevails,  and  the  water  is  not 
arrested  in  its  passage.  Hence  we  conclude,  secondly,  that  in 
order  that  ilie  sucking  pump  may  irifidlibly  produce  its  effect^ 
tfie  square  of  half  the  greatest  elevation  of  the  piston  aboQC  the 
water  in  the  reservoir  must  always  be  less  than  33  times  the 
play  of  the  piston. 

581.  This  general  rule  may  also  be  easily  deduced  geome- 
trically thus :  Suppose  the  sucker  or  valve  £  be  placed  at  the 
surface  rs  of  the  water  (fiff.  5.)  the  tube  to  be  of  uniform  bore, 
and  YS  to  be  the  height  of  a  column  of  water  whose  pressure  is 
equal  to  that  of  the  atmosphere ;  that  is,  ys  =z  33  feet.  Con- 
ceive the  water  raised  by  working  to  n  :  then  the  weight  of  the 
column  of  water  sn,  together  with  the  elasticity  of  the  air 
above  it,  exactly  balances  the  pressure  of  the  atmosphere  ys.. 
But  the  elasticity  of  the  air  in  the  space  om  (ao  being  the 
highest  and  en  the  lowest  situation  of  the  piston)  is  propor- 
tional to  YS  •  — - ;  and,  consequently,  in  the  case  where  the 
limit  obtains,  and  the  water  rises  no  further,  it  will  be  ys  r: 
NS  +  (ys ).     Transposing  ns,  we  have  ys  —  ns  ( =  ny) 

=zYS« — ;   whence  on  :  dn  :  :  YS  :  yn  ;  or,  dividendof   on 

ON     '  7  7  » 

—  DN  (  z:  do)  :  on  :  :  ys  —  yn  (  =  ns)  :  ys  ;  consequently 
DO'YS  =:  on-ns.  Hence  we  see,  that  if  so,  the  distance  of 
the  piston  in  its  highest  position  from  the  water,  and  od,  the 
length  of  the  semi-stroke,  or  the  play  of  the  piston,  be  given, 
there  is  a  certain  determinate  height,  as  sn,  to  which  the 
water  can  be  raised  by  the  difference  of  the  pressures  of  the 
exterior  and  interior  air :  for  ys  is  to  be  considered  as  a  con- 
stant quantity,  and,  of  course,  when  od  is  given,  on  •  ns  is 
given  likewise.  To  ensure,  therefore,  the  delivery  of  water  by 
the  pump,  the  stroke  must  be  such  that  the  rectangle  od  •  ys 
may  be  greater  than  any  rectangle  that  can  be  made  of  the 

Earts  of  so ;  that  is,  greater  than  the  square  of  i  so,  by  a  well- 
nown  theorem. 
Hence  we  deduce  a  practical  maxim  of  the  same  import  as 
the  preceding,  i.  e.  No  sucking  pump  can  raise  water  effecttuzUy 
unless  the  play  of  the  piston  in  feet  be  greater  than  the  square 
of  the  greatest  height  of  the  piston,  divided  by  132. 
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BSZ,  Resuming  the  equation    ^^"^^  +«"-*  =  33  —  y,  and 

finding  thence  the  valufe  of  3^,  we  have  t/  =     "^^"^    ^.     Now 

let  AB  (figs.  9*  10.  pi.  XVIII.)  represent  the  greatest  height  of 
the  piston  above  the  surface  of  the  water  in  the  reservoir,  and 
AD  the  play  of  the  piston :  suppose  the  difPerent  portions  ap  of 
the  line  ab  to  represent  the  successive  values  of  ^,  and  lay  down 
upon  the  perpendiculars  pm  the  values  of  y  which  correspond 
to  these  assumed  values  of  j::  so  shall  we  have  a  curve  mmc 
(fig.  9.)  which,  while  |a^  is  greater  than  83^,  will  cut  ab  in 
two  points  I  and  i',  in  such  manner  that  the  ordinates  pm  will 
lie  on  different  sides  of  ab  :  the  ordinates  which  are  below  ab 
showing  the  positive  values  of  y,  and  those  which  are  above  ab 
the  negative  values.  We  see,  therefore,,  that  so  long  as  -J^*  is 
greater  than  SSp  the  pressure  of  the  exterior  air  is  strongest, 
until  the  water  has  attained  the  height  bi'.  At  this  point  1'  it 
will  stop  (abstracting  from  the  consideration  of  the  motion  ac- 
quired), because  the  value  of  y  is  =  0.  But  if  the  water,  by  the 
motion  it  has  acquired  continues  to  rise  till  it  reaches  some  point 
between  i'  and  i,  it  will  not  stop  there,  but  will  descend,  if  the 
sucker  does  not  oppose  its  descending  motion ;  because  the  value 
of  y  being  there  negative  indicates  that  the  pressure  of  the  ex- 
terior air  is  weaker  than  the  united  pressures  of  the  water  and 
the  internal  air.  If  the  water  reach  the  point  i  it  will  stop 
there,  for  the  same  reason  as  it  would  at  the  point  i' :  but  if 
once  it  gets  above  i,  there  is  then  no  reason  to  fear  that  it 
will  descend ;  for  all  the  ordinates  pm  between  i  and  a  being 
positive,  show  that  in  that  portion  of  the  pump  the  pressure  of 
the  external  air  exceeds  the  combined  efforts  of  the  mternal  air 
and  water. 

688.  When,  on  the  contrary,  the  value  o£^efi  is  less  than  that 
of  33p,  the  curve  (fig.  10.)  will  nowhere  intersect  the  axis  ab  ; 
all  the  ordinates  are  positive,  and  consequently  the  pressure  of 
the  external  air  is  always  the  strongest.  This  confirms  and 
illustrates  what  has  been  laid  down  in  art.  580. 

If  the  sucking  pump  were  to  be  placed  so  high  above  the 
usual  surface  of  the  earth  (as  at  the  top  of  a  high  mountain),  or 
so  low  beneath  it  (as  in  a  deep  mine),  that  the  pressure  of  the 
atmosphere  would  be  sensibly  different  from  the  assumed  mean 
pressure  equivalent  to  83  feet  of  water,  we  must  then  in  alt  the 
preceding  mvestigation  change  the  co-efficient  88  to  that  which 
would  express  the  height  in  feet  of  the  corresponding  column 
of  water.  And  these  equivalent  columns  may  always  be  ascer- 
tained by  means  of  the  height  of  the  mercurial  column  in  the 
barometer :  the  analogy  bemg  this  ;*^-as  99^  inches,  the  mean 
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altitude  of  the  mercurial  column^  to  33  feet,  the  mean  height 
of  the  column  of  water ;  so  is  any  other  mercurial  column  in 
inches  to  its  corresponding  column  of  water  in  feet. 

534t.  In  the  preceding  calculus  the  pump  has  been  supposed 
of  uniform  bore  throughout :  when  this  is  not  the  case  the  so- 
lution is  rendered  somewhat  more  complex,  but  not  difficult. 
To  calculate  the  eSati  of  the  internal  air  when  the  water  has 
not  reached  the  body  of  the  pump,  having  only  attained  the 
height  HN,  for  example  (fig.  5.),  we  must  use  this  proportion : 
as  the  space  qovnmki  :  the  space  cdvnmic  : :  33  feet :  a  fourth 
term,  which  being  added  to  the  weight  of  the  column  of  water 
whose  height  is  nh,  ou^ht  a^ain  to  be  equal  to  33  ~y,  as  before. 
Besides,  when  the  sucking  pipe  fg  is  of  a  smaller  diameter  than 
the  body  of  the  pump,  if  tne  conditions  which  we  have  before 
specified  obtain,  the  pump  cannot  fail  to  produce  the  proper 
effect;  for  the  air  is  dilated  with  more  facility  in  this  latter 
case  than  when  the  whole  is  of  the  same  internal  diameter. 
We  need  only  add  on  this  point,  that  if  the  length  of  the 
stroke  in  a  uniform  pump,  which  is  requisite  to  render  the 
machine  effectual,  be  greater  than  can  conveniently  be  made, 
it  may  be  diminished  by  contracting  the  diameter  qftJie  suck- 
ing pipe  in  the  subduplicate  ratio  of  the  diminution  of  the 
length  of  the  stroke, 

535.  As  to  the  effort  of  which  the  power  ought  to  be  capable 
to  sustain  the  water  at  a  determinate  height  yh  (fig.  6.)  it  will 
be  measured  according  to  what  we  have  said  respecting  the 
lifting  piimp  (art.  528.),  by  the  weight  of  a  column  of  water 
whose  base  is  equal  to  cp,  and  height  that  of  xy  above  rs. 
Here,  too,  we  drop  the  consideration  of  friction  and  the  weight 
of  the  piston. 

636.  The  velocity  of  the  water  flowing  from  the  sucking  pipe 
into  the  barrel  should  be  equal  to  the  velodty  with  which  the 
piston  moves.  For  if  it  be  greater,  less  work  will  be  done  than 
the  pump  is  competent  to  eflfect ;  and  if  it  be  less,  a  vacuum 
will  be  produced  below  the  piston,  which  will  therefore  be 
moved  upwards  with  great  difficulty.  If  v  be  the  velocity  of 
the  water  in  the  sucking  pipe,  d  the  diameter  of  that  pipe,  D  the 
diameter  of  the  barrel  or  body  of  the  pump,  and  v  the  velocity 

of  the  piston;  then  v  •  — j-  will  be  the  velocity  of  the  water  in 

the  barrel,  and  we  must  have  i?:=:  v  •  —5-,  if  the  machine  be  per- 
fect. If  h  be  the  height  of  a  column  of  water  whose  weight  is 
equivalent  to  the  pressure  of  the  atmosphere,  a  the  altitude  of  the 
water  iu  the  sacking  pipe,  x  any  other  height  to  which  it  ascends 
in  following  the  piston,  g  =:  d^  feet ;  then  will  the  moving 
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force  <x  h  —  X,  the  quantity  of  matter  moved  a  x,  and,  conse- 
queritly,  the  acceleratiog  force  a .    Hence  we  have  vv=zg 

( x) ;  and,  taking  the  fluents,  there  results  v  the  velocity 

of  the  water  =  a/[%'X  (A- hyp.  log.  ^—r)].     But  when  xzza^ 
t7r:0;  consequently  the  correct  fluent  will  be 

It  may  just  be  added  here,  that  the  measure  we  have  all  along 
given  of  the  external  force  is  only  what  is  necessary  for  ha- 
lancifig  the  pressure  of  the  water  in  the  rising  pipe.  But  in 
order  that  the  pump  may  perform  work  it  must  surmount  this 
pressure,  and  cause  the  water  to  issue  at  x  with  such  a  velocity 
that  the  required  quantity  of  water  may  be  delivered  in  a  given 
time.  This  requires  force,  even  although  there  were  no  op- 
posing pressure ;  which  would  be  the  case  if  the  main  were 
norizontal.  The  water  fills  it,  but  it  is  at  rest.  In  order  that 
a  gallon,  for  instance,  may  be  delivered  in  a  second,  the  whole 
water  in  the  horizontal  main  must  be  put  in  motion  with  a  cer- 
tain velocity.  This  requires  force.  We  must  therefore  always 
distinguish  between  the  state  of  equilibrium  and  the  state  of 
actual  working.  It  is  the  equilibrium  only  that  we  have  con- 
sidered, and  no  more  is  necessary  for  understanding  the  opera- 
tion of  the  diflerent  species  of  pumps*. 

ON  THE  CENTRIFUGAL  PUMP, 

537.  The  centri/itgal  pump  consists  of  a  vertical  tube,  and  a 
horizontal  arm  of  equal  bore,  or  sometimes  of  two  horizontal 
arms  of  less  bore  than  the  vertical  pipe :  that  of  which  we  shall 
speak  has  only  one  horizontal  arm.  In  fig.  3.  pi.  XV.  kl  may 
represent  the  vertical  tube,  the  end  k  of  which  is  immersed  in  the 
water  of  the  reservoir,  and  li  the  horizontal  arm  communicating 
with  the  former.  There  is  a  conical  valve  at  k  opening  upwards, 
and  one  at  the  end  of  the  horizontal  arm  opening  outwards. 
The  whole  machine  being  filled  with  water  and  turned  swiftly 
round  upon  pivots  at  k  and  l,  the  arm  li  retaining  its  hori- 
zontal position,  the  water  will,  when  the  motion  is  properly  re- 
gulated, continue  to  be  discharged  from  the  moveable  extremity 
I  of  the  arm  li  in  an  uninterrupted  stream. 

In  order  to  investigate  the  most  useful  theorems  relative  to 
the  operation  of  this  machine,  put  a  =  the  length  of  the  arm 
Li  in  feet,  /  =  the  length  of  the  leg  kl  in  feet,  /  =  the  time  of 

*  More  on  the  subject,  however,  may  be  seen  in  Bland*t  Jtydrosiaticn,  or  Gregory* s 
MathenuOwt  for  Practical  Men, 
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a  revolution  in  seconds,  ^  =  3^  feet,  the  measure  of  the  force 
of  gravity,  and  irzi3*141593  the  circumference  of  a  circle  whose 
diameter  is  unity.  Then,  since  the  centrifugal  force  is  as  the 
velocity  it  generates  in  a  unit  of  time,  we  shiul  have  the  centri- 
fugal  force  of  a  particle  x  of  •the  fluid  at  the  distance  x  from  l 

equal  to  ^(-j^)*  -i-  a?  =  -^^,  the  fluent  of  which  is  -^  =: 

the  centrifugal  motive  force  of  the  column  x:  which  when 

X  zz  a  becomes  -^,  for  the  whole  centrifugal  motive  force  of 

the  water  in  the  arm  li.  Now  the  pressure  of  a  column  whose 
length  is  a  will,  (uet.  par.  vary  as ga ;  hence,  it  will  he  gaiaw 

—^  :  — -  ==  the  length  of  a  column  of  water  whose  pressure 

is  equivalent  to  the  centrifugal  force.     If  from  this  we  deduct 

the  altitude  /  of  the  vertical  leff,  the  remainder  — - —  I  will  be 

the  length  of  a  column  whose  action  would  expel  the  water 
from  the  orifice  i,  with  the  same  force  as  the  whirling  motion 
will  occasion ;  and  the  column  moved  will  be  a  +  Z,  which  will 
also  denote  the  space  through  which  the  fluid  is  accelerated. 
Consequently  the  circumstances  of  the  case  before  us  are  the 

same  as  if  a  constant  head  of  water  of  the  height  — —  I  im-» 

pelled  a  column  of  water  horizon^Uy  at  the  bottom,  of  the  depth 

a  +  /.     Hence  the  accelerative  force  <p  is  (— —  Q  -t-(«  +  *)> 

and  the  space  *  is  a  +  Z;  so  that  the  velocity  generated  will, 

by  the  rules  of  dynamics,  be  »  =  V2^  =  \^\.^g'  ("3; —  0] 

=  8-0208  V(^  —  Z).     Or,   if  we  adapt  the  theorem   to 

practical  purposes,  the  co-efiicient  8*0208  must  (art.  468.)  be 
multiplied  by  -62  or  -6-3,  and  the  equation  will  become  v  = 

^l"35 —  ^)>  very  nearly. 

In  this  investigation  we  have  paid  no  regard  to  the  rotatory 
motion  of  the  fluid  moleculae  in  the  vertical  tube,  but  have  con- 
sidered it  as  though  it  were  indefinitely  narrow. 

538.  It  is  manifest  that  I  must  never  exceed  33  feet,  because 
a  greater  column  cannot  be  supported  by  the  pressure  of  the 
atmosphere:  so  that  this  machine  cannot  raise  water  higher 
than  the  common  sucking  pump.  Besides  this,  the  time  of  a 
revolution  of  the  arm  has  limits,  between  which  alone  the 
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pump  is  effective,  so  that  the  investigation  must  be  earned  a 
little  further. 

When  the  centrifu^  f<Mroe  is  barely  equal  to  the  weight  to 
be  ndsed,  the  expression  under  the  raaical  vanishes,  and  vnO, 
or  the  water  is  stationary  in  the  pump.  In  this  case  we  evidently 

hftve  -^  zz  I;  from  which  we  find  ^  r:  ir a  v'  -7  =  '78336 -7,, 

gt*  gi  ^i 

for  the  time  of  a  revolution  in  seconds,  when  no  work  is  done. 
If  the  machine  be  effectual,  the  velocity  of  the  stream  can 
never  exceed  the  velocity  which  a  heavy  body  would  acquire  in 
falling  down  the  difference  between  33  feet  and  the  height  of 
the  vertical  leg ;  for  a  greater  velocity  than  that  would  cause 
a  vacuity  in  the  machine  which  wouldf  not  be  supplied  by  the 
pressure  of  the  atmosphere.  Now,  by  the  laws  of  falling  bodies, 
the  velocity  acquired  in  falling  through  the  height  33  —  /  is 
V[2Sgf(33  —  Z)],  and,  by  what  is  done  above,  the  vdodty  of 

efflux  is  ^(-^""O'     Making  these  values  equal,  we  have 
-— - —  /  =  83  —  ?.     From  which  we  deduce  <  =  n*  a  •  rr-  = 

•78386  ;;^  =:  •  13636a. 

If  Z=:33,  then  will  the  last  value  of  t  be  the  same  as  the 
preceding,  and  no  discharge  can  take  place ;  agreeably  to  the 
observations  at  the  be^nnmg  of  this  article.  In  all  other  cases, 
having  found  the  time  of  revmution  when  the  water  is  stationary, 
we  have  only  to  diminish  that  time  in  the  ratio  of  \/  33  to  ^v/  '9 
and  we  shall  have  the  time  of  revolution  whai  the  work  done 
is  the  greatest  this  pump  will  admit  of. 
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CHAPTER  V- 


ON  THE  RESISTANCE  OF  FLUIDS  TO  BODIES  MOVING  IN  THEH^ 

5S9.  The  force  with  which  bodies  moving  in  fluid  media^ 
as  water,  air,  Sec.  are  impeded  and  retarded  in  their  motions,  is 
usually  termed  the  resistance  of  fluids :  and  as  all  our  ma- 
chines move  either  in  water  or  in  air,  or  both,  it  becomes  a 
matter  of  importance  in  the  theory  of  mechanics  to  inquire  into 
the  nature  of  this  kind  of  force. 

We  know  by  experience  that  force  must  be  applied  to  a  body 
in  order  that  it  may  move  through  a  fluid,  such  as  air  or  water; 
and  that  a  body  projected  with  any  velocity  is  gradually  re- 
tarded in  its  motion,  and  generally  brought  to  rest.  The  ana- 
logy of  nature  makes  us  imagine  that  there  is  a  force  acting  in 
the  opposite  direction,  or  opposing  the  motion ;  and  that  this 
force  resides  in,  or  is  exerted  by,  the  fluid.  And  the  phenomena 
resemble  those  which  accompany  the  known  resistance  of  active 
beings,  such  as  animals.  Therefore  we  give  to  this  supposed 
force  the  metaphorical  name  of  resistance.  We  also  Know 
that  a  fluid  in  motion  will  hurry  a  solid  body  along  with  the 
stream,  and  that  it  requires  force  to  maintain  it  in  its  place. 
A  similar  analogy  makes  us  suppose  that  the  fluid  exerts  force, 
in  the  same  manner  as  when  an  active  being  impels  the  body 
l)efore  him;  therefore  we  call  this  the  iuvu'l^q^  of  a  Jiuidm 
And  as  our  knowledge  of  nature  informs  us  that  the  mutual 
actions  of  bodies  are  in  Qvexy  case  equal  and  opposite,  and  that 
the  observed  change  of  motion  is  the  only  indication,  charac- 
teristic, and  measure,  of  the  changing  force,  the  forces  are  the 
same  (whether  we  call  them  impulsions  or  resistances)  when  the 
relative  motions  are  the  same,  and  therefore  depend  entirely 
on  these  relative  motions.  The  force,  therefore,  which  is  ne- 
cessary for  keeping  a  body  immoveable  in  a  stream  of  water, 
flowing  with  a  certain  velocity,  is  the  same  with  what  is  re- 
quired for  moving  this  body  with  this  velocity  through  stagnant 
water. 

A  bodv  in  motion  appears  to  be  resisted  by  a  stagnant  fluid, 
because  it  is  a  law  ot  mechanical  nature  that  force  must  be 
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employed  in  order  to  put  any  body  in  motion.  Now,  the  body 
cannot  move  forward  without  putting  the  contiguous  fluid  in 
moUon,  and  force  must  be  employed  mr  producing  this  motion. 
In  like  manner,  a  quiescent  body  is  impelled  by  a  stream  of 
fluid,  because  the  motion  of  the  contiguous  fluid  is  diminished 
by  this  solid  obstacle;  the  resistance,  therefore,  or  impulse,  no 
way  differs  from  the  ordinary  communications  of  motion  among 
solid  bodies,  at  least  in  its  nature ;  although  it  may  be  far  more 
difiicult  to  reduce  the  various  circumstances  to  accurate  com- 
putation, or  to  obtain  all  the  requisite  data  on  which  to  found 
the  calculus. 

540.  The  resistance  which  a  body  suffers  from  the  fluid 
medium  through  which  it  is  impelled  depends  on  the  velocity, 
form,  and  magnitude  of  the  body,  and  on  the  inertia  and  te- 
nacity of  the  fluid.  For  fluids  resist  the  motion  of  bodies 
through  them,  1.  by  the  inertia  of  their  particles:  2.  by  their 
tenacity,  i.  e.  the  adhesion  of  those  particles :  S.  by  the  friction 
of  the  body  against  the  particles  of  the  fluid.  In  perfect  fluids 
the  latter  causes  of  resistance  are  very  inconsiderable,  and  there- 
fore are  not  taken  into  the  account ;  but  the  former  is  always 
very  considerable,  and  obtidns  equally  in  the  most  perfect  as  in 
the  most  imperfect  fluids.  And  that  the  resistance  varies  with 
the"  velocity,  shape,  and  magnitude  of  the  moving  body  is  suf- 
flciently  obvious. 

We  must  carefully  distinguish  between  resistance  and  re- 
tardation :  resistance  is  the  quantity  of  motion,  retardation  the 
quantity  oi  velocity ^  which  is  lost ;  therefore,  the  retardations  are 
as  the  resistances  applied  to  the  quantities  of  matter ;  and  in  the 
same  body  the  resistance  and  retardation  are  proportional. 

541.  Prop.  To  determine  the  force  offuids  in  motion,  or 
the  resistance  of  fluids  against  bodies  moving  in  them, 

1.  In  fluids  uniformly  tenacious  the  resistance  is  as  the  velo- 
city with  which  the  body  moves.  For,  since  the  cohesion  of 
the  particles  of  the  fluid  is  always  the  same  in  the  same  space, 
whatever  be  the  velocity,  the  resistance  from  this  cohesion  will 
be  as  the  space  described  in  a  given  time;  that  is,  as  the 
velocity. 

2.  In  a  fluid  whose  particles  move  freely  without  disturbing 
each  other's  motions,  and  which  flows  in  behind  as  fast  as  a 
plane  body  tnoves  forward,  so  that  the  pressure  on  every  part 
of  the  body  is  the  same  as  if  the  body  were  at  rest,  the  reastance 
will  be  as  the  density  of  the  fluid. 

3.  On  the  same  hypothesis  the  resistance  will  be  as  the  square 
of  the  velocity.  For  the  resistance  must  vary  as  the  number  of 
particles  which  strike  the  plane  in  a  given  time,  multiplied  into 
the  force  of  each  against  the  plane ;  but  both  the  number  and 
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^  the  force  is  as  the  velocity,  and  consequently  the  resistance  is 

.  .■  as  the  square  of  the  velocity. 

! "  This  proof  supposes  that  after  the  body  strikes  a  particle  the 

"J  action  of  that  particle  entirely  ceases :  whereas  the  particles, 

after  they  are  struck,  must  necessarily  diverge,  and  act  upon  the 
particles  behind  them ;  thus  causing  some  difference  between 
theory  knd  experiment.  This  hypothesis,  however,  on  account 
of  its  simplicity,  is  generally  retained,  and  corrected  afterwards 
by  deductions  from  actual  experiments. 

This  ratio  of  the  square  of  the  velocity  may  be  otherwise 
derived,  thus : 

It  is  evident  that  the  resistance  to  a  plane,  moving  perpen- 
dicularly through  an  infinite  fluid,  at  rest,  is  equal  to  the  pres- 
sure or  force  of  the  fluid  on  the  plane  at  rest,  and  the  fluid 
moving  with  the  same  velocity,  and  in  the  contrary  direction, 
to  that  of  the  plane  in  the  former  case.  But  the  force  of  the 
fluid  in  motion  must  be  equal  to  the  weight  or  pressure  which 
generates  that  motion ;  and  which,  it  is  known,  is  equal  to  the 
weight  or  pressure  of  a  column  of  the  fluid,  whose  base  is  equal 
to  the  plane,  and  its  altitude  equal  to  the  height  through  which 
»  a  body  must  fall,  by  the  force  of  gravity,  to  acquire  the  velocity 
of  the  fluid :  and  that  altitude  is,  for  the  sake  of  brevity,  called 
the  altitude  due  to  the  velocity.  So  that,  if  a  denote  the  area 
of  the  plane,  v  the  velocity,  and  n  the  specific  gravity  of  the 

fluid ;  then,  the  altitude  due  to  the  velocity  v  being  — ,  the 

whole  resistance,  or  motive  force  m,  will  be  a  x  w  x  —  =  -7--; 

^  being  %%\  feet.  And  hence,  cceteris  paribus,  the  resistance 
IS  as  the  square  of  the  velocity. 

4.  If  the  direction  of  the  motion,  instead  of  being  perpendi- 
.  cular  to  the  plane,  as  above  supposed,  be  inclined  to  it  in  any 
angle,  then  the  resistance  to  the  plane,  in  the  direction  of  the 
motion,  as  assigned  above,  will  be  diminished  in  the  triplicate 
ratio  of  radius  to  the  sine  of  the  angle  of  inclination,  or  in  the 
ratio  of  1  to  ^,  where  s  is  the  sine  of  inclination. 

For  AB  (fig.  7.  pi.  XVIII.)  being  the  direction  of  the  plane, 
and  BD  that  of  the  motion,  abd  the  angle  whose  sine  is  s; 
the  number  of  particles  or  quantity  of  the  fluid  which  strikes 
the  plane  will  be  diminished  in  the  ratio  of  1  to  ^ ;  and  the 
force  of  each  particle  will  likewise  be  diminished  in  the  same 
ratio :  so  that,  on  both  these  accounts,  the  whole  resistance  will 
be  diminished  in  the  ratio  of  1  to  s^ ;  that  is,  in  the  duplicate 
ratio  of  radius  to  the  sine  of  abd.  But  further,  it  must  be 
considered,  that  this  whole  resistance  is  exerted  in  the  direction 

VOL.  I.  N  N 
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BE  perpendicular  to  the  plane ;  and  any  force  in  direction  be 
is  to  its  effect  in  direction  ae  parallel  to  bd  as  ae  to  be,  or  as 
1  to  s.  Consequently,  on  all  these  accounts,  the  resistance  in 
the  direction  or  the  motion  is  diminished  in  the  ratio  of  1  to  5^. 
And  if  this  be  compared  with  the  result  of  the  preceding  step, 
we  shall  have  for  the  whole  resistance,  or  the  motive  force  on 

the  plane,  m  =:  -- — • 

6.  If  w  represent  the  weight  of  the  body  whose  plane  face 
a  is  resisted  by  the  absolute  force  m^  then  the  retarding  force 

6.  And,  if  the  body  be  a  cylinder  whose  face  or  end  is  a, 
and  diameter  d,  or  radius  r,  moving  in  the  direction  of  its 
axis;   then,  because  s  n  1,  and  a  =  irr^  =  ^ircPy  where  it  = 

3*1 41 593,  the  resisting  force  m  will  be  z=  -— —  —  -"s — ;  and  the 

retard  m£:  force  /  ==  -~ —  =  -- — . 

7.  This  is  the  value  of  the  resistance  when  the  end  of  the 
cylinder  is  a  plane  perpendicular  to  its  axis,  or  to  the  direction 
of  motion.  But  were  its  face  a  conical  surface,  or  an  elliptic 
section,  or  any  other  figure  every  where  equally  inclined  to  the 
axis,  the  sine  of  inclination  being  s ;  then,  the  number  of  par- 
ticles of  the  fluid  striking  the  face  being  still  the  same^  but  the 
force  of  each,  opposed  to  the  direction  of  motion,  diminished 
in  the  duplicate  ratio  of  radius  to  the  sine  of  inclination,  the 

resistmg  lorce  m  would  be  — - —  n  — - — . 

But  if  the  body  were  terminated  by  an  end  or  face  of  any 
other  form,  as  a  spherical  one,  or  such  like,  where  every  part 
of  it  has  a  diiSerent  inclination  to  the  axis ;  then  a  further  in- 
vestigation becomes  necessary,  as  in  the  following  proposition. 

642.  Prop.  To  determine  the  resistance  of  a  Jlmd  to  amf 
body  mooinff  in  ity  having  a  curved  endj  as  a  sphere^  a  cylinder 
with  a  hemtsphericcU  end^  SfC. 

1.  Let  bead  be  a  section  through  the  axis  ca  of  the  solid, 
moving  in  the  direction  of  that  axis.  To  any  point  of  the 
curve  draw  the  tangent  eg,  meeting  the  axis  produced  in 
G :  also  draw  the  perpendicular  ordinates  ef,  ef  indefinitely 
near  to  each  other;  and  draw  ae  parallel  to  cg.  (Fig.  11. 
pi.  XVIII.) 

Putting  OF  rz  j:,  EF  =  y,  BE  n  21,  s  z=.  sine  Z  g  to  radius  1 ; 
then  ^rry  is  the  circumference  whose  radius  is  ef,  or  the  cir- 
<;umference  described  by  the  point  k,  in  revolving  about  the  axis 
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CA ;  and  9^y  x  E^,  or  3s^«,  is  the  fluxion  of  the  surface,  or  it 
is  the  surface  described  by  'b^,  in  the  said  revolution  a'bout  ca  ; 
which  is  the  xjuantity  represented  by  a  in  art.  4.  of  the  last  pro- 
blem :  hence  — -  x  %ryk,  or  ^— —  xyic  is  the  resistance  on  that 

ring,  or  the  fluxion  gf  the  resistance  to  the  body,  whatever  the 
figure  of  it  may  be :  the  fluent  of  which  will  be  the  resistance 
required, 

9,,  In  the  case  of  a  spherical  shape ;  putting  the  radius  ca 

or  CB  zz  r,  we  have  y  =  v/  (/*'  —  x%  s  =  —  =  —  =  — ,  and 

f/z  or  EF  X  E^  n  CE  X  a^  =  rx ;  therefore  the  general  fluxion 

•  »^yz  becoihes  —  •  —  •  rx  =  —   •  a:'^x;    the  fluent  of 

g        ^  g     ti  gf^ 

which,  or  ^—  x\  is  the  resistance  to  the  spherical  surface  ge- 
nerated by  BE.  And  when  x  or  cf  is  =  r,  or  ca,  it  becomes 
^2 —  ^or  the  resistance  on  the  whole  hemisphere ;  which  is  also 

equal  to  -r^^  where  d  =:  2r  the  diameter. 

3.  But  the  perpendicular  resistance  to  the  circle  of  the  same 
diameter  d  or  bd,  by  art.  6.  of  the  preceding  problem,  is 

— — ;  which,  being  double  the  former,  shows  that  the  resist- 

mice  to  the  sphere  is  Just  equal  to  half  the  direct  resistance  to  a 
great  circle  of  it,  or  to  a  cylinder  of  the  same  diameter. 

4.  Since  ^itd^  is  the  magnitude  of  the  globe ;  if  n  denote 
its  density  or  specific  gravity,  its  weight  w  will  be  =  ^itd^jf^ 

and  thereiore  the  retardive  force  for  —  n  -r^— -rr  =  r — j ; 

which  is  also  r:  :;^  by  art.  243.     Hence  then  --^  n  — ,  and 

2gs  '  ^  4Na  s  ' 

s  zz —  ^;  which  is  the  space  that  would  be  described  by  the 

globe,  while  its  whole  motion  is  generated  or  destroyed  by  a 
constant  force  whidi  is  equal  to  tne  force  of  resistance,  if  no 
other  force  acted  on  the  globe  to  continue  its  motion.  And  if 
the  deni^ty  of  the  fluid  were  equal  to  that  of  the  globe,  the  re- 
sisting force  is  such,  as,  acting  constantly  on  the  globe  without 
any  other  force,  would  generate  or  destroy  its  motion  in  de- 
scribipg  the  space  ^,  or  ^  of  its  diameter,  by  that  accelerating 
or  retarding  force. 

5.  Henqe  the  greatest  velocity  that  a  globe  will  acquire  by 
descending  in  a  fluid,  by  means  of  its  relative  weight  in  the 

N  N  2 
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fluid,  will  be  found  by  making  the  resisting  force  equal  to  that 
weight.  For,  after  the  velocity  is  arrived  at  such  a  degree 
that  the  resisting  force  is  equal  to  the  weight  that  urges  it,  it 
will  increase  no  longer,  and  the  globe  will  afterwards  continue 
to  descend  with  that  velocity  unirormly.  Now,  N  and  n  being 
the  separate  specific  gravities  of  the  globe  and  fluid,  N— n  will 
be  the  relative  gravity  of  the  globe  in  the  fluid,  and  therefore 
w  =  ^ird^  (n— n)  is  the  weight  by  which  it  is  urged ;  also  mzz 

-j^  is  the  resistance ;  consequently  ^ —  =  ^ifcP  (n  —  n) 

when  the  velocity  becomes  uniform :  from  which  equation  is 

found  V  =  \/(^  •  ^d '  -^  ),  for  the  siud  uniform  or  greatest 

velocity. 

By  comparing  this  value  of  v  with  those  in  arts.  216  and  243, 
it  will  appear  that  the  greatest  velocity  is  equal  to  the  velocity 

generated  by  the  accelerating  force in  describing  the  space 

^d,  or  equal  to  the  velocity  generated  by  gravity  in  freely  de- 
scribing the  space  -^  •  ^d. — If  N=:2n,  or  the  specific  gravity 

^y  ^^—  |A#. 

of  the  globe  be  double  that  of  the  fluid,  then =   1  =  the 

natural  force  of  gravity ;  and  then  the  globe  will  attain  its 
greatest  velocity  in  describing  ^,  or  ^  of  its  diameter.  It  is 
further  evident,  that  if  the  body  be  very  small  it  will  soon  ac- 
quire its  greatest  velocity,  whatever  its  density  may  be. 

Exam.  If  a  leaden  ball  of  1  inch  diameter  descend  in  water, 
and  in  air  of  the  same  density  as  at  the  earth^s  surface,  the 
three  specific  gravities  being  as  lly,  and  1,  and  ^-j^^.  Then 
v=is/i^'^^'■A'  104-)=  ti/(81 .  193) =8-6944  feet  is  the 
greatest  veloaty  per  second  the  ball  can  acquire  by  descending 
in  water.  And  v  =  \/(4  •  ^-^  .  ^^  .  y  .  *^  nearly)  =  ^ 
^/l-i^2JL  =z  259*82,  is  the  greatest  velocity  it  can  acquire  in 
air. 

^  But  if  the  globe  were  only  -i-J^  of  an  inch  diameter,  the 
greatest  velocities  it  could  acquire  would.be  only  -jV  of  tliese, 
namely  -^  of  a  foot  in  water,  and  26  feet  nearly  in  air ;  and  if 
the  ball  were  still  further  diminished,  the  greatest  velocity  would 
also  be  diminished,  and  that  in  the  surauplicate  ratio  of  the 
diameter  of  the  ball. 

SCHOLIUM. 

543.  It  appears  from  the  third  step  of  the  preceding  article, 
that  the  resistance  to  the  motion  of  a  cylinder  moving  in  the 
direction  of  its  axis  is  double  to  that  of  a  globe  of  equal  dia- 
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meter;  and  in  experiments,  when  the  bodies  move  slow,  this 
will  nearly  hold  in  water,  but  more  accurately  in  air ;  because 
its  particles  move  more  freely  than  those  of  water,  and  less 
disturb  each  other's  motions:  but  when  the  motion  is  more 
rapid,  considerable  aberrations  will  occur;  both  from  the  mu- 
tual disturbance  of  the  particles,  and  from  the  fluid  not  flowing 
in  so  fast  behind  as  the  body  moves  forward :  in  the  air,  also,  a 
new  cause  of  aberration  will  arise,  from  the  condensation  of  the 
fluid  before  the  body.  Sir  Isaac  Newton  supposes,  that  in  a 
continuous  non-elastic  fluid,  infinitely  compressed,  the  resist- 
ances of  a  sphere  and  cylinder  of  equal  diameters  are  equal : 
but  this  appears  to  be  an  error  in  theory  as  well  as  in  fact ;  for 
the  lemma  (Lemma  5.  book  ii.  §  7-  Princip.)  on  which  he 
founds  his  inference,  has  been  justly  called  in  question.  When 
the  motion  is  slow  in  water,  the  fluid  may  be  conceived  to  be 
nearly  of  that  nature  which  Newton  supposes ;  yet  the  resist- 
ances are  almost  as  coincident  with  theory  as  when  the  motion 
is  in  air:  thus  M.  Borda  found  the  resistance  of  a  sphere 
moving  in  water  to  be  to  that  of  its  greatest  circle  as  1  to  2-508, 
and  in  air  the  resistances  were  as  1  to  2*45.  The  experiments 
of  Dr.  Hutton  in  air  give  the  resistances  as  1  to  2f ,  at  a  mean. 
The  reason  that  experiments  give  the  ratio  of  the  resistances 
greater  than  that  of  2  to  1  seems  to  be  this :  jn  theory  it  is 
supposed  that  the  action  of  every  particle  of  the  fluid  ceases  the 
instant  it  makes  its  impact  on  the  solid ;  but  this  is  not  actually 
the  case,  as  we  have  before  observed  (art.  641.) :  and  since  the 
particles^  after  impact  on  the  sphere,  slide  along  the  curved  sur- 
face, and  hence  escape  with  more  facility  than  along  the  face 
of  the  cylinder,  the  error  will  be  greater  in  the  cylinder;  that 
is,  the  greater  resistance  will  exceed  theory  more  than  the  less. 
It  is  also  to  be  observed,  that  the  diflerence  between  the  resist- 
ances of  the  globe  and  cylinder,  in  water,  is  greater  than  in 
sur ;  which  is  directly  contrary  to  what  might  be  inferred  from 
Newton's  reasoning,  which  supposes  them  equal  in  a  continuous 
fluid,  but  in  the  ratio  of  1  to  2  in  a  rare  fluid. 

544.  Lemma.  If  a  given  angle  be  divided  into  two  parts, 
the  product,  or  solid,  contained  under  the  sauare  of  the  sine 
•of  the  one  part  and  the  sine  of  the  other  will  be.  a  maximum 
when  the  tangent  of  the  former  is  double  the  tangent  of  the 
latter,  or,  when  the  sine  of  the  diflerence  of  the  parts  is  one- 
third  of  the  sine  of  the  whole  ^ven  angle. 

This  is  a  particular  case  of  Prob.  v.  p.  502,  Simpsori's 
Fluxions;  ana  is  well  known  to  mathematicians. 

545.  Peop.  Suppose  that  a  plane  abc  (fig.  12.  pi.  XVIII.) 
moving  with  the  velocity  and  direction  represented  bj/  bB,  is  acted 
upon  by  a  fluid  whose  particles  move  with  a  velocity  represented 
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hu  DB,  and  in  directions  parattel  to  thai  Une;  it  is  proposed  to 
determine  the  angle  of  inclination  abd  so  that  the  effect  of  the 
fluid  may  be  the  greatest  possible. 

Since  a  particle  impin^ng  on  the  plane  at  b  moves  through 
the  space  db  in  the  time  that  the  plane  itself  would  pass  from 
the  position  abc  to  abc,  it  is  manifest  that  the  distance  De  of 
the  said  particle  from  the  plane  (produced)  at  the  beginning  of 
that  time  will  be  the  measure  of  the  relative  celerity  with  which 
the  particles  of  the  fluid  approach  the  plane  in  a  direction  per- 
pendicular to  it ;  and  consequently  (art.  469.)  that  the  force  of 
the  stream  in  that  direction  will  a  J>e^ :  whence,  b^  the  reso- 
lution of  forces,  the  eiBcacy  in  the  proposed  direction  bn  will 
Oc  D^  X  sin  ABH  Cnjye^  x  sin  abh. 

Now  the  angle  6bd  being  ^ven,  as  well  as  the  sides  b&,  bd, 
containing  that  angle,  the  remaining  angle  b5d  will  be  known, 
as  well  as  the  side  d&  :  of  consequence,  !>€  being  the  sine  of  the 
angle  Dbe  to  the  given  radius  nft,  the  eflect  De*  x  sin  abn  will 
be  a  maximum,  when  sin^  T^be  x  sin  ain  is  a  maximum ;  that  is 
(by  the  lemma),  when  sin  (pba  in  oAh)  =  \  sin  b6d  :  whence 
the  difference  being  given,  the  angles  themselves  will  be  known* 
The  geometrical  construction  is  very  simple :  thus,  having  from 
the  centre  b  with  any  radius  described  the  arc  7»r,  on  rb  (pro- 
duced if  necessary)  let  fall  the  perpendicular  mp ;  take  pq  zz 
jmp,  and  draw  qs  parallel  to  pr^  cutting  the  circle  in  s :  then 
bisect  the  arc  ms  by  the  line  bae^  and  the  thing  required  is  done. 
For  the  sine  sv  of  sr,  that  is,  of  the  difference  of  the  angles  J)ba, 
o&H,  is  -J-  of  mpf  the  sine  of  the  whole  given  angle  bSd,  as  it 
ought  to  be. 

646.  To  obtain  a  general  theorem  expressed  algebrmcally, 
let  the  velocity  5b  of  the  plane  be  put  n  v,  and  that  of  the  fluid 
=  y ;  also  let  the  angle  db6  be  called  b  :  and  having  drawn 
BFL  perpendicular  to  the  plane,  or  to  £Fe,  put  &f  =:^,  and  bf 
=:^.  Tnen,  because  fb  and  fl  are  tangents  of  the  angles  f5b^ 
f5l,  to  the  common  radius  6f,  it  follows  (from  the  lemma)  that 
FL=2BF=:2y ;  whence,  if  LR  and  na  be  perpendicular  to  hq, 
we  have,  by  similar  triangles,  b5  :  bf  : :  bl  :  br  ;  that  is,  viy 

:  :  8y  :  ~  =  be;  and  consequently  5r  :r  br  —  b&  =  . 

Likewise,  b&  :  &f  :  :  bl  :  lr  ;  that  is,  v  :  x  :  :  S^:  ~  zzlr. 

But  DQ=:v  sin  b,  and  Ja=v  cos  b  —  w,  we  have  again,  by  simi- 
lar triangles.  Da :  bo, : :  lr  :  Jr,  or  v  sin  b  :  v  cos  b— w : : : 

— - — .     Multiplying  the  means  and  extremes  of  this  analogy. 


VC08B— V 


we  obtain  3y«  - 1;«  =  ll^llZl .  Sxy. 


viinB 
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Substituting  in  this  equation  for  v^  its  equal  x®  +  yS  com- 
pleting the  square  and  reaucing^  we  at  length  find 

y  ■-      *    4-  V    y  g|n  B    -^  J  2v  sin  B 

And  this  equation  manifestly  expresses  the  natural  tangent  of 
the  angle  6bf,  or  the  cotangent  of  the  required  angle  fJh. 

647.  Cob.  1.  If  the  given  angle  Dsi  be  a  right  angle  (as 
is  the  case  when  the  wind  strikes  against  the  sails  of  a  wind- 
mill), then  is  sin  B  ==  I9  and  cos  b  =:  0,  the  expression  for  the 
tangent  of  6bf  (which  is  here  equal  to  the  angle  of  inclination 

abd)  will  become   a/(2  +  -7^) +  T~"'     This,  if  v  be  taken 

=  0,  or  the  plane  be  supposed  at  rest,  will  be  barely  =  \^2, 
answering  to  an  angle  of  54°  44'.  But  if  the  velocity  of  the 
plane  be  supposed  ^,  ^  4.,  4,  or  4j  of  that  of  the  medium  or 
stream,  then  the  angle  abd,  found  from  this  theorem,  will  be 
equal  to  68°  14',  61°  OT,  63°  26',  66°  58',  or  74°  19'  respectively : 
so  that  the  greater  the  velocity  of  the  plane,  the  greater  also 
will  be  the  angle  of  inclination. 

Hence  it  appears,  that  the  sails  of  a  windmill,  in  order  that 
the  efiFect  may  be  the  greatest,  ought  to  be  more  turned  towards 
the  wind  in  the  extreme  parts  where  the  motion  is  swiftest 
than  in  the  parts  nearer  to  the  axis  of  motion;  in  such  a 
manner  that  the  tangent  of  the  axle  formed  by  the  direction  of 
the  wind  and  the  sail  may  every-where  be  equal  to  the  expres- 

sion  V(2  4- yt)  +T"»  ^^^  velocity  v  being  proportional  to 

the  distance  from  the  axis  of  motion,  and  increasing  till,  at  the 
extremity  of  the  sail,  it  is  sometimes  equal  to  v,  or  even  ex- 
ceeds it. 

648.  Cor.  2.  If  the  angle  dba,  which  the  direction  of  the 
stream  makes  with  the  plane,  be  given,  instead  of  the  angle  dbh 
or  DB& ;  it  will  then  appear  that  the  effect  will  in  that  case  be 
a  maximum  when  sin  abh  (the  angle  made  by  the  plane  and 
the  direction  of  its  motion) :  sin  DBA : :  -^-bd  :  b5. 

For  the  force  in  the  direction  fb  varying  as  i>e%  its  effect  in 


BP    _    DC««E« 


the  direction  bh  will  a  d^  •  -r  cx  — -— .     Now  db,  bJ,  and 

BO  B& 

the  angle  dee,  being  ^ven,  de  is  thence  given.  And  it  is  well 
known  (see  Simpson^s  Geom.  theor.  17.  of  max.  and  min.)  that 
the  solid  of  the  square  of  one  part  of  a  line  into  the  other  part 
is  a  maximum,  when  the  former  part  is  the  double  of  the  latter. 
Consequently  j>e  must  be  =  S,Ee;  so  that  Ee,  or  its  equal  bf, 
will  be  yD£.  • 
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But,  stn  B&F :  rad. : :  bf  (=de)  :^  b&, 

and  rad.  :  sin  dba  : :  bd  :  de, 
whence,  componendo^  sin  nbv  :  sin  dba  : :  -jBD  :  b6. 
549.  Cor.  3.  The  proportion  in  the  preceding  corollary  can 
only  obtain  when  b6  is  equal  to  or  greater  than  ^e.  For, 
when  b6  is  less  than  ^^e,  ec  (which  is  always  less  than  b&) 
cannot  be  equal  to  -j-de  ;  but  will  approach  the  nearest  to  it 
when  BF  coinddes  with  b6,  that  is,  when  the  angle  f6h  or  abh 
is  of  90^ ;  and  in  this  case  the  effect  will  be  a  maximum  when 
the  direction  of  the  motion  is  perpendicular  to  the  plane.  If 
the  given  angle  dba  be  a  right  angle  (which  appears  to  be  the 
most  advantageous,  because  then  de  =  db),  it  follows  that 
sin  abh  will  be  to  radius  as  j-  of  the  velocity  of  the  stream  to 
the  velocity  of  the  plane  or  sail.  Hence^  if  tJie  Jbrce  of  the 
wind  be  capable  qfprodtuAng  a  degree  of  velocity  in  a  ship 
greater  than  f  of  its  own  velocity  ^  it  is  evident  thai  the  ship  may 
run  swifter  upon  an  oblique  course  than  when  she  sails  S,recUy 
before  the  mud.  If  the  velocity  be  to  that  of  the  wind  as  1  to 
3,  and  the  course  be  109^  28',  the  force  of  the  wind  upon  tlie 
vessel  to  promote  its  motion  will  be  greater  than  the  force  in  a 
direct  course  of  180^,  in  the  ratio  of  y32  to  ;/37,  or  of  31748 
to  3.     See  Maclaurifis  Fluxions^  art.  919* 

650.  Prof.  To  determine  the  rekUions  of  velocity^  space, 
and  time^  of  a  baU  moving  in  a  fluid,  in  which  it  is  projected 
with  a  given  velocity. 

1.  Let  a  =  the  first  velocity  of  projecdon,  x  the  space  de- 
scribed in  any  time  t^  and  v  the  velodty  then.   Now,  by  step  4, 

art  642.  the  aocelerative  forcey=  -^ — j-;  where  N  is  the  den- 
sity of  the  ball,  n  that  of  the  fluid,  and  d  the  diameter.  There- 
fore the  general  equation  tyo^gfs  becomes  vvzi  "^  " —  x ;  and 

hence—  =  -g^j-  i-  =  —  ft;r,  putting  b  for  r-y.  The  correct 
fluent  of  this  is  log.  a — log.  v,  or  log,  —  =6:r.  Or,  putting  c  = 
2-718281828,  the  number  whose  hyp.  log.  is  1,  then  is  —  =  c^, 

and  the  velocity  i?  zz  -gj|-  =  cc"**- 

2.  The  velocity  t?  at  any  time  bein^  the  c^'^part  of  the  first 
velocity,  therefore  the  velocity  lost  m  any  time  will  be  the 

1  —  (T**  part,  or  the  —j^  part  of  the  first  velocity. 
Exam.  1.  If  a  globe  be  projected  with  any  velocity  in  a 
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medium  of  the  same  density  with  itself,  and  it  describe  a  space 
equal  to  3d  or  three  of  its  diameters.     Then  x  =  3d,  and  h  = 

~  =  ^ ;  therefore  Ix  =  \^  and  the  velocity  lost  is  -^  = 

3^,  or  nearly  \  of  the  projectile  velocity. 

Exam.  2.  If  an  iron  ball  of  2  inches  diameter  were  pro- 
jected with  a  velocity  of  1200  feet  per  second ;  to  find  the 
velocity  lost  after  moving  through  any  space,  as  suppose  500 
feet  of  air :  we  should  have  d  =  y\-  =  |,  a  =  1200,  xziSOO,  n  = 

^^^^  1     1         /»  I  3nj?  3.12.500.3.6  81 

7|,  n  =  -0012;  and  therefore  hx  ^,^^^   3.22.10000    =  44o' 
and  w=  —  =  998  feet  per  second ;  having  lost  202  feet,  or 

nearly  ^  of  its  velocity. 

Exam.  3.  If  the  earth  revolved  about  the  sun,  in  a  medium 
as  dense  as  the  atmosphere  near  the  earth's  surface;  and  it 
were  required  to  find  the  quantity  of  motion  lost  in  a  year. 
Then,  if  the  earth's  mean  density  be  about  4^,  and  its  di- 
stance from  the  sun  12000  of  its  diameters,  we  have  24000 

X  81416  =  75398  diameters  =  jr,   and  Ix  =    '  uM^^r,L  = 


c&-»— 1 


7-5398 ;  hence  -y-  =  tItt  parts  are  lost  of  the  first  motion 


c&» 


in  the  space  of  a  year,  and  only  the  ttbt  part  rem^s. 

3.  To  find  the  time  t ;  we  have  ^  =  —  =  ~  =  — .  Now,  to 
find  the  fluent  of  this,  put  2?  =  c^';  then  is  bx  =  log.  z,  and 
6*  =  y,or*  =  -^;  consequently  «  or -^  =  —  =:-^;   and 

hence  ^  =  —  =  ^.     But  as  t  and  x  vanish  together,  and 

db  ao 

when  or  =  0,  the  quantity  ^  is  =  ^ ;  therefore,  by  correction, 
_  c^*--i  ^  ±  _  -L  =  JL  ( JL  —  1)  the  time  sought;  where 

6  =  |i,  and  V  =  ^  the  velocity. 

551.  Prop.  To  determine  the  relations  of  space,  timey  and 
velocity  when  a  globe  descends,  by  its  ami  weight,  in  an  in- 

finite  fluid.  .  .         .     ^      j.  j 

The  foregoing  notation  remammg,  viz.  a  =  diameter,  n  and 
n  the  density  of  the  ball  and  fluidi,  and  u,  s,  t,  the  velocity, 
space,  and  time,  in  motion ;  we  have  \'J(d^  =  the  magnitude  of 
the  ball,  and  ^^d»  (n  -  n)  =  its  weight  in  the  fluid,  also  m  = 
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^^  =  its  resistance  from  the  fluid ;  consequently  ^ifcP  (N-f?) 

log 

—  ^^  is  the  motive  force  by  which  the  ball  is  ui^ ;  which 
being  divided  by  ■^s'Nd',  the  quantity  of  matter  moved,  ^vesy= 
1 — -:  for  the  accelerative  force. 

K         Sgsd 
/*    TT  •  /.•  1  •         w  ^vi  1  w 

2.  Hence  vv  =  g/i,  and  *  =  --,  = 5;r  =  T^i=^' 

putting  6  =  ^,  and-^  =_i^_  or  a5=:g  nearly;  the  fluent 

of  which  is  «  =  -r  X  log.  of  -^,  an  expression  for  the  space  s, 

in  terms  of  the  velocity  v,  when  s  and  v  begin  together. 

3.  To  determine  v  in  terms  of  s,  put  c  =  2-718281828 ;  then, 

since  the  log,  of  — -  =  2Js,  therefore  — -  =  c*b6,  or = 

CT"**;  and  hence  v  =  \/(ff— or"***),  the  velocitj  sought. 

4.  The  greatest  velocity  is  to  be  found,  as  m  step  5,  of  art. 

542.  by  making  /  or  1  —  ~-  ■-  g^  =  0,  which  gives  v  = 

V(g  •  Sd-  -T— )  n  v'a.     The  same  value  is  also  obtained  by 

making  the  fluxion  of  v\  or  of  a  — ar-^^,  ==  0.  And  the  same 
value  of  V  is  obtained  by  making  s  infinite ;  for  then  c~**"  =  0. 
But  this  velocity  Va  cannot  be  attained  in  any  finite  time,  and 
it  only  denotes  the  velocity  to  which  the  general  value  of  v  or 
•(a  —  acr^^)  continually  approaches.  It  is  evident,  however, 
that  it  will  approximate  towards  it  the  faster,  the  greater  b  is, 
or  the  less  d  is ;  and  that,  the  diameters  being  very  small,  the 
bodies  descend  by  nearly  uniform  velocities,  which  are  directly 
in  the  subduplicate  ratio  of  the  diameters. 

5.  To  find  the  time  t;  we  have  <*  n  ~  z:  \/  —  X  „,  '  sttx. 
Then,  to  find  the  fluent  of  this  fluxion,  put ;?  =  v'Cl  -fr^)  = 
^,  or  z*  =  1  —  c-2^;  hence  zk  =  bscr^^y  and  s  =: ^^^  =  j. 

J35;  consequently  t  =z  ^-^  •  -^,  and  therefore  the  fluent  is 

log.  ^^^^  which  is  the  general  expression  for  the  time. 

Note.   If  the  globe  be  so  light  as  to  ascend  in  the  fluid,  it  is 


\ 
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only  necessary  to  change  the  signs  of  the  first  two  terms  in  the 
value  oify  or  the  accelerating  force,  by  which  it  becomes  y*r: 

-^  —  1  —  - — 2  5  ^°d  then  to  proceed  in  all  respects  as  before. 

For  more  examples,  see  Dr.  HuUarCs  Select  Exercises; 
whence  several  articles  in  this  chapter  were  taken.  See  also 
BlancPs  Hydrostatics,  p.  191—228. 


The  theory  of  the  resistance  of  fluids,  when  considered  in  its 
utmost  extent,  is  very  intricate  and  perplexing.  Besides  the 
propositions  on  this  subject  in  Newton's  Prindpia,  lib.  2.  the 
reader  may  be  referred  to  the  theory  of  John  Bernoulli^  in  his 
Dissertation  on  the  Communication  of  Motion,  and  that  of 
M.  D'Alembert  in  his  Hydrodyiiamica.  The  latter  theory  is 
genuine  and  unexceptionable,  but  extremely  intricate,  requiring 
a  minute  acquaintance  with  the  most  abstruse  analysis ;  and  it 
furnishes  only  one  new  proposition  that  is  of  any  practical  utility. 
The  theory  of  M.  Georges  Juan  in  his  Eicamen  Maritime,  and 
that  of  M.  La  Grange,  a  sketch  of  which  may  be  seen  in  Pr&m/s 
Architecture  HydravMqtie,  include  all  the  considerations  that 
ought  to  be  comprised  in  such  discussions :  but  they  present 
numerous  difiiculties  inseparable  from  the  analysis  itself^  and 
furnish  but  few  practical  results. 
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CHAPTER  VL 


EXPEBIMENTS  ON  THE  BESISTANCE  OF  FLUIDS. 

'  652.  In  the  preceding  chapter  we  have  given  some  of  the 
most  useful  propositions  in  the  ordinary  theory  of  the  resistance 
of  fluids,  and  have  referred  to  the  works  of  other  authors  in 
which  more  rigorous  theories  are  exhibited.  But  in  all  theories 
respecting  the  motions  and  actions  of  fluids,  there  are  assump- 
tions which  depend  on  the  judgment  of  the  investigator ;  so  that 
it  is  always  proper  to  put  every  such  theory  to  the  test  of  experi- 
ments. If  it  be  highly  desirable  that  these  branches  of  science 
be  reduced  to  rules  capable  of  being  employed  in  practice  with 
certainty,  and  if,  as  is  our  opinion,  mis  can  never  be  completely 
attained  by  theory  alone,  it  becomes  a  matter  of  great  import- 
ance to  subject  these  points  to  an  extensive  and  varied  series  of 
experiments;  to  discuss  these  experiments  with  care,  and  to 
compare  them  with  the  theory  adopted,  in  order  to  discover 
where  it  is  deficient,  and  to  supply  the  deficiencies.  A  multi- 
plicity of  facts  attentively  analyzed,  and  reduced  as  far  as  possible 
to  general  laws,  may  correct  the  results  of  theory,  or  compose 
of  themselves  the  outlines  of  a  kind  of  theory  which  may  be 
readily  adapted  to  the  usual  occasions  of  practice.  Under  these 
impressions  we  have  already  stated  the  results  of  experiments 
on  the  effluence  of  fluids,  and  the  motion  of  water  wheels 
(chaps.  2  and  4,  book  IV.) ;  and  shall  now  exhibit  the  most 
curious  and  important  results  which  have  been  deduced  from 
experiments  on  the  resistance  of  fluids. 

553.  Experiments  on  this  subject  are  by  no  means  numerous ; 
at  least  such  as  can  be  depended  on  for  the  foundation  of  any 
practical  application.  The  first  that  have  this  character  are 
those  published  by  Mr.  Robins  in  1742,  in  his  treatise  on 
Gunnery.  They  were  repeated  with  some  additions  by  the 
Chevalier  Borda,  and  some  account  of  them  published  m  the 
Memoirs  of  the  Academy  of  Sciences  in  1763.  In  the  Philoso- 
phical Transactions  of  the  Royal  Society  of  London,  vol.  Ixxiii. 
there  arc  some  experiments  of  the  same  kind  on  a  larger  scale 
by  Mr.  Edgcworth. 
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In  all  these  experiments  the  resistances  were  found  to  be  very 
nearly  in  the  proportion  of  the  squares  of  the  velocities ;  but  they 
were  found  considerably  greater  than  the  weight  of  the  column 
of  air  whose  height  would  produce  the  velocity  in  a  falling  body. 
Mr.  Robins's  experiments  on  a  square  of  16  inches,  describing 
25'2  feet  per  second,  indicate  the  resistance  to  be  to  this  weight 
nearly  as  4  to  3.  Borda's  experiments  upon  the  same  surrace 
state  the  disproportion  to  be  still  greater. 

The  resistances  are  found  not  to  be  in  the  proportion  of  the 
surfaces,  but  increase  considerably  faster.  Surfaces  of  9, 16,  3&, 
and  81  inches,  moving  with  one  velocity,  had  resistances  in  the 
proportion  of  9, 174,  421,  and  104|. 

Now  as  this  deviation  from  the«proportion  of  the  surfaces  in- 
creases with  great  regularity,  it  is  most  probable  that  it  continues 
to  increase  in  surfaces  of  still  greater  extent,  and  these  are  the 
most  generally  to  be  met  with  in  practice  in  the  action  of  wind 
on  ships  and  mills. 

Borda'*s  experiments  on  81  inches  show  that  the  impulse  of 
wind  moving  one  foot  per  second  is  about  j|^  of  a  pound  on 
a  square  foot.  Therefore,  to  find  the  impulse  on  a  foot  corre- 
sponding to  any  velocity,  divide  the  square  of  the  velocity  by  600, 
and  we  obtain  the  impulse  in  pounds.  Mr.  Rouse  of  Lieicester- 
shire  made  many  experiments,  which  are  mentioned  with  great 
approbation  by  Mr.  Smeaton.  His  great  sagacity  and  ex- 
perience in  the  erection  of  windmills  oblige  us  to  pay  a  con- 
siderable deference  to  his  judgment.  These  experiments  con- 
firm our  opinion,  that  the  impulses  increase  faster  than  the  sur- 
faces. The  following  table  was  calculated  from  Mr.  Rouse's 
observations,  and  may  be  considered  as  pretty  near  the  truth. 

Velocity  in  Feet  Impulse  on  a  Foot  in  Pounds. 


0 

0-000 

10 

0129 

so 

0-916 

30 

2059 

40 

3-660 

50 

5-718 

60 

8-234 

70 

11-207 

80 

14.638 

90 

18-526 

100 

22-872 

110 

27-675 

120 

32-926 

ISO 

38-654 

140 

44-830 

150 

51-462 
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If  we  multiply  the  square  of  the  velocity  in  feet  by  16,  the 
product  will  be  the  impulse  or  renstance  on  a  square  foot  in 
grains,  according  to  Mr.  Rouse's  numbers. 

'  554.  The  ^eatest  deviation  from  the  theory  occurs  in  the 
oblique  impulses.  Mr.  Robins  compared  the  resistance  of  a 
wed^,  whose  angle  was  90^,  with  the  resistance  of  its  base, 
and  instead  of  finding  it  less  in  the  proportion  of  ^/%  to  1,^  as 
determined  by  the  theory,  he  found  it  greater  in  the  proportion 
of  55  to  68  nearly ;  and  when  he  formed  the  body  into  a  pyramid, 
of  which  the  sides  had  the  same  surface  and  the  same  inclinaticxi 
as  the  sides  of  the  wedge,  the  resistance  of  the  base  and  face 
were  now  as  55  to  39  nearly :  so  that  here  the  same  surface  with 
the  same  inclination  had  its  j:«sistance  reduced  from  68  to  39 
by  being  put  into  this  form.  Similar  deviations  occur  in  the 
experiments  of  the  Chevalier  Borda ;  and  it  may  be  collected 
from  both,  that  the  resistances  diminish  more  nearly  in  the  pro- 
portion of  the  sines  of  incidence  than  in  the  proportion  of  the 
squares  of  those  dnes. 

The  irregularity  in  the  reidstance  of  curved  surfaces  is  as  ^reat 
as  in  plane  surfaces.  In  general,  the  theory  ^ves  the  oblique 
impulses  on  plane  surfaces  much  too  small,  and  the  impulses  on 
curved  surfaces  too  great.  The  resistance  of  a  sphere  does  not 
exceed  the  fourth  part  of  the  resistance  of  its  great  circle,  instead 
of  being  its  half;  but  the  anomaly  is  such  as  to  leave  hardly  any 
room  for  calculation.  It  would  be  very  desirable  to  have  the 
experiments  on  this  subject  repeated  in  a  greater  variety  of 
cases,  and  on  larger  surfaces,  so  that  the  errors  of  the  experi> 
ments  may  be  of  less  consequence. 

Mr.  Robins  having  proved  that  in  very  great  changes  of 
velocity  the  resistance  does  not  accurately  follow  the  duplicate 
ratio  of  the  velocity,  lays  down  two  positions,  which  he  supposes 
may  be  of  some  service,  particularly  in  the  practice  of  artillery, 
till  a  more  complete  and  accurate  theory  of  resistance,  and  the 
changes  of  its  augmentation,  may  be  discovered.  The  first  of 
these  is,  that  till  the  velocity  of  the  projectile  surpass  1100  or 
1200  feet  per  second,  the  resistance  may  be  esteemed  in  the 
duplicate  ratio  of  the  velocity.  The  second  is,  that  when  the 
velocity  exceeds  1100  or  1200  feet  in  a  second,  then  the  abso* 
lute  quantity  of  the  resistance  will  be  nearly  3  times  as  ^eat 
as  it  should  be  from  a  comparison  with  the  smaller  velocities. 
We  shall  soon  see,  however,  that  there  is  no  abrupt  change  in 
the  law  of  resistance ;  but  that  it  is  slow  and  continual  from  the 
smallest  to  the  greatest  velocities. 
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555.  Dr.  HvUon^  late  of  the  Royal  Military  Academ]^,  has 
likewise  prosecuted  the  subject  of  tne  resistance  of  the  air  ex- 
perimentally,  and  that  to  a  considerable  extent.  His  experi- 
ments were  made  not  only  with  the  whirling  machine,  invented 
by  Mr.  Robins,  but  with  cannon  balls  of  different  weights,  from 
lib.  to  61b.;  also  with  figures  of  various  shapes,  and  with  planes 
set  at  a  variety  of  angles  of  inclination  to  the  path  of  motion. 
From  these  curious  experiments  the  doctor  has  ascertained  the 
resistance  of  bodies  to  all  velocities,  from  1  to  2000  feet  per 
second ;  the  bodies  being  different,  and  their  faces  at  different 
angles  of  inclinaUon.  Some  of  his  general  tables  and  conclusions 
deduced  from  those  experiments  are  as  follow. 


Table  I.  Resistances  of  different  bodies. 


SmaU 

hemis. 

flat 

side. 

Large 

hemis. 

Cone. 

Resis. 

VeUc. 

CyUn- 
der. 

Whole 
globe. 

as  the 

per 
see. 

flat 
side. 

round 
side. 

vertex. 

base. 

power 
of  the 
veloc. 

feet. 

oz. 

oz. 

oz. 

oz. 

oz. 

oz. 

oz. 

3 

•028 

•05! 

•020 

•028 

-064 

•050 

-027 

4 

•048 

•096 

•039 

•048 

•109 

•090 

•047 

5 

•072 

•184 

•063 

•071 

•162 

•143 

•068 

6 

•103 

•211 

•092 

•098 

-225 

•205 

-094 

7 

•141 

•284 

•123 

•129 

•298 

•278 

-125 

8 

•184 

•368 

•160 

•168 

•382 

•360 

-162 

9 

•233 

•464 

•199 

•211 

•478 

•456 

•205 

10 

•287 

•573 

•242 

•260 

•587 

•565 

•256 

11 

•349 

•698 

•292 

•315 

•712 

•688 

•310 

2-052 

12 

•418 

•836 

•347 

•376 

•850 

•826 

-370 

2-042 

13 

•492 

•988 

•409 

•440 

I'OOO 

'979 

-435 

2036 

14 

•573 

M54 

•478 

•512 

M66 

1*145 

-505 

2-031 

15 

-eei 

1-336 

•552 

•589 

1-346 

1-327 

•581 

2031 

16 

•754 

1-538 

•634 

•673 

1-546 

\'52(i 

-663 

2-033 

17 

•853 

1-757 

•722 

•762 

1-763 

1-745 

•752 

2-038 

18 

•959 

1-928 

•818 

•858 

2-002 

1-986 

•848 

2-044 

19 

1-073 

2*998 

•922 

•959 

2-260 

2-246 

•949 

2-047 

20 

1196 

2*542 

1033 

-1069 

2-540 

2-528 

1^057 

2-051 

Mean 

propor. 

140 

288 

119 

126 

291 

285 

124 

2-040 

Nos. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

In  this  table  are  contained  the  resistances  to  several  forms  of 
bodies,  when  moved  with  several  degrees  of  velocity,  from  5 
feet  per  second  to  20.  The  names  of  the  bodies  are  at  the  tops 
of  the  columns,  as  also  which  end  went  foremost  through  the 
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air;  the  different  velocities  are  in  the  first  column,  and  the 
sistances  on  the  same  line,  in  their  several  columns,  in  avoirdu- 
pois ounces  and  decimal  parts.  So  on  the  first  line  are  contained 
the  resistances  when  the  bodies  move  with  a  velocity  of  8  feet 
in  a  second,  viz.  in  the  2d  column  for  the  small  hemisphere,  of 
4^  inches  diameter,  its  resistance  '028  oz.  when  the  flat  side  went 
foremost ;  in  the  3d  and  4th  columns  the  resistances  to  a  larger 
hemisphere,  first  with  the  flat  side,  and  next  the  round  side 
foremost,  the  diameter  of  this  as  well  as  all  the  following  figures 
being  6|-  inches,  and  therefore  the  area  of  the  great  circle  =32 
sq.  inches,  or -^  of  a  square  foot ;  then  in  the  5th  and  6th  columns 
are  the  resistances  to  a  cone,  first  its  vertex  and  then  its  base 
foremost,  the  altitude  of  the  cone  being  6|-  inches,  the  same  as 
the  diameter  of  its  base :  in  the  7th  column  the  resistance  to  the 
end  of  the  cylinder,  and  in  the  8th  that  against  the  whole  globe 
or  sphere.  All  the  numbers  show  the  real  weights  which  are 
equal  to  the  resistances ;  and  at  the  bottoms  of  the  columns  are 
placed  proportional  numbers,  which  show  the  mean  proportions 
of  the  resistances  of  all  the  figures  to  one  another  with  any 
velocity.  Lastly,  in  the  9th  column  are  placed  the  exponents 
of  the  power  of  the  velocity  which  the  resistances  in  the  8th 
column  bear  to  each  other,  viz.  which  that  of  the  10  feet  velocity 
bears  to  each  of  the  following  ones,  the  medium  of  all  of  them 
being  as  the  2*04  power  of  the  velocity ;  that  is,  very  little  above 
the  square  or  second  power  of  the  velocity,  so  far  as  the  velo- 
cities m  this  table  extend. 

556.  From  this  table  the  following  inferences  are  easily 
deduced. 

I.  That  the  resistance  is  nearly  in  the  same  proportion  as 
the  surfaces ;  a  small  increase  only  taking  place  m  tne  greater 
surfaces,  and  for  the  greater  velocities.  Thus,  by  comparing 
tc^ther  the  numbers  in  the  2d  and  3d  columns  for  the  bases 
ofthe  two  hemispheres,  the  areas  of  which  bases  are  in  the  pro- 
portion of  17^  to  32,  or  5  to  9  very  nearly,  it  appears  that  the 
numbers  in  those  two  columns  expressing  the  resistances  are 
nearly  as  1  to  2,  or  5  to  10,  as  far  as  the  velocity  of  12  feet; 
but  after  that  the  resistances  on  the  greater  surface  increase 
gradually  more  and  more  above  that  proportion. 

II.  The  resistance  to  the  same  surface  with  different  veloci- 
ties is,  in  these  slow  motions,  nearly  as  the  square  of  the  velo- 
city ;  but  gradually  increases  more  and  more  above  that  pro- 
portion as  the  velocity  increases.  This  is  manifest  from  all  the 
columns;  and  the  index  of  the  power  of  the  velocity  is  set  down 
in  the  9th  column,  for  the  resistances  in  the  8th,  the  medium 
being  2*04 ;  by  which  it  appears  that  the  resistance  to  the  same 
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body  is,  in  these  slow  motions/ as  the  2*04  power  of  the  velocity, 
or  nearly  as  the  square  of  it 

III.  The  round  ends^  and  sharp  ends,  of  solids,  suffer  less 
resistance  than  the  flat  or  plane  ends,  of  the  same  diameter ;  but 
the  sharper  end  has  not  always  the  less  resistance.  Thus,  the 
cylinder  and  the  flat  ends  of  the  hemisphere  and  cone  have 
more  resistance  than  the  round  or  sharp  ends  of  the  same ;  li|||^ 
the  round  side  of  the  hemisphere  has  less  resistance  than  the  ^ 
sharper  end  of  the  cone. 

IV.  The  resistance  on  the  base  of  the  hemisphere,  is  to  that 
on  the  round,  or  whole  sphere,  as  2^  to  1,  instead  of  2  to  1,  as 
the  theory  gives  that  relation.  Also  the  experimented  resistance 
on  each  of  Uiese,  is  nearly  ^  more  than  the  quantity  assigned  by 
the  theory. 

V.  The  resistance  on  the  base  of  the  cone  is  to  that  on  the 
vertex  nearly  as  2^  to  1 ;  and  in  the  same  ratio  is  radius  to  the 
sine  of  die  smsle  of  inclination  of  the  side  of  the  cone  to  its  path 
or  axis.  So  that,  in  this  instance,  the  resistance  is  directly  as 
the  sine  of  the  angle  of  incidence,  the  transverse  section  being 
the  same. 

VI.  When  the  hinder  parts  of  different  bodies  are  of  different 
forms,  the  resistances  are  different,  though  the  fore  parts  be 
exactly  alike  and  eaual ;  owing  probably  to  the  different  pres- 
sures of  the  air  on  tne  binder  parts.  Thus,  the  resistance  to  the 
fore*part  of  the  cylinder  is  less  than  on  the  equal  flat  surface  of 
the  cone,  or  of  the  hemisphere ;  because  the  hinder  part  of  the 
cylinder  is  more  pressed  or  pushed  by  the  foUbwing  air  than 
those  of  the  other  two  figures ;  also,  for  the  same  reason,  the 
base  of  the  hemisphere  suffers  a  less  resistance  than  that  of  the 
cone,  and  the  round  side  of  the  hemisphere  less  than  the  whole 
sphere. 

VII.  If  d  be  the  diameter  of  any  ball  in  inches,  and  v  the 
velocity  in  feet  with  which  it  moves  in  the  air,  then  will  the 
resistance  it  experiences  in  avoirdupois  pounds  be  denoted  by 
(•000007565  »*-  -001751;)  d\  Thus  an  iron  ball  of  2.78  inches 
diameter,  or  31bs.  weight,  movinj?  with  a  velocity  of  1800  per 
second,  would  be  resisted  by  a  force  equivalent  to  1761bs.,  or 
more  than  58  times  its  own  weight. 
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2-102 
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2-107 

2-04 

2-111 
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2-113 
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2-08 
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2-07 

2-108 

2'0« 

2-101 

2-00 
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In  tbe  first  column  of  this  table  are  conUtined  the  eeveni 
▼elodties,  gradually  from  0  up  to  the  eteaA  velodty  of  SOOO  feet 
per  second,  with  which  a  hall  or  globe  moved.  In  the  2d 
column  are  the  experimented  resistances  in  avoirdupois  ounces. 
In  the  3d  column  are  the  correspondent  resistances,  as  computed 
by  the-tbeory.  In  the  4<th  column  are  the  ratios  of  these  two 
reustances,  or  the  quotients  of  the  former  divided  by  the  latter. 
And  in  the  5th  or  last,  the  indexes  of  the  power  of  the  velocity 
wiuch  is  proportional  to  the  experimented  resistance;  which 
are  found  by  comparing  the  resistance  of  ^  feet  velocity  with 
each  of'the  followmg  ones. 
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Prom  the  2d,  3d,  and  4th  columns  it  appeals,  that  at  tbe 
beginning  of  the  motion  the  experimented  resistance  is  nearly 
equal  to  that  computed  by  theory;  but  that  as  the  velocity 
increases,  the  experimented  resistance  gradually  exceeds  the 
other  more  and  more,  till  at  the  velocity  rf  1300  feet  the  former 
becomes  just  double  the  latter;  after  which  the  difference  in- 
creases a  little  further,  till  about  the  velocity  of  1600  or  1700, 
Where  that  excess  is  the  greatest,  and  is  rather  less  than  ^^ ; 
after  this,  the  difference  decreases  gradually  as  the  velocity  in- 
creases, and  at  the  velocity  of  2000  the  forme*r  resistance  again 
becomes  just  double  the  latter. 

From  the  last  column  it  appears  that  near  the  l^cginning,  or 
in  slow  motions,  the  resistances  are  nearly  as  the  square  of  the 
velocities;  but  that  the  ratio  gradually  increases,  with  some 
small  variation,  till  at  the  velocity  of  1500  or  1600  feet  it  be- 
comes  as  the  ^  power  of  the  velocity  nearly,  which  is  its  highest 
ascent;  and  after  that  it  gradually  decreases  again,  as  the  velo- 
city goes  higher.  And  similar  conclusions  have  also  been  derived 
from  experiments  with  larger  balls  or  globes. 

w 

668.  Tabl£  III.  Resistance  to  a  plane,  set  at  various  angles. 

qfincUnctiion  to  its  path. 


A                Y                  *«1 

Experim. 

Resist  by  this 

Sines  of  the 

Angle  Fith 

resistances. 

f<»mula> 

aogles  to 

the  path. 

oz. 

.84»l"842c 

radius  •840. 

o 

0 

000 

•000     . 

•000 

5 

•016 

•009 

•073 

10 

•044 

•035 

•146 

15 

•082 

•076 

•217 

SO 

•133 

•131 

•287 

26 

•200 

•199 

•355 

30 

•278 

-278 

•420 

86 

•362 

•368 

•482 

40 

•448 

•450 

•540 

46 

•634 

•585 

•594 

60 

•619 

•613 

•61« 

55 

•684 

•680 

•688 

60 

•729 

•736 

•727 

66 

•770 

•778 

•761 

70 

.803 

•808 

•789 

76 

«23 

•826 

•811 

80 

^836 

•836 

•827    ■" 

86 

•839 

•839 

•838 

90 

•640 

.„■            — 

•840 

•840 

OO^ 
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Jn  the  Sd  column  of  this  table  are  contained  the  actual  expe- 
rimented resistances  in  ounces  to  a  plane  of  82  square  inches, 
or  ^  of  a  square  foot,  moved  througn  the  air  with  a  velocity  of 
exactly  12  feet  per  second,  when  the  plane  was  set  so  as  to 
make,  with  the  airection  of  its  path,  the  corresponding  angles 
in  the  first  column. 

And  from  these  Dr.  Hutton  deduced  this  formula,  viz. 
.g4^  1 84Sc^  which  brings  out  very  nearly  the  same  numbers,  and 
is  a  general  theorem  for  every  angle,  for  the  same  plane  of  |-  of 
a  foot,  and  moved  with  the  same  velocity  of  12  feet  in  a  second 
of  time ;  where  s  is  the  sine,  and  c  the  cosine  of  the  angles  of 
inclination  in  the  first  column. 

If  a  theorem  be  desired  for  any  other  velocity  o,  and  any  other 
plane  whose  area  is  a,  it  will  be  thus :  ^  ot^*^'^%  or  more 
nearly  ^  a/o*-^  s^"^*^ ;  which  exhibits  the  resistonce  very  nearly 
to  any  plane  surface  whose  area  is  a,  moved  through  the  air 
with  the  velocity  t?,  in  a  direction  making  with  that  plane  an 
angle,  whose  sine  is  s  and  cosine  c. 

If  the  fiuid  be  water,  or  any  other  n^iose  denaty  is  difierent 
from  that  of  air,  the  formula  for  the  resistance  must  be  increased 
in  proportion  to  the  denaty. 

fiy  this  theorem  were  computed  the  numbers  in  the  3d  column, 
which,  it  is  evident,  a^ree  very  nearly  with  the  experimented 
resistances  in  the  2d  cdumn ;  excepting  in  two  or  tnree  of  the 
small  numbers  near  the  beginning,  which  are  of  the  least  con- 
seq^uence.  In  all  other  cases,  the  theorem  gives  nearly  the  true 
resistance.  In  the  4th  or  last  column,  are  entered  the  anes 
of  the  angles  of  the  first  column,  to  the  radius  '84,  in  order  to 
compare  them  with  the  resistances  in  the  other  columns.  From, 
whence  it  appears  that  those  resistances  bear  no  sort  of  analogy 
to  the  sines  of  the  angles,  nor  yet  to  the  squares,  or  any  other 
power  of  the  sines.  In  the  beginning  of  the  columns,  the  sines 
much  exceed  the  resistances  all  the  way  till  the  angle  is  between 
BS^  and  60® ;  after  which  the  sines  are  less  than  the  resistances 
all  the  way  to  the  end,  or,  till  the  angle  becomes  a  right  angle. 
See  Hutton' 8  Dictionarj/f  art.  Resistance  of  Fluids^  and  bis 
8vo.  Tracts,  vol.  iii.  pp.  163—243. 

See  also  a  paper  by  Mr.  Vince  on  this  subject  in  the  Phil. 
Trans,  for  1798,  or  Nicholson's  Journal,  vol.  lii.  p.  506. 


559.  Messrs.  UAUmbert^  Condorcety  ^nd  Bossuty  pursuant 
to  the  directions  of  M.  Turgot^  comptroller*g^eral  of  finances, 
made,  in  the  year  1775,  a  series  of  experiments,  in  order  to 
perfect  internal  navigation ;  and  the  resistance  of  fluids  was  the 


CHAP.  VI.     EXPERIMENTS  OH  RESISTANCE  OF  FLUIDS.  565 

principal  object  of  their  researches*  Their  experiments  how- 
ever were  confined  to  very  small  velocities,  and  to  direct  re- 
sistances; so  that  their  results,  as  ipight  be  expected,  did  not 
differ  sensibly  from  those  furnished  by  the  ordinary  theory. 
But,  in  1778,  Bossut  and  Condoroet  directed  their  attention  to 
oblique  rssistances,  and  undertook  "  A  new  series  of  experi- 
ments, chiefly  intended  to  discover  the  law  according  to  wnich 
the  resistance  experienced  by  an  angular  prow  diminishes  in 
proportion  as  the  angle  of  that  prow  becomes  more  acute ;  the 
nuid  being  indefinite,  such  as  the  sea." 

These  experiments  were  made  in  a  great  reservoir  situated  on 
the  north  side  of  the  ancient  Boulevards  of  Paris.  The  vessels 
were  prismatic  (excepting  the  prow,  which  was  an  isosceles 
wedge),  and  their  motion  was  produced  by  the  descent  of  a 
wei^t,  which,  by  means  of  a  cord,  and  different  puUies,  caused 
the  vessel  to  advance.  During  the  first  instants  of  the  descent 
of  the  weight,  the  motion  was  accelerated ;  but  the  \essel  soon 
acquired  a  uniform  velocity^  and  the  resistance  of  the  water, 
relative  to  that  velocity,  tnaKes  the  equilibrium  with  the  moving 
force  of  the  weight  due  to  gravity,  &c. 

The  following  table  comprises  69  experiments  of  Bossut  on 
simple  angular  prows.  The  first  five  were  made  with  a  boat  in 
form  of  a  rectangular  parallelopiped,  the  length  of  which  was  4 
feet,  breadth  2  feet,  depth  in  the  fluid  2  feet,  and  height  of  the 
part  jutting  out  of  the  fluid  about  7  inches. 

The  other  64  experiments  were  made  with  14  vessels  in  form 
of  a  prism,  the  prows  being  isosceles  wedges,  having  their  vertices 
forwards :  these  vertical  angles  increased  gradually  from  1^, 
24**,  36^  &c.  to  180° ;  the  length  of  each  vessel  was  4  feet, 
breadth  2  feet,  depth  in  the  water  2  feet,  height  out  of  the 
water  about  7  inches :  all  in  Paris  measure,  wnich  is  to  our 
measure  nearly  as  121  to  100.  The  titles  erf  the  columns  re- 
quire no  explanation* 
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Aagle 


Wciglit 
«Hhe 


180" 


168< 


IB6P 


IW 


138» 


120 


lOSo- 


poiindfc 


61-8 
112-5 
162-5 
2125 
262-6 

62-5 
112-5 
162>5 
212-5 
262-5 

62-5 
112-5 
162-5 
212-5 
262-5 

62-5 
112-5 
162-6 
212-5 
262-6 

eOB 
111-6 
162-5 
212-5 
262-5 

62-0 
112-6 
162-5 
212-5 
262-5 

61-5 
112-6 
162-6 
212-6 
262-5 


Time  or 

Jcaerib- 

iog96 

btimi. 

Ctnnljr. 


TS-Off' 
57-51 
47*44 
41-49 
•37-32 
77-50 
56-95 
47-22 
41-26 
87-12 
7509 
66-15 
46-44 
41-08 
86-52 
73-38 
54'75 
46-85 
39*58 
87-57 
72-08 
58-26 
43-75 
88-26 
84-80 
68-82 
6084 
41-84 
86-62 

32-77 
66-86 
48-76 
89-60 
84-46 
31-06 


Aogk 

of  aw 

prow. 


of  the 


r 


96° 


1 

L 

r 

I 


72° 


60< 


48*' -I 


86 


24 


12" 


•1 

S 


m 


60-5 
110-5 
162-5 
212-5 
262-5 

60-5 
110-6 
162-6 
212-6 
262-5 

62-5 
112-5 
162-5 
212-5 
262-5 

60-5 
112-5 
162-5 
212-5 
^2-6 

62-6 
112-5 
162-5 
212-6 
262-6 

62-5 
112-6 
162-6 

61-5 
112-5 
162-5 

62-6 
112-6 
162-6 


•^96 


eSHNT 

46-45 

88-05 

32-66 

29^ 

60-55 

44-56 

85-78 

31-25 

27-51 

57-50 

42-75 

34-85 

29-65 

25-86 

55-45 

33-05 
28-25 
24-77 
62-51 
38-05 
31-61 
27*56 
24-30 
51'15 
36-96 
80-58 
49*48 
35-76 
30-23 
49-38 
S5-33 
30-01 


The  direct  resistance  on  the  end  of  the  vessel  without  an 
isosceles  prow  may  be  represented  by  any  arbitrary  number,  as 
10000  for  instance. 
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And  if  the  angle  of  the  prow,  or  th^t  formed  £^  the  fore-part 
of  the  vessel  or  summit  of  the  triangular  section,  be  r,  the 
resistance  will  be  expressed  by  the  formula  10000  eo&^o^.  To 
correct  this  expression  by  means  of  the  foregoing  table,  we  may 
observe  that,  when  the  angle  x  undergoes  a  variation  of  lg%  each 
of  the  angles  at  the  base  of  the  isosceles  prow  wilL^ary  6^: 
calling  this  latter  variation  y,  M.  Bossutdeduced  from  the  table** 

the  additive  correction  3*153  ( — )        ,  a:  and  q  being  expressed 

in  decimal  parts  of  the  radius  unity.  Thus  the  whole  resistance 
against  the  prow,  estimated  in  the  opposite  direction  to  that 
of.  the  motion  of  the  boat,  is  equal  to  10000  cos^jr^  3-153 

( — )        .     And  this  formula  will  be  sufficiently  exact  when 

the  extreme  angle  of  the  prow  is  greater  than  12* :  but  when 
that  angle  is  less  than  12^  the  theorem  will  err  in  excess. 

660.  M.  Lacroix  has  inserted  in  the  Bulletin  de  la  Societe  ^ 
Philomathique,  a  comparative  view  of  the  experiments  of 
Bossut  and  Vince,  on  the  resistance  of  fluids  strilqng  on  oblique 
surfaces.  He  does  not  appear  to  have  assigned  a  sufficient 
reason  for  the  difierence  of  the  results  of  those  experiments ; 
bdt  the  subject  is  of  so  much  importance,  as  to  deserve  such  an 
examination  in  its  present  state  as  may  serve  to  assist-  in  the 
prosecution  of  farther  experiments. 

The  first  approximation,  says  Dr.  T.  Young,  to  a  determina- 
tion of  the  effect  of  the  resistance  to.  a  body  of  a  given  section, . 
terminated  by  oblique  planes,  is  to  suppose  each  particle  of  the 
fluid  to  impinge  once  on  the  surface,  ana  then  to  retire  for  ever : 
on  this  supposition,  the  resistance  ought  to  vary  as  the  square  of 
the  cosine  of  the  angle  of  incidence. 

Another  part  of  the  resistance  is  occasioned  by  the  adhesion 
of  the  particles  of  the  fluid ;  this  may  be  supposed  to  vary,  as 
the  product  of  thq  secant  and  the  sine  of  the  angle  of  incidence ; 
that  is,  as  its  tangent. 

A  third  part  depends  on  the  form  of  the  posterior  surface  of 
the  body,  and  upon  the  unknown  irregularities  produced  in  the 
motions  of  the  particles  of  thp  fluid,  by  the  difference  of  the 
forms  of  its  anterior  part  It  may  be  expected,  that  this  nega- 
tive pressure  will  be  nearly  uniform,  when  the  shape  of  the 
posterior  part  of  the  body  remains  unaltered,  as  in  Boafjut's 
experiments ;  but  that,  when  a  thin  surface  is  epfiployed,  as  in  i 
Mr.  Vince's  apparatus,  it  will  be  somewhat  diminished  by  the 
obliquity  of  tnat  surface,  even  supposing  the  transverse  pro- 
jection of  the  surface  to  remain  unaltered.  This  portion,  how- 
ever,^may  naturally  be  expected  to  be  liable  to  great  irregularities; 
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and  it  appeaiy  to  be  somewhat  increased  when  the  thin  surface 
is  inclined  in  a  small  angle  only. 

Mr.  Romme  has  remarked,  that  the  facility  with  which  the 
jiarticles  of  the  fluid  can  escape  before  the  moving  body,  is 
proportional  to  the  angular  space  of  the  fluid  which  remains 
open  ta  admit  them,  and  that  therefore  the  resistance  must 
vary  in  proportion  to  this  angle.     Without  allowing  the  truth 
of  the  observation  in  its  wh(de  extent,  we  may  with  propriety 
inquire  whether  pr  no  the  portion  of  the  pressure  derived 
from  impulse  may  not  in  part  depend  on  some  simple  function 
of  the  angle  of  incidence ;  and  whether  the  whole  resistance  to 
an  oblique  surface  may  not  be. considered  as  composed  of  a 
constant  portion,  a  portion  varying  with  the  tangent  of  the 
angle  of  incidence,  and  a  third  portion  proportionate  to  the 
square  of  the  cosine,  diminished  in  the  ratio  of  a  power,  or 
other  function,  of  the  angle  of  incidence.     And  it  will  appear 
,   upon  inquiry,  that  if  we  take  one-fifth  of  the  radius,  increased 
by  one-twenty-fifth  of  the  tangent,  and  add  to  it  four-fifths  of 
tne  square  oCthe  cosine,  diminished  in  the  ratio  of  the  circum- 
ference of  a  circle  increased  by  the  angle  of  incidence,  to  the 
simple  circumference,  we  may  approach  always  within  about 
one-fiftieth  to  the  number  expressing  the  oblique  resistarice, 
until  the  angle  of  incidence  becomes  greater  than  80**.  Thus,  the 
direct  resistance  being  unity,  and  a  the  angle  of  incidence,  the 
oblique  resistance  will  be  -2  4-  -04  tan  a-j-^^  cos*  a :  (360+ a®). 
A  formula,  somewhat  more  accurate  than  this,  deduced  from 
experiment  only,  is  r=cos*a+'0000004217«^*'  * :  the  quantity 
added  to  the  square  of  the  cosine  being  a  little  less  than  the 
millionth  of  the  cube  of  the  angle  of  incidence,  expressed  in 
degrees.   The  results  of  these  two  theorems  are  compared  with 
the  experiments  of  Bossut,  and  the  theorem  of  Eytelwein  (viz. 
cos*  a+4  vcrsin  a)  in  the  following  table. 


Angle. 

Coi^n. 

Tana. 

Form.  I. 

FoiTO.  2. 

Bossut. 

EytdT. 

0" 

10000 

•000 

10000 

10000 

roooo 

1-0000 

6 

•9890 

•105 

•9824 

•9891 

•9893 

•9910 

12 

•9568 

•212 

•9492 

•9580 

•9578 

•9656 

18 

9045 

•325 

•9022 

•9086 

•9084 

•9241 

24. 

•8346 

•445 

•8438 

•8449 

•8446 

•8690 

00 

•7600 

•577 

•7769 

•7710 

•7710 

•8036 

*        36 

•6544 

•726 

•7049 

•6919 

•6925 

•7308 

■     42 

•5523 

•900 

•6317 

•6135 

•6143 

•6551 

iS 

•4478 

1111 

•5606 

•5414 

•5433 

•5802 

54 

•3455 

1376 

•4985 

•4816 

•4800 

•51  oa 

60 

•2.500 

1732 

•4407 

•4403 

'4404. 

•4500 
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Angle*     Co6«a.         Tan  a»      Form*  1.      Form.  2.       Bossut.       Eytdw. 

66  1654  2*346  -3924  *4231  -4240  -4026 

72  -0956  8078  -3869  -4844  -4142  -8719 

78  -0482  4-705  *4166  -4816  -4068  *3600 

84  d09  9*514  -5875  -5658  *8999  3698 

Mr.  Roiiime  found,  by  numerous  experiments^  that  when 
the  magnitude  of  the  greatest  secUon  of  a  floating  body,  and  its 
distance  from  the  angular  points,  were  constant,  the  form  of  the 
outline  of  any  section  of  the  body,  whether  composed  of  right 
lines  or  of  curves  of  any  kind,  was  either  wholly,  or  very  nearly, 
indifferent  to  the  magnitude  of  the  resistance :  hence  he  inifers, 
that  in  the  construction  of  ships,  the  curve  of  the  sides  ou^ht 
to  be  determined  from  considerations  independent  of  the  resist- 
ance. 

In  experiments  like  those  of  Mr.  Vince,  the  circumstances 
are  materially  different :  but  the  accuracy  of  Mr.  Yince^s  ex« 
periments  on  water  is,  in  some  measure,  confirmed  by  a  com- 
parison  with  those  of  Schober,  which  were  made  in  a  similar 
manner  on  air.  The  results  of  both  these  investigations  are 
here  exhibited  in  a  table,  and  compared  with  a  coarse  approxi- 
mation from  thi^  formula  r  =  4*  -f~  ^  ^s  a,  and  with  the  results 
of  Dr.  Hutton. 


Angle. 

Cos  a. 

Fonn.  3. 

Schober. 

Vinoe. 

Button. 

o» 

10000 

1-0000 

10000 

10000 

1-000 

10 

•9848 

•9909 

•9864 

•9787 

1010 

20 

•9397 

•9638 

•9808 

•9748 

1-068 

80 

•8660 

•9196 

•9200 

•9468 

l^OOS 

40 

•7660 

•8696 

•8308 

•8729 

•963 

50 

•6428 

•7867 

•7663 

•7869 

•830 

60 

•5000 

•7000 

•6788 

•6610 

•662 

70 

•3420 

•6062 

•6359 

•4913 

•463 

80 

•1786 

•5042 

•6883 

•2779 

•304 

(Vide  Journals  of  the  Royal  Institution.)  Dr.  Button's 
experiments,  when  reduced  to  surfaces  of  given  transverse  pro- 
jections, indicate  at  first  an  increase  of  resistance  as  the  sunace 
becomes  more  oblique :  a  circumstance  analogous  to  what  was 
remarked  by  Bossut  in  reference  to  float-boards,  and  mentioned 
already  at  the  end  of  book  iv.  ch.  4. 

561.  Such  are  the  conclusions  and  rules  which  have  been 
deduced  from  some  of  the  most  judicious  experiments  on  the 
resistance  of  fluids  to  the  motion  of  bodies  passing  through 
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tfaem^  Coofldering  the  number  md  imporUnioe  of  tbese  in- 
feences  with  renect  to  the  ■lu^nihide  md  extent  of  the  ex- 
perinents  iran  wnidi  the^  wefe  dnwn,  we  cumot  hot  eaniert^ 
widk  ibat  thofe  who  hsre  leisoie  and  opportonitj  to  punoe 
such  inqubies,  would  still  fordier  extend  and  ynrw  their  le- 
searcfaetin  thk  department  of  experimental  philoBopny.  Much 
Talnable  knowled^  may  be  expected  to  result  fiom  laboors  of 
this  kind :  for  it  is,  probaUy ,  oidy  by  reitenited  experiments 
and  obserrittions  that  sufficient  data  can  be  obtained  to  perfect 
the  theory  of  two  momentous  branches  of  medumical  seienoe, 
m.  those  niBting  U>  the  motion  of  military  projectileB,  and  lo 
the  manoBOvres  ^yessds  at  sea. 


»'•! 


■~^siJ^   ' 
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(Thejigures  fefer  to  the  articles  or  paragraphs.) 


A 

Art. 

Abutments, 1^9 

Air,  mechanical  properties  0^.484 — 490 

,  density  and  elasticity  of, 489 

— ,  motion  of, 510—520 

Air-pump,  theory  of,  . .  r* . . .  521—529 
Alembert,  De.    See  D'AIembert 
Altitudes,  measured  by  barometer 
and  Uiennometery  •».....  .502 — 510 

Amplitude^ • • •  ^^^ 

m^ .  of  impression^- 330^ 

Angle  of  position, •  • «  250 

Angular  accelerating  force,  ......  302 

■  pendulum, •  •   311 

Animal forc%  ...« »<••  376 — 378 

Arches  and  piers, 199—208 

Archivolt, * •    199 

Areometer,* ..,.,..  .410—409 

Aft  and  nature,  difiecepce  between,   1 73 

Ascent  of  bodies, 240—245 

Atmosphere  homogeneous, .  •  •  495 — 498 

Atmospherical  logarithmic, 498 

Attraction,  centre  0i 279 

,  capfflary, 426—436 

,  of  spheres,  &c. 293 

',  universal, •  •    294 

Axioms, 21—27 

Aws  in  peritrochio, 143—147 

in  motion, . . .  Ml,  321,  367,  372 
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Fly.     See  voL  II. 

Force, 17,212 

,  accelerating, 224 

V,  retarding^ 224 

Forcing  pump, • 527 

Friction.     See  voL  II. 

Fulcrum,.. ••...   131 

,  pressure  upon,  .133,  140,  321 

Funiculso'  polygon, 193—- 197 


Galileo,  on  falling  bodies 246 

on  the  lever, 132 

'         on  the  resist  of  solids, .  167,  &c 
Girard  on  the  distinction  betwem 

the  operations  of  nature  and  art,.  173 
Gravimeter.     See  voL  II. 

Gravity, 102,  106,  237,  240 

— ,  its  proper  measure^ 242 

,  centre  of, .102 — 124 

,  diminution  of, 286 

,  specific 383,396—410 


,tableof, 410 

Gunpowder,  force  of,  voL  IL 
Gyration,  centre  of, 309,  &c 


E 


£flecti  of  machines, 36s ^380 

Efflux  of  water, 439,  Ac. 

Elasticity, .  • , , , ,  329 

Elevation  in  projectiles, .'  250 

Elliptical  motion, 290,291 

Emerson  on  rdativa   strength   of* 

materials^ • 190 

English,  on  stability  of  canal  boats,  425 
Equator,  centrifugal  force  at,. ....  285 
EquiHbriura, 19  ^8 


H 


Halley,  on  altitudes  by  barom 499 

Hammer,  stroke  of, 354 

Handsof  a  clock,  ............ ..   223 

Height  due  to  a  velocity,', .......  244 

Homog^eous  bodies, 106 

— —  atmosphere^  ......   495 

Horse,  strength  of,.. ^ 

Hutto%  on  Jtitudes  by  barom. . . .  508 

— ,  on  practical  gunnery,  255—-257 

t  on  resistance  of  fluids^  555«-558 
ics, ^0 


Hyd4|ii 


INDEX. 


sYs 


Art. 

Hydrometer,. 401—409 

Hydrodynamies, 436— 48S 

HydrosUdcal  paradox,.  • 387 

Hydrostatic?, 380—435 


Immateriality  of   the    Supreme 

Being, •     18 

Impact  •blique,* 360<--362 

Impelled  poipt,.... Sw 

Impetus, . . . .  .^^ . .  • 250 

Impost  of  an  ardi,  .  v**  •«•••*«•  •    ^^^ 

Inertia, ^. *..   3,  18 

— — — ,  centrepff '. *:•...   108 

Inclined  plane, 152—157 

^.  motion  along,  258,  260,  267» 

315,369,371 
Intrados, 199 


Art. 

Metacentre,  r •••  411 

Mobility, ...»     8 

Moment,  or  momentum, .31^212 

Momentum  of  impulse, 365 

of  inertia,. 302 

Motion, il 

,  absolute  and  relative,  ^ .  12,  3 1 9 

■  ■  ,  uniform,  &c  • .••.•215 

,law8of,^.^. 21,27 

Muffle, 148 


N 


Nature  and  art,  difference  between,. .  173 

NewUn  on  the  lever, -  140 

'             on  resistance  of  fluids,  • ...  541 
Newtonian  axioms, 21 — 27 


Nichol8on*8  hydrometer, 


,402 


\ 


Joints  of  fracture, ........ 

Juan,  Don,  on  percussion  . 

K 


199 

.  .  330,  &c. 


O 


ObUque  impact,  ...» 360—362 
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